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Introduction 


This  book  is  devoted  to  the  Laplace  equation  as  one  of  the  most  important  equations 
in  mathematical  physics.  Results  of  the  theory  of  boundary  value  problems  for 
the  Poisson  equation  are  useful  in  many  fields  of  physics,  and  also  in  other 
mathematical  theories — for  example,  in  the  theory  of  boundary  value  problems  for 
elliptic  equations  and  in  hydrodynamics.  So,  we  aimed  to  write  this  text  to  be  as 
accessible  as  possible  to  experts  in  other  fields  and  to  research  students.  In  the 
preliminary  chapter,  we  gather  all  fundamental  definitions  and  propositions  from 
various  fields  of  mathematics  that  we  use  in  this  book. 

Boundary  value  problems  for  the  Laplace  equation  are  studied  independently 
in  potential  theory,  in  the  theory  of  partial  differential  equations,  and  in  harmonic 
analysis  by  distinct  methods.  Here,  we  attempt  to  gather  the  most  important  results 
of  these  theories  concerning  boundary  value  problems  for  the  Laplace  equation  or, 
more  generally,  for  the  Poisson  equation.  Containing  only  classical  results  from 
potential  theory,  this  book  is  intended  as  an  introduction  to  the  modern  theory 
of  partial  differential  equations.  We  believe  that  every  expert  in  this  field  should 
know  classical  results  such  as  the  regularity  properties  of  solutions  of  the  Poisson 
equation.  Moreover,  some  objects  from  potential  theory  correspond  to  objects  in 
other  theories.  Thus,  we  see  that  superharmonic  functions  are  nothing  other  than 
supersolutions  of  the  Laplace  equations,  subharmonic  functions  are  subsolutions  of 
the  Laplace  equations,  and  solutions  of  the  Dirichlet  problem  in  different  senses 
(in  Sobolev  spaces,  in  Besov  spaces,  or  in  the  sense  of  non-tangential  limits)  are 
special  classes  of  the  Perron- Wiener-Brelot  solutions  studied  in  potential  theory. 
We  also  include  several  classical  results  that  are  not  in  contemporary  books  on 
potential  theory  but  that  are  important  for  applications  of  boundary  value  problems 
on  unbounded  domains.  Take,  for  example,  the  behavior  of  volume  potentials:  Every 
expert  in  the  theory  of  partial  differential  equations  knows  what  holds  true,  but 
it  is  almost  impossible  to  find  a  reference.  As  a  consequence  of  the  properties  of 
volume  potentials,  we  can  study  the  Laplace  operator  as  a  mapping  between  two 
homogeneous  Sobolev  spaces.  Thus,  we  can  prove  some  results  above  homogeneous 
Sobolev  spaces  that  are  very  important  for  problems  on  unbounded  domains  and  that 
are  also  very  difficult  to  find  in  the  literature. 
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After  gathering  properties  of  solutions  of  the  Laplace  equation  and  of  the 
Poisson  equation,  we  start  to  study  boundary  value  problems  on  bounded  and 
unbounded  domains  with  compact  boundary.  First,  we  construct  a  Perron- Wiener- 
Brelot  solution  of  the  Dirichlet  problem  on  general  bounded  open  sets  using 
the  explained  potential  theory.  Then,  we  study  by  the  integral  equation  method 
several  boundary  value  problems  on  bounded  and  unbounded  Lipschitz  domains 
with  the  boundary  condition  fulfilled  in  the  sense  of  non-tangential  limits  (so- 
called  Lq- solutions  of  the  problems).  Because  a  solution  of  the  Dirichlet  problem 
in  this  sense  is  a  Perron- Wiener-Brelot  solution  of  the  problem,  we  deduce  that  the 
harmonic  measure  and  the  surface  measure  on  the  boundary  are  mutually  absolutely 
continuous.  It  would  be  extremely  difficult  to  prove  this  result  solely  by  the  methods 
of  potential  theory.  The  integral  equation  method  for  Lq -solutions  is  a  starting  point 
for  the  study  of  classical  solutions,  solutions  in  Besov  spaces,  and  solutions  in 
Sobolev  spaces  or  more  generally  in  homogeneous  Sobolev  spaces.  It  enables  us 
to  prove  results  for  these  solutions  of  boundary  value  problems  by  an  easier  and 
shorter  way  than  appears  in  literature  where  only  standard  methods  are  used. 

Let  us  now  summarize  the  content  of  the  book.  The  first  chapter  is  preliminary, 
where  we  explain  the  mathematical  notions  and  theorems  used  in  the  book:  the 
fundamentals  of  the  theory  of  metric  spaces,  the  theory  of  Banach  spaces  and  linear 
operators  on  them,  the  theory  of  interpolation,  the  theory  of  measures  and  integrals, 
the  theory  of  distributions,  theories  of  Sobolev,  Besov,  and  Lizorkin-Triebel  spaces, 
the  theory  of  homogeneous  Sobolev  spaces,  and  the  theory  of  integral  operators. 

Chapter  2  studies  harmonic  functions,  i.e.,  classical  solutions  of  the  Laplace 
equation.  We  prove  classical  properties  of  harmonic  functions  such  as  the  mean 
value  theorem,  the  maximum  principle,  the  Harnack  inequality,  and  the  stability 
of  harmonic  functions  under  the  Kelvin  transformation.  We  show  that  separately 
harmonic  functions  are  harmonic,  and  we  study  the  convergence  of  sequences  of 
harmonic  functions.  Some  results  in  this  chapter  are  quite  modern.  We  demonstrate 
that  solutions  of  the  Laplace  equation  in  the  sense  of  distributions  are  harmonic 
functions,  i.e.,  solutions  of  the  Laplace  equation  in  classical  sense.  Additionally, 
we  show  that  a  tempered  distribution  satisfying  the  Laplace  equation  in  the  whole 
space  is  a  polynomial,  and  we  study  the  growth  of  derivatives  of  harmonic  functions 
at  infinity.  These  results  are  important  for  boundary  value  problems  on  exterior 
domains. 

Chapter  3  presents  properties  of  solutions  of  the  Poisson  equation.  We  define 
superharmonic  and  subharmonic  functions  and  study  their  fundamental  properties. 
We  show  that  superharmonic  functions  are  distributions  for  which  —  A u  >  0.  Also, 
we  define  Green’s  function  and  study  its  properties.  Then,  we  explore  Green’s 
potentials  and  volume  potentials.  As  a  consequence,  we  obtain  regularity  results 
for  solutions  of  the  Poisson  equation.  The  behavior  of  the  Laplace  operator  on 
homogeneous  Sobolev  spaces  is  also  explored.  These  results  are  important  for 
boundary  value  problems. 
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Chapter  4  is  devoted  to  the  Perron- Wiener-Brelot  solution  of  the  Dirichlet 
problem  on  bounded  open  sets.  We  define  an  upper  solution,  a  lower  solution, 
and  for  resolutive  boundary  conditions  also  Perron- Wiener-Brelot  solutions  of  the 
Dirichlet  problem  for  the  Laplace  equation.  We  show  that  continuous  functions  are 
resolutive.  Then,  we  define  harmonic  measures,  study  regular  sets,  and  show  that 
domains  with  Lipschitz  boundary  are  regular.  We  shall  see  later  in  Chap.  7  that 
solutions  of  the  Dirichlet  problem  in  Sobolev  and  Besov  spaces  are  special  classes 
of  Perron- Wiener-Brelot  solutions  of  the  Dirichlet  problem. 

Chapter  5  studies  so-called  Lp -solutions  of  boundary  value  problems  for  the 
Laplace  equation,  i.e.,  that  boundary  conditions  are  /?-integrable,  they  are  fulfilled 
in  the  sense  of  a  non-tangential  limit,  and  the  maximal  function  of  a  solution  is 
p-integrable  on  the  boundary.  A  single  layer  potential  and  a  double  layer  potential 
with  density  from  Lp(dQ)  are  defined.  We  study  properties  of  layer  potentials  and 
search  for  solutions  of  boundary  value  problems  in  the  form  of  an  appropriate 
linear  combination  of  a  single  layer  potential  and  a  double  layer  potential.  By  this 
method  we  explore  //-solutions  of  the  Dirichlet  problem,  the  Neumann  problem,  the 
Robin  problem,  the  oblique  derivative  problem,  the  transmission  problem,  the  jump 
problem,  and  mixed  problems  for  bounded  and  unbounded  open  sets  with  compact 
Lipschitz  boundary.  Moreover,  we  show  that  an  If -solution  of  the  Dirichlet  problem 
is  a  Perron- Wiener-Brelot  solution  of  the  Dirichlet  problem.  As  a  consequence,  we 
obtain  that  the  harmonic  measure  and  the  surface  measure  on  the  boundary  are 
mutually  absolutely  continuous. 

Chapter  6  examines  classical  solutions  of  boundary  value  problems  on  bounded 
and  unbounded  domains,  utilizing  results  of  Chaps.  4  and  5.  We  show  that  there 
exists  a  solution  of  the  Dirichlet  problem  for  the  Poisson  equation  in  C(£2)  PI  C2(£2) 
for  continuous  data.  Solutions  in  C0,A(£2)  and  in  Cl,x(£2)  are  also  studied.  In 
general,  there  exists  no  solution  in  C!(£2)  PI  C2(£2)  of  the  Neumann  problem  or  the 
Robin  problem  for  a  continuous  boundary  condition.  So,  classical  solutions  of  these 
problems  are  a  bit  weaker,  and  they  are  functions  from  C(£2)  P  C2(£2)  for  which 
there  exists  a  normal  derivative  on  the  boundary.  We  find  a  necessary  and  sufficient 
condition  for  the  existence  of  a  classical  solution  of  the  Neumann  problem  and  the 
Robin  problem.  Also,  we  show  that  solutions  of  these  problems  are  from  C1,A(£2) 
for  boundary  conditions  from  C0,;i(3£2).  Moreover,  we  study  classical  solutions  of 
the  oblique  derivative  problem,  the  transmission  problem,  the  jump  problem,  and 
mixed  problems.  At  the  end  of  this  chapter,  we  present  the  symmetry  of  solutions  of 
the  Dirichlet  problem  and  the  Robin  problem  for  symmetric  domains  and  symmetric 
boundary  conditions. 

Chapter  7  treats  boundary  value  problems  for  the  Poisson  equation  in  Sobolev 
and  Besov  spaces  on  bounded  domains  and  in  homogeneous  Sobolev  spaces  on 
unbounded  domains.  Some  results  are  given  by  the  variational  method,  and  others 
we  achieve  using  results  of  Chap.  5  and  interpolation.  For  unbounded  domains,  we 
utilize  results  of  Chap.  3.  We  study  the  Dirichlet  problem,  the  Neumann  problem, 
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the  Robin  problem,  the  oblique  derivative  problem,  the  transmission  problem,  the 
obstacle  problem,  and  mixed  problems.  We  compare  the  Perron- Wiener-Brelot 
solution  of  the  Dirichlet  problem  and  solutions  of  this  problem  in  Sobolev  and 
Besov  spaces.  At  the  end  of  this  chapter,  we  examine  the  eigenvalue  problem  for 
the  Dirichlet  problem,  for  the  Neumann  problem,  for  the  Robin  problem,  and  for 
the  mixed  problem. 

Thebookwas  inspired  by  results  in  [3],  [6-15],  [18],  [20-23],  [25-37],  [39],  [44- 
48],  [50-54],  [56],  [58,  59],  [61],  [63-66],  [68-71],  [72-76],  [77-80],  [82-85],  [88- 
93],  [95-97],  [99-111],  [113-120],  [122],  [124],  [126],  [129],  [131-134],  [135], 
[138,  139],  [148,  149]. 
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Abstract  Chapter  1  gathers  fundamental  facts  from  functional  analysis. 

When  we  study  boundary  value  problems  for  the  Poisson  equation  we  need  basic 
knowledge  of  the  functional  analysis:  metric  spaces,  Banach  spaces  and  theory 
of  continuous  linear  operators  on  Banach  spaces,  interpolation  theory,  theory  of 
measures  and  integrals,  theory  of  function  spaces  and  theory  of  integral  operators. 
For  a  convenience  of  a  reader  we  remember  in  this  chapter  all  we  need  in  the  text. 
A  reader  can  skip  this  chapter. 


1.1  Notation 

First  of  all,  we  introduce  some  notation  we  use  in  the  whole  book. 
N  denotes  the  set  of  all  positive  natural  numbers;  No  =  N  U  {0}. 
If  j,k  e  N  denote 


the  Kronecker  delta. 

C  denotes  the  complex  plane.  If  z  =  x  +  iy  e  C,  then  z  =  x  —  iy  denotes  its 
conjugate. 


Rm  denotes  the  m- dimensional  Euclidean  space.  If  x  =  [x\, . . . , xm\  e  Rm,  y  = 
[yi,---,ym\  e  Rm  denote 


m 


R+  =  {[*i,.  •  -,xm]  e  Rm\xm  >  0}. 
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Ifx  =  (xi , . . . ,  xm),  a  =  (ci\ , . . . ,  am)  then 


If  M,K  C  Rm  denote  M\K  =  {x  G  M;x  K}. 

3  £2  denotes  the  boundary  of  £2. 

Q  =  Q  U  3  £2  denotes  the  closure  of  £2. 
int  £2  denotes  the  interior  of  £2, 

diam  £2  =  sup{|x  —  y\ ;  x,  y  G  £2}  denotes  the  diameter  of  £2. 
dist(x,  £2)  =  inf{|x  —  y\;y  G  £2}  denotes  the  distance  of  the  point  x  from  the 
set  £2. 

If  M  C  Rm ,  denote 


Xm(x)  = 


(  1,X  €  M, 
[o  ,x$M. 


the  characteristic  function  of  M. 

If  x  G  Rm ,  r  >  0  denote  B(x ;  r)  =  {y  e  Rm;  \x  —  y\  <  r}  the  open  ball  with  the 
center  x  and  the  diameter  r. 

Denote  by  Pk(Rm )  the  space  of  homogeneous  polynomials  of  degree  k. 

If  /  is  a  function,  denote  spt /  =  {x;f(x)  ^  0}  the  support  off. 

If  /  is  a  function  on  G  and  M  C  G,  denote  by/|M  the  restriction  off  onto  M. 

If  /  is  a  function,  denote /+  =  max(/,  0 ),/“  =  max(— /,  0). 

If  /  is  a  function,  denote 


Iff  is  differentiable  at  x  G  Rm ,  denote  V/(jc)  =  (3i f(x), . . . ,  dmf(x))  the  gradient 
off  at  x.  If  a  =  (ofi, ... ,  Qfm)  is  a  multiindex,  then  |a|  =  a\  +  . . .  am  denotes  its 
length,  a!  =  a\  I012I . . .  am\. 


Remark  that 

f  =  a (0 . 0)/. 


If  k  G  Af  denote 


V*/  =  {97;  M  =  *}• 
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If 


p(x)  =  aaXa 

\a\=k 


is  a  polynomial,  denote 


P(D )  =  ^2  aada. 
\a\=k 


Let  /  and  g  be  functions  defined  on  B(z;  r)  \  {z},  r  >  0,  and  g  >  0.  We  say  that 
fix)  =  Oigix))  as  x  — >  z  if  there  are  positive  constants  p,  K  such  that  \f(x)  |  <  Kg(x) 
for  x  G  [B(z\  p)  \  {*}].  We  say  that  f(x)  =  o(g(x))  as  v  — >  z  if 


^=0 

•z  g(x) 


Let /  and  g  be  functions  defined  on  Rm  \  B(z ;  r)  and  g  >  0.  We  say  that  f(x)  = 
0(g(x))  as  \x\  — >  oo  if  there  are  positive  constants  p,  K  such  that  \f(x)\  <  Kg(x) 
for  v  G  Rm  \  B(z;  p).  We  say  that  f(x)  =  o(g(x))  as  \x\  —>  oo  if 


lim 

|x| — >o 


/(*) 

>  so) 


=  0. 


If  ^  C  Rm,  then  C°(K)  denotes  the  set  of  all  real  continuous  functions  on  K.  By 
C°’°(X),  denote  the  set  of  all  bounded  continuous  functions  on  K  equipped  with  the 
norm 


ll/llc0.0(Jf)  =  sup|/(x)|. 

xEK 


If  0  <  f  <  1,  denote  by  C° ^  (K)  the  set  of  all  functions/  G  C0,0(K)  for  which 

I,  „^,i  ,  \f(*)-f(y)\ 

Wfllco-HK)  =  \\f\\cW(K)  +  SUP  - 1  _  | s -  <  °°- 

x,yEK  \X  y\ 
x  +  y 


Let  Q  C  Rm  be  an  open  set,  k  G  N.  Denote  by  Ck(Q)  the  set  of  all  functions/ 
defined  on  Q  such  that  for  each  multiindex  a  with  \a\  <  we  have  3 01  f  G  C°(£2).  If 
0  <  f  <  1 ,  denote  by  CL P  (£2)  the  set  of  all  functions/  such  that  for  each  multiindex 
a  with  | a  |  <  k,  we  have  3 01  f  G  Denote  by  Ck,P(Q)  the  set  of  all  functions 

/  G  Ck,P(Q)  such  for  each  multiindex  a  with  \a\  <  k  there  is  an  extension  of  3 01  f 
onto  Q  which  is  from  Denote 


oo 

C°°(ft)  =  P|C*(S2) 

k=0 
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and  by  C^°(^)  the  set  of  all  functions  from  C°°(£2)  with  compact  support  in  Q. 

If  /x  is  a  nonnegative  measure  and /  is  /x-measurable  function  denote 

ll/llz/^O)  =  inf{c;  \f(x)\  <  c  for  /x  —  almost  all  x}, 

WfWiPOi)  =  ( J  1/7  dfi)1/p  for  1  <p<oo. 

If  1  <  p  <  oo,  then  Z/(/x)  denotes  the  Banach  space  of  all  /x-measurable  functions 
/  such  that 


WfWu’Qi)  <  oo. 

The  elements  of  Lp(/jl)  are  classes  of  equivalent  functions.  The  space  Lp(/jl)  with  the 
norm  ||  . . .  Wlp^)  is  a  Banach  space. 

If  /x  is  a  nonnegative  measure,  M  is  a  /x-measurable  set,  /x(M)  >  0,  /  is  /x- 
measurable  function,  and  there  exists  finite 

f  f  d/i 

M 


denote 


M 


Hk  denotes  the  ^-dimensional  Hausdorff  measure. 

If  /x  is  a  measure  and  B  is  a  /x-measurable  set,  denote  by  fi\B  the  restriction  of  /x 
onto  B ,  i.e.,  for  v  =  (i\B  we  have  v(A)  =  ji(B  Pi  A). 

Let  Q  C  Rm  be  open,  1  <  p  <  oo.  Denote  L^(^)  =  L^(Hn|^).  By  Lploc(Q ), 
we  denote  the  set  of  all  Lebesgue  measurable  functions/  such  that  \f\p  is  Lebesgue 
integrable  over  all  compact  subsets  of  Q.  If  <  oo,  denote  Lp(dQ )  = 

Lp(Hm-  1|3S2). 

We  say  that  a  sequence  of  functions/  converges  to  /  uniformly  on  a  set  ^  if 
lim  sup  |  fj(x)  -f(x)  |  =  0. 

/^°°  xeK 

We  say  that  a  sequence  of  functions/  converges  to  /  locally  uniformly  on  an  open 
set  Q  if  /  converges  to  /  uniformly  on  each  compact  subset  of  Q. 

We  say  that  a  family  T  of  functions  on  a  set  M  is  equibounded  from  above  on  M 
if 


supsup/(v)  <  oo. 

feFxeM 


1.2  Metric  Spaces 


5 


We  say  that  T  is  equibounded  from  below  on  M  if 

inf  inf  fix)  >  —  oo. 

feFxeM 

We  say  that  T  is  equibounded  on  M  if  it  is  equibounded  from  below  and  from  above 
on  M. 

If  K  C  Rm  is  a  closed  set,  denote  by  C\K )  the  Banach  space  of  all  finite  real 
Borel  measures  with  support  in  K  with  the  total  variation  as  a  norm. 

Iff  is  a  mapping  from  X  to  7,  then  for  B  C  7  denote/_i  ( B )  =  {x  e  X;f(x)  e  B}. 


1.2  Metric  Spaces 

In  this  section,  we  remember  the  notion  of  metric  space  and  its  basic  properties. 

Definition  1.2.1  Let  X  be  a  nonempty  set.  Let  p(x,y)  be  a  nonnegative  function 
defined  on  the  set  X  x  X  of  all  ordered  pairs  (x,  y )  of  members  of  X ,  and  satisfy  the 
following  conditions: 

•  p(x,  y)  =  p(y,  x)  for  every  pair  (v,  j)  oflxl; 

•  p(x,  y)  =  0  if  and  only  if  v  =  y; 

•  p(x,  z)  <  p(x,  y)  +  p(y,  z),  where  x,  y,  and  z  are  any  three  elements  of  X. 

Such  a  function  p(x,y)  is  called  a  metric  on  X.  A  set  X  with  metric  p  is  called  a 
metric  space. 

Definition  1.2.2  Let  X  be  a  metric  space  with  metric  p.  A  sequence  {xn}  in  X  is 
called  a  Cauchy  sequence,  if  for  every  c  >  0  there  exists  an  integer  no,  such  that 
p(xn,xm)  <  €  whenever  m  >  n  >  no.  A  sequence  {xn}  in  X  is  said  to  converge  to 
v  G  X,  if  for  every  e  >  0  there  exists  an  integer  no,  such  that  p(v,  xm)  <  e  whenever 
n  >  no.  A  metric  space  X  is  said  to  be  complete  if  every  Cauchy  sequence  of  points 
of  X  converges  to  a  point  of  X. 

Example  1.2.3  The  Euclidean  space  Rm  with  the  metric  p(x,y )  =  \x  —  y\  is  a 
complete  metric  space. 

Definition  1.2.4  Let  X  be  a  metric  space  with  metric  p.  A  subset  M  of  X  is  called 
open  if  for  each  x  e  M  there  is  r  >  0  such  that  the  ball  B(x;r )  =  {  y  e  X;  p(x,  y)  < 
r}  is  a  subset  of  M.  A  set  M  is  called  a  neighborhood  of  v  e  X  if  there  exists  r  >  0 
such  that  B(x ;  r)  C  M.  The  closure  of  M,  denoted  by  M,  is  the  set  of  all  limits  of 
sequences  {. xn },  where  xn  e  M.  A  set  M  is  said  to  be  closed  if  M  =  M.  A  subset  M 
of  X  is  called  dense  if  M  =  X. 

Theorem  1.2.5  (Baire  Category  Theorem)  If  a  complete  metric  space  is  a  union 
of  a  countable  number  of  closed  sets,  then  at  least  one  of  these  closed  sets  contains 
a  nonempty  open  set. 
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(See  [43],  Theorem  1.6.9.) 

Definition  1.2.6  Let  X  be  a  metric  space.  A  subset  K  of  X  is  called  compact  if  for 
every  system  {Va;a  e  A}  of  open  sets  with  K  C  U {Va;oi  e  A}  there  is  a  finite 
subsystem  {V\, ...  ,Vn}  such  that  X  =  V\  U  •  •  •  U  Vn.  A  subset  K  of  X  is  called 
relatively  compact  if  its  closure  is  compact.  A  metric  space  X  is  said  to  be  locally 
compact  if  for  each  x  e  X  there  exists  a  relatively  compact  open  set  V  C  X  such 
that  x  e  V. 

Lemma  1.2.7  A  subset  K  of  a  metric  space  X  is  compact  if  and  only  if  every 
sequence  {xn}  of  members  of  K  has  a  subsequence  that  converges  to  a  member 
of  K.  If  K  is  compact,  then  it  is  closed. 

(See  [142],  Theorem  8.2.4.) 

Example  1.2.8  M  C  Rm  is  relatively  compact  if  and  only  if  it  is  bounded. 

(See  [149],  Introduction,  §2.) 

Definition  1.2.9  A  metric  space  is  said  to  be  cr-compact  if  X  is  locally  compact  and 
there  is  a  sequence  {Xj}  of  compact  subsets  of  X  such  that  X  =  U Xj. 

Remark  1.2.10  Let  Q  be  an  open  subset  of  Rm  and  K  be  a  compact  subset  of  £2. 
Then  there  exists  a  positive  constant  r  such  that  B(x;  r)  C  £2  for  each  x  e  K. 

Proof  If  x  e  K,  then  there  exists  a  positive  constant  r(x)  such  that  B(x ;  2r(x))  C 
£2  because  £2  is  open.  Since  K  is  compact,  there  exist  x\, ...  ,Xk  e  K  with  K  C 
B(x\;  r(vi))  U  •  •  •  U  B(xp,  r(xf)).  Put  r  =  min(r(vi), . . . ,  r(x/c)).  Fix  x  e  K.  Then 
there  is  j  e  {1 , ...  ,k}  such  that  v  e  B(xp  r(xj)).  Since  r  <  r(xf),  we  have B(x;  r)  C 
B(xp  2 r(xj))  C  £2. 

Lemma  1.2.11  Let  Qj  be  an  increasing  sequence  of  open  subsets  of  a  metric  space 
X.  IfK  C  X  is  compact  and  K  C  U  Qj,  then  there  is  an  index  l  such  that  K  C  £2/. 

Proof  Since  K  is  compact,  there  are  i\ , . . . ,  4  such  that 

K  C  £2h  U---U  Qik. 


Put  /  =  max(4, . . . ,  if).  Then  K  C  £2/. 

Definition  1.2.12  Let  X  and  Y  be  metric  spaces.  A  mapping  T  from  X  to  Y  is  said 
to  be  continuous  if  for  each  x  e  X  and  €  >  0  there  is  8  >  0  such  that  T(B(x ;  8))  C 

Lemma  1.2.13  Let  f  be  a  continuous  real  function  on  a  compact  metric  space  X. 
Thenf  achieves  its  maximum  and  minimum  values. 

(See  [55],  Chapter  6,  Theorem  6.14.) 

Definition  1.2.14  Let  X  and  Y  be  metric  spaces.  A  mapping  T  from  X  to  Y  is  said 
to  be  uniformly  continuous  if  for  each  €  >  0  there  is  8  >  0  such  that  T(B(x ;  8))  C 
B(T(x );  e)  for  each  x  e  X. 
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Lemma  1.2.15  Let  X  and  Y  be  metric  spaces  and  T  be  a  continuous  mapping  from 
X  to  Y.  IfX  is  compact ,  then  T  is  uniformly  continuous. 

(See  [142],  Theorem  8.3.8.) 

Definition  1.2.16  Let  X  be  a  metric  space,  /„,  and  /  be  functions  on  X.  We  say 
that  fn  converges  uniformly  to  /  on  X  if  for  each  e  >  0  there  is  no  e  N  such  that 
|  fn(x)  —  fix)  |  <  €  for  each  x  e  X  and  n  >  no. 

Theorem  1.2.17  (Dini  Theorem)  Let  X  be  a  compact  metric  space  and  fn  be  a 
monotonic  sequence  of  continuous  functions  on  X,  f nix)  -»  fix)  as  n  —>  oo  for  each 
x  e  X.  Iff  is  a  continuous  function  on  X,  thenfn  converges  uniformly  tof  on  X. 

(See  [55],  Theorem  9.36.) 

Definition  1.2.18  A  metric  space  X  is  connected  if  the  only  nonempty  subset  of  X 
which  is  both  open  and  closed  is  X  itself.  A  connected  open  subset  of  X  is  called  a 
domain.  A  nonempty  set  M  is  a  component  of  a  metric  space  X  if  it  is  a  closed  open 
connected  subset  of  X. 

Remark  1.2.19  Let  Q  C  Rm  be  open.  Iff  :  (0;  1)  —>  ^  is  a  continuous  mapping, 
then  y  =  {fit);  t  e  (0;  1)}  is  a  continuous  curve  within  Q  that  connects  /(0)  and 
/(l).  Remark  that  Q  is  connected  if  and  only  if  for  any  x,y  e  Q  there  is  a  continuous 
curve  within  Q  that  connects  x  and  y. 

(See  [55],  Theorem  6.63.) 

Definition  1.2.20  Let  X  be  a  metric  space  with  a  metric  p.  If  A  is  a  nonempty  subset 
of  X ,  then  A  is  a  metric  space  with  the  induced  metric  p.  We  say  that  B  is  a  relatively 
open  (closed)  subset  of  A  if  B  C  A  and  B  is  open  (closed)  in  the  metric  space  A  with 
the  metric  p. 


1.3  Banach  Spaces 

A  special  case  of  a  metric  space  is  a  normed  linear  space. 

Definition  1.3.1  Let  X  be  a  vector  space  over  the  field  of  real  or  complex  numbers. 
A  norm  on  X,  denoted  by  ||  ||,  is  a  nonnegative  function  on  X  with  the  following 
properties: 

•  \\x\\  =  0  if  and  only  if  x  =  0. 

•  \\otx\\  =  \a\  ||;t||  for  v  e  X  and  a  scalar  a, 

•  II*  +  y\\  —  IMI  +  II  y\\  f°r  x,y  e  X. 

The  vector  space  X,  together  with  a  norm  X,  is  called  a  normed  linear  space. 

Definition  1.3.2  Let  X  be  a  normed  linear  space.  The  metric  d  induced  by  the  norm 
is  defined  by  d(x,  y)  =  \\x  —  y  || .  If  X  is  a  complete  metric  space  with  respect  to  d ,  X 
is  called  a  Banach  space. 
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Example  1.3.3  Rm  is  a  Banach  space.  (See  [43],  Chapter  IV,  §3,  Lemma  1.) 

Definition  1.3.4  Let  X  be  a  linear  space,  and  suppose  that  it  has  two  norms  ||  •  ||i, 
||  •  || 2.  We  call  them  equivalent  if  there  is  a  positive  number  a  such  that 

a~l |M|i  <  IMh  5  a|M|i,  WxeX. 

If  X  is  a  linear  space  with  equivalent  norms  ||  •  ||i,  ||  •  H2,  then  {xn}  converges  in 
one  norm  if  and  only  if  it  converges  in  the  other. 

Proposition  1.3.5  LetX  be  a  finite-dimensional  vector  space;  ||  •  ||i,  ||  •  H2  are  two 
norms  on  X.  Then  these  norms  are  equivalent. 

(See  [128],  Theorem  4.2.) 

Proposition  1.3.6  Let  X  be  a  vector  space  endowed  with  norms  ||  •  ||  1  and  ||  •  H2  .If 
X  is  a  Banach  space  with  respect  to  both  norms  ||  •  ||i,  ||  •  U2,  then  the  norms  ||  •  ||i, 

||  •  || 2  are  equivalent. 

(See  [149],  Chapter  II,  §5,  Corollary.) 

Proposition  1.3.7  Let  X  be  a  closed  subspace  of  a  normed  vector  space  Y.  If  Z  is 
a  finite -dimensional  subspace  ofY,  then  X  +  Z  =  {x  +  z;x  e  X,  z  €  Z}  is  a  closed 
sub  space  of  Y. 

(See  [127],  Chapter  V,  Lemma  1.2.) 

Definition  1.3.8  If  X  and  Y  are  subspaces  of  a  vector  space  Z  such  that  XH  Y  =  {0}, 
then  X  +  Y  is  called  the  direct  sum  of  X  and  Y  and  is  denoted  by  X  ®  Y. 

Proposition  1.3.9  IfX  is  a  finite -dimensional  subspace  of  a  normed  vector  space 
Z,  then  there  is  a  closed  subspace  Y  ofZ  such  that  Z  =  X  0  Y. 

(See  [128],  Lemma  5.1.) 

Notation  1.3.10  Let  X  be  a  subspace  of  a  normed  vector  space  Z.  If  there  exists  a 
finite -dimensional  space  Y  such  that  Z  =  X  0  Y,  we  denote  codim  X  =  dim  Y  the 
codimension  ofX.  If  such  Y  does  not  exist ,  we  write  codim  X  =  00. 

Lemma  1.3.11  Let  X  be  a  normed  vector  space.  Then  {x  e  X\  ||x||  =  1}  is  a 
compact  set  if  and  only  ifX  is  finite -dimensional. 

(See  [149],  Chapter  III,  §2,  Corollary  2  or  [43],  Chapter  IV,  §3,  Theorem  5.) 

Definition  1.3.12  Let  X  be  a  normed  vector  space  and  M  be  a  nonempty  closed 
subspace  of  X.  For  x  e  X  denote  [x]  =  {y  e  X;x  —  y  e  M}.  If  x,y  e  X  and  a  is  a 
scalar,  denote  [x]  +  [y]  =  [x  +  y],  a[x]  =  [ax].  The  space  X/M  =  {[x];x  e  X}  is 
called  a  factor  space.  The  space  X/M  is  equipped  with  the  norm 
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Proposition  1.3.13  IfM  is  a  closed  subspace  of  a  Banach  space  X,  then  X/M  is  a 
Banach  space. 

(See  [128],  Chapter  3,  Theorem  3.13.) 


1.4  Linear  Operators 


In  this  section,  we  gather  fundamental  properties  of  continuous  linear  operators 
and  closed  linear  operators.  We  formulate  the  closed-graph  theorem,  the  Banach- 
Steinhaus  theorem,  and  the  fixed-point  theorem. 

Definition  1.4.1  Let  X  and  Y  be  vector  spaces  over  the  same  space  of  scalars.  An 
operator  T  from  X  into  Y  is  called  linear  if  for  all  v  and  y  in  X  and  all  scalars  a 
and  /3, 


T(ax  +  fiy)  =  otTx  +  f>Ty . 

If  X  C  Y,  define  a  linear  operator  I  from  X  to  Y  by  I(x)  =  x.  Then  I  is  called  the 
identity  operator. 

Definition  1.4.2  Let  X  and  Y  be  normed  vector  spaces.  If  T  is  an  injective  (i.e.,  one 
to  one)  continuous  linear  map  X  onto  Y  such  that  T~l 2 3  is  continuous,  then  T  is  called 
an  isomorphism  X  onto  Y.  An  isomorphism  T  is  called  isometric  if  \\Tx\\Y  =  \\x\\x 
for  each  x  e  X.  We  say  that  the  spaces  X  and  Y  are  isomorph  if  there  exists  an 
isomorphism  X  onto  Y.  We  say  that  the  space  X  is  continuously  imbedded  into  Y 
(and  write  X  Y)  provided  that  X  C  Y  and  the  inclusion  map  I  are  continuous. 

Theorem  1.4.3  Let  X  and  Y  be  normed  linear  spaces ,  and  let  T  be  a  linear  operator 
from  X  into  Y.  The  following  statements  are  equivalent: 

1.  T  is  continuous  at  one  point  x  e  X. 

2.  T  is  continuous  at  all  points  x  e  X. 

3.  T  is  bounded,  i.e.,  there  exists  a  number  M  such  that  for  all  x  e  X 

\\Tx\\<M\\x\\. 

(See  [57],  Theorem  1.3.2  or  [149],  Chapter  I,  §6.) 

Definition  1.4.4  Let  X  and  Y  be  normed  linear  spaces.  Denote  by  C(X,  Y)  the 
vector  space  of  all  bounded  linear  operators  which  map  X  into  Y.  (If  Y  =  X,  we 
write  C(X).)  Define  the  norm  on  C(X,  Y)  by 
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Remark  1.4.5  Let  X ,  Y ,  and  Z  be  normed  linear  spaces,  T  e  C(X,  Y )  and  S  e 
£(Y,Z).  Then  ST  e  £(X,Z)  and  ||ST||  <  ||5||  •  ||r||. 

(See  [149],  Chapter  I,  §6,  Proposition  2.) 

Theorem  1.4.6  IfX  is  a  normed  linear  space  and  Y  is  a  Banach  space ,  then  jC(X,  Y) 
is  a  Banach  space. 

(See  [57],  Theorem  1.3.5.) 

Lemma  1.4.7  Let  X  and  Y  be  normed  linear  spaces  and  T  be  a  linear  operator 
from  X  into  Y.  IfX  is  finite -dimensional,  then  T  e  jC(X,  Y). 

(See  [43],  Chapter  IV,  §3,  Corollary  4.) 

Lemma  1.4.8  Let  X  and  Y  be  subspaces  of  a  vector  space  Z  such  that  Z  =  X  ®  Y. 
Then  for  each  z  £  Z,  there  is  unique  Pz  £  X  such  that  (/  —  P)z  e  Y.  The  operators 
P  and  I  —  P  are  linear  operators  onZ.  (P  is  called  the  projection  ofZ  onto  X  along 
Y,  and  I  —  P  is  called  the  projection  ofZ  onto  Y  along  X.) 

Proof  If  z  e  Z,  then  there  are  x  E  X  and  y  e  Y  such  that  z  =  x  +  y.  If  x  e  X,  y  e  Y, 
and  z  =  x  +  y,  then  0  =  (x  —  x)  +  (y  —  y).  Since  x  —  x  =  y  —  yeXHY  =  {0}, 
we  deduce  that  x  =  x  and  y  =  y.  Putting  Pz  =  x,  we  get  (/  —  P)z  =  y.  Clearly,  the 
operators  P  and  I  —  P  are  linear. 

Corollary  1.4.9  Let  X  and  Y  be  closed  subspaces  of  a  Banach  space  Z  such  that 
Z  =  I®7.  Denote  by  P  the  projection  ofZ  onto  X  along  Y.  Then  P  e  C(Z).  Denote 

Iklli  =  ll^ll  +  IKZ-^zll,  zez 

Then  ||  •  ||i  is  a  norm  on  Z  which  is  equivalent  to  the  original  norm  ||  •  ||. 

Proof  \\az\\i  =  \a\  ■  \\z\\u  \\x  +  y\\i  =  || P(x  +  y)\\  +  ||(7 - P)(pc  +  y)||  <  ||Px||  + 
\\Py\\  +  ll(/-b*ll  +  11(7  —  7>))’||  =  IWI,  +  II  Jill,  llzll  <  llzlli.  Therefore  II  -  ||i  is  a 
norm. 

If  zn  is  a  Cauchy  sequence  with  respect  to  the  norm  ||  •  ||  i ,  then  Pzn  and  ( I—P)zn  are 
Cauchy  sequences  with  respect  to  the  norm  ||  •  || .  Since  X  and  Y  are  closed  subspaces 
of  the  Banach  space  Z,  there  are  x  E  X  and  y  e  Y  such  that  ||  Pzn  —  x\\  ->  0, 
||  (/  —  P)zn  —  y ||  0  as  n  oo.  Put  z  =  x  +  y.  Then  Pz  =  x,  (/  —  P)z  =  y  and 

|| zn  —  z||i  —>  0  as  n  ->  oo.  Therefore  X  equipped  with  the  norm  ||  •  ||i  is  a  Banach 
space.  Proposition  1.3.6  gives  that  the  norms  ||  •  ||  and  ||  •  ||i  are  equivalent.  This 
forces  that  P  e  C{Z). 

Definition  1.4.10  Let  X  and  Y  be  normed  vector  spaces  and  T  e  C{X ,  Y).  Then 
Ker  T  =  {x  e  X;  Tx  =  0}  is  the  kernel  of  T. 

Lemma  1.4.11  Let  X  and  Y  be  normed  vector  spaces  and  T  e  C{X ,  7).  Then  Ker  T 
is  a  closed  subspace  ofX. 

Proof  Let  Xf  e  Ker  T,  x^  —>  x.  Since  T  is  continuous  by  Theorem  1.4.3,  we  have 
Tx  =  0. 
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Definition  1.4.12  Let  X  and  Y  be  Banach  spaces.  An  operator  T  e  C{X ,  Y)  is 
bounded  bellow  if  there  exists  e  >  0  such  that  \\Tx\\Y  >  £\\x\\x  for  each  x  e  X. 

Proposition  1.4.13  Let  X  and  Y  be  Banach  spaces  and  T  e  C{X,  Y).  If  T  is 
bounded  below,  then  T  (X)  is  a  closed  sub  space  of  Y. 

(See  [128],  Theorem  3.12.) 

Definition  1.4.14  Let  X  and  Y  be  normed  linear  spaces  over  the  same  scalar.  Let 
V(T)  be  a  subspace  of  X  and  T  be  a  linear  operator  from  V(T)  into  Y.  The  operator 
T  is  called  closed  if  x  e  X,y  e  Y,  {xn}  C  V(T),  xn  ->  x,  Txn  ->  y  imply  x  G  V(T) 
and  Tx  =  y. 

Theorem  1.4.15  (Closed-Graph  Theorem)  Let  X  and  Y  be  Banach  spaces  and 
T  :  X  -»  Y  be  a  closed  linear  operator.  Then  T  e  C{X ,  Y). 

(See  [128],  Theorem  3.10.) 

Lemma  1.4.16  Let  X,  X,  Y,  Y  be  Banach  spaces,  X  X,  Y  Y.  Let  T  e 
C(X ,  Y).  IfT(X )  C  y,  ffcen  T  G  £(X,  y). 

Proof  Let  xn  x  in  X,  Txn  — >  y  in  F.  Then  ->  v  in  X,  y  in  F.  So,  Tx  = 

lim  Txn  =  y  and  the  operator  T  is  a  closed  operator  from  X  to  Y.  Theorem  1.4.15 
gives  T  g  C(X,  Y). 

Proposition  1.4.17  Let  X  and  Y  be  Banach  space  and  Z  be  a  dense  sub  space  ofX, 
{Tk,  k  G  N}  C  C(X ,  Y).  Suppose  that 

•  sup{  ||  Tn(x)  || ;  n  G  N}  <  oo  for  each  x  G  X. 

•  Tbr  x  e  Z,  there  exists  y  G  Y  such  that  Tnx  ^  y  as  n  ^  oo. 

Then  there  exists  T  G  jC(X,  Y)  such  that  Tnx  —>  Tx  as  n  — >  oo  /6>r  a//  v  G  X. 
Moreover, 


||7’||  <  lim  inf  ||  ||  <sup||7„||  <  oo. 

n~+  oo 


(See  [43],  Chapter  II,  §3,  Theorem  6.) 

Theorem  1.4.18  Let  X  be  a  Banach  space  and  T  :  X  ->  X  be  a  contraction,  i.e., 
there  exists  a  number  0  <  q  <  1  such  that  \\Tx  —  Ty\\  <  q\\x  —  y\\  for  all  x,y  G  X. 
Then  the  equation  Tx  =  x  has  exactly  one  solution  x  G  X.  Fix  io  G  X  and  put 

Xk  =  Txk-i ,  k  e  N. 


Then  Xk  x  in  X  and 


ll^-^tll  <  T — — ||*i  *o II • 
1  -q 


(See  [40],  Satz  1.24.) 
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1.5  The  Dual  Space 

A  special  role  in  linear  operators  plays  linear  functions  (so-called  linear  functionals). 
The  dual  space  X'  is  the  space  of  all  continuous  linear  functionals  on  X.  This  section 
is  devoted  to  continuous  linear  functionals.  Hahn-Banach’s  theorem  shows  that  a 
continuous  linear  functional  on  a  subspace  can  be  continuously  extended  onto  the 
whole  space.  For  a  continuous  linear  operator  T  :  X  ^  Y,  we  define  the  adjoint 
operator  T'  :  Y'  —>  X'.  The  adjoint  operator  T'  has  similar  properties  like  T. 

In  application  we  are  sometimes  not  able  to  prove  the  convergence  xn  x  in 
X.  But  we  can  prove  weaker  convergence  T(xn)  —>  T(x)  for  T  e  X'.  This  weak 
convergence  is  defined  in  this  section. 

Definition  1.5.1  Let  X  be  a  normed  vector  space.  A  functional  on  X  is  a  map  from 
X  to  the  scalars.  The  dual  X'  of  X  is  the  Banach  space  of  bounded  linear  functionals 
on  X;  that  is,  X'  =  £(X,  Y ),  where  Y  is  the  Banach  space  of  scalars  with  absolute 
value  taken  as  norm. 

Theorem  1.5.2  (Hahn-Banach’s  Theorem)  Let  X  be  a  normed  vector  space  and 
Y  be  a  subspace  ofX.  Let  T  be  a  linear  functional  on  Y  and  M  be  a  positive  constant 
such  that 


\Tx\<M\\x\\  WxeY. 

Then  there  is  fel'  with  ||r||  <  M  such  that  Tx  =  Txfor  all  x  G  Y. 

(See  [128],  Theorem  2.5  or  [40],  Korollar  3.12.) 

Proposition  1.5.3  Let  X  be  a  normed  vector  space  and  Y  be  a  closed  subspace  of 
X.  If  x  G  X  \  Y,  then  there  exists  T  e  X'  such  that  ||r||  =  1,  Ty  =  0  for  ally  G  Y 
and  Tx  =  dist(x,  Y)  >  0. 

(See  [40],  Satz  3.14.) 

Lemma  1.5.4  Let  X  be  a  normed  vector  space  and  Y  be  a  closed  sub  space  of  X. 
Denote  Z  =  {T  G  X';  T(x)  =  0  Vx  G  Y}.  Then  Y  =  {x  G  X;  T(x)  =  0  VT  G  Z}. 

(See  [128],  Lemma  3.5.) 

Definition  1.5.5  Let  X  be  a  normed  vector  space.  Define  the  linear  mapping  J  : 
X  ->  (X')'  by  Jx(T)  =  T(x)  for  T  G  X'.  Then  J  is  an  injection  of  X  into  (X')'.  If 
J(X)  =  (Xf)f,  we  say  that  X  is  reflexive. 

Lemma  1.5.6  Let  X  be  a  reflexive  Banach  space.  If  Y  is  a  closed  subspace  ofX, 
then  Y  is  a  reflexive  Banach  space. 

(See  [43],  Chapter  II,  §3,  Theorem  23  or  [40],  Satz  3.30.) 

Definition  1.5.7  A  sequence  {xn}  of  elements  of  a  Banach  space  X  is  said  to 
converge  weakly  to  an  element  v  G  X  if  T(xn)  ->  T(x)  as  n  oo  for  each  T  G  X' . 
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Lemma  1.5.8  If  {xn}  is  a  weakly  convergent  sequence  in  a  Banach  space  X,  then 
{xn}  is  hounded  and 


||x||  <  liminf  \\xn\\. 

n^o o 

(See  [149],  Chapter  V,  §1,  Theorem  1  or  [40],  Lemma  3.23.) 

Theorem  1.5.9  Let  X  be  a  normed  vector  space.  If  {  Fn}  is  a  bounded  sequence  in 
X',  then  there  exists  a  subsequence  Fn(jq  ofFn  and F  G  X'  such  that  Fnqq(x)  —>  F(x) 
as  k  — >  oo  for  each  x  G  X. 

(See  [141],  Chapter  4,  Theorem  4. 61. A.) 

Theorem  1.5.10  Let  X  be  a  Banach  space.  Then  X  is  reflexive  if  and  only  if  every 
bounded  sequence  has  a  weakly  convergent  subsequence. 

(See  [149],  Chapter  V,  §4.) 

Proposition  1.5.11  Let  X  and  Y  be  Banach  spaces ,  T  G  C(X ,  7).  If  y’  G  Y',  then 
there  is  unique  ( T'y' )  G  X'  such  that 

C T'y')(x)=y'(Tx ) 

for  each  x  e  X.  The  operator  T'  is  called  the  adjoint  (or  conjugate )  of  T.  The 
following  holds:  T  g  C(X,  Y)  and  \\T'\\  =  ||r||. 

(See  [128],  Theorem  3.3.) 

Lemma  1.5.12  LetX,  Y,  and  Z  be  Banach  spaces.  IfT  G  C(X,  Y)  and  S  G  C(Y,Z), 
then  (ST)'  =  T'S'. 

(See  [43],  Chapter  VI,  §2,  Lemma  4.) 

Proposition  1.5.13  Let  X  and  Y  be  Banach  spaces ,  T  G  C{X ,  Y).  IfT(X)  is  closed, 
then  T(X)  =  {y  e  Y;f(y)  =  0  V/  G  KerT'}. 

(See  [128],  Theorem  3.7.) 

Proposition  1.5.14  Let  X  be  a  normed  vector  space  and  M  be  a  closed  convex 
subset  ofX.  If  {xn}  C  M  and  xn  converges  weakly  to  x,  then  x  G  M. 

(See  [43],  Chapter  V,  §3,  Theorem  13  or  [40],  Satz  3.33.) 


1.6  Spectrum 

If  T  is  a  continuous  linear  operator  on  a  complex  Banach  space,  we  are  interested 
for  what  complex  A  there  exists  a  continuous  inverse  of  XI  —  T.  The  complement  of 
such  X  in  the  complex  plane  is  the  spectrum  of  T. 
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Definition  1.6.1  Let  X  be  a  Banach  space  and  T  e  C(X).  A  scalar  X  for  which 
Ker(A7  —  T)  {0}  is  called  an  eigenvalue  of  T.  Any  element  v  ^  0  of  X  such  that 
Tx  =  Xx  is  called  an  eigenvector  of  T  corresponding  to  X. 

Definition  1.6.2  Let  X  be  a  Banach  space,  V(T)  be  a  dense  subspace  of  X ,  and  T 
be  a  closed  linear  operator  from  V(T)  to  X.  The  scalars  X  for  which  T  —  XI  has 
an  inverse  in  C(X)  comprise  the  resolvent  set  p(T )  of  T.  The  spectrum  a(T)  of  T 
consists  of  all  scalars  not  in  p(T). 

Theorem  1.6.3  If  X  and  Y  are  Banach  spaces  and  T  G  C{X ,  F)  is  one-to-one  and 
onto,  then  T~l  exists  and  is  bounded. 

(See  [128],  Theorem  3.8.) 

Proposition  1.6.4  Let  X  be  a  Banach  space  and  T  e  C{X).  Then  o(Tr)  =  o(T). 

(See  [128],  Theorem  6.24  or  [141],  Theorem  5.3.A.) 

Lemma  1.6.5  Let  X  be  a  Banach  space  and  T  e  C{X).  Then  g(T)  is  a  closed  set. 
(See  [128],  Theorem  6.3.) 

Proposition  1.6.6  Let  X  be  a  Banach  space,  T  e  C{X),  and  X  be  a  scalar.  If\X\> 
||r||,  then  X  G  p(T)  and 


oo 

(XI  —  T)~x  =  -k-\Tk. 

k=0 


(See  [141],  Theorem  3.2.A.) 

Proposition  1.6.7  Let  X  be  a  Banach  space,  T  G  C{X).  Denote 

r(T)  =  inf  ||r||1/n. 

n 


Then 


r(T)  =  lim  ||r||1/n 

ft— >-oo 

and  X  G  p(T)  for  each  scalar  X  such  that  \X\  >  r(T).  IfX  is  a  complex  Banach 
space,  then 


r(T)  =  max  |A| 

A 

and  r(T )  is  called  the  spectral  radius  of  T. 


(See  [128],  Theorem  6.4  and  [128],  Theorem  6.13.) 
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Proposition  1.6.8  (Spectral  Mapping  Theorem)  Let  X  be  a  complex  Banach 
space  and  T  G  C(X).  IfP  is  a  polynomial,  then  o(P(T))  =  P(o(T))  =  {P(A);  A  G 
a(T)}. 

(See  [141],  Theorem  5.71-B.) 


1.7  Compact  Operators 

This  section  is  devoted  to  compact  linear  operators.  The  essential  property  of  a 
compact  linear  operator  K  :  X  —>  X  is  that  for  A  ^  0  there  exists  a  continuous 
(A I  —  K)~l  if  and  only  if  the  equation  (A I  —  K)x  =  0  has  only  trivial  solution. 

We  also  prove  another  result  useful  in  applications.  If  T  :  X  —>  Y  is  a  continuous 
linear  operator  and  K  :  X  —>  Y  is  a  compact  linear  operator  such  that  ||  Tx ||  Y  +  \\Kx\\  y 
is  an  equivalent  norm  on  X,  then  we  are  able  to  prove  some  crucial  properties  of  T. 

Definition  1.7.1  Let  X  and  Y  be  normed  vector  spaces  and  K  e  jC(X,  Y ).  The 
operator  K  is  called  compact  if  K(B(0;  1))  is  relatively  compact. 

Lemma  1.7.2  Let  X  and  Y  be  normed  vector  spaces,  K  G  C{X ,  F).  The  operator  K 
is  compact  if  and  only  if  from  each  bounded  sequence  {xn}  C  X  we  can  choose  a 
subsequence  {zk}  such  that  Kzk  — ►  y  as  k  — >  oofor  some  y  G  Y. 

Proof  This  proposition  is  an  easy  consequence  of  Lemma  1.2.7. 

Definition  1.7.3  Let  X  and  Y  be  normed  vector  spaces,  K  G  C(X,  F).  We  say  that 
K  is  of  finite  rank  if  K(X)  is  a  finite-dimensional  vector  space. 

Clearly  every  operator  of  finite  rank  is  compact. 

Theorem  1.7.4  LetX,  Y,  and  Z  be  normed  vector  spaces,  P,T  G  C(X,  Y),  and  S  G 
C(Y ,  Z).  If  one  of  the  operators  T,  S  is  compact,  then  ST  is  a  compact  operator,  too. 
If  a,  p  are  scalars  and  the  operators  P,  T  are  compact,  then  the  operator  aP  +  pT 
is  compact.  IfTne  C{X ,  F)  are  compact,  Tn  ^  T  as  n  ^  oo,  then  T  is  compact. 

(See  [149],  Chapter  X,  §2.) 

Theorem  1.7.5  Let  X  and  Y  be  Banach  spaces,  T  G  C{X ,  F).  Then  T  is  compact  if 
and  only  if  T'  is  compact. 

(See  [121],  §  15,  Theorem  4.) 

Theorem  1.7.6  Let  X  be  a  complex  Banach  space  and  T  G  C{X)  be  a  compact 
operator.  IfX  G  C  \  {0},  then  (T  —  XI)  (X)  is  closed. 

(See  [121],  §  15,  Theorem  7.) 

Theorem  1.7.7  Let  X  be  a  Banach  space  and  T  G  C{X)  be  a  compact  operator. 
Then  <j(T)  is  at  most  countable.  If  X  G  a(T )  \  {0},  then  X  is  an  isolated  point  of 
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o(T)  and 


0  <  dim  Ker(r  -  XI)  =  dimKer(r7  -  XI) 

=  codim(r  —  A/)(X)  =  codim(r/  —  XI)  (X)  <  oo. 

(See  [141],  §5.5.) 

Proposition  1.7.8  Let  X  and  Y  be  Banach  spaces  and  K  e  C(X,  Y)  be  compact.  If 
xn  converges  weakly  to  x  in  X,  then  Kxn  converges  to  Kx  in  Y. 

(See  [121],  Chapter  III,  §  15,  Corollary  6.) 

Lemma  1.7.9  Let  X,  Y,  Z\, . . . ,  Z&  be  Banach  spaces  and  T  e  C(X,  Y).  Let  Kj  e 
C(X,  Zj)  be  compact  operators.  Suppose  that 


k 

IWk  =  \\tx\\y  +  J2\\kAzj 

7=1 

represents  a  norm  on  X  equivalent  to  the  original  norm  \\x\\x-  Then  one  has  the 
following  properties: 

•  The  kernel  ofT  is  finite  dimensional. 

•  The  range  T{X)  ofT  is  closed. 

•  There  exists  a  constant  C  such  that  if  W  is  a  normed  space  and  L  e  C(X,  W) 
satisfies  Lx  =  0  whenever  Tx  =  0,  then  one  has  ||L*||W  5  C\\L\\  •  \\Tx\\y  for  all 
xeX. 

•  If  W  is  a  normed  space  and  M  e  C(X,  W)  satisfies  Mx  ^  0  whenever  Tx  =  0 
and x  ^  0,  then  \\x\\ m  =  ||7x||y  +  ||Mx||^  represents  a  norm  on  X  equivalent  to 
the  original  norm. 

Proof  Let  {xn}  be  a  sequence  of  points  from  KerT  such  that  \\xh\\k  =  1.  Since 
K\ , . . . ,  Kk  are  compact  operators,  we  can  choose  a  subsequence  yn  of  xn  such  that 
Kjyn  ->  Zj  G  Zj  as  n  — >  oo  (see  Lemma  1.7.2).  Since  {Kjyn}  is  a  Cauchy  sequence 
and 


k  k 

II  -  y,\\K  =  II Tyn  -  TyiWx  +  II %y«  ~  fyiWz,  =  E  ll^»  -  KjyiWz,, 

7=1  7=1 

the  sequence  yn  is  a  Cauchy  sequence  of  the  Banach  space  X.  Therefore  there  is 
y  G  X  such  that  yn  y  as  n  oo.  Since  KerT  is  a  closed  subspace  of  X  by 
Lemma  1.4.11,  we  have  y  e  Ker  T.  Since  {x  e  KerT;  ||x||^  =  1}  is  a  compact  set 
(see  Lemma  1.2.7),  Lemma  1.3.1 1  gives  that  Ker  T  is  a  finite-dimensional  space. 

Suppose  now  that  M  e  C(X,  W)  satisfies  Mx  ^  0  whenever  Tx  =  0  and  x  ^  0. 
If  x  G  X,  then  \\x\\M  <  [\\M\\  +  ||r||] \\x\\X-  Suppose  that  there  exists  G  X  with 
\\xn\\K  =  1  such  that  \\xn\\M  <  1  /n.  Then  ||7xn||  <  l/n.  Since  {xn}  is  a  bounded 
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sequence  and  K}  are  compact  operators,  we  can  suppose  that  Kjxn  ->  Zj  G  Zy.  (We 
can  choose  a  subsequence  of  xn.)  If  l  >  n  then 

2  ^  A 

Ik/ -xn\\K  <  -  +  \\KjXn  -  KjXiWzj. 
n  J=  i 

Thus  {*„}  is  a  Cauchy  sequence.  Since  X  is  a  Banach  space,  there  exists  x  G  X  such 
that  xn  ->  x  as  n  ->  oo.  Then 

Iklk  =  lim  Iknlk  =  r  lki|M  =  iim  ||x„||M  =  o. 

n—>  oo  n— >  oo 

Thus  i  /  0  and  Tx  =  Mx  =  0,  what  is  a  contradiction.  Hence  there  is  a  positive 
constant  a  such  that  \\x\\ m  >  a||x||tf  for  each  x  G  X  and  ||  •  ||m  represents  a  norm  on 
X  equivalent  to  the  original  norm. 

Kerr  is  a  closed  subspace  of  X  by  Lemma  1.4.11.  Since  KerT  is  a  finite 
dimensional  subspace  of  X,  there  is  a  closed  subspace  V  of  X  such  that  X  is  the 
direct  sum  of  Ker  T  and  V  (see  Proposition  1.3.9).  Denote  by  P  the  projection  of  X 
onto  V  along  KerT.  Then  I  —  P  e  £(X,  KerT)  by  Corollary  1.4.9  and  satisfies 
(7  —  P)x  ^  0  whenever  Tx  =  0  and  x  ^  0.  Therefore  the  norms  \\x\\x  and 
||jc||(/_/*)  =  ||  7*||  y  +  ||(7  —  P)x\\x  are  equivalent.  Let  now  Txn  y  G  Y  as  n  —>  oo. 
Then  \\Pxk-Pxj\\(I-P)  =  ||rP*n-rP*7j|y  +  ||(/-P)P*n-(/-P)P*y-|U  =  l|r*^-r*7-||, 
and  the  sequence  Px^  is  a  Cauchy  sequence.  Since  X  is  a  Banach  space,  there  is  *  G  X 
such  that  Pxn  —>  x  as  n  ->  oo.  Since 

Tx  =  lim  PPxn  =  lim  Txn  =  y 

n— >oo  k^oo 

we  deduce  that  the  range  of  T  is  closed.  Since  T  is  one-to-one  bounded  linear 
operator  from  the  Banach  space  X  onto  the  Banach  space  P(X),  Theorem  1.6.3  gives 
that  there  is  /3  >  0  such  that  ||7*||y  >  /3||*||x  for  each  x  e  V. 

Suppose  now  that  L  G  C(X,  W )  satisfies  Lx  =  0  whenever  Tx  =  0.  If  z  G  X,  then 

||Lz|k  =  \\LPz\\w  <  ||i||  •  llftllx  <  Hill  •r'llT’ftllr  =  ||i||  •  \\TZ\\Y. 

Lemma  1.7.10  Let  X,  Y,  Z,  and  W  be  reflexive  Banach  spaces  and  T  G  jC(X,  Y ). 
Let  K  G  £(X,Z)  aftd  2  G  £(X,  W)  compact  operators.  Suppose  that  ||*||^  = 
|| 7*|| y  +  ||X*||z  represents  a  norm  on  X  equivalent  to  the  original  norm  ||x||x  and 
Ker(K)  C  Ker(0.  Then  for  every  €  >  0  there  exists  C(e)  >  0  such  that 

WQx\\w  <  g || 7*|| y  +  C(g)||X*||z,  V*  G  X. 

Proof  Suppose  the  opposite.  Then  there  are  €  >  0  and  xn  G  X  with  ||*n||^  =  1  such 
that 


IlG^llw  >  G  II  7*n  ||  y  +  fl||X*n||z, 


V*  G  X. 
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Since  Qxn  is  bounded,  we  infer  that  Kxn  ->  0  in  Z.  Since  \\xn\\ k  =  1,  we  obtain 
|| Txn ||y  —>  1  as  n  —>  oo.  According  to  Theorem  1.5.10,  we  can  suppose  that 
xn  converges  weakly  to  i  e  X.  Proposition  1.7.8  gives  that  Kxn  —>  Kx.  Thus 
Kx  =  0.  The  relation  Ker(Tf)  C  Ker(0  forces  Qx  =  0.  Since  Qxn  — >  Qx  by 
Proposition  1.7.8,  we  have 

\\Qx\\w  =  lim  HQxJw  >  lim  e\\Tx„\\Y  =  e  >  0, 

n—>oo  n — >-00 


what  is  a  contradiction. 


1.8  Fredholm  Operators 

A  generalization  of  operators  of  the  type  XI  —  K  for  X  7^  0  and  K  :  X  — >  X 
compact  are  Fredholm  operators  and  more  generally  semi-Fredholm  operators.  We 
study  these  operators.  In  particular  we  show  that  if  7}  :  Xj  — >  Yj  are  Fredholm 
operators  with  the  same  index,  X\  is  a  dense  subset  of  X2,  Y\  is  a  dense  subset  of  Y2, 
X]  ^  X2,  Y\  Y2,  then  T\  and  T2  have  the  same  kernel. 

Definition  1.8.1  Let  X  and  Y  be  Banach  spaces  and  T  e  C(X,  Y).  Denote  ot(T)  = 
dimKer  T,  p(T)  =  dimKer  T .  We  say  that: 

1.  T  is  upper  semi-Fredholm  if  T{X)  is  a  closed  and  a(T)  <  oo. 

2.  T  is  lower  semi-Fredholm  if  /3(T)  <  00. 

3.  T  is  Fredholm  if  a(T)  <  oo  and  fi(T)  <  00. 

If  T  is  semi-Fredholm,  then  the  index  of  T  is  defined  by  i(T)  =  a(T)  — 

Theorem  1.8.2  Let  X  and  Y  be  Banach  spaces  and  T  e  C(X,  Y)  with  closed  range. 
Then  a(T')  =  p(T )  and  p(T')  =  a(T).  Thus: 

•  T  is  a  Fredholm  operator  if  and  only  ifT'  is  a  Fredholm  operator. 

•  T  is  an  upper  semi-Fredholm  operator  if  and  only  ifT'  is  a  lower  semi-Fredholm 
operator. 

•  T  is  a  lower  semi-Fredholm  operator  if  and  only  ifT'  is  an  upper  semi-Fredholm 
operator. 

IfT  is  semi-Fredholm ,  then  i(T')  =  —i(T). 

(See  [121],  §  16,  Theorem  4.) 

Theorem  1.8.3  Let  X  and  Y  be  Banach  spaces ,  T,K  e  C{X ,  Y),  and  K  be  a 
compact  operator.  IfT  is  a  semi-Fredholm  operator,  then  T  +  K  is  a  semi-Fredholm 
operator  and  i(T  +  K)  =  i(T). 


(See  [121],  §  16,  Theorem  16.) 
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Lemma  1.8.4  LetX X2,  Y\,  Y2  be  Banach  spaces.  Let  Tj  e  C(Xj,  Yj)  be  Fredholm 
operators ,  i(T\)  =  z(F2).  LetX \  X2,  Fi  F2,  Xi  he  a  dense  subset  ofX2,  and 

Y\  be  a  dense  subset  ofY2.  Let  T\  =  T2  on  X\.  Then  Ker  T\  =  Ker  F2.  If  x  G  X2  azzd 
T2x  =  y,  then  x  e  X\  if  and  only  ify  e  Fi.  F/ze  operator  T\  is  an  isomorphism  if  and 
only  ifT2  is  an  isomorphism. 

Proof  Clearly,  X2  C  X[,  Y2  C  Fj,  and  =  Fj  on  F^.  Since  KerFj  C  KerFj,  we 
have/3(F2)  <  /3  (Fi).  On  the  other  hand,  Ker  T\  C  Ker  F2,  and  thus  ot{T\)  <ct(T2). 
From  a(Ti)-P(Ti)  =  a(T2)-f(T2),  we  infer  that  a  (F,)  =  a(T2),P(Tx)  =  p(T2), 
and  thus  KerFi  =  KerF2,  Ker  Fj  =  Ker  F/ 

Let  T2x  =  y.  If  x  G  X\ ,  then  T2x  =  T\x  e  Fi.  Let  now  y  G  Fi.  We  have 
/(y)  =  0  for  each/  G  Ker(F^)  by  Proposition  1.5.13.  Since  KerFj  =  KerF^, 
Proposition  1.5.13  gives  that  there  exists  z  G  Fi  such  that  T\z  =  y.  Since  v  —  z  G 
Ker  F2  =  Ker  Fi  C  X\  we  infer  that  x  =  z  +  (x  —  z)  G  X\ . 

If  Fi  or  F2  is  an  isomorphism,  then  KerFi  =  KerF2  =  {0}.  Since  Fi,  F2  are 
Fredholm  operators  with  index  0  they  are  onto.  Theorem  1.6.3  gives  that  T\,  T2  are 
isomorphisms. 

Proposition  1.8.5  Let  X  and  Y  be  Banach  spaces.  The  index  is  constant  on  every 
component  of  connectivity  of  the  set  of  semi-Fredholm  operators  from  C(X,  Y). 

(See  [121], §  18,  Corollary  3.) 

Theorem  1.8.6  Let  X,  Y,  and  Z  be  Banach  spaces,  T  G  C{X,  F),  and  S  G  £(F,  Z) 
be  Fredholm  operators.  Then  ST  e  jC(X,  Z)  is  a  Fredholm  operator  and  i{ST)  = 

m  +  HT). 

(See  [128],  Theorem  5.7.) 

Lemma  1.8.7  Let  X  and  Y  be  Banach  spaces  and  T  G  C{X,  Y)  be  Fredholm.  Then 
codim  T(X)  =  f(T)  <  oo. 

Proof  T{X)  =  {x  G  X\f(x)  =  0  V/  G  KerF7}  by  Proposition  1.5.13.  If  Ker  F7  = 
{0},  then  T(X)  =  X  and  codim  T(X)  =  f(T)  =  0. 

Let  now  k  =  /3(F)  0.  Let  f\ , . . . be  a  basis  of  ICer  F  .  First  we  show  that 

codim  T{X)  <  /3(F).  If  it  is  not  true,  then  there  exists  a  subspace  Z  of  X  with  basis 
Z\, . . . ,  Zk+ 1  such  that  Z  PI  T(X)  =  {0}.  Denote  di  —  f(zj ),  a 7  =  [dv  ... ,  dk].  The 
vectors  a1, ... ,  ak+l  are  linearly  dependent.  Therefore  there  exist  scalars  cj  such  that 
\c\  |  +  •  — h  \ck+\  |  >  0  and  cia1  4 —  •  4-Qh-i^-*-1  =  0.  Put  z  =  ciZi  +  •  — FCt+i^AH-i- 

Then  z  d  0,  z  e  Z.  But  f(z)  =  c\fj(z\)-\ - ck+\fj(zk+\)  =  c\aj  + . . .  ck+xak+l  = 

0.  Thus/(z)  =  0  for  all /  G  KerF7.  Proposition  1.5.13  gives  that  z  G  T(X).  Since 
Z  PI  F(X)  =  {0},  we  deduce  that  z  =  0,  what  is  a  contradiction. 

Since  codim  F (X)  <  k ,  there  exists  a  subspace  Z  of  Z  with  a  basis  zi , . . . ,  zn 
such  that  X  =  Z  ®  F(Z).  We  have  proved  that  n  <  k.  Suppose  that  n  <  k. 
Denote  b,i  =  f(zi ),  ti  =  \b/v  . . . ,  The  vector  bl, ...  ,bk  are  linearly  dependent. 
Therefore  there  exist  scalars  c\,...,ck  with  \c\\  +  •  •  •  +  \ck\  >  0  such  that 
c\bl  +  •••  +  Ckbk  =  0.  Put /  =  c\f\  +  •••  +  cifk-  Then /  G  KerF7,/  ^  0.  We 
have  / (zi)  =  cxf  (zf  +  . .  .c*/*(zf)  =  p//  4 - F  ckbk  =  0.  If  *  G  F(Z),  then 
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f{x)  =  0  by  Proposition  1.5.13.  Since  X  =  Z  ®  T(X ),  we  deduce  that /  =  0,  what 
is  a  contradiction. 

Lemma  1.8.8  Let  X  be  a  Banach  space  and  T  e  C{X)  be  a  Fredholm  operator. 
Suppose  that  X  is  a  closed  subspace  of  X  of  finite  codimension  and  T  (X)  C  X. 
Denote  by  T  the  restriction  ofT  onto  X.  Then  T  is  a  Fredholm  operator  and  i(T )  = 
i(T).  IfT  is  an  isomorphism,  then  T  is  an  isomorphism. 

Proof  According  to  Lemma  1.8.7,  there  exists  a  subspace  Y  of  X  such  that  X  = 
l©7  and  dim  Y  =  /3(T).  Let  P  be  the  projection  of  X  onto  X  along  Y  (see 
Lemma  1.4.8).  Clearly,  P  is  a  Fredholm  operator  with  i(P)  =  0.  Theorem  1.8.6 
gives  that  TP  is  a  Fredholm  operator  and  i(TP)  =  i(T).  So,  T(X)  =  TP{X)  is 
closed.  Clearly,  a  (TP)  =  a(T)  +  dim  Y.  Since  fi(t)  is  a  codimension  of  f(X)  in  X , 
and  j8(TP)  is  the  codimension  of  TP(X)  =  T(X)  in  X  (see  Lemma  1.8.7),  we  obtain 
JS(TP)  =  J3(T)  +  dimF.  This  forces  i(f)  =  i(TP)  =  i(T). 

Let  T  now  be  an  isomorphism.  Since  the  kernel  of  T  is  trivial  and  i(T)  =  0,  we 
infer  that  T(X)  =  X.  Theorem  1.6.3  gives  that  T  is  an  isomorphism. 


1.9  Hilbert  Spaces 

Hilbert  spaces  are  Banach  spaces  endowed  by  a  scalar  product.  These  spaces  have 
better  properties  than  other  Banach  spaces.  We  gather  essential  results  for  Hilbert 
spaces  and  continuous  linear  operators  on  them,  especially  Schwarz’s  inequality, 
theorem  on  orthogonal  projection,  and  Riesz  representation  theorem.  We  also  study 
spectral  properties  of  normal  operators,  self-adjoint  operators,  and  positive  operators 
on  Hilbert  spaces. 

Definition  1.9.1  Let  H  be  a  vector  space  over  the  real  or  complex  numbers.  An 
inner  product  on  H  is  a  scalar  valued  function  (•,  •)  defined  on  the  Cartesian  product 
H  x  H  with  the  following  properties: 

•  (au,  v)  =  a(u,  v)  for  u,v  e  H  and  a  scalar  a, 

•  (u  +  v,  w)  =  (u,  w)  +  (v,  w)  for  u,v  e  H, 

•  (v,  u)  =  ( u ,  v)  for  u,v  e  H, 

•  ( u ,  u)  >  0  whenever  w  /  0. 

H ,  together  with  an  inner  product,  is  called  inner-product  space. 

Theorem  1.9.2  Given  inner-product  space  H,  ||w||  =  yj (u,  u)  defines  a  norm  on  H. 
(See  [57],  Theorem  1.7.5.) 

Proposition  1.9.3  (Schwarz’s  Inequality)  Let  H  be  an  inner-product  space.  Then 
for  all  u  and  v  e  H 


!(«,«)!<  INI ll«ll- 


Equality  holds  if  and  only  ifu  and  v  are  linearly  dependent. 
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(See  [57],  Theorem  1.7.4.) 

Definition  1.9.4  A  Hilbert  space  is  an  inner-product  space  which  is  also  a  Banach 
space  with  the  norm  \\u\\  =  yj ( u ,  u). 

Definition  1.9.5  Let  H  be  a  Hilbert  space  and  M  C  H.  We  define  the  orthogonal 
complement  of  M  via  M1-  =  {x  e  H;  (. x ,  y)  =  0  for  all  y  E  M). 

Clearly,  for  an  arbitrary  M  C  H,  its  orthogonal  complement  M1-  is  closed. 

Theorem  1.9.6  (Theorem  on  Orthogonal  Projection)  Let  X  be  a  closed  linear 
subspace  of  the  Hilbert  space  H.  Then  each  element  z  E  H  possesses  the  following 
representation: 


Z  —  x  -f  y,  x  E  X ,  y  E  X^~ . 

Here  the  elements  x  and  y  are  uniquely  determined. 

(See  [41],  Theorem  3.21.) 

Corollary  1.9.7  If  M  is  a  sub  space  of  the  Hilbert  space  H,  then  ( M _L)“L  =  M. 

(See  [41],  Corollary  3.22.) 

Definition  1.9.8  A  subset  S  =  {xa;a  e  A}  of  a  Hilbert  space  H  is  called 
orthonormal  if  (xa,xp)  =  8ap  for  all  a,  ft  e  A.  An  orthonormal  set  S  is  called 
complete  (or  an  orthonormal  basis  of  H)  if  {a\X\  +  •••  +  a^x^x G 
S,  a\ , . . . ,  ak  scalars  }  is  dense  in  H. 

Theorem  1.9.9  Let  {xj},  j  =  1,2,...  represent  a  complete  orthonormal  sequence 
in  a  Hilbert  space  H.  Ifx,  y  e  H,  then 

oo 

y]i(x,^)i2  =  m2, 
j= i 


oo 

x  =  X(x'xj)xj' 

7=1 

oo 

(x,y)  =  ^(.V,x;)(v,x;). 

7=1 

(See  [128],  Chapter  1,  Theorem  1.6  and  [128],  Chapter  1,  Theorem  1.7.) 

Theorem  1.9.10  (Riesz  Representation  Theorem)  Let  H  be  a  Hilbert  space  and 
L  E  H'.  Then  there  exists  unique  y  E  H  such  that  Lx  =  (x,  y)  for  all  x  E  H. 
Moreover,  ||  y\\n  =  On  the  other  hand,  ify  E  H  and  we  denote  Ly(x)  =  (x,  y) 

forx  E  H,  then  Ly  E  H'  and  ||Ly||^/  =  ||  y\\H. 
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(See  [149],  Chapter  III,  §6.) 

Definition  1.9.11  Let  if  be  a  Hilbert  space.  A  bilinear  form  (or  sesquilinear 
functional)  a(x,  y )  on  H  is  an  assignment  of  a  scalar  to  each  pair  of  vectors  x,y  e  H 
in  such  a  way  that: 

•  a(yx  +  py ,  z)  =  ya(x,  z)  +  fia(y,  z)  for  x,  y,  z  G  if  and  scalars  y ,  /3, 

•  a(z,  yx  +  py)  =  ya(z ,  x)  +  Pa(z,  y)  for  x,  y,  z  e  if  and  scalars  y ,  p. 

We  say  that  <2  is  symmetric  if  a(x,y)  =  a(y,x )  for  each  x,y  G  if.  We  say  that  a  is 
bounded  if  there  is  a  constant  M  such  that  \a(x,y)\  <  M||x||  ||  y  \  |  for  each  x,  y  G  if . 

If  a  is  a  bounded  bilinear  form  and  xn  —>  x  and  yn  —>  y,  then  a(xn ,  y„)  — >  a(x,  y), 
because 


|a(x,y)  -a(xn,yn)\  <  \a(x,y-y„)\  +  \a(x  -  xn,yn)\. 

Definition  1.9.12  If  T  is  a  bounded  linear  operator  on  a  Hilbert  space  if,  then  the 
adjoint  of  T ,  denoted  r*,  is  a  linear  operator  on  if  satisfying  (7x,  y)  =  (x,  T*y)  for 
x,y  G  H. 

Theorem  1.9.13  Let  H  be  a  Hilbert  space  and  T  e  C(H).  Then  there  is  unique  T*. 
Moreover: 

•  T*  e  jC(H)and\\T*\\  =  \\T\\. 

•  (r*)-1  =  (T~ly  for  invertible  T  e  C(H). 

•  ||T||2  =  \\T*T\\forT  e  C(H). 

(See  [141],  §4.9.) 

Lemma  1.9.14  Let  H  be  a  Hilbert  space.  IfT ,  5  e  C(H),  then  ( TS )*  =  S*T *. 

(See  [140],  §4.9.) 

Definition  1.9.15  Let  if  be  a  Hilbert  space  and  T  e  C{H).  Then: 

•  T  is  normal  if  ||r*x||  =  ||7x||  for  allx  e  H\ 

•  T  is  self-adjoint  if  T  =  L* ; 

•  T  is  positive  if  (7x,  x)  >  0  for  x  e  H. 

Proposition  1.9.16  Let  if  be  a  Hilbert  space  with  an  inner  product  (  ,  )  and  T  e 
C(H)  be  self-adjoint.  If  x  e  H,  then  (7x,x)  e  R.  Put 

m(T )  =  inf{(Tx,x);x  G  if,  ||x||  =  1}, 

M(T)  =  sup{(7x,x);x  e  if,  ||x||  =  1}. 

Then  m(T),M(T )  G  cr(T).  If  X  G  o(T),  then  X  G  R  and  m(T)  <  X  <  M(T). 
Moreover, 


m|  =  r(T)  =  max(\m(T)\,\M(T)\). 
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Ifx  e  H,  ||a;||  =  1  and  A  =  ( Tx,x )  with  A  =  m(T)  or  X  =  M(T),  then  Tx  =  Ax 
(See  [141],  §  6.11  and  §  6.2.) 

Proposition  1.9.17  H  be  a  Hilbert  space  with  an  inner  product  (  ,  )  and  T  e 
C(H)  be  self-adjoint.  Ifx,y  e  H,  Tx  =  Xx,  Ty  =  pry,  and  X  ^  pi,  then  (x,y)  =  0. 

(See  [141],  Theorem  6. 11 -A.) 

Proposition  1.9.18  Let  H  be  a  Hilbert  space  with  an  inner  product  (  ,  ),  T  e 
C(H)  be  compact  and  self-adjoint,  and  T  ^  0.  Then  there  exists  an  orthonormal  set 
{xpj  e  J}  with  J  at  most  countable  such  that  Txj  =  XjXj  for  j  e  /  and 


Tx  =  \ j(x » xj)xj>  Vx  e 

j^J 


If  J  is  infinite,  then  Ay  0  as  j  oo. 


(See  [141],  Theorem  6.4-B  and  [141],  Theorem  6. 11 -A.) 

Corollary  1.9.19  Let  H  be  an  infinite -dimensional  Hilbert  space  and  T  e  C(H)  be 
compact,  self-adjoint,  and  one-to-one.  Then  there  exists  a  sequence  of  eigenvalues 
{Ay}  with  X j  —>  0  and  a  sequence  of  corresponding  eigenfunctions  {xfi  which  forms 
a  complete  orthonormal  system  in  H.  If  X  is  an  eigenvalue,  then  X  e  {A;}  and 
{up  Ay  =  A}  is  a  basis  6>/Ker(T  —  XI). 

Proof  Let  {A;}  and  {xfi  be  from  Proposition  1.9.18.  If  {xfi  is  not  complete,  then 
there  exists  a  nontrivial  x  e  H  such  that  (*,  xf)  =  0  for  all  j.  But  for  such  *,  we  have 
Tx  =  0,  what  is  a  contradiction. 

Clearly,  Txj  =  XjXj.  Let  A  now  be  an  eigenvalue  with  an  eigenfunction  x  If 
A  g  {X j},  then  ( x,xj )  =  0  for  all  j  by  Proposition  1.9.17.  Thus  Tx  =  0  what  is  a 
contradiction.  So,  A  e  {Ay}.  Denote  L  =  { j ;  Ay  =  A}.  Then  (x,xf)  =  0  for  j  L  by 
Proposition  1.9.17.  Thus 


Since  A  7^  0,  we  deduce  that  {up  j  e  L}  is  a  basis  of  Ker(T  —  XT). 

Proposition  1.9.20  Let  H  be  a  complex  Hilbert  space  and  T  e  C(H).  Then  T  is 
self-adjoint  if  and  only  if(Tx,x)  is  real  for  x  e  H. 

(See  [41],  Proposition  4.12.) 

Proposition  1.9.21  Let  H  be  a  Hilbert  space  and  T  e  C(H)  be  normal.  Then 
Ker T  =  T(X)L  and X  =  Kerr®  T(X). 


(See  [141],  Theorem  6.2-G.) 
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1.10  Interpolation  Spaces 

The  interpolation  theory  is  very  useful  in  studying  solutions  of  boundary  value 
problems.  If  we  know  that  some  boundary  value  problem  is  uniquely  solvable  in 
some  space  of  functions  X  and  in  a  larger  space  of  functions  Y,  then  the  interpolation 
theory  allows  us  to  deduce  that  this  boundary  value  problem  is  uniquely  solvable  in 
an  intermediate  space  of  functions  Z. 

Let  E0  and  Ex  be  two  normed  vector  spaces  over  the  same  scalars  which  are 
subspaces  of  a  vector  space  E ,  Eo  ^  E ,  and  Ex  E.  (We  say  that  (Eo,Ex)  is  a 
compatible  couple  of  normed  spaces.)  Then  Eo  H  E\  is  equipped  with  the  norm 

IMUon^i  =  max(IMU0,  IMIUJ, 

and  Eq  Ei  =  {ao  +  ax;  ao  G  Eq,  a\  e  E i}  is  equipped  with  the  norm 

IMU0+£i  —  (IWoWeo  +  ll^ilUi)- 

a  =  ao  +  a\ 
ao  E  Eo,a\  E  E\ 


If  Eo  and  E\  are  Banach  spaces,  then  Eo  D  E\  and  Eo  +  E\  are  Banach  spaces,  too 
(see  [16],  Chapter  3,  Theorem  1.3). 

For  a  G  Eo  +  E\  and  t  >  0,  one  defines 

K(t,a)  =  inf  (IKIUo  +  A\a\  Ik)- 

a  =  ao  +  a\ 
ao  E  Eq,  a\  E  E\ 


Denote  /x  =  t  lEL\  on  (0,  oo).  For  0  <  9  <  1  and  1  <  p  <  oo  (or  forp  =  oo  and 
0  e  {0, 1}),  one  writes 

\\a\\(E0,Ei)e,P  —  \V~6 K{hCL)\\u{ii),  a  e  E0  +  Ex, 

(Eo, E\)e,p  =  {a  e  Eo  +  E\;  \\a \\(E0iEi)ej,  <  °°}- 

Proposition  1.10.1  Suppose  that  (Eo,  E\)  is  a  compatible  couple  of  Banach  spaces. 
Let  Y,  Z  be  closed  subspaces  ofEo  +  E\  such  that  Eo  +  E\  =  Y  ®  Z.  Suppose  that 
the  projection  of  Eo  +  E\  onto  Y  along  Z  belongs  to  C(Eo)  and  to  C(E\).  Then 
(Eo  Pi  7,  E\  D  Y)  is  a  compatible  couple  of  Banach  spaces.  If  0  <  6  <  1  and 
l  <  p  <  oo,  then  (Eo  nY,Ex  Pi  Y)e,p  =  (Eo,  E\)e tP  Pi  Y. 

(See  [144],  §1.17.1,  Theorem  1.) 

Proposition  1.10.2  Suppose  that  (Eo,  Ex)  is  a  compatible  couple  of  Banach  spaces. 
Let  Y,  Z  be  closed  subspaces  ofEo  +  Ex  such  that  Eo  +  Ex  =  Y  ®  Z.  Suppose  that 
the  projection  of  Eo  +  Ex  onto  Y  along  Z  belongs  to  C(Eo)  and  to  C(EX).  Then 
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( Eq/Eo  nz,  Ex  I  Ex  fl  Z)  is  a  compatible  couple  of  Banach  spaces.  IfO  <  6  <  1  and 
1  <p  <  oo,  then  (F0/F0  H  Z,E\/EX  n  Z)e,p  =  (F0,  Ei)o,p/(E0,  Ex)e,p  n  Z. 

(See  [144],  §1.17.2,  Theorem.) 

Proposition  1.10.3  Suppose  that  (Fo,Fi)  and  (Fo,  F\)  are  compatible  couples  of 
normed  vector  spaces  and  0  <6  <  1,1  <  p  <  oo.  If  T  is  a  linear  operator  from 
F0  +  E\  into  Fq  +  F\  and  maps  Ej  into  Fj  with 


WTxWfjSMjWxWej 


for  j  =  0,  1,  then  T  is  a  bounded  linear  operator  from  (Eo,E\)eiP  into  (Fq,  F\)q,p 
with 


ll^ll(F0,Fi)^  0Mf||x|| (E0,Ei)e,p- 


(See  [140],  Lemma  22.3.) 

Proposition  1.10.4  Let  X0,  X\,  To,  and  Y\  be  Banach  spaces.  Let  Xo  Xx, 
To  ^  Y\,  Xo  be  a  dense  subset  of  X\,  and  To  be  a  dense  subset  of  Y\.  Then 
X\  -\-  Xq  =  X\  and  the  corresponding  norms  are  equivalent;  X\  PI  Xo  =  Xo  and 
the  corresponding  norms  are  equivalent.  Let  Tj  G  C(Xj,  Yj)  be  Fredholm  operators, 
/(Fi)  =  /(Fo).  Let  Fi  =  Fo  on  Xo.  Fix  9  G  (0, 1)  and  1  <  p  <  oo.  Denote 
by  Te,p  the  restriction  ofT\  onto  (X0,Xi)^.  Then  Te,p  :  (X0,Xi)^  ->  (T0,  Y\)eiP 
is  a  bounded  Fredholm  operator,  i(TetP)  =  i(T\),  Ker  Tq,p  =  KerFi  =  KerFo, 
TQtP(fXo,X\)otP)  =  (To,  Ti)^  fl  Fi(Xi).  If  one  of  the  operators  Fo  and  T\  is  an 
isomorphism,  then  F0  and  T\  are  isomorphisms,  and  TqjP  :  (Xo,Xi)^  ->  (To,  Y\)e,p 
is  an  isomorphism. 

Proof  Since  Xo  ^  Xi,  there  exists  a  positive  constant  c  such  that  ||x||i  <  c ||x||o  for 
all  x  G  X0.  If  x  g  Xo  Pi  Xi  =  Xo,  then 

Iloilo  <  IklUonx!  <max(l,c)Mo. 

If  x  G  Xo  +  Xi  =  X],  then 

min(c,  l)||x||i  <  ||x||x0+Xi  <  max(c,  l)||x||i. 

Te,p  :  (Xo,Xi )e,P  (To,  Ti)^  is  a  bounded  linear  operator  by  Proposi¬ 
tion  1.10.3.  Suppose  first  that  one  of  the  operators  Fo,  T\  is  an  isomorphism. 
Then  Fo,  T\  are  isomorphisms  by  Lemma  1.8.4.  Clearly,  Fj-1  =  Tfl  on  To.  So, 
77 1  e  £((F0,  Y\)e,P,  (Xo ,X\)e,p)  by  Proposition  1.10.3.  Since  =  T,T~'  = 

I,  T~lT0iI,  =  T~lTi  =  I,  the  operator  T0p  :  (X0,Xi)e,p  ->  (F0,  Y\)e,P  is  an 
isomorphism. 

Let  Tj  G  C(Xj,Yj )  be  Fredholm  operators  and  i(Tx)  =  /(F0).  Lemma  1.8.4 
gives  KerF0  =  KerFi,  F0(X0)  =  T0  PI  Fi(Xi).  Since  i(Tx)  =  i(T0)  and 
ci'(Fi)  =  o'(Fo),  we  have  f(Tx)  =  /3(F0).  There  exists  a  subspace  Z  of  T0  such 
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that dimZ  =  P(T0)  and  Y0  =  T0(X0)  © Z.  Since Z  n  7i (Xx)  =  Zn(X0EiTl (Xx))  = 
Z  PI  T0(X0)  =  {0}  and  fi(T\)  =  dimZ,  we  deduce  that  Y\  =  T\{X i)  ©  Z.  The 
operator  7}  is  an  isomorphism  from  Xj/  Ker  To  onto  Yj  PI  T\(X\).  The  definition  of 
the  interpolation  spaces  gives  X0  C  (Xo,X\)o  C  Xi,  Fo  C  (Yo,Y\)o  C  Y\.  By 
virtue  of  Propositions  1.10.1  and  1.10.2,  we  obtain  that  Tq p  is  an  isomorphism 
from  (Z0 ,  X\ ) Q'p /  Ker  To  to  (T0,T,)^  D  Tx(Xx).  Hence  Ker  7^  =  Ker  7b  = 
Ker  T\,  (Y0,  Yi)e,p  =  Te^p((Xo,Xi)e,p)  ©  Z,  Te,p((Xx o,Xi)o,p)  is  a  closed  subspace 
of  (To,  Y\ )o,P-  Since  P(TotP)  =  dim Z  =  P(T\),  the  operator  Tq,p  is  Fredholm  with 
i(Te,p)  =  i(T\)  =  i’(To).  Lemma  1.8.4  gives  TefP((Xo,Xi)ejP)  =  (Yo^^nT^X,). 

Proposition  1.10.5  Let  Eo,  E\,  Fq,  and  Fx  be  normed  spaces,  Eq  C  E\,  and  Fo  C 
F  i.  Let  A  be  a  possibly  nonlinear  operator  from  E\  to  Ex  such  that  A{Ef)  C  Eo. 
Suppose  that 


\\Au  —  Av\\f1  <  M\\\u  —  v\\e1  Vm,  v  e  Ei, 

\\Au\\Fo  <  Mo\\u\\Eq  Vw  e  Eo. 

If  0  <6  <  l,  l<p<  oo,  then  A  maps  {Eo,E{)e,p  into  {Eo,F\)e,P  and 
\\Au\\(F0,Fi)e,p  -  C\\u\\(Eo,Ei)e!P  Vw  G  (Eo,Ei)oiP. 

(See  [140],  Lemma  28.1.) 

Lemma  1.10.6  Let  (Eo,  Ex)  be  a  compatible  couple  of  normed  vector  spaces.  If 
0  <  0  <  1  and  1  <  q  <  oo,  then  (Eo,E\)etq  =  (E\,Eo)\-e,q  (with  equal  norms). 

(See  [17],  Theorem  3.4.1.) 


1.11  Measures 

The  theory  of  measure  and  integration  is  a  fundamental  tool  in  mathematics.  We 
remember  it  in  the  next  three  sections.  We  begin  with  positive  measures. 

Definition  1.11.1  A  system  A  of  subsets  of  a  set  X  is  called  cr-algebra  if  we  have 
the  following  properties: 

•  IgA 

•  With  B  G  A,  its  complement  satisfies  (X  \  B)  G  A  as  well. 

•  For  each  sequence  of  sets  {Bj}°S ,  in  A  their  denumerable  union  ,  B}  belongs 
to  A  as  well. 

Definition  1.11.2  Let  X  be  a  metric  space.  The  cr-algebra  of  Borel  sets  is  the 
smallest  cr-algebra  containing  all  open  subsets  of  X. 
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Definition  1.11.3  Let  X  be  a  set  with  a  cr-algebra  A.  We  name  the  function  /z  : 
A  — >  (0,  oo )  on  a  cr-algebra  *4  a  nonnegative  measure  if  the  following  conditions 
are  fulfilled: 

•  yU,(0)  =  0. 

•  For  all  mutually  disjoint  sets  {Bj }j^i  in  A,  we  have 

s  OO  x  OO 

A  UA  =  E^)- 

V;=i  7  y=i 

We  call  this  measure  finite  if  fi(X)  <  oo  holds  true. 

Definition  1.11.4  Let  X  be  a  set  with  a  cr-algebra  A  and  a  nonnegative  measure  /z 
on  A.  A  set  A  C  X  is  named  null  set  if  A  e  A  and  /z(A)  =  0.  A  property  holds  true 
/z  almost  everywhere  in  X  (symbolically  /z-a.e.),  if  there  exists  a  null  set  A  C  X  such 
that  this  property  is  valid  for  all  points  x  e  X\ A.  A  measure  /z  is  called  complete  if 
any  subset  of  a  /z- null  set  lies  in  A. 

Let  X  be  a  set  with  a  cr-algebra  A  and  a  nonnegative  measure  /z  on  A.  Put  B  = 
{AUM;A  e  A,M  c  B  e  A,  fi(B)  =0}.  Then  B  is  a  cr-algebra.  If  A  e  A.,  M  C  5  e 
A.,  fi(B)  =  0}  put  /z(A  U  M)  =  /z(A).  Then  /z  is  a  complete  nonnegative  measure 
on  B  such  that  jl  =  /i  on  A. 

Definition  1.11.5  Let  X  be  a  set  with  a  cr-algebra  A  and  a  nonnegative  measure  /z 
on  A.  We  say  that  \i  is  finite  if  fi(X)  <  oo.  We  say  that  \i  is  cr-finite  if  there  exist  a 
subsequence  of  sets  Xj  e  A  such  that  fi(Xj)  <  oo  and  X  =  U Xj. 

Definition  1.11.6  Let  X  be  a  metric  space  with  a  cr-algebra  A  and  a  nonnegative 
measure  /z  on  A.  Suppose  that  A  contains  all  Borel  sets.  We  say  that  /z  is  regular  if, 
for  every  B  e  A, 

fi(B)  =  inf{/z(G);  B  C  G,  G  open}  =  sup {fi(K);K  C  B,K  compact}. 

If  every  v  e  X  has  an  open  neighborhood  U  such  that  ji(U)  <  oo,  we  say  /z  is  locally 
finite.  Finally,  if  A  is  the  system  of  all  Borel  sets,  we  call  /z  the  Borel  measure  on  X. 

Definition  1.11.7  Let  /z  be  a  nonnegative  Borel  measure  on  a  metric  space  X.  Then 
the  support  of  /z  is  the  closed  set  spt  /z  =  X  \  U{V  open;  /z(V)  =  0}. 

Example  1.11.8  For  fixed  a  in  a  metric  space  X,  define 


8a(A)  = 


1 ,  a  G  A, 
0,  a  A, 


(1.1) 


for  A  C  X.  Then  8a  is  the  Dirac  measure  on  X  with  support  {a}. 


28 


1  Preliminaries 


Definition  1.11.9  Suppose  X  is  a  cr-compact  metric  space  with  a  cr-algebra  A  and 
a  nonnegative  measure  \i.  Suppose  that  A  contains  all  Borel  sets.  We  say  that  /x  is  a 
Radon  measure  if  it  is  regular  and  locally  finite. 

Notation  1.11.10  Let  X  be  a  set  with  a  o -algebra  A  and  a  nonnegative  measure  /x 
on  A.  Fix  A  e  A.  Define  on  A  the  nonnegative  measure  jl  by  fi(B)  =  /x (A  D  B ). 
Then  jl  is  called  the  restriction  of  /x  onto  A  and  denoted  by  /x  \ A. 

Hausdorff  Measures  1.11.11  Let  s  >  0  be  fixed.  Fix  a  positive  constant  a(s).  In 
case  s  is  a  positive  integer,  suppose  that  o'(.v)  is  the  volume  of  the  unit  ball  in  Rs.  For 
each  e  >  0  and  a  set  E  C  Rm ,  let 

(  00 

FLS  €{E)  =  inf  <  a(s)2~s  diam(A/)s;  E  C  Uj^Ay,  diamAy  <  € 

'  7=1 

Because  ELS,€(E)  is  nondecreasing  in  c,  we  may  define  the  s-dimensional  Hausdorff 
measure  of  E  as 


HS{E)  =  lim  ELs,e(E). 

€—^0 

Put  A  =  {E  C  Rm;  ELS(D)  =  ELS(D  n  E)  +  US(D  \  E )  for  every  D  C  Rm}.  Then  A 
is  a  cr-algebra  containing  all  Borel  sets,  and  ELS  is  a  complete  nonnegative  measure 
on  A  (see  [5],  Chapter  IX,  Theorem  4.2  and  [5],  Chapter  IX,  Theorem  4.3).  Remark 
that  ELm  is  the  Lebesgue  measure  in  Rm  (see  [150],  Theorem  1.4.2).  The  Lebesgue 
measure  is  regular  (see  [5],  Chapter  IX,  Theorem  5.4).  If  0  <  s  <  r  <  oo  and 
ELS(A)  <  oo,  then  ELr(A)  =  0  (see  [49],  Chapter  2,  §  2.10). 

Definition  1.11.12  Let  X  be  a  set  with  a  cr-algebra  A.  Let  v,  \i  be  nonnegative 
measures  on  A.  We  say  that  v  is  absolutely  continuous  with  respect  to  \i  if  it  holds 

A  G  A,fi(A)  =  0^  v(A)  =  0. 


1.12  Real  and  Complex  Measures 


This  section  is  devoted  to  finite  real  and  complex  measures.  We  explain  the  relation 
between  these  measures  and  positive  measures. 

Definition  1.12.1  Let  X  be  a  set  with  a  cr-algebra  A.  We  name  the  function  \i  : 
A  ->  {—oo,  oo)  on  a  cr-algebra  A  a  real  measure  if  the  following  conditions  are 
fulfilled: 

•  /x(0)  =  0. 

•  ji  takes  on  only  one  of  the  two  values  +oo,  —  oo. 
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•  For  all  mutually  disjoint  sets  {Bj}™x  in  A,  we  have 


Theorem  1.12.2  (Jordan  Decomposition)  Let  /x  be  a  real  measure  on  a  measur¬ 
able  space  (X,  A).  Then  there  are  two  disjoint  sets  G+,  G~  G  A  such  that: 

•  X  =  G+  U  G“. 

•  M  G  AM  C  G~*~  =>-  /x(M)  >  0; 

•  M  G  AM  CG“^  /x(M)  <  0. 

Denote  /x+(M)  =  /x(M  fl  G+),  p~{M)  =  —fi(M  PI  G~)  for  all  M  G  A  /x+ 
/x“  are  nonnegative  measures  on  A  and  p(M)  =  /x+(M)  —  gL~(M)  for  each 
Me  A. 

(See  [62],  Chapter  VI,  §29.) 

We  write  /x  =  /x+  — /x“ .  The  total  variation  |/x|  of  /x  is  defined  by  |/x|  =  /x+  +/x“ . 
We  denote  spt  /x  =  spt  |/x|  the  support  of  /x.  Remark  that  one  of  the  measures  /x+, 
pT  is  finite.  If  both  /x+  and  /x_  are  finite  measures,  /x  is  said  to  be  of  bounded 
variation  on  X,  in  which  case  the  norm  of  /x  is  defined  by  ||/x||  =  |/x|(X).  We  say 
that  /x  is  a  Radon  measure  if  /x+,  /x“  are  Radon  measures. 

Definition  1.12.3  Let  X  be  a  set  with  a  a -algebra  A.  We  name  the  function 
/x  :  A  — >  G  on  a  cr -algebra  *4  a  complex  measure  if  the  following  conditions  are 
fulfilled: 

•  /x(0)  =  0. 

•  For  all  mutually  disjoint  sets  {Bj}^  in  A ,  we  have 


Definition  1.12.4  Let  X  be  a  set  with  a  cr-algebra  A.  Let  /x  be  a  nonnegative 
measure  on  A  and  v  be  a  real  or  complex  measure  on  A.  We  say  that  v  is  absolutely 
continuous  with  respect  to  /x  if  it  holds 

A  G  A/x(A)  =  0  =>  v(A)  =  0. 


1.13  Integrals 


In  this  section,  we  show  how  to  construct  integrals  on  the  basis  of  the  measure 
theory.  Then  we  state  the  basic  propositions:  Lusin’s  theorem,  Lebesgue  lemma, 
Theorem  on  monotone  convergence,  and  Fatou’s  lemma. 
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In  this  paragraph,  we  shall  suppose  that  X  is  a  set  with  a  cr-algebra  A  and  a 
complete  nonnegative  measure  /z  on  A.  The  function/  :  X  — >  (—00,00)  is  named 
measurable  if  {x  G  X\f{x)  >  a}  e  A  for  all  a  e  R. 

We  name  a  function/  :  X  — >►  (—00,00)  simple  if  there  exist  finitely  many 
mutually  disjoint  sets  A\ , . . . ,  G  A  with  /z(A;)  <  00  for  each  j  =  1, . . . ,  &  and 
numbers  ci , . . . ,  q,  such  that  the  following  representation  holds  true  in  X\ 

k 

f  =  J2c^Ar 

7=1 


Put 


<  OO. 


Let  /  :  X  — >►  (0,  00)  be  a  measurable  function.  Then  there  is  an  increasing 
sequence  of  nonnegative  simple  functions/-  such  that/  f  as  j  — >  00  (see  [5], 
Chapter  X,  Theorem  1.12).  Put 

J  f  d\i  =  Mrr^  J  fjd/x. 

X  X 

Remark  that  this  limit  does  not  depend  on  the  choice  of  /  (see  [5],  Chapter  X, 
Corollary  3.2). 

Let  now /  :  X  — >  (—00,00)  be  measurable.  Put/+  =  max(/, 0)  and/-  = 
max(— /,  0).  If  one  of  the  values  f  /+  d/z,  /  f~  d \i  is  finite,  define 

J fdn  =  j f+  dn-  J  f  d/i. 

XXX 

We  say  that/  is  /z-integrable  (denote/  e  L^/z))  if 

Jfd/ieR1. 

X 

Remark  that /  e  L^/z)  iff  is  measurable  and  |/|  e  L^/z).  If  /  is  measurable  and 
u  < /  <h  with  u,h  e  Ll  (/z),  then/  G  L1  (/z). 

If  v  is  a  real  measure  with  the  Jordan  decomposition  v  =  v+  —  v-  and  /  is  a 
measurable  function,  then  define 


/dV 


whenever  the  right  side  makes  sense. 
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Theorem  1.13.1  (Lusin’s  Theorem)  Suppose  X  is  a  a -compact  metric  space,  /z  is 
a  nonnegative  complete  Radon  measure  on  X,  andf  is  a  p  measurable  real  function. 
Then  for  every  pi-measurable  set  A  of  finite  measure  and  for  every  e  >  0,  there  is 
a  compact  subset  K  ofX  such  that  pt(A\K)  <  c  and  the  restriction  off  onto  K  is 
continuous. 

(See  [49],  Lusin’s  theorem  2.3.5.) 

Lemma  1.13.2  (Lebesgue  Lemma)  Let  pi  be  a  nonnegative  measure.  Let  fn  be  a 
sequence  of  pi-measurable  functions.  Suppose  that  fn(x)  — >  f(x)  as  n  oo  for  pi 
almost  all  x.  If  there  is  g  e  Ll(pi)  such  that  \fn\  <  g  for  all  n,  thenf,fn  e  Ll(pi)for 
all  n  and 


(See  [19],  Chapter  IV,  §4,  Predlozenie  3  or  [62],  §26,  Theorem  4  or  [5], 
Chapter  X,  Theorem  3.12.) 

Theorem  1.13.3  (On  Monotone  Convergence)  Suppose  that  {f}  is  an  increasing 
sequence  of  nonnegative  functions  from  Ll  (pi).  Then 


(See  [5],  Theorem  3.4.) 

Corollary  1.13.4  Suppose  that  {f}  is  a  monotone  sequence  of  functions  from 
Ll(pi).  Then 


Proof  Without  loss  of  generality,  we  can  suppose  that^J  is  an  increasing  sequence. 
According  to  Theorem  1.13.3, 


Lemma  1.13.5  (Fatou’s  Lemma)  For  every  sequence  of  nonnegative  pi- 
measurable  functions  f,  we  have 


32 


1  Preliminaries 


(See  [5],  Chapter  X,  Theorem  3.7  or  [49],  Fatou’s  Lemma  2.4.6.) 

Theorem  1.13.6  (On  Continuity  of  Parametrized  Integrals)  Suppose  Y  is  a 
metric  space  andf  :  X  x  Y  —>  R  satisfies  the  following: 

•  /(•,  y)  G  L1  (/z)  for  every  y  G  Y; 

•  f{x ,  •)  G  C°(Y)  for  pi-almost  every  x  G  X; 

•  exists  g  G  /^(/z)  swc/z  that  \f(x,y)\  <  g{x)  for  (x,y)  G  X  x  T. 

Then 


F(y)  =  J  f(x,y ) 


w  we//  defined  and  continuous. 

(See  [5],  Chapter  X,  Theorem  3.17.) 

Theorem  1.13.7  (On  Differentiability  of  Integrals)  We  suppose  that  Q  C  Rm  is 
open  andf  :  X  x  Q  ^  R  satisfies  the  following: 

•  fi',y )  £  Ll  ip?)  for  every  y  e  Q; 

•  fix ,  •)  G  C 1  (£2)/z>r  pi-almost  every  x  G  X; 

•  £/zere  g  G  L1  (/z)  swc/z  /7z<z£ 


d/C*,}7) 

9» 


<  g(x)  for  (jc, y)  G  X  x  Q  and  j  =  l, ...  ,m. 


Then 


F(y)  =  J  f(x,y )  d/Mx) 

X 

is  continuously  differentiable  and 
d Fiy)  f  dfix,y) 

— - -  =  /  — - dpifx)fory  G  £2  rmr/  j  =  1 , ...  ,m. 

J  fyj 

x 

(See  [5],  Chapter  X,  Theorem  3.18.) 

Theorem  1.13.8  (Riesz  Representation  Theorem)  Let  K  C  Rm  be  compact  and 
T  be  a  linear  functional  on  C°(X).  Suppose  that  Tf  >  0  for  f  >  0.  Then  there  is 
unique  Radon  measure  pi  on  K  such  that  Tf  =  f  f  dpi  for  eachf  G  C°(X). 
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(See  [125],  Theorem  2.14.) 

Proposition  1.13.9  Letf  e  L\oc(Rm).  Then 

lim  (f)  \f(y) -f(x) |  dHm(y)  =  0  (1.2) 

r\0  I 

B(x;r ) 


for  almost  all  x  e  Rm.  ( The  points  at  which  ( 1.2)  holds  are  called  Lebesgue  points.) 
(See  [136],  Chapter  I,  §1.8.) 

Theorem  1.13.10  Let  X  be  a  set  with  a  o-algebra  A  and  pi  be  a  o-finite 
nonnegative  measure  on  A.  If  v  is  a  finite  nonnegative  measure  on  A,  which  is 
absolutely  continuous  with  respect  to  pi,  then  there  exists  f  e  Ll(pi)  such  that 


v 


E 


V  Ee  A. 


(See  [43],  Chapter  III,  §10,  Theorem  2.) 


1.14  77-spaces 

The  next  section  studies  Lebesgue  spaces  Lp(/x),  i.e.,  spaces  of  measurable  functions 
/  with  /x-integrable  \f\p.  These  spaces  are  Banach  spaces,  and  we  characterize  their 
dual  spaces.  We  also  remark  interpolation  properties  of  Lebesgue  spaces. 

In  this  paragraph,  we  shall  suppose  that  X  is  a  set  with  a  cr-algebra  A  and  a 
complete  nonnegative  measure  pi  on  A. 

Let  1  <  p  <  oo.  Denote  by  Z/(/x )  the  set  of  all  /x-measurable  functions  /  such 
that 


II /W)  =  [/  I f\pdfi  ^  <oo.  (1-3) 

If  we  identify  /  with  all  functions,  which  are  equal  to  /  pi- almost  everywhere,  then 
LP(pi)  equipped  with  the  norm  (1.3)  is  a  Banach  space  (see  [149],  Chapter  1,  §9). 
L2(/z)  is  a  real  Hilbert  space  with  respect  to  the  inner  product 

(/>  g)  =  f  fg 

X 


(see  [5],  Chapter  X,  Corollary  4. 1 1). 
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Denote  by  L°°(/z)  a  set  of  all  /z-measurable  functions/  such  that 

ll/l|z,°°(/i)  =  inf{A;/r({x;  \f(x)\  >  A})  =  0}  <  oo.  (1.4) 

If  we  identify  /  with  all  functions,  which  are  equal  to  /  /z- almost  everywhere,  then 
L°°(/z)  equipped  with  the  norm  (1.4)  is  a  Banach  space  (see  [149],  Chapter  1,  §9). 

If  £2  C  Rm  is  aBorel  set,  1  <  p  <  oo  denote  LP(Q)  =  Lp(TLm\£2)  and  by  Lploc(Q) 
the  space  of  all  Borel  measurable  functions  on  Q  which  are  from  Lp  (Tim  \  K)  for  each 
compact  subset  K  of  Q . 

Proposition  1.14.1  (Holder’s  Inequality)  Let  fi  be  o -finite  measure,  1  <  p,q  < 
oo,/  G  h  G  and  l/p  +  \/q  =  1.  (Denote  l/oo  =  0.)  Then 

mW)  <  ii/ii^)||aii^). 

(See  [5],  Chapter  X,  Theorem  4.2  or  [49],  Holder’s  inequality  2.4.14.) 

Corollary  1.14.2  Let  /z  be  a  finite  nonnegative  measure  onX.Ifl  <  q  <  p  <  oo, 
then  the  identity  operator  is  a  bounded  linear  operator  from  Lp(/i)  into  L^(/z). 

Proof  Up  =  oo  and  ||/||z°°O0  <  1,  then  \\f\\Li(ji)  <  Let  now  p  <  oo. 

Put  p'  =  p/(p  —  1).  If  H/Ulp^)  <  1,  then  Holder’s  inequality  (Proposition  1.14.1) 
gives 


ll/llLw  ^ll/ll^)  [/ 1P'  ^ 

x 

Theorem  1.14.3  Let  /jl  be  a  nonnegative  measure,  and  1  <  p  <  oo,  (l/p)  + 
(1  / q)  =  1.  Then  (LP(pi)y  is  equivalent  to  Lq(pi),  in  which  x'  G  (. Lp(gi ))'  is  related 
to  the  corresponding  g  G  Lq  ( /z )  by 

xf  =  Jgfdp ,  feLp(p) 


and 


\W\\  =  kll 

(See  [43],  Chapter  IV,  §8  or  [4],  Chapter  VI,  §2,  Theorem  1.) 
So,  if  1  <  p  <  oo,  then  Lp(pt)  is  a  reflexive  Banach  space. 
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Corollary  1.14.4  Let  /z  be  a  nonnegative  measure,  1  <  p  <  oo,  (\/p)  +  (\/q)  =  1, 
and  n  e  N.  Define  on  [Lp(pf]n  a  norm 


ll[/l»  •  •  •  >fn]\\[D’(fi)]n 


IfT  is  a  bounded  linear  functional  on  [Lp(p,)]n,  then  there  are  g\, . . . ,  gn  E  Z^(/z) 
such  that 


(1.5) 


and 


ll^ll  —  llkl>  •  •  •  >gn]\\[U>(n)]n  •  (1-6) 


Proof  Put 


n  n  n  n 

x  =  [J{j\  xX,A  =  {(J  {;}  X  Aj;Aj  e  A},  £(|J{7}  x  Aj)  =  ^  n(A,). 

7=1  7=1  7=1  7=1 

Since  [Lp(ji)]n  =  Lp(jl ),  we  can  suppose  that  n  =  1.  Theorem  1.14.3  gives  that 
there  is  g  e  Lq{p)  such  that  (1.5)  holds.  Holder’s  inequality  (Proposition  1.14.1) 
gives 


imi  <  iisiimoo. 

If  we  put  f{x)  =  0  for  g(x)  =  0  and  f(x)  =  \g{x)\q~2 g{x)  elsewhere,  then 


WfWiPW)  =  [I (\grl)q/(q~l)  d^JP  =  y  \g\“dn 

Tf  =  J  l£(*)l?  =  H/llfl’OollslU’OO 


n  1-1/9 


<  oo, 


Hence  (1.6)  holds. 

Proposition  1.14.5  IfQ  C  Rm  is  open  and  1  <  p( 0)  <  p(  1)  <  oo,  0  <  6  <  1,  and 
1//?  =  (1  —  9)/p( 0)  +  6/p(l),  then 


and  the  corresponding  norms  are  equivalent. 


36 


1  Preliminaries 


(See  [1],  Corollary  7.27.) 

Proposition  1.14.6  Let  /i  be  a  massive  Radon  measure  on  a  o -compact  metric 
space  X  and  1  <  p  <  oo.  Then  the  space  of  continuous  functions  on  X  with  compact 
support  is  a  dense  vector  subspace  ofLp(p, ). 

(See  [5],  Chapter  X,  Theorem  4.18.) 

Proposition  1.14.7  Let  £2  C  Rm  be  a  bounded  open  set  and  1  <  p  <  oo.  Then 
C^°(£2)  is  a  dense  subset  ofLP{fl). 

(See  [94], Theorem  2.6.1.) 

Proposition  1.14.8  Let  p  be  a  -finite  and  1  <  p  <  oo,  and  suppose  f,f  e  Lp{pf 
satisfy  f  -*/  in  Lp(p).  Then  there  exists  a  subsequence  fk  off  converging  pt-a.e. 
tof. 

(See  [5],  Chapter  X,  Corollary  4.7.) 

Theorem  1.14.9  (Marcinkiewicz’s  Interpolation  Theorem)  Let  A  be  a  Borel 
subset  of  Rm  withTLm(A )  <  oo,  K  =  R  or  K  =  C,  1  <  p(l),p(2),  q(\),  and  q{2)  < 
oo  and  T  be  a  bounded  linear  operator  from  LP^  (A,  K )  to  Lq^  (A,  K )  for  j  =  1,2. 
Fix  0  G  (0, 1).  Let  1  <  p,  q  <  oo  be  such  that 

1  _  1 -9  0  1  _  1 -9  6 

P  P(  1)  +  P(  2)’  q  <?d)  +?(2)' 

T  is  a  bounded  linear  operator  from  LP(A,  K )  to  Z^(A,  X).  Moreover,  ifT  is  a 
compact  operator  from  LP ^  (A,  X)  to  (A,  X),  T  is  a  compact  operator  from 

LP(A,  X)  toLq(A,K). 

(See  [87],  Theorem  2.4.  and  [87],  Theorem  3.10.) 

Definition  1.14.10  For /  e  L]oc(Rm)  the  maximal  function  Mf  is  defined  by 

Mf(x)  =  sup  (f)  \f(y)\dHm(y),  xeRm.  (1.7) 

r>0  J 

B(x\r) 

Lemma  1.14.11  Let  1  <  p  <  oo.  Iff  e  Lp(Rm),  then  Mf  e  U'(R"r)  and 

\\Mf\\LP(Rm)  <  C\\f\\LP(Rm) 

with  a  constant  C  depending  only  on  p  and  m. 


(See  [140],  Lemma  27.2.) 
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The  convolution  is  a  tool  used  to  approximate  a  function  by  smooth  functions. 
For  two  functions  u,  v  G  L)oc(Rm),  their  convolution  is  defined  by 


u  *  v 


Rm 


u(x-y)v(y)  dUm(y) 


whenever  this  integral  has  a  sense. 

Lemma  1.15.1  (Young’s  Inequality)  Suppose  1  <  p,  q,  r  <  oo,  and  l/p  l/q  = 
1  +  1  /r.  Iff  G  Lp(Rm )  and  g  G  U(Rm),  thenf  *  g  e  U(Rm )  and 

11/ *g||z/(fl+  <  II/IIlp(^)II^IIl+^)- 

(See  [1],  Corollary  2.25.) 

If  g  G  L]oc(Rm),  0  g  Ck(Rm )  has  compact  support,  then  g  *  0  G  Ck(Rm)  and 
3a(g  *  0)  =  g  *  (3a0)  for  each  multiindex  a  with  |a|  <  (See  [140],  Lemma  2.3.) 
Let  0  G  C°°(Rm )  be  a  nonnegative  function  supported  in  Z?(0;  1)  such  that 

J  f{x)  dTLm(x)  =  1. 


For  6  >  0  put  0€(x)  =  (p(x/e)/€m.  For  w  G  L]oc{Rm)  fixed,  put 

u€  =  u  *  <p€. 

Then  u€  G  C°°iRm )  and  dau€  =  u  *  daf€  for  each  multiindex  a.  If  w  G  Lp(Rm)  and 
1  <  p  <  oo,  then  G  Lp(Rm)  and 

||we||LP(/?+  <  ||w||lp(/?"*). 

Moreover  >  w  in  Lp(Rm)  as  €  0.  If  u  G  C°(£2)  for  an  open  set  Q,  then  u€ 

converges  uniformly  to  u  on  each  compact  subset  of  Q.  (See  [105],  p.  8.) 

Lemma  1.15.2  Suppose  that  f ,  g  G  L\oc(Rm)  are  convolable  and  f  has  compact 
support.  Then 


spt/  *g  C  spt /  +  sptg. 


(See  [5],  Theorem  7.10.) 
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1.16  Continuous  and  Holder  Continuous  Functions 

In  this  section,  we  gather  basic  properties  of  continuous  and  Holder  continuous 
functions. 

If  X  is  a  metric  space,  then  C°(X)  denotes  the  set  of  all  real  continuous  functions 
on  X.  By  C0,0  ( X )  denote  the  set  of  all  bounded  continuous  functions  on  X  equipped 
with  the  norm 


ll/1lc°’0(X)  =  sup|/(*)|. 

JCGX 

C°’°(x)  is  a  Banach  space  (see  [55],  Corollary  9.32).  If  K  C  Rm  is  a  compact  set, 
then  C°(K)  =  C°’°(X)  (see  [43],  Chapter  IV,  §6). 

Theorem  1.16.1  (The  Arzela-Ascoli  Theorem)  Let  X  be  a  compact  metric  space 
and  F  C  C°’°(X).  Then  F  is  relatively  compact  if  and  only  if  F  is  bounded  and 
equicontinuous,  i.e.,for  every  €  >  0,  there  exists  a  8  >  0  such  that  for  all  x,y  e  K, 
\x  —  y\  <8  and  for  every  f  e  F,  we  have  \f(x)  —  f(y)\  <  €. 

(See  [55],  Theorem  6.49.) 

Theorem  1.16.2  (The  Stone- Weierstrass  Theorem)  Let  X  be  a  compact  metric 
space,  F  be  a  closed  subset  of  C0,0  (X),  and  f  =  1  e  F.  Suppose  that  for  each 
f,geF  and  a,b  e  Rl,  we  havef  •  g  e  F  and  af  +  bg  e  F.  Then  F  =  C0,0(A)  if  and 
only  if  for  each  x,  y  e  X,  x  y,  there  exists  f  e  F  such  thatf(x)  ^  f(y). 

(See  [149],  Introduction,  §2.) 

Theorem  1.16.3  Let  X  be  a  metric  space.  Denote  by  C  {X )  the  space  of  all  finite 
real  regular  Borel  measures  on  X  equipped  with  the  norm  ||/z||  =  |/x|(A).  Then 
C'{X)  is  the  dual  space  ofC0,0(X).  Each  continuous  linear  functional  on  C0,0(X)  has 
a  form 


T,Af)  =  j  f  d/1,  (1.8) 

where  pi  e  C'{X).  If  T^  (/)  >  0  for  each  nonnegative  f  e  C0,0(X),  then  /x  >  0. 

(See  [43]  Chapter  VI,  §6,  Theorem  2.) 

Lemma  1.16.4  Let  K  C  Rm  be  compact.  Then  the  set  of  polynomials  with  rational 
coefficients  is  dense  in  C0,0(K). 

(See  [40],  Anhang,  Satz  A.8.) 

If  0  <  ft  <  1  and  K  C  Rn\  denote  by  C 0,P  ( K )  the  set  of  all  functions/  e  C0,0(K) 
for  which 


\\f\\c°-P(K)  =  Wf\\c0’°(K)  + 


sup 

x,y  e  K 
x^y 


\f(x)  -  f(y) | 
\x-y\p 


<  OO. 
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Clearly,  if  f  e  C0,P(K),  then  /  e  C0,^(K),  and  the  norm  off  in  both  spaces  is 
equal.  A  function  from  C0,^(K)  is  called  /3 -Holder  continuous  function.  A  function 
from  C0,1(K )  is  called  a  Lipschitz  function.  C0,^(K)  is  a  Banach  space  (see  [55], 
Proposition  9.47). 

Proposition  1.16.5  Let  K  be  a  compact  subset  ofRm  and  0  <  f>  <  a  <  1.  Then  the 
identity  operator  I  is  a  compact  operator  from  C0,a(^)  to  C0,^(K). 

(See  [60],  Theorem  1.3.27.) 

Proposition  1.16.6  Let  F  C  Rm  be  closed.  Then  there  exists  an  extension  Ef  of  all 
functions  f  on  F  such  that  the  following  assertions  hold: 

•  Iff  e  C°(F),  then  Ef  e  C°(Rm )  n  C°°(Rm  \  F). 

•  IfO  <  X  <  1,  then  E  :  /  Ef  is  a  bounded  linear  operator  from  C0,X(F)  to 
C°’X(Rm). 

(See  [136],  Chapter  VI,  §2.) 

Theorem  1.16.7  (Rademacher’s  Theorem)  Iff  is  a  Lipschitz  function  on  Rm,  then 
f  is  differentiable  FLm-almost  everywhere,  i.e., 

/(>’)  -fix)  -  (y-x)  ■  v/(x) 

y-*-x  \x  —  y\ 

and  the  partial  derivatives  off  are  Lebesgue  measurable  functions. 

(See  [86],  Theorem  5.1.11  or  [112],  Chapter  15,  §3,  Lemma  1.) 

Lemma  1.16.8  Let  K  C  Rm  and  0  <  a  <  1.  Iff.  g  €  C0a(K),  thenfg  e  C{>M(K) 
and  \\fg\\c°-<*(K)  <  2ll/llco.“(/r)kllco.“m-  lf  K  is  compact  and  g  >  0,  thenf/g  € 
C0,“  (K). 

Proof 


I f(x)g(x) -fiy)g(y) I  <  |[/(x)  -/(y)]g(x)|  +  |/(y)[g(x)  -g(;y)]| 

—  2ll/llc°’“(/i:)llg|lc0’“(/s:)lx  —  yl01- 

Let  At  now  be  compact  and  g  >  0.  Then  there  exists  8  >  0  such  that  g  >  8: 

fix)  fjz)  =  I fjx)gjz)  -fjz)gjx)  | 

,?(*)  g(z)  k(*)g(z)l 

<  \fjx)  I  |g(z)  -  gjx)  |  +  |g(x)  1 1  fix)  -  g(z)  |  <  2||/||co,a||g||co.tt 
82  S2 
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Remark  1.16.9  Let  Q  C  Rm  be  open,  k  e  N,  and  0  <  A  <  1.  Then /  e  Ck,x(Q)  if 
and  only  if  for  each  multiindex  ft  with  \f}\  <  k  there  exists  a  function /g  on  F  such 
that /  =  fo  and  there  exists  a  constant  M  such  that  \fa\  <M, 


fa(x)  ~  L 


fc*+p(y) 


(X-yy 


\a+P\<k 


<  M\x  -  y\k+x~M ,  x,y  e  F 


(1-9) 


for  each  multiindex  a  with  \a\  <  k.  (In  fact  fa  =  3 af.)  The  same  is  true  for  F  =  £2. 

Definition  1.16.10  Let  F  C  Rm  be  closed,  k  e  N,  and  0  <  A  <  1.  We  say  that 
/  e  Ck,k(F)  if  for  each  multiindex  /3  with  |/3|  <  k  there  exists  a  function /g  on  F 
such  that /  =  fo  and  there  exists  a  constant  M  such  that  \fa\  <  M,  and  (1.9)  holds 
true  for  each  multiindex  a  with  \a\  <  k.  The  norm  of  an  element/  is  the  smallest  M 
for  which  (1.9)  holds. 

Proposition  1.16.11  Let  F  C  Rm  be  closed,  k  e  N,  and  0  <  A  <  1.  Then  there 
exists  a  hounded  linear  operator  E  from  Ck,x  (  F)  to  Ck,x  ( Rm )  such  that  Ef  =  f  on  F. 

(See  [136],  Chapter  VI,  §2,  Theorem  4.) 


1.17  Domains 

In  this  section,  we  define  some  classes  of  domains:  domains  with  Lipschitz 
boundary,  domains  with  boundary  of  class  Ck,a ,  and  starshaped  domains.  We  also 
prove  several  auxiliary  lemmas  we  shall  need  in  the  future. 

Definition  1.17.1  Let  m  >  2  and  O  e  C0,0(Rm~l).  We  say  that  Q  =  {[x',xm];x'  e 
Rm~1,xm  >  ^(V)}  is  a  graph  domain  corresponding  to  O.  If  O  is  of  class  Ck^ ,  we 
say  that  Q  is  a  graph  domain  of  class  Ck,P .  If  0  is  Lipschitz  we  say  that  Q  is  a 
Lipschitz  graph  domain. 

Definition  1.17.2  Let  £2  C  Rm  be  an  open  set,  v  e  9£2,  k  e  No,  and  0  <  f  <  1. 
We  say  that  Q  has  boundary  of  class  Ck,P  in  a  neighborhood  of  v  if  there  exists  a 
coordinate  system,  r  >  0,  and  a  graph  domain  D  of  class  Ck$  such  that  B(x;  r)  PI  Q  = 
B(x;  r)  n  D.  If  Q  has  boundary  of  class  Ck,P  in  a  neighborhood  of  each  point  of  dQ, 
we  say  that  Q  has  boundary  of  class  Ck,P .  If  Q  has  boundary  of  class  C0,0,  we  say 
that  Q  has  boundary  of  class  C.  If  ^  has  boundary  of  class  C01,  we  say  that  Q  has 
Lipschitz  boundary. 

Lemma  1.17.3  Let  £2  C  Rm  be  an  open  set  with  boundary  of  class  C 1,0  and  m  >  2. 
If  z  E  3  £2  and  8  >  0,  then  there  exists  a  coordinate  system,  r  >  0  and  0  e 
C i ’0 (Rm—  i )  with  |0|  <8,  |  V 0 1  <8  such  that  £2  Pi  B(z\  r)  =  B(z ;  r)  Pi  {[x',xm];x'  e 
Rm-\xm>< D(V)}. 
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Proof  We  can  choose  a  coordinate  system,  g  G  Cl,0(Rm~l)  and  p  >  0  such  that 
x  =  0,  £2  n  7?(0;  p)  =  B( 0;  p)  Pi  {[x',xm\;x'  e  Rm~l,xm  >  g(V)},  g(0)  =  0,  and 
Vg(0)  =  0.  Choose  <p  G  C^°(Rm~l)  such  that  0<(p<l,(p  =  lon  B(  0;  1),  and 
spt^?  C  B(0;  2).  Let  \  Vcp\  <  M,M  >  1.  Fix  r  G  (0,  p)  such  that  \g\  + 1  Vg|  <  S/(2M) 
on  B( 0;  2 r).  Put  <f>(x')  =  g{x')(p{x' /r).  Then  £2  Pi  B{z\  r)  =  B(z;  r)  P  {[x',xm];x'  G 
Rm~l,xm  >  0(x')}.  Clearly  |0|  <  <5.  If  \x'\  >  2 r,  then  |VO(jc')|  =  0.  Let  now 
\x'\  <  2 r.  Then  |g(V)l  —  l&OO  —  g(0)|  <  \xf\\Vg(0xf)\  <  rS/(2M)  for  some 
0  G  (0,1).  Hence  |VO(*0l  <  / r)\\V gtf)\  +  \g(x')\\V(p(x' /r)\/r  <  8/2  + 

[r8/(7M)]M/r  =  8. 

Definition  1.17.4  Let  £2  be  an  open  subset  of  Rm  and  x  =  [x',xm]  G  d£2.  Suppose 
that  O  G  C°(Rm~l )  be  such  that  xm  =  0(x')  and  in  some  neighborhood  of  x  the  set 
£2  lies  under  the  graph  of  <t>  and  Rm  \  £2  lies  above  the  graph  of  O.  If  there  is  V<F(x'), 
we  denote 


nn(x)  =  [— V<£(x'),  l]/\/|V<J>(x')l2  +  1 
the  outward  unit  normal  of  £2  at  x. 

Remark  1.17.5  Let  G  C  Rm~l  be  open,  <f>  e  C0,1(G),  and  M  C  G  be  Borel.  Then 
V  0(x')  exists  at  almost  all  x'  e  G  and 

eM})  =  I  Vl  +  |V$(*')l2^m-i(A 

M 

(See  [86],  Theorem  5.1.1  and  Theorem  1.17.6.) 

Corollary  1.17.6  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary. 
Then  there  is  a  constant  M  such  that  TLm~\  ( B(x;  r)  P  3 £2)  <  Mrm~ 1  for  each  x  e  Rm 
and  r  >  0. 

Lemma  1.17.7  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary.  Then 
there  exist  <t>  G  C^°(Rm,  Rm )  and  €  >  0  such  that  <t>  •  nQ  >  e  on  d£2. 

(See  [58],  Lemma  1.5.19.) 

Lemma  1.17.8  Let  £2  C  Rm  be  a  bounded  open  set  with  boundary  of  class  Cl,a  and 
0  <  a  <  1.  Then  there  is  a  constant  M  such  that  \nn(x)  —  nn(y)\  <  M\x  —  y\a  for 
eachx,y  G  3^2. 

Proof  Fix  z  G  Then  there  are  r  >  0,  a  coordinate  system  centered  at  z,  and 
a  function  G  C1,a(Rm~1)  such  that  <F(0, . . . ,  0)  =  0,  £2  P  B(z\  r)  lies  under  the 
graph  of  0  and  ( Rm  \fl)P5(z;r)  lies  above  the  graph  of  O.  There  is  a  constant  K 
such  that  for  each  x',  /  G  Rm~l ,  |x'|  <  r,  |  y'\  <  r  we  have 


|<f>(x')|  +  | V <T>(x/) |  <  K,  |VO(x')  -  V<F(/)I  <  K\x'-y'\a. 
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Fix  0  <  8  <  r/(  1  +  K).  If  x' ,y'  e  Rm~l,  \x'\  <  S,  |y'|  <  S  we  have 

[-V4>(x'),  l]-[— V3>(/),1]| 


+ 


W\x)  -  n“(y)|  <  _ _ 

V|V<I>(xO|2+  1 

i-VO(/),  1]  [— V<D(/),  1] 


Viv<i>(x')|2  + 1  Vlvo(/)|2  +  i 

(1  +  ^)|[|V<F(y)|2  +  1]  -  [|V3>(/)|2  + 


<K\x'-yr 


y|V<t>(x')|2  +  l\/|V<t>(/)|2  +  l(V|VO(x')|2  +  1  +  y|V<D(/)|2+  1) 

<  [K+(l+K)]\x' -y'\a. 


So,  for  each  z  G  3  £2,  there  are  positive  constants  <5(z)  and  K{z )  such  that 
\nQ(x)  —  nP(y)\  <  K(z)\x  —  y\a  for  each  x,y  G  B(z',28(z))  H  3  £2.  Since  3£2 
is  compact  and  3£2  C  U{#(z;  S(z));  z  G  3£2},  we  can  choose  z\.--,zk  G  3£2 
such  that  3£2  C  B(zx;  ^(z1))  U  •  •  •  U  B(zk;  8(zk)).  Put  8  =  min(3(z1)?  •  •  • ,  5(z*)), 
C  =  max(K(zl), . . .  ,K{zk)).  Suppose  now  that  x,y  G  3£2.  If  \x  —  y\  >  8 ,  then 
| nQ  (x)  —  nQ  (y)  |  <  2 8~a \x  —  y\a.  If  \x  —  y\  <8,  then  there  is  z7  such  that  \x  —  z7 1  <  8. 
Since  |  y  —  z7|  <  28,  we  obtain  \nQ(x)  —  nQ(y)\  <  C\x  —  y\a . 

Lemma  1.17.9  Let  Q  be  a  bounded  open  set  in  Rm  with  boundary  of  class  Cl,a  and 
0  <  a  <  1.  Then  there  is  a  constant  C  such  that  \ nQ(y)  •  (y  —  x)|  <  C\x  —  y\l+(x  for 
each  x,y  G  3 £2. 

Proof  Fix  z  G  3  £2.  Then  there  are  r  >  0,  a  coordinate  system  centered  at  z,  and  a 
function  O  G  Cl,a(Rm~l )  such  that  0(0, . . . ,  0)  =  0,  £2  HB(z',  r)  lies  under  the  graph 
of  O  and  ( Rm  \Q)  H  B(z;r)  lies  above  the  graph  of  O.  Further,  there  is  a  constant  L 
such  that  for  each  x! ,  y’  G  Rm~x,  \x'\  <  r,  \  y'  \  <  r  we  have 


| <£(*01  +  |VO(x')|  <  L,  |VO(v')  -  VO(/)|  <  L\x'-y'\a. 
Fix  0  <  8  <  r/(l  +  L).  If  x',y'  G  Rm~l,  \x'\  <  8,  \y'\  <  8  we  have 
|nfi(x/,<D(x/))-([/,<D(y)]-[x/,<D(x/)])| 

[-V$(x'),  1] 


yiv3>(xoi2  + 1 


y  -  x',  [  (y  -  X  )  •  V<D(/  +  t(y'  -  x'))  dt 

Jo 


VWWTl 


L===|  / 1  cy - y) * iv$(y  +  yy - y» - 

x02  +  l\Jo 


v$(y>]  dt 


<  L\x  -y'\l+a. 
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So,  for  each  z  G  dQ,  there  are  positive  constants  S(z)  and  L(z)  such  that 
| nQ(x)  •  (y  —  x)\  <  L(z)\x  —  y|a+1  for  each  x,y  G  B(z\28(z ))  fl  3£2.  Since  3£2 
is  compact  and  3£2  C  U{5(z;  S(z));  z  G  3£2},  we  can  choose  zl,...,zk  G  3£2 
such  that  3£2  c  5(z*;  ^(z1))  U  •  •  •  U  5(z^;  8(zk)).  Put  3  =  min(3(z1), . . . ,  8(zk)), 
C  =  max(L(z1), . . .  ,L(z^)).  Suppose  now  that  x,y  G  dQ.  If  \x  —  y\  >  8  then 
\nQ(x)  •  (y  —  x)\  <  8~a~l\x  —  y|1+a.  If  \x  —  y\  <  8 ,  then  there  is  zj  such  that 
| x  —  zj\  <  8.  Since  \  y  —  zj\  <  8 ,  we  obtain  \nQ(x)  •  (y  —  x)|  <  C|v  — y|1+a. 

Definition  1.17.10  We  say  that  an  open  set  Q  C  Rm  satisfies  an  interior  ball 
condition  at  x  G  3^2  if  there  exist  z  G  Rm  and  r  >  0  such  that  B(z;r )  C  Q, 
x  G  dB (z;  r). 

Lemma  1.17.11  Q  <Z  Rm  be  an  open  set  with  boundary  of  class  C2  in  a 
neighborhood  of  x  G  dQ,  m  >2.  Then  Q  satisfies  an  interior  ball  condition  at  x. 

Proof  We  can  choose  a  coordinate  system  in  a  such  way  that  x  =  [0, . . . ,  0]  and 
nQ(x)  =  (0, ...  ,0, 1).  Choose  8  >  0  and  a  function  <p  G  C2(Rm~l)  such  that 
B( 0;  8)  Pi  Q  =  B( 0;  3)  n  {[y',ym]',y'  g  Rm~1,ym  >  (p(yr)}-  Since  0, . . . ,  0)  =  0, 
dj(p(0, . . . ,  0)  =  0,  there  exists  a  constant  C  such  that  \(p(y')\  <  C ||  y'\\2  for  |  y'\  <  8. 
Fix  0  <  r  <  min (3,  (2 C)_1).  Put  z  =  [0, . . . ,  0,  r\.  If  y  =  [y',ym]  G  Rm ,  |  y’\  <  r, 
then  (p(y')  <  r, 

lly-^ll2  >  11/ II2  +  WU)  -A2  >  r2  +  ||/||2-2^(/) 

>  /  +  ll/ll2  -2rC||/||2  >  r2. 

Thus  5(z;  r)  c  £2.  Clearly  x  =  [0, . . . ,  0]  G  35 (z;  r). 

Notation  1.17.12  Let  £2  C  Rm  be  a  domain  with  Lipschitz  boundary.  If  x  G  3  £2, 
a  >  0  denote  the  nontangential  approach  regions  of  opening  a  at  the  point  x  by 

Ta(x)  =  {y  g  Q;  \x  —  y\  <  (1  +  a)dist(y,  3£2)}. 

Lemma  1.17.13  //^  C  T  is  an  open  set  with  compact  Lipschitz  boundary,  then 
there  is  a  sequence  of  open  sets  Qj  with  boundaries  of  class  C°°  such  that 

•  Qj  C  Q. 

•  There  are  a  >  0  and  homeomorphisms  Ay  :  3  £2  — >  3  Qj,  such  that  A;(y)  G  ra(y) 

for  each  j  and  each  y  G  3£2  and  sup{|  y  —  A j(y)  | ;  y  G  3£2}  0  as  j  — >  oo. 

•  There  are  positive  functions  coj  on  3£2  bounded  away  from  zero  and  from  infinity 
uniformly  in  j  such  that  for  any  measurable  set  E  C  dQ,  fEa)j  dTLm-\  = 
TLm-\(Aj(E)),  and  so  that  coj  — >  1  pointwise  a.e.  and  in  every  Ls(dQ),  1  < 
s  <  oo. 

•  The  normal  vectors  to  Qj,  n(Aj(y)),  converge  pointwise  a.e.  and  in  every  Ls(dQ), 
\  <  s  <  oo,  to  n(y). 

If  £2  is  connected,  then  Qj  are  connected. 
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(See  [147],  Theorem  1.12.) 

Lemma  1.17.14  Let  £2  =  {[x',xm];xf  G  Rm~l,xm  >  (p(x')},  cp  be  a  Lipschitz 
function  with  Lipschitz  constant  M.  Ifx=  [x',xm]  e  d£2  then  {y  =  [/ ,ym\',ym  — 
xm  >  M\x' -y'\}  c  £2,{y=  [yf  ,ym\\ym  ~xm  <  -M\x' -y'\}  c  Rm\£2. 

Proof  Fix  x  =  [x',xm]  G  dQ.  If  y  =  [y',ym\  e  dQ  \  {. x },  then  \ym  -  xm\  = 
\(p(xf)-y(y')\  <  M|x'-/|.Theset{y  =  [y' ,ym\,  I  ym-xm\  >  M\x' -y' |}  C  Rm\dQ 
has  two  components.  Since  {[V,  t\;t  >  (p(x')}  C  ^  and  {[x' ,  t];t  >  (p(x ')}  C  Rm\Q, 
we  deduce  that  { y  =  [y' , ym]; ym  ~ xm  >M\x' -y'\}  C  £2,{y=  [^ , ym]; ym  - xm  < 
-M\x'  -y'\}  CRm\£2. 

Proposition  1.17.15  (Whitney  Decomposition)  Let  £2  C  Rm  be  an  open  set, 
3  £2  7^  0.  Then  there  exists  a  sequence  of  open  disjoint  cubes  Qj,  the  edges  of  which 
are  parallel  to  the  coordinate  axes,  diam  Qj  <  dist(2y-,  3^)  <  4  diam  Qj  and 

oo 

^  =  U  Q’’ 

7=1 

Fix  0  <  6  <  1/4.  Let  x*  be  a  center  of  Qj.  Denote  Qj  =  {x*  +  (1  +  c)(y — xj);  y  G  Qj}. 
Then  each  point  of  £2  is  an  element  of  at  most  12m  cubes  Qj. 

(See  [136],  Chapter  VI,  §1.) 

Definition  1.17.16  A  subset  £2  of  Rm  is  starshaped  with  respect  to  a  set  M  C  £2  if 
{tx  +  (1  —  t)y;  0  <  t  <  1}  C  £2  for  each  x  G  M  and  each  y  e  d£2.  We  say  that  £2  is 
starshaped  if  it  is  starshaped  with  respect  to  a  point. 

Lemma  1.17.17  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary.  Then 
there  exist  starshaped  domains  £2\, . . . ,  £2k  with  Lipschitz  boundary  such  that  £2  = 
Qi  U  •••  U  Qk. 

(See  [105],  Chapter  I,  §1.3.2,  §1.3.3.) 


1.18  Partition  of  Unity 

If  we  study  regularity  of  solutions  of  boundary  value  problems,  we  restrict  ourselves 
first  to  graph  domains.  For  the  regularity  of  solutions  on  domains  with  compact 
boundary,  we  use  localization.  For  this  we  need  the  following  lemma  about  the 
partition  of  unity. 

Lemma  1.18.1  Let  E  C  Rm  and  let  Q  be  a  collection  of  open  sets  U  such  that  E  C 
{U  U;U  G  Q).  Then,  there  exists  a  family  T  of  nonnegative  functions  f  G  C^°(Rm) 
such  that  0  <  /  <  1  and: 

•  for  eachf  G  T,  there  exists  U  G  Q  such  that  spt /  C  U, 
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•  if  K  C  E  is  compact,  then  spt /  PI  K  ^  for  only  finitely  many  f  e  T, 

•  ^2fej?f(x)  =  1  for  each  x  e  E. 

(See  [150],  Lemma  2.3.1  or  [5],  Theorem  7.16.) 


1.19  The  Gauss-Green  Theorem 

An  essential  role  in  the  definition  of  distributions  plays  the  following  Gauss-Green 
theorem. 

Theorem  1.19.1  (Gauss-Green  Theorem)  Let  £2  C  Rm  be  an  open  set,  G  be  a 
bounded  domain  with  Lipschitz  boundary,  and  G  C  £1.  If  v  ,vm  G  then 


where  nG(x )  denotes  the  outward  unit  normal  of  G  at  x. 


(See  [150],  Theorem  5.8.2.) 


1.20  Distributions 

It  is  well  known  that  not  all  boundary  value  problems  for  partial  differential 
equations  possess  a  classical  solution.  For  that  reason,  distributions  were  invented  as 
a  generalization  of  functions.  In  this  section,  we  define  distributions  and  gather  their 
fundamental  properties.  We  shall  see  that  for  all  distributions  there  are  derivatives 
in  the  sense  of  distributions.  We  explain  what  it  means  that  un  u  in  the  sense  of 
distributions.  We  define  also  a  convolution  of  distributions  as  a  generalization  of  a 
convolution  of  functions.  Then  we  define  a  special  class  of  distributions,  so-called 
tempered  distributions.  For  these  distributions,  we  define  the  Fourier  transform  as  a 
generalization  of  the  Fourier  transform  of  functions. 

Let  Q  C  Rm  be  an  open  set.  Denote  by  C^°(£2)  the  set  of  all  cp  G  C°°{Rm ) 
with  compact  support  in  Q.  If  {(pj}  is  a  sequence  of  functions  from  C^°(^)  and 
cp  G  C^°(^2),  we  say  that  cpj  converges  to  cp  in  C^°(£2)  if: 

•  there  exists  a  compact  set  K  C  £2  such  that  spt  cp  C  K  and  spt  cpj  C  K  for  every  j, 

•  lim^oo  3 01  cpj  =  d 01  (p  uniformly  on  K  for  each  multiindex  a. 

A  distribution  in  Q  is  a  linear  functional  T  on  the  space  C?°(£2)  such  that 
( T ,  cpj)  ->  (T,  (p)  if  cpj  cp  in  C?°(£2).  Denote  by  V'(Q)  the  set  of  all  distributions 
in  £2. 
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If  fi  is  a  Radon  measure  in  Q,  then  we  can  define  the  distribution 
(Tn,<p)  =  f  <pdn,  tpeC™{Q.). 

fi 

We  shall  identify  fi  and  TjJb. 

Similarly,  iff  e  L[loc(Q),  we  shall  identify  /  with  the  distribution 


cp^jfcpdHn,  tp  e 

fi 

If/1,/2  e  LlJtt)  and  (/ ,  tp)  =  lf2,tp)  for  all  tp  e  C~(£2),  then/i  =  f2  almost 
everywhere  in  Q  (see  [25],  Theorem  2.3). 

If  {7}}  is  a  sequence  of  distributions  in  Q  and  T  is  a  distribution  in  Q,  we  say 
that  Tj  converges  to  T  in  V'(Q)  if  (7},  <p)  ->  (T7,  <p)  for  each  cp  e  C%°(£1).  Instead 
of  a  sequence,  we  can  also  take  a  family  Te  of  distributions  that  depend  on  a  real 
parameter  €.  We  then  say  that  Te  converges  in  V'(Q)  to  T  as  e  — ►  60  if  ( Te,(p ) 

( T ,  <p)  as  6  60  for  any  <p  e  If  T  e  then  there  exist  e 

such  that  d>„  T  in  V'(Q)  as  ft  ->►  00  (see  [42],  Corollary  11.7). 

Iff  e  C1^)  and  cp  G  C^°(£2),  we  choose  a  bounded  open  set  G  with  smooth 
boundary  such  that  sptcp  C  G  C  G  C  £2.  According  to  Gauss-Green  theorem 
(Theorem  1.19.1), 

I  <pdjfdHm  =  f  [djifcp)  - fdjtp ]  d  nm 

fi  G 

=  f  nfiftp)  d'Hm—i  -  I  fdjtp  d  Hm  =  -J  fdjtp  d  Hm. 

3G  G  fi 

Iff  e  Ck(Q)  and  a  is  a  multiindex  with  \a\  <  k,  then 

(daf,cp)  =  I  tpdaf  dUm  =  (-l)w  J  fdatpdUm  =  (-l)w</\  3 ». 

fi  fi 

If  T  G  V'(Q)  and  a  is  a  multiindex,  then  the  corresponding  partial  derivative  of  T 
is  defined  as 


(3 aT,tp)  =  (_i)M(r,3»,  tp  eCc°°(f2). 

Remark  that  3;-3^r  =  3^3;T  for  each  T  G  V'(Q)  because  djdk(p  =  dicfycp  for  each 
cp  G  C°°(£2).  Clearly,  if  Tn  ->  T7,  then  3°Tn  3°T  for  each  multiindex  a  (see  [149], 
Chapter  II,  §3).  Iff  G  C!(£2),  then  3 )f  in  the  classical  sense  and  in  the  sense  of 
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distributions  coincide  by  the  Gauss-Green  theorem  (Theorem  1.19.1).  On  the  other 
hand,  if  T  e  V'(Q),  9 )T  e  C°(£2)  for  j  =  1, . . .  ,m,  then  there  exists/  e  Cl(Q) 
such  that 


(T,  V)  =  Jf<P  dUm,  V  €  Ce°°(^) 

Q 

(see  [130],  Chapter  1,  §7,  Theorem  2). 

If  r,  5  e  then  T  +  S  is  the  distribution  defined  by 

(r  +  s,<o)  =  (T,<p)  +  (s,<p). 

Iff  €  Ljgc(Q),  f  e  C°°(Q),  <p  €  Cc°°(Q)  then 

W/,  <P)=  J  W<P  dnm  =  {f,ir<p),  <pe  OS2). 

If  T  e  V'(£2),  x/s  e  C°°(£2),  then  x/rT  is  the  distribution  defined  by 

(i lrT,<p)  =  (T,1r<p),  cpeC™(Q). 

It  holds  dj(x/rT)  =  x/rdjT  +  (9,V0^  (see  [149],  Chapter  1,  §8). 

Let  G,  £2i,  ^2  be  open  subsets  of  Rm  such  that  Gcl^iH  Q2-  Let  7)  e  V'(Qj) 
for  j  =  1,2.  We  say  that  7\  =  T2  on  G  if  (T\,(p)  =  (T2,  cp)  for  each  <p  e  C™(G). 

The  support  of  T  e  denoted  by  sptT,  is  the  set  of  all  x  G  Q  for  which 

there  exists  no  open  neighborhood  U  of  v  such  that  T  =  0  on  U. 

Let  T  G  V'(Q)  have  compact  support.  Let  (p  be  a  function  not  necessarily  defined 
on  the  whole  Q  but  of  class  C°°  on  a  neighborhood  G  of  spt  T.  We  can  define  T  on  (p 
as  follows:  Choose  x/s  e  C^°(^)  such  that  spt  ^  C  G  and  x/r  =  1  on  a  neighborhood 
of  spt  T.  Then  define 


(T,<p)  =  (T,<pf). 


Remark  that  (T,  cp)  does  not  depend  on  the  choice  of  x/s  (see  [149],  Chapter  1,  §13). 
Moreover,  there  exist  constants  C  and  k  such  that 

\(T,<P)\<CJ2  sup  \daq>(x)\,  <p  e  C°°(£2) 

\a\<kx€spt'1' 


(see  [149],  Chapter  1,  §13,  Proposition  5). 
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If f,g  e  L\Rm),  then /  *  g  e  LHR'").  If  <p  e  C™(Rm),  then  Fubini’s  theorem 
gives 


(f*g,<P)=  f  (  <p(x)f(y)g(x-y)&'Hm{y)Um{x ) 

Rm  Rm 

=  //O')  f  (p{x)g{x-y)  dUmixlUmiy) 

Rm  Rm 

=  f  f(y)  l  <P(*  +  y)g(x)  dUm(x)Hm(y). 

Rm  Rm 


This  motivates  definition  of  convolution  of  distributions. 

If  <p  G  T  g  V'(Rm),  denote 

<Pt(x)  =  (7>(-+x)). 

Then  cpT  e  C°°(Rm).  If  T  has  compact  support,  then  <pT  has  compact  support,  too.  If 
T,  S  G  V'(Rm)  and  one  of  the  distributions  T  and  S  has  compact  support,  define 

(S*T,<p)  =  (S,<pr),  cpeC™(Rm), 

the  convolution  of  distributions  S  and  T.  The  distribution  S  *  T  is  well  defined, 
T  *  S  =  S  *  T  and  spt(S  *  T)  C  sptT  +  sptS  (see  [42],  Theorem  11.17).  Remark 
that  <5o*T  =  T  *  8o  =  T  (see  [42],  Example  11.16).  (Recall  that  8a{cp)  =  cp{a ).) 
Moreover,  9 =  ( djT)*S  =  T*(djS )  (see  [42],  Theorem  11.17).  If  Tk  ->  Tin 
the  sense  of  distributions  and  either  S  has  compact  support  or  there  is  a  compact  set 
K  such  that  spt  C  K  for  each  k ,  then  *  S  — >  T  *  5  in  the  sense  of  distributions. 
(See  [130],  Chapter  II,  §  12.)  If  O  G  C™(Rm)  is  such  that 

f  ®  dHm  =  1, 


we  put  <5e  (x)  =  <J>(x/e) /em  for  e  >  0.  If  T  e  V\Rm),  then  T  *  <I>e  e  C°°(R'")  and 
T  *  T  as  6  ->  0+  (see  [42],  Lemma  11.6). 

The  Schwartz  space  S(Rm)  of  rapidly  decreasing  test  functions  consists  of 
functions  cp  G  C°°{Rm )  such  that  for  each  multiindexes  a ,  /3 

sup  \xad^(p{x)\  <  oo. 

x£Rm 

If  {<£/}  is  a  sequence  of  functions  from  S(Rm)  and  (p  G  S(Rm),  we  say  that 
(pj  converges  to  cp  in  S(Rm)  if  lim^oo  =  x^da(p  uniformly  for  every 
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multiindexes  a,  fi.  Remark  that  C^°(Rm)  is  a  dense  subset  of  S(Rm )  (see  [42], 
Lemma  14.7).  A  tempered  distribution  in  Rm  is  a  linear  functional  B  on  the  space 
S(Rm)  such  that  ( B ,  cpj)  ->  (B,  cp)  if  <pj  cp  in  S{Rm).  Denote  by  S' {Rm )  the  set  of 
all  tempered  distributions  in  Rm.  If  {Bj}  is  a  sequence  of  tempered  distributions  in 
Rm  and  B  is  a  tempered  distribution  in  Rm ,  we  say  that  Bj  converges  to  B  in  S'  (Rm) 
if  (Bj,  (p)  (B,  (p)  for  each  cp  G  S{Rm).  Clearly,  S' (Rm)  C  V'{Rm).  On  the  other 

hand,  if  T  e  V'(Rm)  has  compact  support,  then  T  e  <S'(/?m).  If  T  G  5'(/?m)  and 
a  is  an  multiindex,  then  daT  G  <S'(Rm)  (see  [42],  Theorem  14.21).  If/  G  Lp(Rm ), 
1  <  p  <  oo,  then/  G  <S'(Rm)  (see  [42],  Example  14.22).  Remark  that  Cc°°(Rm) 
is  a  dense  subset  of  S'(Rm)  (see  [42],  p.  189).  A  distribution  in  V'(Rm)  belongs  to 
S' (Rm)  if  and  only  if  it  is  a  sum  of  derivatives  of  a  function  in  C°(Rm )  that  is  at  most 
polynomial  growth  at  infinity  (see  [42],  Theorem  17.10). 

Denote  S(Rm,C )  =  {/  +  ig',f,g  €  <S(Rm)}  the  space  of  complex  rapidly 
decreasing  test  functions  and  S' (Rm,  C)  =  {F  +  iG;  F,G  G  <S7(Rm)}  the  space  of 
complex  tempered  distributions  in  Rm.  If  h  =  f  +  ig  G  S(Rm,  C )  and  //  =  T7  +  iG  G 
<S7(Rm,  C),  then 


A)  =  <^/>  -  (G,g)  +  i(F,g)  +  i(G,f). 
If  he  S(Rm ,  C),  define  the  Fourier  transform  h  of  h 


h(x)  =  (2tt)  m/2  f  h(y)e  lx'y  dFLm(y). 

Rm 


(1.10) 


Then  the  mapping  h  i-^  h  is  an  isomorphism  on  5(Rm,  C)  (see  [24],  Theorem  3.5.1 
or  [42],  Lemma  14.12)  and 

h(x)  =  (2jr)_m/2  /  A(  dUm(y),  h  e  S(R"!.  C ). 

Rm 


Remark  that  /  *  g  =  (2 n)m!2f  ■  g,  (2tt )m/2f  ■  g  =  f  *  g,  where /(x)  =  /(— x)  (see 
[149],  Chapter  VI,  §1). 

If  F  e  S' (Rm,  C),  define  the  Fourier  transform  F  e  S' (Rm,  C )  of  F  by 
(F,<p)  =  (F,$),  (p  e  S(Rm,  C). 

If  F  e  L\Rm ),  then  F  is  given  by  (1.10)  (see  [149],  Chapter  VI,  §2).  If  T  =  1,  we 
have  So  =  (27t)~"’/2T,  T  =  (27r)"'/2<$o  (see  [149],  Chapter  VI,  §2).  The  mapping 
F  m-  F  is  an  isomorphism  on  S' (Rm,  C)  (see  [42],  Theorem  14.24).  Remark 
that  L2(Rm,  C)  C  S'(R"’).  Moreover,  if  he  L2(Rm,C),  then  h  e  L2(Rm,C)  and 
llfill L2(Rm)  =  \\h\\Li(Rmy  If  T  e  S'(Rm.  C),  then  (d/Tj  =  ixjT  and  (o/f)  =  -djT.  (See 
[149],  Chapter  VI,  §2.)  Iff  e  Ll(Rm),  then /  e  C00(Rm)  and/(x)  -*  0  as  |x|  ->  oo 
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(see  [42],  Theorem  14.2).  Iff  e  S'{Rm )  has  compact  support,  then /  G  C°°{Rm )  (see 
[42],  Lemma  14.4). 

Lemma  1.20.1  Let  £2  C  Rm  be  a  domain.  If  T  G  V'(£2)  satisfies  9 )T  =  0  for 
j  =  1, . . . ,  m,  then  T  is  constant,  i.e.,  there  exists  a  e  Rl  such  that 


for  each  <p  G  C^°(^2). 

(See  [140],  Lemma  6.4.) 

Definition  1.20.2  Let  £2  C  Rm  be  an  open  set  and  F,G  G  V'ifil).  We  say  that 
F  <  G  if  (F,  <p)  <  (G,  <p)  for  each  nonnegative  cp  G  C^°(Q). 

Lemma  1.20.3  Let  £2  C  Rm  be  an  open  set,  m  >  2,  azzd  T  G  T>'(fi2).  If  (T,  (p)  >  0 
/6>r  erzc/z  nonnegative  cp  G  C^°(^),  £/zezz  T  is  a  nonnegative  Borel  measure. 

(See  [67],  Theorem  2.1.7.) 

Lemma  1.20.4  £2  C  Fm  azz  6>/?£zz  set,  m  >  2,  and  T  e  V' (£2).  If  spt  T  C  {x}, 

£/z^zz  there  exist  k  e  N  and  constants  aa  such  that 


T=J2 


M<£ 


(See  [130],  Chapter  II,  §10.) 

Lemma  1.20.5  Let  T  be  a  distribution  with  compact  support  in  Rm.  If£2C  Rm  is 
an  open  set  such  that  spt  T  C  £2,  then  there  exist  k  G  N  andfa  G  L1  ( Rm )  withfa  =  0 
on  Rm  \£2  such  that 


t=  E  9%- 


(See  [130],  Chapter  II,  §5.) 


1.21  Sobolev  Spaces 

The  introduction  of  distributions  enables  to  define  more  appropriate  spaces  of 
functions  in  which  we  shall  look  for  solutions  of  boundary  value  problems  for  the 
Laplace  equation.  Sobolev  spaces  are  such  function  spaces.  This  section  contains  all 
about  Sobolev  spaces  we  shall  need  in  the  future. 

Let  1  <  p  <  oc,  £2  be  an  open  subset  of  Rm ,  k  >  0  integer.  Denote  by  Wk,p(Q)  the 
space  of  all  functions/  G  LP(Q)  such  that  daf  G  LP(Q)  in  the  sense  of  distributions 
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for  each  multiindex  a  with  \a\  <  k  equipped  with  the  norm 


i  /p 


\dau\p  dT-Lm 


for  1  <  p  <  oo, 


ll«lln*°°(£2)  =  max  I|3“m||l~(£2)- 

\a\<k 


Then  Wk,p(i 2)  is  a  Banach  space  (see  [149],  Chapter  1,  §9,  Proposition  5).  For  p  = 
2,  Wk-2(Q)  is  a  Hilbert  space  with  the  scalar  product 

(u,v)  =J^f  avdHm. 

M<kl 


(See  [140],  Lemma  5.2.)  If  u  e  Lpoc(tt),  then 


u(x)  =  lim 

40 


* 


U  d TLn 


B(x;r) 


(l.H) 


for  almost  all  x  e  ^2  (see  Proposition  1.13.9).  If  u  e  Wk,p(Q),  we  shall  suppose 
that  (1.11)  holds  whenever  the  limit  on  the  right  side  exists. 

Let  Q  C  Rm  be  an  open  set,  s  =  k  +  A,  k  e  No,  0  <  A  <  1,  and  1  <  p  <  oo. 
Denote  flw(£2)  =  {u  e  Wkj,(Q);  \\u\\Ws,Pm  <  cx)}  where 


\\u\\ws’P(Q) 


1 3  au(x)  —  dau(y)\P 

\X-y\m+pX 


y). 


Let  Q  C  Rm  be  an  open  set,  0  <  ^  <  oo,  and  1  <  p  <  oo.  Denote  by  Wifc(Q) 
the  set  of  all  Lebesgue  measurable  functions  f  in  Q  such  that  /  e  WS,P(G )  for  each 
bounded  open  subset  G  of  Q  with  G  C  £2  and  by  Wslopc(Q)  the  set  of  all  Lebesgue 
measurable  functions  f  in  £2  such  that  /  e  WS,P(G )  for  each  bounded  open  subset 
G  of  £2.  Denote  by  Ws,p(£ 2)  the  closure  of  C^°(£2)  in  fL*,i?(£2).  The  dual  space  of 
WS,P(Q)  is  denoted  by  W~s'p'  2)  where  p'  =  p/(p  —  1). 

Theorem  1.21.1  Let  £2  C  Rm  be  an  open  set,  u  e  LP(i 2),  and  1  <  p  <  oo.  Then 
u  G  Wl,p(£ 2)  if  and  only  ifu  has  a  representative  u  that  is  absolutely  continuous  on 
almost  all  line  segments  in  £2  parallel  to  the  coordinate  axes  and  whose  (classical) 
partial  derivatives  belong  to  Lp(i 2). 
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(See  [150],  Theorem  2.1.4.) 

Theorem  1.21.2  Let  1  <  p  <  oo.  Iff  G  W1,p(Rm)  and  h  G  Rm  \  {0},  then 

i/Jriii/(x+/!)-/(x)nw  <  iiv/hw. 


On  the  other  hand,  iff  G  Lp  ( Rm )  and 

SUP  II  f(x  +  h )  -f(x)\\u>^Rm)  <  oo, 

\h\>0 


thenf  G  Whp(Rm) 

(See  [150],  Theorem  2.1.6  and  the  proof  of  this  theorem  in  [150],  p.  46.) 

Lemma  1.21.3  Let  £2  C  Rm  be  a  hounded  open  set  with  continuous  boundary.  If 
1  <  p  <  oo,  then  Cf^fR171)  is  dense  in  fP1,/7(£2). 

(See  [140],  Lemma  12.3.) 

Lemma  1.21.4  Ifl<p<oo,keN0,  then  WKp(Rm )  =  Wkp(Rm). 

(See  [140],  Lemma  6.5.) 

Theorem  1.21.5  Let  Q  C  Rm  be  an  open  set,  u,  v  G  !T1,P(£2),  1  <  p  <  oo.  Then 
ma x(u,  u),min (u,  v )  G  fP1,/?(^)  and 


V  max(w,  v) 


Wu  a.e.  on  {u  >  v}, 
Vv  a.e.  on  {v  >  u}, 


V  min (u,  v) 


Wu  a.e.  on  {u  <  v}, 
Vv  a.e.  on  {v  <  u}. 


In  particular,  Wu  =  V v  a.e.  on  the  set  {x  G  £2;  u(x)  =  v(x)}. 

(See  [101],  Corollary  1.43  or  [98],  Corollary  6.18.) 

Lemma  1.21.6  Let  m,k  e  N,  1  <  p  <  m/k,  q  =  mp/ (m  —  kp).  Then  there  exists  a 
constant  C  such  that 

C\\Vku\\u,{Rm)  Vm  e  Wk’p{Rm). 

(See  [105],  Chapter  I,  §1.8,  Corollary  1  or  [150],  Theorem  2.4.2.) 

Lemma  1.21.7  Let  1  <  p  <  oo,  k  e  N,  l  e  No,  l  <  k,  and  £2  c  Rm  be  a 

o 

bounded  open  set.  Then  the  injection  ofWv,p(fl)  into  Lp(fl)  is  compact.  Ifkp  <  m 
and  1  <  q  <  mp/(m  —  mp),  then  Wk,p(fl)  is  compactly  imbedded  into  Lq{fl).  If 
( k  —  l)p  >  m,  then  Wk,p(i 2)  is  compactly  imbedded  into  Cl(i 2). 
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(See  [140],  Lemma  11.2  and  [150],  Lemma  2.5.1.) 

Lemma  1.21.8  If  1  <  p  <  cx)  and  £2  C  Rm  is  a  bounded  open  set  with  boundary  of 
class  C,  then  the  injection  ofW],p(Q)  into  LP(Q)  is  compact. 

(See  [140],  Lemma  18.4.) 

Proposition  1.21.9  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary, 
k  e  N,  and  1  <  p  <  oo.  Let  T\, ...  ,Tn  be  bounded  linear  operators  on  Wk,p(Q). 
Define 


ini  = 


n 


E  \\dau\\Pma)  +  J2\TM)\P 

\a\=k  7=1 


1  /P 


Suppose  that  for  a  polynomial  u  of  degree  less  or  equal  to  k—l  the  relation  \\u\\  =  0 
implies  that  u  =  0.  Then  ||  ||  is  an  equivalent  norm  on  Wk,p(Q). 

(See  [94],  Theorem  5. 11. 2.) 

Lemma  1.21.10  Let  1  <  p  <  oo,  k  G  N,  and  £2  C  Rm  be  a  bounded  open  set.  Then 
||V*H||^(n)  is  a  norm  in  Wk,p(Q)  which  is  equivalent  to  the  original  norm. 

(See  [150],  Theorem  4.4.1.) 

Proposition  1.21.11  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary, 
— oo  <  s  <  oo,  and  1  <  p  <  oo.  Then  9 j  is  a  bounded  linear  operator  from  Ws,p(£2) 
into  Ws~l,p(Q)  unless  s  =  1  /p. 

(See  [58],  Theorem  1. 4.4.6.) 

Lemma  1.21.12  Let  Q  C  Rm  be  an  open  set.  Suppose  that  there  exist  n  e  N, 
M  >  0,  and  e  >  0  and  a  sequence  of  open  sets  Uj  such  that: 

•  If  x  G  9£2,  then  there  exists  j  e  N  such  that  B(x;  c)  C  Uj. 

•  If  x  G  Rm,  then  x  is  an  element  of  at  most  n  sets  Uj. 

•  For  each  j,  there  exists  a  graph  Lipschitz  domain  Qj  such  that  QHUj  =  Qj  PI  Uj. 

Then  there  exists  a  linear  operator  E  mapping  functions  defined  on  £2  into  functions 
defined  on  Rm  and  having  the  following  properties: 

•  Eu  =  u  on  £2; 

•  E  is  a  continuous  linear  operator  from  Wk,p{i 2)  into  Wk,p  (Rm)  for  all  1  <  p  <  oo, 
he  N0. 

(See  [136],  Chapter  VI,  §3,  Theorem  5.) 

Theorem  1.21.13  Let  1  <  p  <  oo,  k  e  N,  l  e  No,  l  <  k,  and  £2  c  Rm  be  a  domain. 
Suppose  that  Wk,p(i 2)  can  be  continuously  extended  onto  Wk,p(Rm). 
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•  If  p(k  —  l)  <  m  ,  l  <  k,  and  p  <  q  <  mp/[m  —  (k  —  l)p\,  then  Wk,p(Q)  is 
continuously  imbedded  into  Wl,q(Q). 

•  Ifp(k  —  /)  =  m  and p  >  1,  then  Wk,p(fl)  is  continuously  imbedded  into  Wl,q(£2) 
for  every  p  <  q  <  oo. 

•  Ifp  =  1  and  k  —  l  =  m,  then  Wk,p(£2)  is  continouously  imbedded  into  C/,0(£2). 

•  Ifp(k—l )  >  m,  X  =  k  —  l—m/p  e  (0, 1),  then  Wk,p(Q)  is  continuously  imbedded 
into  Cux(fi). 

(See  [105],  Chapter  I,  §1.4.1,  §1.8.1,  §1.8.2.) 

Proposition  1.21.14  Let  Q,Q,co,d)  C  Rm  be  open  sets  and  To  <Z  £1,  do  <Z  £1,  and 
co,  co  be  bounded.  Suppose  moreover  that  T  =  (T\ , . . . ,  Tm)  is  a  Lipschitz  continuous 
injective  mapping  Q  onto  £2  such  that  T~l  is  Lipschitz  continuous.  Iff  e  Wl,p(cb) 
and  1  <  p  <  oo,  then  g  =  f  o  T  e  Wl,p(co).  Ify  =  T(x),  then 

m 

^kg  (pc)  =  J2[djf(yWkTj(x)]. 

j=  1 


(See  [150],  Theorem  2.2.2.) 

Proposition  1.21.15  Let  £2,co  c  Rm  be  open.  Let  Qbea  one-to-one  transformation 
of  co  onto  £2  having  inverse  =  O-1.  Let  k  e  N  and  l  <  p  <  oo.  If  e 
Ck,0(co,Rm )  and  tp  g  Ck,0(£2,Rm),  then  the  transform  Tu  =  u  o  O  is  a  bounded 
linear  operator  from  Wk,p(i 2)  to  Wk,p(co )  and  has  a  bounded  inverse. 

(See  [1],  Theorem  3.41.) 

Lemma  1.21.16  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary.  If 
1  <  p  <  oo  and  0  <  t  <  s  <  oo,  then  Ws,p(i 2)  ^  Wt,p(f  2). 

(See  [122],  Chap.  2,  §5.4,  Lemma  5.4.) 

Lemma  1.21.17  Let  £2  C  Rm  be  a  bounded  domain,  k  e  No,  s  =  k-\-  X,  0  <  A  <  1, 
and  1  <  p  <  oo.  If  u  e  Ws,p(i 2)  and  v  e  Ck+l(i 2),  then  uv  e  ^^(^2)  and 


\\UV\\W^P(Q)  <  c\\u\\Ws,p(ty, 

where  c  does  not  depend  on  u. 

(See  [40],  Lemma  6.36.) 

Theorem  1.21.18  Let  k  e  No  and  £2  C  Rm  be  a  bounded  domain  of  class  Ck,x.  Then 
there  exists  an  extension  operator  E  such  that  E  is  a  bounded  linear  operator  from 
Ws'p(£l)  to  Ws,p(Rm)  for  all  0  <  s  <  k  +  1,  1  <  p  <  oo. 


(See  [40],  Satz  6.40.) 
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1.22  Bessel-Potential  Spaces 


Further  appropriate  function  spaces  for  solution  of  boundary  value  problems  are 
Bessel-potential  spaces.  Sobolev  spaces  form  a  special  class  of  these  spaces. 

For  s  >  0  and  x  e  Rm,  denote 


GJx)  =  (47r)^/2r^  j  J  e-xM2/te-t/4pt(s-m)/2±  _ 

0 

Then  \\Gs\\L\(Rm^  =  1,  Gs  *  Gt  =  Gt+S ,  and  the  Fourier  transform  Gs(x )  =  (1  + 
47t\x\2)~s^2  (see  [136],  Chapter  V,  §3).  If  1  <  p  <  oo  denote 

Lps(Rm)  =  {Gs  */;/  e  tf(/T)}, 

11^  */llif(ip»)  —  ll/Wllz^m- 

Set  Lp0(Rm)  =  Lp (Rm)  and  =  ||g||W.  Then  Lp(Rm)  C  Lp(Rm)  and 

\\g\ \iP(r»)  <  llsllij(#*)  for  ^  ^  >  0  (see  [136],  Chapter  V,  §3). 

We  shall  write  Hs{Rm)  =  L2(Rm).  Hs(Rm )  are  so-called  Sobolev-Slobodecki 
spaces  and  Lps(Rm )  are  Bessel-potential  spaces.  Denote  the  dual  space  of  Hs(Rm)  by 
H~s  (Rm) . 

If  £2  C  Rm  is  open  and  s  >  0,  denote  L£(£2)  =  {w|£2;  w  G  Lp(Rm)}  equipped  with 
the  norm 


IImIIl?(J2)  =  inf{lbllif(ip»);«|n  =  «}. 

Theorem  1.22.1  If  s  e  N  and  l  <  p  <  oo,  then  Lp(Rm )  =  Ws,p(Rm)  and  both 
norms  are  equivalent. 

(See  [150],  Chapter  2,  Theorem  2.6.1.) 

Theorem  1.22.2  If  a  is  a  multiindex,  then  da  :  u  \-^  dau  is  a  bounded  linear 
operator  from  Lp(Rm )  to  Lp_  ^  (Rm). 

(See  [123],  Chapter  3,  Theorem  9.) 


1.23  Besov  and  Lizorkin-Triebel  Spaces 

Besov  spaces  and  Lizorkin-Triebel  spaces  are  further  important  function  spaces. 
This  section  treats  relations  between  spaces,  imbeddings,  extensions,  and  interpola¬ 
tions  of  these  spaces. 
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Let  <F  G  S(Rm).  Suppose  that  the  Fourier  transform  6  of  O  satisfies  sptd>  C 
B( 0;  1)  and  6  =  1  on  B(0;  1  /2).  For  integer  n  set 

$„(*)  =  2mn®(2nX ),  4>n(x)  =  $„(*)  -  $„-l(*). 

If  mg  s  G  R,  1  <  /?  <  cx),  and  1  <  q  <  oo,  denote 


—  11$  *  u\\u>(Rm) 


E(2"H^  *  “llzprf 


"I  1/^ 


L  n=  1 


II mII^p-00  —  ||$  *  m||^(/p«)  +  sup  2ns\\4>n  *  m|| U>(Rm). 

nEN 


For  s  e  R,  1  <p,q<  oo,  define  the  Besov  spaces 

Bps'q(Rm)  =  €  s'(Rmy,  \\uy*  <  oo}. 

If  u  e  S'(Rm ),  s  e  R,  and  1  <  p,  q  <  oo,  denote 


INI Fps’q  =  11$  *  “II IP {R^) 


i /[ 

Rm 


OO 

E(2" 

n=  1 


1 4>n  *  U(x)\)q 


-\P/<1 


dHm(x) 


1  Ip 


IMI^’°°  =  ||$  *  u\\u>(Rm)  + 


!/[ 


-\p 


sup2ns\(j)n  *  u(x) | 


dHm(x) 


i/p 


\\u\\Foo,q  =  || O  *  u\\Loo(Rm)  +  essup^ 


£(2"U  *  u(x)\y 


1 1/? 


L  n=  1 


11^11^,00,00  =  ||$  *  w || (/?'«)  +  essupxG/?m  sup2n5|0n  *  u(x) |. 

n€N 


For  sgT?,  l<p<oo,  and  1  <  q  <  o o,  define  the  Lizorkin-Triebel  spaces 

=  {M  e  S'(/T);  ||m||^  <  oo}. 

Bp,q ( Rm )  and  Fp,q(Rm )  do  not  depend  on  the  choice  of  <F,  and  the  corresponding 
norms  are  equivalent  (see  [143],  §2.3.2,  Proposition  1). 

If  £2  C  Rm  is  open  and  s  e  Rl,  1  <  p,q  <  o o,  denote  by  Bp’q(Q)  the  set  of  all 
w  G  P' (£2)  for  which  there  exists  u  G  Bp,q  (Rm)  such  that  u  =  v  on  Q, 

IMIb™(J2)  =  inf{IMU?V");M  =  V  0n 
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Since  Bp,q(£2)  is  the  factor  space  Bp,q(Rm)/{f  e  Bp,q(Rm);f  =  0  on  £2},  it  is  a 
Banach  space  (see  Proposition  1.3.13).  Similarly,  if  p,q  <  oo,  denote  by  Fp,q(Q) 
the  set  of  all  u  e  V\£l)  for  which  there  exists  v  e  Fp,q(Rm)  such  that  u  =  v  on  £2, 

=  inf{ll v ^Fps,q(Rmy  u  =  v  on  £2} . 

Fp,q(i 2)  is  a  Banach  space. 

We  denote  by  BPs,q(i 2)  the  closure  of  C^°(^2)  in  BPs,q(i 2)  (and  therefore  in 
Bp'q(Rm))  and  by  Fp,q(i 2)  the  closure  of  C^°(^2)  in  Fp'q(i 2)  (and  therefore  in 
Fp’q(Rm)). 

Theorem  1.23.1  Let  s  e  R  and  1  <  p,  q  <  oo: 

•  The  Besov  spaces  Bp,q(Rm)  are  Banach  spaces.  If  p,q  <  oo,  then  Fp,q(Rm )  are 
Banach  spaces. 

•  S(Rm )  C  Bp  q(Rm)  C  <S'(Rm).  Ifs  >  0,  then  £(^(Rm)  Lp(Rm). 

•  Ifp,  q  <  oo,  £/z^zz  S(Rm)  is  a  dense  subset  ofBp,q(Rm). 

•  If  p,  q  <  oo,  £/zezz  S(Rm)  C  Fp,q(Rm )  C  S'{Rm )  azzd  <S(Rm)  zs  a  dezzse  subset  of 
Fp,q(Rm). 

•  If  p,  q  <  oo,p'  =  p/(p  -  1),  ^  =  q/(q  -  1),  r/zezz  [^(/T)]'  =  Bpff  ' (Rm).  If 
q>  1,  tfzezz  [FJ’«(/r)]'  =  Fplf'{Rm). 

(See  [2],  Chapter  IV,  Theorem  4.1.3;  [145],  §2.3.3;  [145],  §2.11.2,  Theorem.) 

Theorem  1.23.2  Let  k  e  N0,  0  <  A  <  and  s  =  k  +  X.  Then  Bf  °°{Rm)  = 
Qk,x  an(i  tpe  correSp0nding  norms  are  equivalent. 

(See  [145],  §2.5.7,  Theorem  or  [145],  §2.7.1,  Remark  3.) 

Theorem  1.23.3  k  e  No,  0  <  A  <  s  =  k  +  X,  and  1  <  p  <  oo.  TTzezz 
Bp,p(Rm )  =  Ws,p(Rm )  azzJ  £/ze  corresponding  norms  are  equivalent. 

(See  [145],  §2.5.7,  Theorem.) 

Theorem  1.23.4  1  <  /?  <  oo.  TTzerz  Fp^2{Rm)  =  Lp(Rm )  azzd  £/ze  corresponding 

norms  are  equivalent. 

(See  [145],  §2.5.8,  Theorem  1  and  [145],  §2.2.2.) 

Theorem  1.23.5  Let  s  e  R  and  1  <  p  <  oo.  TTz^zz  Fp,2(Rm)  coincides  with  Lp(Rm ) 
<2/zd  £/ze  corresponding  norms  are  equivalent. 

(See  [2],  Theorem  4.2.2.) 

Lemma  1.23.6  Let  s{\),s(2)  e  R,  1  <  p(l),/?(2),  g(l),  g(2)  <  oo. 

•  B?(i1)’?(1)(^m)  =  Bj(<2))’<?(2) (/?m)  */«(!)  =  •'■'(2),  />0)  =  p( 2),  q(\  )  = 

q(2). 

•  Ifp(l),p(2)  e  R,  then  Fr'(^))'q(]>  (R"r)  =  Fps{^}qi2)  (R"‘ )  if  and  only  if  ^(1)  =  s(2), 
P(  1)  =P( 2),  <?(1)  =  ?(2). 
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•  Ifp(  1)  G  R,  then  Fp^,q^l\Rm)  =  Bp^fq^2\Rm)  if  and  only  ifs{  1)  =  s(2),p{\)  = 
Pi  2)  =  q(\)  =  q(2). 

(See  [145],  §2.3.9,  Theorem.) 

Proposition  1.23.7  The  following  imbedding s  are  continuous: 

•  If  1  <  q(X)  <  q{2)  <  cx)  and  s  e  R,  then  Bp,q^\Rm)  Bp,q^2\Rm)  for  1  <  p  < 

(X)  rmd  (/?m)  pP^i2)  jor  i  <  ^  <  oo. 

•  7/1  <  g(l),  g(2)  <  oo,  j  G  7?,  6  >  0  then  BpsfP (Rm)  <->  Bpfq{2\Rm)  for 
1  <  p  <  oo  and^1)(/?w)  <-+  Fp’q(2)(Rm)  for  1  <  p  <  oo. 

•  //I  <  p  <  oo,  l  <  q  <  oo,  s  e  R,  then 

fiP,mm(p,q)  rptn\  ^  pP,qftfn\  ^  gp,max(p,q)  spm\ 


(See  [145],  §2.3.2,  Proposition  2.) 

Theorem  1.23.8  If  a  is  a  multiindex,  then  da  :  u  \-+  dau  is  a  bounded  linear 
operator  from  Bfq  (Rm)  to  Bpf  ^  (Rm). 

(See  [123],  Chapter  3,  Theorem  9.) 

Lemma  1.23.9  5  G  1?,  1  <  p(0)  <  /?(1)  <  oo,  rmd  1  <  ^  <  oo.  //  g  G 

C6°°  (7?m),  thenf  i->>  fg  is  a  bounded  linear  operator  from  Bp^’q(Rm)  into  Bpsi0)'q(Rm). 
If  moreover  p{\) ,  q  e  R,  thenf  \~>fg  is  a  bounded  linear  operator  from  Fp^'q  (Rm) 
into  Ff’(0)-q(Rm). 

(See  [145],  §3.3.1,  Lemma.) 

Proposition  1.23.10  Ifk( 0),  fc(l)  e  N0,  0  <  6  <  1,  s  =  (1  -  0)fc(O)  +  0fe(l),  then 
(Wk(0)’p(Rm),  Wkm’p(Rm))e,q  =  Bps'q(Rm). 

(See  [123],  Chapter  3,  Corollary  3.) 

Theorem  1.23.11  Let  0  <  6  <  1,  1  <  g(l),g(2),p  <  oo  rmd  ^(1), 

^(2)  be  real  numbers  with  s(l)  7^  s(2),  s  =  (1  —  #)s(l)  +  #s(2).  Then 
(^(1)(1)  (Rm),Bps'yy  (Rm))e,q  =  BP’“{Rm). 

(See  [145],  §2.4.2,  Theorem.) 

Proposition  1.23.12  Lets(0),s(l)  e  R,  l  <  p,  q  <  oo,  ^(0)  7^  ^(1),  and  0  <  0  < 
l,s=(l-  0)s( 0)  +  0j(1).  Then  [Lp(0)(Rm),Lp(l)(Rm)]0,q  =  Bpq(Rm). 

(See  [123],  Chapter  3,  Theorem  7.) 

Proposition  1.23.13  Let  Q  C  Rm  be  a  domain  with  compact  Lipschitz  boundary, 
0  <  s  <  00,  l  <  p  <  00. 

•  Ifs  G  No,  then  tT^(£2)  =  Fp,2(f2),  and  the  corresponding  norms  are  equivalent. 

•  Ifs  $  No,  then  WS,P(Q )  =  Bp,p(£2),  and  the  corresponding  norms  are  equivalent. 
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(See  [118],  Chapter  2,  §2.4  and  [38],  Theorem  6.7.) 

Theorem  1.23.14  Let  1  <  q(0),  q(l)  <  oo,  — oo  <  s(l)  <  s(0)  <  oo, 

^(0)  —  m/p( 0)  >  ^(1)  —  m/p(  1),  £2  C  Rm  is  open  and  bounded.  Then  the  identity  is 
a  compact  operator  from  B^,q^  (Q)  to 

(See  [146],  Theorem  1.97.) 

Proposition  1.23.15  Let  £2  C  Rm  be  open. 

•  Let  s  G  R\  1  <  p  <  oo,  1  <  q,  r,  t  <  oo.  Then  <->  Ffq(Q)  ^  BP/(Q) 

if  and  only  if  r  <  min(p,  g)  <  max(p,  g)  < 

•  Let  s,  ^(0),  s(l)  G  Z?1,  1  <  p(O)  <  p  <  p(  1)  <  oo,  ^(0)  —  m/p(f) )  =  s  —  m/p  = 

^(1)  —  m/p(\)  and  1  <  q,  r,  t  <  oo.  77z£/t  B^,r(£2)  Ffq(£2)  ^^(^2)  if 

and  only  if  r  <  p  <  t. 

•  ^(0) ,  ^(1)  G  7?1,  1  <  /?(0)  <  p(l)  <  oo,  ^(0)  —  m/p(0)  =  s(l)  —  m/p(l)  and 
1  <  r,t  <  oo.  Then  (SI)  ^  F^' (SI). 

(See  [146],  pp.  78-79.) 

Theorem  1.23.16  £2  C  7?m  a  bounded  domain  with  Lipschitz  boundary.  Let 

j(0),  j(1)  G  7?,  j(0)  ^  j(1),  1  <  q(0),q(l),q<  oo,  0  <  9  <  1,  j  =  (1  -  0>(O)  + 
0s(l). 


(i^f^), F™(1)  (£!))<,,,  =  ^(£2).  1  <  P  <  oo, 

(B™ j0)(£2), ^1}(n))fli9  =  fl™(S2),  1  <  p  <  oo. 


(See  [146],  Corollary  1.111.) 


1.24  Traces 

If  m  is  a  continuous  function  on  the  closure  of  a  domain  £2,  then  the  restriction 
of  u  onto  the  boundary  of  £2  is  called  the  trace  of  u.  We  define  Sobolev,  Besov, 
and  Bessel-potential  spaces  on  3  £2  and  show  how  to  extend  the  notion  of  trace  to 
function  spaces.  We  show  under  which  condition  the  trace  is  a  continuous  linear 
operator  or  even  a  compact  operator.  We  also  characterize  the  space  of  traces 
for  Sobolev  spaces,  Bessel-potential  spaces,  Besov  spaces,  and  Lizorkin-Triebel 
spaces.  We  formulate  Gauss-Green  theorem  for  Sobolev  spaces. 

Suppose  that  £2  C  Rm  is  an  open  set  with  Lipschitz  boundary  9 £2,  1  <  p  <  oo, 
and  u  G  W1,p(£2).  According  to  Lemma  1.21.12,  there  exists  u  G  Wl,p(Rm)  such 
that  u  =  u  in  £2 .  We  shall  suppose  that 


u(x)  =  lim  (h 
4o  J 


B(x;r ) 


U  d Tim 


(1.12) 
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whenever  this  limit  exists.  This  is  true  for  TLm-\  almost  all  points  of  3 £2  (see  [150], 
Theorem  3.3.3  and  [150],  Theorem  2.6.16).  We  define  the  trace  of  u  setting  u  =  u 
on  3^.  If  v  G  3 £2  and  (1.12)  holds  true,  then  there  exists  a  Borel  set  A  C  £2  such 
that 


r  Um(B(x;r)nQ\A) 

lim -  =  0 

4o  H  B(x;r)) 

and  the  restriction  of  u  onto  A  is  continuous  at  x.  (See  [150],  Remark  4.4.5.)  So,  the 
trace  of  u  does  not  depend  on  the  choice  of  an  extension  u.  We  shall  denote  by  Yq 
the  trace  operator. 

Let  Q  =  {[x',xm\;x'  G  Rm~l,xm  >  0(x'})  be  a  graph  Lipschitz  domain,  0  <  s  < 
oo,  and  1  <  p  <  oo.  We  say  that /  G  Ws,p(dQ)  if f(x',  <£(/))  G  Ws,p(Rm~l).  We 
equip  W^(3£2)  with  the  norm 

\\f\\ws’P(dn)  = 

Let  now  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary.  Let  now 
Zi, . . . ,  Zk  £  3^  be  such  that  3£2  C  B(z\,  rj)  U  . . .  B(zk ,  n).  Let  now  G\, . . . ,  G& 
be  graph  Lipschitz  domains  such  that  Q  PI  B(zj',rj)  =  Gj  PI  B{zfrf).  Choose 
OLj  G  C^°{B(zj\rj)  such  that  ct\  +  •  •  •  +  oik  =  1  on  a  neighborhood  of  3^  (see 
Lemma  1.18.1).  Let  0<s<oo,  l<p<oo.  We  say  that  /  G  Ws,p(d£2)  if 
OLjf  G  Ws,p(dGj )  forj  =  1, . . . ,  k.  We  equip  the  space  Ws,p(dQ)  with  the  norm 

k 

\\f\\ww(dQ)  =  \\<Xjf\\w'J>(dGj)- 

7=1 

Similarly  we  define  Lp(d£2)  and  Bp,q(d£2)  with  1  <  q  <  oo.  If  p'  =  p/(p  —  1)  and 
q[  =  q/(q  —  1),  we  denote  by  W~s,p'  (3£2),  l/s(dQ),  and  Bp^_f'  (3£2)  the  dual  spaces 
of  Ws,p(dQ),  Lp(d£l),  and  Bp(d£2),  respectively. 

Theorem  1.24.1  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary,  1  < 
p  <  oo,  and  1  <  q  <  oo.  Ifp  <  m  suppose  moreover  that  q  <  p(m  —  1  )/(m  —  p). 
Then  Yq  is  a  compact  bounded  linear  operator  from  W1,p(£2)  to  Lq(3Q). 

Proof  For  p  <  m  see  [94],  §6.10.5.  Let  now  p  >  m.  Put  p  =  2mq/(2q  +  1). 
Then  p  <  m  <  p  and  Holder’s  inequality  (Proposition  1.14.1)  gives  that  Wl,p(Q)  is 
continuously  imbedded  into  W1,p(£2).  Since p(m—l)/(m—p)  =  2 q(m—  1)  >  q ,  we 
have  that  yq  is  a  compact  bounded  linear  operator  from  W1,P(Q)  to  Lq(3Q).  Now 
we  use  Theorem  1.7.4. 

Theorem  1.24.2  Let  Q  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary  and 
1  <  p  <  oo.  Then  the  trace  Yq  is  a  bounded  linear  operator  from  Wl,p(£2)  to 
Wl~l/p,p(dQ).  On  the  other  hand,  there  exists  a  bounded  linear  operator  E  from 
Wl~l^p(dQ)  to  such  that  YnEf=f. 
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(See  [94],  Theorem  6.8.13  and  [94],  Theorem  6.9.2.) 

Proposition  1.24.3  IfQ  C  Rm  is  a  bounded  open  set  with  Lipschitz  boundary  and 
p>  1,  then  W^(£2)  =  {ue  W^(£2);  u  =  0  on  3£2}. 

(See  [140],  Lemma  13.7.) 

Proposition  1.24.4  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary.  If 
1  <  p,p'  <  oo,  1  /p  +  1  Ip’  =  1,  u  G  W1,p(£2),  and  v  e  Wl,p' (£2),  then  for  every 
j  =  l, ...  ,m,  one  has 


Q  dn 


(See  [140],  Lemma  14.4.) 

Theorem  1.24.5  Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  Ck~1,1, 
k  G  N,  and  1  <  p  <  oo.  If  a  is  a  multiindex  with  |a|  <  k,  then  da  is  a  bounded 
linear  operator  from  Wk,p(Q)  to  Wk~^~l^p,p(dQ). 

(See  [122],  Chap.  2,  §5.4,  Theoreme  5.5.) 

Theorem  1.24.6  Let  1  <  p  <  oo,  k  G  No,  0  <  A  <  1,  and  s  =  k  +  A  +  l/p.  Let 
£2  C  Rm  be  a  bounded  open  set  with  boundary  of  class  C1,1  where  s  <  /  +  1.  Then 
the  mapping 


T  \  u  i — >• 


3  u  dku~ 

’3 n  ’  3 nk 


which  is  defined  for  u  G  has  a  unique  continuous  extension  from  Ws,p(£2) 

onto 


k 

X  =  Y[  Ws-J-'/p-p(3Q). 
j= o 

There  exists  a  bounded  linear  operator  S  :  X  1T5,;?(£2)  such  that  TSu  =  u  for 
u  G  Ws,p(£2).  This  operator  does  not  depend  on  p. 

(See  [58],  Theorem  1.5. 1.2.) 

Theorem  1.24.7  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary  or  a 
graph  Lipschitz  domain,  1  <  p,q  <  oo,  0  <  s  <  1.  Then  the  following  hold: 

•  The  restriction  to  the  boundary  extends  to  a  bounded  linear  trace  operator  ]/q  : 
BPs+\/p(Q)  ->  Bp,q( 3 £2).  Moreover,  y q  is  onto  and  there  is  a  bounded  linear 
operator  E  :  Bp,q( 3£2)  ->  Bp+^p(Q)  such  that  yqEu  =  uforu  G  EPs'q( 3£2). 

•  if  Pi  q  <  oo,  then  the  restriction  to  the  boundary  extends  to  a  bounded  linear 

trace  operator  Bp,q (3 £2).  Moreover,  yn  is  onto,  and  there  is 
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a  bounded  linear  operator  E  :  BPs,q{ 9£2)  Fp^^p(Q)  such  that  y^Eu  =  ufor 
u  e  Fp,q(d£2). 

(See  [118],  Theorem  2.5.2.) 

Theorem  1.24.8  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  1  < 
p  <  oo,  and  0  <  s  <  1.  The  restriction  to  the  boundary  extends  to  a  bounded  linear 
trace  operator  y q  :  Ws+l/p,p(Q)  Ws,p(dQ).  Moreover,  y q  is  onto,  and  there  is 
a  bounded  linear  operator  E  :  Ws,p(dQ)  —>  Ws+l/p,p(£2)  such  that  y^Eu  =  ufor 
u  e  WS’P(8Q). 

(See  [58],  Theorem  1.5. 1.2.) 

Theorem  1.24.9  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary,  1  < 

o 

p,q  <  oo,  and  l/p  <  s  <  1  +  1  /p.  Denote  by  Bp,q(Q )  the  closure  ofC^°(Q)  in 
BP'q(Q).  Then  Bp,q(Q)  =  {u  e  Bp  q(Q);  yQu  =  0}. 

(See  [118],  Theorem  2.5.3.) 


1.25  Homogeneous  Sobolev  Spaces 


Boundary  value  problems  for  the  Laplace  equation  are  solvable  in  Sobolev  spaces 
for  a  bounded  domain  with  smooth  boundary.  But  if  we  study  boundary  value 
problems  on  exterior  domains,  we  see  that  they  are  not  solvable  in  Sobolev  spaces. 
The  problem  is  that  functions  from  these  spaces  have  too  nice  behavior  at  infinity. 
To  overcome  this  difficulty,  we  define  homogeneous  Sobolev  spaces,  the  spaces 
of  locally  integrable  functions  for  which  the  derivatives  of  a  fixed  order  are  p- 
integrable. 

Let  £2  C  Rm  be  an  open  set,  1  <  p  <  oo,  and  k  e  No.  The  space  Dk,p(£2)  consists 
of  those  functions  in  Lploc(Q)  for  which  all  generalized  derivatives  of  the  order  k 
are  in  LP(Q).  The  space  Dkp(Q)  is  the  space  of  distributions  on  Q  with  derivatives 
of  the  order  k  in  LP(f2)  (see  [105],  §1.2.3,  Theorem  1).  If  u  e  Dkp(Q)  and  a  is  a 
multiindex  with  |a|  <  k ,  thenD°+  e  Lploc(Q)  (see  [105],  §1.2.3). 

Let  £2  be  a  domain,  1  <  p  <  oo,  and  k  e  N.  Fix  a  bounded  open  set  co  such  that 
cd  c  £2.  Then  Dkp(£2)  is  a  Banach  space  with  the  norm 

\\u\\ Dk’P{Q)  —  INIz++)  +  IIV^mII  lp(Q). 

Moreover,  different  choices  of  co  give  equivalent  norms.  (See  [105],  §1.5.3, 
Corollary  2.) 

Let  £2  C  be  an  open  set.  Denote  by  Dk,p(Q)  the  closure  of  C^°(£2)  in 
Dk'p  ( Rm ) .  If  1  /p  +  1  Ip'  =  1 ,  denote  by  D~k’p'  (£2)  the  dual  space  of  Dk'p  (£2) .  Denote 
Wk,p(Q)  =  {(p\£2;  (p  e  Dkp(Rm)}  equipped  with  the  norm 


ll/ll w*,(a)  =  inf{|MI Dkp(Rm),f  =  cp |£2}. 
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Remark  that  Wk'p(Rm )  =  Dk’P{Rm),  bkP(Q)  is  the  closure  of  Cc°°(f2)  in  WLi’(tt), 
and  the  corresponding  norms  are  equivalent.  Denote 

Nk’p(Q)  :=  {u  G  Dkp(Rm );  21  =  0  in  £2}. 

Then  Nk,p(Q)  is  a  closed  subspace  of  Dkp(Rm).  Since 

W*^(£2)  =  Dk'p(Rm)/Nk'p(Q), 

Proposition  1.3.13  gives  that  Wk,p(Q)  is  a  Banach  space. 

Denote  Dk,p(£2)  =  {cp\Q;cp  e  Dk,p(Rm)}  equipped  with  the  norm 


ll/llz)*<p(ft)  —  inf{ll^ll (&")•>  V  G  Dk,p(Rm),f  —  <p | £2}. 


Then  Dkp(Q)  is  a  Banach  space.  Clearly,  W*^(£2)  C  D*^(£2)  C  Dkp(Q). 

Proposition  1.25.1  Let  £2  C  Rm  be  an  open  set,  1  <  p  <  00,  k  e  N.  The  space 
Dk,p(£2)  is  the  space  of  distributions  on  £2  wzY/z  derivatives  of  order  k  in  Lp{fl). 

(See  [105],  §1.2.3,  Theorem  1.) 

Proposition  1.25.2  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary, 
1  <P<  00,  and  keN.  Then  W^(£2)  =  W^(£2)  =  Dkp(Q)  =  Dkp(Q),  and  the 
corresponding  norms  are  equivalent. 

Proof  Dkp(£ 2)  =  Wk,p(Q)  and  the  corresponding  norms  are  equivalent  by  [105], 
§1.5.2,  [105],  §1.5.3  and  [105],  §1.5.4.  According  to  Lemma  1.21.12,  there  exists  a 
bounded  linear  mapping  E  from  Wk,p(i 2)  to  Wk,p(Rm )  such  that  Ef  =  f  on  £2.  Since 
Wk’P(Rm )  —  wk,p  (Rm)  by  Lemma  1.21.4,  we  obtain  Wk,p(i 2)  C  Wk,p(i 2).  Hence 
Wk'p(Q)  =  Wkp(S 2)  =  D*^(£2)  =  Dkp(i 2).  If 

\\f\\  Dk’P  (Rm)  —  II/IIlp(£2)  +  II  \Vkf\  \\lf(Rm), 

then  ||/||^(n)  <  ||/||d^(^)  for  each /  e  Dkp(Rm).  Thus  \\f\\Dk,P(Q)  <  ||/||^(n)  < 
\\f\\wk’P(Q)-  All  norms  are  equivalent  by  Proposition  1.3.6. 

Lemma  1.25.3  Let  1  <  p  <  00,  k  G  N,  £2  c  Rm  be  an  open  set.  Then  Dk,p(Q), 
Dk,p{i 2),  D~k'p(i 2)  are  reflexive. 

Proof  Fix  a  nonempty  bounded  open  set  co  C  Rm.  Then  Dk,p(Rm )  is  isomorph  to 
{[u\co,  Vku\;  u  G  Dkp(Rm)},  what  is  a  closed  subspace  of  the  reflexive  space  Lp(co )  x 
[Lp(Rm)]n  for  some  n  G  N  (compare  Theorem  1.14.3).  So,  Dk,p(Rm)  is  a  reflexive 
by  Lemma  1.5.6.  Since  Dk,p(£ 2)  is  a  closed  subspace  of  Dk,p(Rm)  it  is  reflexive  by 
Lemma  1.5.6.  Therefore  its  dual  D~k,p  (£2)  is  reflexive.  Here p'  =  p/(p  —  1). 

Lemma  1.25.4  Let  £2  C  Rm  be  an  open  set,  £2  ^  Rm,  1  <  p  <  00,  k  G  N.  Then 
||  V*w|| LP(yi)  is  an  equivalent  norm  on  Dkp(f 2). 
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Proof  Let  go  C  Rm  \  £2.  If  <p  e  C%°(Q),  then  ||^||dM(^)  =  ||  Vk<p\\ij>(n)-  The  density 
of  C^°(£2)  in  Dkp(Q)  forces  the  proposition. 

Lemma  1.25.5  Let  £2  C  Rm  be  a  domain,  1  <  p  <  oo,  and  k  e  N.  Denote  by 
Pk-i(Rm )  the  space  of  polynomials  of  degree  less  than  or  equal  to  k  —  1.  Then 
the  factor  space  Dk,p(Q)/Pk-\(Rm )  is  a  Banach  space  equipped  with  the  norm 

IIV^Hz,^). 

(See  [105],  §1.5.3.) 

Proposition  1.25.6  Let  1  <  p  <  oo,  k  e  N,  X  be  a  closed  subspace  ofDk,p(Rm).  If 
Pk-\ (Rm)  nX  =  {0},  then  ||V^||^(^)  is  an  equivalent  norm  in  X. 

Proof  Let  f\, ...  ,fn  be  a  basis  of  Pk-\(Rm).  If  j  =  1 , ...  ,n,  then  there  exists  a 
continuous  linear  functional  7}  on  Dk,p  ( Rm )  such  that  Tj  =  0  on  X,  Tyfj  ^  0  (see 
Proposition  1.5.3).  Then  Ker  7)  is  a  closed  subspace  of  Dk,p(Rm)  by  Lemma  1.4.11 
and  Dk-p  (Rm)  =  Ker  Tj  0  {cf;  c  e  R}.  Denote  Z  =  Ker  7\  Pi  . . .  Ker  Tn.  Then  Z  is  a 
closed  subspace  of  Dkp(Rm)  and  Dkp(Rm)  =  Z®  Pk-\.  Define  Pf  =  {/  +  v;  v  e 
Pk-i(Rm)}.  Then  P  is  a  bounded  linear  operator  from  Z  into  Dkp{Rm)/Pk-\{Rm) 
equipped  with  the  norm  ||  V*w||lp(/f»).  Moreover,  P  is  one  to  one  and  onto.  Since 
Dk-p (Rm) / Pk_ i  (Rm)  is  a  Banach  space  by  Lemma  1.25.5,  Theorem  1.6.3  gives  that 
P  is  an  isomorphism.  So,  there  exists  a  constant  C  such  that 

II u\\Dk’P(Rm)  —  C\\  PU\\rfi'P(Rm)/Pk-\(Rm)  =  ^11^  u\\LP(Rm),  V u  ^  Z. 

Since  X  C  Z,  we  infer  that  ||  V*w|| #>(/?#»)  is  an  equivalent  norm  in  X. 

Lemma  1.25.7  Ler  m  >  2,  k  e  N,  l  e  Nq,  l  <  k,  1  <  p  <  m/(k  —  l),  and 
q  =  mp/[m  —  (k  —  l)p\.  Ifue  Dk,p(Rm)  and  a  is  a  multiindex  with  \a\  =  l,  then 

||3“k||i*(*»)  —  C\\Xku\\u>{Rm)  (L13) 


where  C  does  not  depend  on  u. 

Proof  According  to  Lemma  1.21.6,  there  exists  a  constant  C  depending  only  on 
m,  k  —  /,  and  p  such  that  (1.13)  holds  for  all  u  e  C^°(Rm).  Let  (pn  e  C^°(Rm)  and 
<pn  u  in  Dk,p(Rm).  Since  d^(pn  —  d^u  ^  0  in  LP  ( Rm )  for  each  multiindex  f  with 
|)8 1  =  &,  is  a  Cauchy  sequence  in  Lq(Rm).  So  there  exists  fa  e  Lq(Rm )  such 
that  da(pn  ->  fa  in  Lq(Rm).  Let  w  be  a  bounded  domain  with  Lipschitz  boundary. 
Since  cpn  u  in  Dk,p(£2),  we  have  that  <pn  u  in  Wk,p(f2 )  by  Proposition  1.25.2. 
Theorem  1.21.13  gives  that  3 a(pn  ->  3an  in  Lq(co).  So,  3an  =  /a.  Therefore  (1.13) 
holds. 

Proposition  1.25.8  m,k  e  N,  l  e  No,  l  <  k,  and  1  <  p  <  oo.  If  p  <  m/k,  then 
Pk-i(Rm )  H  Dk,p(Rm )  =  {0}  and  ||  V*w||lp (/?»*)  A  an  equivalent  norm  in  Dk,p(Rm).  If 
m/(k  -t)<p,  then  Pi(Rm)  C  Dkp(Rm). 
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Proof  Suppose  first  that  1  <  p  <  m/k.  Put  q  =  mp/ (m  —  kp).  If  u  e  Pk-\(Rm)  n 
Dlp(Rm ),  then  u  e  Lq(Rm )  by  Lemma  1.25.7.  Thus  u  =  0.  Lemma  1.25.5  gives  that 

,  O  , 

||  Vzr  ||  LP(Rm)  is  an  equivalent  norm  in  Dk,p(Rm). 

Let  now  m/(k  —  l )  <  p  and  u  e  Pi(Rm).  Choose  p  e  C^°(Rm)  such  that  p  =  1  on 
B( 0;  1)  and  <p  =  0  onRm  \B( 0;  2).  Define  pn(x )  =  p(x/n).  Suppose  that  \dap\  <  K 
for  | a |  <  k.  Then  \da(pn\  <  Kn~^.  Fix  a  multiindex  ft  with  \/3\  =  k.  There  are 
constants  aay  (independent  on  n)  such  that 

3 \upn)  =  ^2  aclyd0ludv  (pn . 

\u\+\y\=k,\c(\<k 


Since  (pnu  =  0  on  R"‘  \  B(Q:  In),  there  exists  a  constant  C  independent  of  n  such  that 

\d^(iupn)\  <  ^  \aaY\Cnl~MKn~M. 

\u\+\y\=k,\a\<k 

So,  there  exists  a  constant  D  independent  of  n  such  that  \d^{upn)\  <  Dnl~k.  Since 
p(k  —  l)  >  m,  we  have 

J  \dP(ucpn)\P  <mm<  J  (Dnl~k)p  dHm 

Rm  fi(0;2n) 


<  J  DPrTm  d Um  <  iy’HmiBi 0;  2)). 

fi(0;2«) 


°  ,  o  , 

So,  <pnu  is  a  bounded  sequence  in  Dk,p(Rm).  Since  Dk,p(Rm)  is  reflexive  by 
Lemma  1.25.3,  there  is  v  e  Dkp(Rm )  such  that  u<pn  ->  i;  weakly.  (See  Theo¬ 
rem  1.5.9.)  In  particular  f  wupn  J  wv  for  each  w  e  C™(Rm).  Since  /  — >► 

j  wu ,  we  deduce  that  f  wu  =  f  wv  for  each  w  e  C£°(Rm).  Thus  u  =  v  e  Dk,p(Rm). 

Lemma  1.25.9  If  u  E  D^(/T)  owd  1  <  p  <  o o,  constants  C  and  k 

such  that 

J  \u\  dPim-i  <  Cr*,  r  >  1. 

95(0;r) 


Therefore  u  is  a  tempered  distribution. 
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Proof  If  |  y\  =  1,  r  >  0,  and  u  is  absolutely  continuous  on  {ty;  t  >  0},  then 


\u(ry)\ 


r 

u(y)  +  J 


y  •  Vw(/y)  d t 


<  Hy)  1  +  j \Vu(ty)\dt. 
0 


u  is  absolutely  continuous  on  {ty;  t  >  0}  for  almost  all  y  e  35(0;  1)  by  Proposi¬ 
tion  1.21.14  and  Theorem  1.21.1.  Moreover,  |MlLi(ag(o;p)  <  oo  by  Theorem  1.24.1. 
If  r  >  1,  we  obtain  by  Fubini’s  theorem 

J  \u\  d-Hrn-r  <  r^-1  J  \u\dHm-i 

95(0;r)  3fi(0;l) 

r 

+r~l  f  j  |Vm(/j)|  d?d'Hm_1(y)  <  rm~l\\u\\Li^B(o-i)) 

dB(  0;1)  1 

r 

+r"-'  f  f‘~'  f  \S/u{ty)\dUm-X(y)dt 

1  35(0;  1) 

-  1 11^11^(35(0;  1))  +  1  ll^7^llz.1(S(0;r))- 

If  p  =  1  then 

J  \u\  dl-Lm-i  <  r*1  1  [ll^llz.1  (a^(o;i))  +  IIVwIIl1^)]  . 

as(0;r) 

If  p  =  oo  then 

J  \u\  dUm-x  <  r2m~l  [||m||li(3B(0;i))  +  Um{B{ 0;  l))||Vi<||Loo(Rm)] . 

3fi(0;r) 


Ifl  <  p  <  oo,  p'  =  p/(p  —  1),  then  Holder’s  inequality  (Proposition  1.14.1)  gives 
f  \u\  <  r-l\\u\\LHami))  +  r"1-1  \\Vu\\Lp(B(p;r))'Hm(B(0',  r))l/p' 

dB(0;r) 


<  r2”-1  [||m|Li(3B(0;1))  +  nm(B( 0;  1)) ||  VM||^(/fm)] . 
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If  cp  e  S(Rm ),  then  there  exists  a  constant  C\  such  that  \<p(x)\  <  Ci|x|  k  2  for 
|x|  >  1.  Since  u  e  L)oc(Rm)  and 

oo 

J  \u(y)<p(y)\ dHm(y)  =  J  J  W(y)<p(y)\ 

{H>1}  1  SB(0;r) 

oo 

<  J  C,  rk~2Crk  dr  <  oo, 

1 

we  deduce  that  \<pu\  dHm  <  oo  and  u  is  a  tempered  distribution. 

Lemma  1.25.10  Let  £2  C  Rm  be  an  open  set,  >  w  iVi  azzd  1  <  /?  <  oo. 

77z6/t  m  W1,/?(£2).  If  u  G  Z)1;?(£2),  zz+  G  Z)1,i?(£2),  azzJ  exist 

_l_  o 

(Pk  G  C^°(£2)  azzd  <^  >  0  such  that  cpk  —>  u +  m  £>i;?(£2). 

Proof  By  the  definition  of  W^(£2),  we  can  suppose  that  zz  g  D1,/?(7?m)  and 
— >►  zz  in  Dl,p(Rm).  Theorem  1.21.5  gives  that  zz+  ,  zz+  G  Dl,p(Rm).  Fix  €  >  0.  Then 
there  exists  a  nonempty  bounded  domain  co  C  Rm  such  that  ||  VzzH^p^my^  <  e/3. 
Since  Uk  —>  u ,  we  can  suppose  that  ||  <  6/3  for  each  k.  Clearly  zz^  ^  zz 

in  Wk,p(co). 

PutL(y)  =  {x  G  co;  u(x)  >  s},M^~  =  {x  G  co\  Uk(x)  >  0 },Mf  =  {x  e  co\  u^ix)  < 
0}.  If  s  >  0  then 

_  f  I  u  —  Uk\P 

lim  PLm(L(s )  H  Mk)  <  lim  /  - d%m 

oo  k^oo  J  Sp 

L(»fW- 

<  lim  ||«- w*||^(&))Ap  =  0. 

k—^oo  v  7 

Thus 


/Mr(x)^0  0.14) 

for  almost  all  x  €  L(.s).  Therefore  (1.14)  holds  for  almost  all  x  e  L+  =  {y  € 
co;u(y)  >  0}  =  U{L(l/n);n  e  N}.  Similarly, 


*A4+  W  0 


(1.15) 
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for  almost  all  v  e  L~  =  {y  e  co;u(y)  <  0}.  Theorem  1.21.5  gives  =  Wuk 

on  co  \  M//,  =  0  on  M^T,  Vw+  =  Wu  on  L+,  =  0  on  L~,  Wu  =  0  on 

{x  e  co ;  u(x)  =  0}.  Since 

XMr\Vu\r  <  \Vu\p  e  L\L+),Xm+\Vu\p  <  \ Vu\p  €  LX(L~), 
we  obtain  using  Lebesgue  lemma  (Lemma  1.13.2) 

|| w+  -  uj \\Pwl,p((o)  <  \j \u  -  uk\p  +  J  | Vm  -  Vuk\p 

®  (L+nMt+)u(£-nA^) 


+  J  \Vu\pdHm+  J 

L+nMr  £— nMj^" 


|v«*r  d?4 


<  lim 

k—>o o 


II « -  «tll^,(a() 


+  J  Xm^\Vu\p  d'H,n  +  (^IIVm-  VM^||z/)(L_nM+)  +  ||VM||^(L_n<)^ 

L+ 


<  lim 

i->-oo 


J  /m,-|Vm|p  d"Hm  +  J  /m+|Vm|p  d"Hm 

L+  L~ 


=  0. 


Fix  jfc0  such  that  \\u+  —  u£\\w \,P^  <  e/3  for  k  >  ko.  According  to  Theorem  1.21.5, 
we  have  for  k  >  ko 


llw+  —  ut  \\Dl’P(Rm)  —  \\^u\\ LP(Rm\co) 

+  \\VUk\\LP(Rm\co)  +  ||^+  ~  u£\\wl’P((o)  <  6* 

o 

Let  now  u  e  Dlp(Q).  Then  there  exist  e  C™(£2)  such  that  \jrn  —>  u  in 
Dlp(£2).  Fix  6  >  0.  Since  \j/^  u+  in  Dl,p(Rm ),  there  is  k  e  N  such  that  \\u+  — 
Dl’P(Rm)  <  e/2-  Since  has  a  compact  support  in  Q,  there  exists  r  >  0  such 
that  B(x\  r)  C  £2  for  each  x  e  spt  \jr£ .  Fix  a  nonnegative  function  O  e  C°°(Rm ) 
supported  in  5(0;  1)  such  that 


J  <D(x)  dHm(x)  =  1. 


For  n  e  N,  put  <3>„ (x)  =  <t>(nx)nm  and  <p„  =  \[r+  *  <E>„.  If  l/n  <  r,  then  <p„  >  0  and 
<pn  €  Cc°°(Q).  Since  *  4>„  -*  f +  in  //(/?"'),  (9yi/r+)  *  4>„  -»  djf£  in 
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and  =  (9 *  <Fn,  we  infer  that  cpn  ->  in  as  ft  ->  oo.  If 

we  chooser  G  TV  such  that  ||<^  —  ^  \\wl’P(Rm)  <  e/2,  we  have  ||ft+  —  <  e. 

Since  ft,  ^  G  Dl  p(Rm),  we  have  w+,  u+  g  /W(Rm).  Therefore  ft,  uk  G  W^(T2). 


1.26  Integral  Operators 

In  several  chapters,  we  shall  look  for  a  solution  of  a  boundary  value  problem  for  the 
Poisson  equation  in  the  special  form 

u(x)  =  J  K(x,y)f(y)  d/i(_v). 

N 

For  this  reason,  we  need  to  know  properties  of  integral  operators. 

In  this  section,  we  shall  suppose  that  Q  is  a  Borel  subset  of  Rm ,  co  is  a  Borel 
subset  of  Rn ,  and  y)  and  L(v,  y)  are  Borel  measurable  functions  on  Q  x  co.  If  \i 
is  a  real  Radon  measure  on  co,  put 

K/Mx)  =  J  K(x,y)  d/i(  y),  L/i(.v)  =  J  L(x,y)  d/i(  y) 

whenever  it  makes  sense.  If  /x  =  fTLn,  we  shall  write  Kf  instead  of  Kgc. 

Lemma  1.26.1  Let  m  =  n,  /x  be  a  nonnegative  Radon  measure  on  co  and  a  >  0. 
Then 


J  \x  —  y\  01  dfi(y)  =  a  J  r  01  1  r)  \  B(x;s))dr 

B(x;t)\B(x;s)  s 

+t~a ii(B(x;  t)  \  B(x;  s )),  0  <  s  <  t  <  oo. 

Let  \K(x,y)\  <  C\\x  —  y\~a  for  y  e  N.  If  pi(B(x;r))  <  C2W5  for  0  <  r  <  p  and 
P  >  a,  then 


|  J  K(x,y)  d,i(y) 

B(x;p ) 


<  £iM 

P  —  a 


If  /jl(B(x;  r))  <  C2^  for  p  <  r  and  0  <  P  <  a,  then 


J  K(x,y)  d/i  (y) 

c o\B(x;p ) 


<  ClC2Qi  J>-* 
~  \p-a\  P 
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Proof 


l  T 

a  J  r~a~l  fi(B(x;  r)  \  B(x;s))dr  =  a  J  r~a~l  J  dp(y)dr 


B(x;r)\B(x;s) 


=  a 


i 

J  J  r~a~ldr  dfi(y) 


B(x;t)\B(x;s)  |jc— y\ 

=  -ran(B(x-,t)  \B(x;s))  +  J  \x-y\~a  dfi(y). 

B(x;t)\B(x;s) 

If  r))  <  C2W3  for  0  <  r  <  p,  /3  —  a  >  0,  then 


/ 


K(x,y)dn(y) 


B(x;p) 


P 

7' 


<  CiC2a  /  dr  +  CxClf^-a  = 

p  —  a 


If  ji(B(x;  r))  <  C2r&  for  p  <  r,  ft  —  a  <  0,  then 


j  K(x,y)  d/iiy)  <  C,C2a  j 


co\B(x;p ) 


<  CiC2ot  /  rp~a~l  dr  = 


■a-l  —  C'Cl®  fr-QL 


I  P-a\' 


Proposition  1.26.2  Let  £2  and  co  be  compact  sets  and  K{x,y)  be  a  continuous 
function  on  £2  x  co.  If  1  <  p  <  00,  then  K  is  a  compact  linear  operator  from 
Z/(/z)  into  C0,0(£2).  If  v  is  a  Radon  measure  on  £2  and  1  <  q  <  00,  then  K  is  a 
compact  linear  operator  from  77  (/z)  to  Lq(v). 

Proof  Suppose  first  that  p  =  1.  Since  Q  x  co  is  a  compact  set  (see  Example  1.2.8), 
there  is  a  constant  c  such  that  \K(x,y)\  <  c  (see  Lemma  1.2.13).  Denote  M  = 

{/;  ll/llz.l(/d  -  n  If/  e  M<  then  \Kf(x)\  <  cll/llz.1^)  <  C. 

Fix  e  >  0.  Since  K  is  uniformly  continuous  by  Lemma  1.2.15,  there  exists  8  >  0 
such  that  \K(x,y)  —  K(z,y)\  <  €  whenever  \x  —  z\  <  8.  Iff  e  A4,  \x  —  z\  <  8 ,  then 

\Kf(x)-Kf(y)\  <  J  \K(x, >■)  -  K(z,  y) \\f( y) |  d/x ( >■)  <  J  e\f(y)\ dfx(y)  <  e. 

CO  CO 


Thus  {Kf;f  e  M)  is  a  relatively  compact  subset  of  C0,0(£2)  by  the  Arzela-Ascoli 
theorem  (Theorem  1.16.1),  and  K  is  a  compact  operator. 
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Let  now  p  >  1 .  Since  the  identity  operator  is  a  bounded  operator  from  Lp(/jl)  into 
L^/x)  by  Corollary  1.14.2,  the  operator  K  is  a  compact  linear  operator  from  Z/(/x) 
to  C0,0(£2)  by  Theorem  1.7.4. 

Since  the  identity  operator  is  a  bounded  operator  from  C0,0(£2)  into  Lq(y),  the 
operator  K  is  a  compact  linear  operator  from  LP  {pi)  to  Lq(y). 

Proposition  1.26.3  Let  m  =  n,  Q  =  to  be  compact,  K(x,y )  e  C°({[x,y\;  x,  y  e 
£2,x  7^  y}),  a  >  0,  \K(x,y)\  <  C\x  —  y\a~m.  Then  K  is  a  compact  linear  operator 
from  L°°(£2)  to  C0,0(£2). 

Proof  If  a  >  m  or  C  =  0,  then  K  is  a  compact  linear  operator  from  L°°(£2)  to 
C0,0(£2)  by  Proposition  1.26.2.  Suppose  now  that  a  <  m  and  C  >  0.  If  \  f\  <  1,  then 
\Kf\  <  Cl~Lm{B{ 0;  l))m(diam£2)°7a  by  Lemma  1.26.1.  Thus  K  is  a  bounded  linear 
operator  on  L°°(£2).  For  n  e  N  put  Kn(x,y)  =  K(x,y )  for  \x—y\  >  2 /n,Kn(x,y)  =  0 
for  \x  —  y\  <  l/n,  Kn(x,y )  =  K(x,y)(n\x  —  y\  —  1)  for  l/n  <  \x  —  y\  <  2 In.  Then 
Kn  is  a  compact  linear  operator  from  L°°(£2)  to  C0,0(£2)  by  Proposition  1.26.2.  If 
I/I  <  1,  then 


\Kf(x)  -  KJ(x)\  <  J  \K(x,y)  -  Kn(x,y)\  dHm 

B(x;2/n) 

by  Lemma  1.26.1.  Since  Kn  — >  /sf  as  ^  — >►  oo,  the  operator  /sf  is  a  compact  linear 
operator  from  L°°(£2)  to  C0,0(£2)  by  Theorem  1.7.4. 

Proposition  1.26.4  Let  £2  =  co  =  Rm,  \K(x,y)\  <  c\x  —  y\a~m  with  0  <  a  <  m, 
1  <  p  <  m/a.  Iff  e  LP(Q),  then  Kf(x)  is  finite  for  almost  all  x  e  Rm.  If\<p,  then 
there  exists  a  constant  C  such  that 

WUhr")  <  C\\f\\mRm),  f  e 

where  q  =  pm/  (m  —  ap). 

(See  [136],  Chapter  5,  §1,  Theorem  1.) 

Theorem  1.26.5  Let  £2  =  co.  If  K  e  L2(p,  x  fi)  (K  is  so-called  Hilhert-Schmidt 
operator),  then  K  is  a  compact  linear  operator  on  L2(/x). 

(See  [149],  Chapter  X,  §2,  Example  2.) 

Proposition  1.26.6  Let  m  =  n,  £2  =  co  he  bounded,  1  <  p  <  oo,  and  a  >  0, 
\K(x,y)\  <  C\x  —  y\a~m.  Then  K  is  a  bounded  linear  operator  on  Lp  (£2).  If\<p< 
oo,  then  K  is  a  compact  linear  operator  on  Lp(i 2). 
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Proof  Fix  R  >  0  such  that  £2  C  B(0;  R).  Put  g(z)  =  C\z\a~m  for  \z\  <  2 R,  g  =  0 
elsewhere.  If  ||/||lp(^)  <  1  put /  =  0  outside  £2.  Young’s  inequality  (Lemma  1.15.1) 
yields 


\\Kf\\w(Q)  <  \\g*f\\u>{Rm)  <  MlHr™)  <  °°- 


So,  K  is  a  bounded  linear  operator  on  LP(Q).  Since  \K(x,y)\2  <  C2\x  —  y |2a_2m, 
we  have  K{x,y)  G  L2(Q  x  Q).  Thus  K  is  a  compact  linear  operator  on  L2(£l) 
by  Theorem  1.26.5.  If  1  <  p  <  oo,  then  K  is  a,  compact  operator  on  LP(Q)  by 
Marcinkiewicz’s  interpolation  theorem  (Theorem  1.14.9). 

Proposition  1.26.7  Let  m  =  n,  Q  =  to  be  bounded,  K(x,y)  G  C°({[x,  y];  x, y  G 
£2,  x  y}).  Suppose,  moreover,  that  there  exist  constants  C>0,  0<a<m 
such  that  \K(x,y)\  <  C\x  —  y\a~m.  Let  f  G  Lp(£2)  with  m/a  <  p  <  oo.  Then 
Kf  G  C0,0(£2).  Moreover,  there  exists  a  constant  C  depending  only  on  m,  p,  and  a 
such  that  \Kf\  <  CC(diam^)a-m^||/||^(^). 

Proof  If  p  =  ooputg  =  l.If  p  <  ooputg  =  p/(p— 1).  Remark  that  q  <  m/(m—a). 
Holder’s  inequality  (Proposition  1.14.1)  gives 


<  CCidmmQ^-^WfWu,^  =  CC(diam£2)“-M^||/||I,(n) 

with  C  =  {K,n-\(dB(0: 1  ))/[m  +  (a  —  m)q]}1^. 

Fix  v  G  £2,  €  >  0.  Choose  r  >  0  such  that 

CC(dmmQr-m/p\\f\\u,innB(x-,2r))  <  e/3. 

Put  /i  =  /  on  B(x;2r),  fi  =  0  elsewhere,  and  f2  =  f  —  f\.  Then  \Kf\ |  < 
CC(dmmQ)a~m^p\\fi\\Lp ^  <  e/3.  Remark  that f2  G  Ll(TLm)  by  Corollary  1.14.2. 
The  function  Kf2  is  continuous  in  x  by  Theorem  on  continuity  of  parametrized 
integrals  (Theorem  1.13.6 ).  So,  there  exists  8  >  0  such  that  \Kf2(y)  —  Kf2(x)\  <  e/3 
for  \x-y\  <  8.  For  \x-y\  <  8  we  have  |  Kf(x)  -  Kf(y)\  <  \Kf(x)\  +  \Kfx(y)\  + 
\Kf2(y)-Kf2(x)\<e. 

Lemma  1.26.8  Let  m  =  n,  v  be  a  nonnegative  Radon  measure  on  co  with  compact 
support.  Let  /3  >  0,  a  G  Rl,  a  +  ft  >  0,  v(B(x\  r))  <  C\r$  for  x  G  £2  and  r  >  0, 
\K(x,y)\  <  C2\x  —  y\a  for  x  G  £2,  y  G  sptv.  Suppose  that  K(-,y)  is  continuous  for 
eachy  G  sptv.  Iff  G  L°°(v),  pi  =fv,  then  K fi  G  C°(£2). 

Proof  If  a  >  0,  then  K\i  is  continuous  in  Q  by  the  theorem  on  continuity  of 
parametrized  integrals  (Theorem  1.13.6).  Suppose  that  a  <  0.  Fix  z  G  £2  and  e  >  0. 
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According  to  Lemma  1.26.1,  there  exists  r  >  0  such  that 


J  \K{x,y)f{y)\ dv(y)  <  e/2 


B(x;2r ) 


for  each  x  E  Q.  If  \x  —  z\  <  r,  then 


B(z;r) 


B(z;r ) 


Since 


co\B(z;r) 


co\B(z;r ) 


as  x  — ►  z  by  the  theorem  on  continuity  of  parametrized  integrals  (Theorem  1.13.6), 
we  infer  that  Kji  is  continuous. 


1.27  Calderon-Zygmund  Operators 

If  Q  C  Rm  is  a  bounded  open  set  and  K  is  a  measurable  function  on  Q  x  Q,  then  the 
integral  operator 


is  a  continuous  operator  on  Lp(£2)  provided  \K(x,y)\  <  C\x  —  y \a~m  with  a  > 
0.  In  next  chapters,  we  shall  need  an  integral  operator  whose  kernel  satisfies  only 
<  C\x— y\~m.  But  if  Ci  \x— y\~m  <  \K(x,y)\  <  C2\x—y\~m  for  positive  C\, 
C2,  then  Kf  is  well  defined  only  for  /  =  0.  We  shall  see  that  even  for  such  kernels 
the  integral  operator  can  be  defined  as  a  limit  well  defined  integral  operators. 

Let  K(x ,  y)  be  a  Borel  measurable  function  on  Rm  x  Rm.  Suppose  that  there  exists 
a  constant  B  such  that 

\K{x,y)\  <B\x-y\~m,  x±y. 

For  6  >  0  denote  K€ (v, y)  =  K(x,y )  for  \x  —  y\  >  €  and  K€(x,y)  =  0  for  \x  —  y\  <  6. 
Iff  e  Lp(Rm)  and  1  <  p  <  00,  then  K€f(x )  is  well  defined  for  all  v  e  Rm  by  Holder’s 
inequality.  Define 


Kf{x)  =  lim  KJ{x) 


(1.16) 
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whenever  this  limit  makes  a  sense, 


K*f(x)  =  sup  \KJ(x)\. 

6>0 

Definition  1.27.1  Let  K(x,  y )  be  a  Borel  measurable  function  on  Rm  x  Rm.  We  say 
that  K  is  a  Calderon-Zygmund  kernel  if 

•  there  exists  a  constant  B  such  that  \K(x,y)\  <  B\x  —  y \~m  for  x  y\ 

•  K  is  locally  Lipschitz  on  {[x,y];x  ^  y},  and  there  exists  a  constant  C  such  that 
|  V£'(x,y)|  <  C\x  —  y\~m~x  for  v  ^  y. 

•  Iff  e  L2(Rm ),  then  there  exists  the  limit  Kf(x)  given  by  (1.16)  for  almost  all 
xeRm. 

•  K  is  a  bounded  linear  operator  on  L 2  ( Rm ) . 

Theorem  1.27.2  Let  Q  C  Rm  be  open,  dB{ 0;  1)  C  Q,  L  e  Cl(Q), 

J  L  dHm-\  =  0. 

9fi(0;l) 


Then  K(x,y)  =  —  is  a  Calderon-Zygmund  kernel. 

(See  [136],  Chapter  II,  §4.) 

Theorem  1.27.3  Let  m,k  e  N  and  suppose  that  A  :  Rm  Rk  is  a  Lipschitz 
mapping.  Let  F  :  Rk  R  be  an  infinitely  differentiable  odd  function.  Then  the 
antisymmetric  kernel 


K(x,y ) 


1 

\x  —  y\m 


F 


(A(x)-A(y)\ 

V  k-^l  J 


is  a  Calderon-Zygmund  kernel. 

(See  [112],  Chapter  9,  Theorem  11.) 

Proposition  1.27.4  Let  K  be  a  Calderon-Zygmund  operator.  Iff  G  LP(Rm ),  1  < 
p  <  oo,  then  K*f  e  Lp(Rm). 

(See  [112],  §7.5.) 

Proposition  1.27.5  Let  K  be  a  Calderon-Zygmund  operator.  Then,  for  1  <  p  <  oo, 
there  exists  a  constant  C  such  that  for  every  f  e  L\oc{Rm ) 


(See  [112],  §7.8,  Corollary  1.) 
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Proposition  1.27.6  Let  1  <  p  <  oo.  Then  every  Calderdn-Zygmund  operator  can 
he  extended  to  a  continuous  linear  operator  on  Lp(Rm). 

(See  [112],  §7.8,  Corollary  2.) 


1.28  Nontangential  Limits 

We  shall  study  the  Dirichlet  problem  for  the  Laplace  equation  in  Sobolev  spaces 
where  a  boundary  condition  is  fulfilled  in  the  sense  of  traces.  We  shall  also  study 
this  problem  in  a  weaker  sense,  where  the  boundary  condition  is  fulfilled  in  the  sense 
of  a  nontangential  limit  and  the  regularity  of  a  solution  is  given  by  the  fact  that  the 
nontangential  maximal  function  of  a  solution  is  in  LP( dQ).  We  now  show  that  such 
solution  lies  in  the  Lebesgue  space  LP(Q)  provided  Q  is  bounded. 

Let  Q  C  Rm  be  a  domain  with  Lipschitz  boundary.  If  v  e  3  £2,  a  >  0,  denote  the 
nontangential  approach  regions  of  opening  a  at  the  point  v  by 

ra(x)  =  {y  e  £2;  \x  —  y\  <  (1  +  a)  dist(y,  9£2)}. 

If  now  v  is  a  function  defined  in  Q,  we  denote  the  nontangential  maximal  function 
of  v  on  9£2  by 


Ma(v)(x)  =  sup{ | u ( _v) | ; >’  €  r„(x)}. 

Let  <t>  :  Rm~l  — >  R  be  a  Lipschitz  function.  Put  £2  =  { [x,  v] : x  e  Rm~l,y  > 

Then  Q  is  so-called  a  graph  Lipschitz  domain.  It  is  well  known  that  for  a,  h  >  0  and 
1  <  p  <  oo,  there  exist  c,  C  >  0  such  that 

\\MaV\\LP(dQ)  -  c\\Mbv\\if(^Q)  <  C\\Mav\\zj>(dQ) 

for  any  measurable  function  v  in  Q.  See,  e.g.,  [81]  and  [137],  p.  62.  We  shall  often 
write  T (x)  instead  of  Ta(x).  Next,  define  the  nontangential  limit  of  v  at  x  e  dQ 

v(x)  =  lim  v(y) 

y  —>  x 
y  €  T(x) 


whenever  the  limit  exists. 

Lemma  1.28.1  Let  G  C  Rm  he  a  hounded  open  set  with  Lipscitz  boundary,  cp  e 
C(G),  and  l  <  s  <  oo.  IfMa(<p)  e  Ls(dG),  then  cp  e  LS(G). 

Proof  It  is  enough  to  prove  that  for  each  x  e  G,  there  is  a  neighborhood  U (x)  of  v 
such  that 


I  \(p\S  dHm  <  OO. 

GCiU(x) 


76 


1  Preliminaries 


Fix  x  e  3 G.  We  may  suppose  that  x  =  [0, . . . ,  0].  We  can  choose  a  coordinate 
system,  constants  8,e  >  0,  and  a  Lipschitz  function  /  defined  on  3  =  {y  e 
Rm~l ;  |  y\  <  28}  such  that  G  Pi  [D  x  (—2c,  2c)]  =  {(y,  t);y  e  D,  —2c  <  t  <  f(y)}. 
Put  U  =  {[yu  . . .  ,ym-ut]\\[yu  -  -  -  ,ym-i\\  <  S,\t\  <  c}.  If  a  >  0  is  large  enough, 
then  [y,  t]  e  T a([y,f(y)])  for  each  [y,  t]  e  U  D  G.  If  \f(y)\  <  c  for  |  y\  <  8 ,  then 

f(y) 

J  \(p\sdUm-i=  J  J  \<p(y,t)\s  dtdHm-i(y)  < 

GnU  {;yefl™-1;|;y|<5}  ~€ 


f(y ) 

J  J  [Ma<p(y,f(y))]s  dtdHm-iiy) 

{y^Rm~  filmic#}  — € 

<  (c  +  e)  J [Ma<p(y,f(y))]s  dUm-\{y). 
s  G 

Lemma  1.28.2  £2  C  Rm  be  an  unbounded  domain  with  compact  Lipschitz 

boundary.  If  Ma(<p)  e  Ls(d£2)  with  l  <  s  <  oo,  then  there  exists  r  >  0  such 
that  <p  is  bounded  on  Rm  \B(0;r). 

Proof  There  exists  r  >  0  such  that  K  :=  Rm  \  B( 0;  r)  C  Ta(x)  for  all  x  e  3£2.  If  p 
is  not  bounded  on  K ,  then  Ma (<p)  =  oo,  what  is  a  contradiction. 


Chapter  2 

Harmonic  Functions 


Check  for 
updates 


Abstract  Chapter  2  studies  harmonic  functions. 


Chapter  2  is  devoted  to  solutions  of  the  Laplace  equation.  We  shall  see  that  a  solution 
of  the  Laplace  equation  in  the  sense  of  distributions  is  a  classical  solution  of  this 
equation,  the  so-called  harmonic  function.  Moreover,  this  solution  is  an  infinitely 
differentiable  function.  We  prove  classical  properties  of  harmonic  functions  as  the 
mean  value  theorem,  the  maximum  principle,  and  the  Harnack  inequality.  We  also 
discuss  under  which  conditions  the  limit  of  sequences  of  harmonic  functions  is  a 
harmonic  function.  As  a  consequence,  we  show  that  the  space  of  functions  from 
Lp(£2)  harmonic  in  £2  is  a  closed  subspace  of  LP(Q). 

Applications  to  boundary  value  problems  on  unbounded  domains  press  us  to 
study  the  behavior  of  harmonic  functions  at  infinity.  First,  we  study  harmonic 
functions  on  the  whole  Rm.  A  tempered  distribution  satisfying  the  Laplace  equation 
in  the  whole  space  is  a  polynomial.  We  also  show  that  a  nonnegative  harmonic 
function  in  Rm  is  constant.  Using  these  results,  we  develop  the  theory  of  harmonic 
functions  on  exterior  domains.  The  behavior  of  a  harmonic  function  u  at  infinity 
determines  a  behavior  of  3 au  at  infinity  and  opposite. 

A  very  interesting  task  is  to  find  a  solution  of  the  Dirichlet  problem  for  the  ball. 
This  solution  is  expressed  by  the  Poisson  integral  corresponding  to  the  boundary 
condition.  The  properties  of  the  Poisson  integral  are  discussed. 


2.1  Harmonic  Functions 

In  this  section,  we  define  harmonic  functions  as  classical  solutions  of  the  Laplace 
equation.  We  show  that  a  single  layer  potential  and  a  double  layer  potential  are 
examples  of  harmonic  functions. 
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Let  £2  be  an  open  subset  of  Rm.  Denote  by  A  the  Laplace  operator  defined  for 
u  e  C2(£2) 


a«  =  E 

7=1 


3  2u 


dxf' 


Definition  2.1.1  A  function  u  :  Q  ^  R  is  called  harmonic  on  £2  if  u  e  C2(£2)  and 
A u  =  0  in  £2.  Denote  by  /7(£2)  the  set  of  all  harmonic  functions  on  £2. 

Lemma  2.1.2  A  u  does  not  depend  on  the  choice  of  coordinates:  Let  z  G  Rm,  A  be 
a  matrix  of  the  type  m  x  m  such  that  {Ax)  •  (Ay)  =  v  •  y  for  each  x,  y  G  Rm.  Put 
Tx  =  Ax  +  z-  For  an  open  set  £2  C  Rm,  u  G  C2{T{i 2))  put  v(x)  =  u{Tx)for  x  G  £2. 
Then  Av(x)  =  Au(Tx)  for  x  G  £2. 

Proof  Put  wk  =  {8ik,  8 2k,  •  •  • ,  8mk).  Then 


m 

Sjk  =  Wk  ■  Wj  =  (Awk)  ■  (AWj)  =  y2ankanj- 

n=  1 


This  means  that  ATA  =  I  and  thus  A  1  =  Ar  (the  transpose  matrix  of  A  is  the 
inverse  matrix  of  A).  Therefore  I  =  AA~l  =  AAr,  which  gives 

m 

^  '  Okn^jn  =  8jk • 
n=  1 


Hence 


m 

djv(x)  =  y  3 ku(Tx)akj, 
k=  1 


m  m  m  mm  m 

Av(x)  =  EEE  dndku(Tx)akjanj  =  EE  dndku(Tx )  E  fl'kjfl'nj 

7=1  n=  1  k—  1  n=  1  k—  1  7=1 


m  m 

=  EE  dndku{Tx)8kn  =  A  u{Tx). 

n=  1  k=  1 


Remark  2.1.3  Forv  G  Rm  denote  hm{x)  =  (p{\x\)  where 


<p(  o  = 


m  =  2, 


_ 1 _ 72— m 

(3B(0;  1)) ( 


m  >  2. 


(2.1) 


Then  hm  is  a  harmonic  function  in  Rm  \  {0}. 
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Proof  Since  dj\x\  =  Xj/\x\,  we  have  9 )hm{x)  =  ^'(|x|)x7-/|x|.  Thus  Ahm(x)  = 
(p"(\x\)  +  <^'(|x|)(m  —  1)/|jc|].  Since  ^/(f)  =  cmtl~m ,  <p"(/)  =  cm(l  — 
with  cm  =  (95(0;  1))]_1,  we  get  A/zw  =  0  in  Rm  \  {0}. 

Remark  2.1.4  Let  /x  be  a  finite  real  Borel  measure  with  compact  support  in  Rm. 
Define  the  volume  potential 


whenever  it  makes  a  sense.  Then  V/x  is  a  harmonic  function  in  Rm  \  spt  /x.  If/  e 
Ll(Rm),  we  can  write  Vjf  instead  of 

Proof  Suppose  first  that  /x  >  0.  If  a  is  a  multiindex,  then  theorem  on  differentiabil¬ 
ity  of  parametrized  integrals  (Theorem  1.13.7)  gives 


(2.3) 


for  v  G  Rm  \  spt/x.  Theorem  on  differentiability  of  parametrized  integrals  (Theo¬ 
rem  1.13.7)  gives  that  V/x  G  C°°(Rm  \  spt/x).  Using  (2.3)  and  Remark  2.1.3,  we 


obtain 


Let  now  /x  be  arbitrary.  Let  /x  =  /x+  —  /x  be  the  Jordan  decomposition  of  /x. 
Then  V/x  =  V/x+  —  V/x-  is  a  harmonic  function  in  Rm  \  spt  /x. 


Remark  2.1.5  Let  ^  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  /x  G 
C'(9^).  Define 


the  single  layer  potential  corresponding  to  /x  and 
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the  double  layer  potential  corresponding  to  /z  whenever  these  integrals  make  sense. 
Here,  n(y )  denotes  the  outward  unit  normal  of  Q  at  y.  Then  SQ  fiandV^ fi  G 
C°°(Rm  \  spt  /z)  C  C°°(Rn  \  3  £2)  are  harmonic  functions  in  Rm  \  spt  /z  C  Rm\dQ. 
Iff  G  Ll(dQ),  we  write  SQf  instead  of  SQ(f'Hm-\  |3£2)  and  call  it  the  single  layer 
potential  with  density/.  Similarly,  we  write  VQf  instead  of  Vn(f'Hm- i|3£2)  and 
call  it  the  double  layer  potential  with  density/. 

Proof  According  to  Remark  2.1.4,  it  is  sufficient  to  study  double  layer  potentials 
only.  Suppose  first  that  /z  >  0.  If  a  is  a  multiindex,  then  theorem  on  differentiability 
of  parametrized  integrals  (Theorem  1.13.7)  gives 

3“X>n/x(x)  =  -  J  -  d/i(y)  (2.4) 

Spt  fJL 

forx  G  Rm\spt/z.  The  Lebesgue  lemma  (Lemma  1.13.2)  gives  that  D^/z  e  C°°(Rm\ 
spt  /z).  Using  (2.4)  and  Remark  2.1.3,  we  obtain 

ADn //,(*)  =  -  J  f>( >’)  9Aj/7'"|) — —  dfi(y)  =  0 

spt  fl  j=l 


in  Rm  \  spt  /z. 

Let  now  /z  be  arbitrary.  Let  /z  =  /z+  —  pT  be  the  Jordan  decomposition  of  /z. 
Then  =  P^/z+  -  VQ  pT  is  a  harmonic  function  in  Rm  \  spt  /z. 

Lemma  2.1.6  Let  £2  C  R2  be  an  open  set,  u  G  C2(£2).  Express  u  in  the  polar 
coordinates,  i.e.,  u(x  1,^2)  =  v{r,cp)  withx\  =  rcoscp,  X2  =  r  sirup.  Then 


d2v  1  dv  1  d2v 

dr2  r  dr  r2  dcp2 


Proof  We  have 


dv 

dr 


du  du 

—  coscp  +  —  sirup, 
dx  1  0X2 


dv 

dcp 


du  du 

-(-r  sirup)  +  —  rcoscp, 
dx\  6x2 


d2v  l  dv  1  d2v  d2u  2  d2u 

dr2  +  r  dr  +  r2  d(p2  dx2  ^  +  dx\dx2 


d2u  2 

sin  cp  cos  cp  +  — -y  sin  cp 

OX  2 


Id  u  l  du  l  du  l  du  d2u  .  2 

+  -  - —  cos  cp  H —  - — - - —  cos  cp - - — simp  H - 5-  sin  cp 

r  dx\  r  dx2  r  dx\  r  dx2  dxf 


d2u  .  d2u  2 

-2- — - —  sin  cp  cos  cp  H - T  cos  cp  =  At/. 

3xi  3x2  3x2 
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2.2  Integral  Identities 


In  this  section,  we  prove  two  useful  integral  identities — Green  identities.  Then  we 
express  a  smooth  function  w  as  a  sum  of  three  potentials:  the  volume  potential 
corresponding  to  —Aw  plus  the  single  layer  potential  corresponding  to  the  normal 
derivative  of  u  plus  the  double  layer  potential  corresponding  to  the  trace  of  u.  As  a 
consequence,  we  show  that  every  harmonic  function  is  infinitely  differentiable. 

Theorem  2.2.1  (Green  Identities)  Let  Q  be  an  open  subset  ofRm,  G  be  a  bounded 
open  subset  of  £2  with  Lipschitz  boundary  such  that  G  C  £2.  Ifu,  v  e  C2(£2)  then 


J  v(—Au)  d LLm  + 


/ 


v  d7~im-\ 
on 


J  Vw  •  Vu  d T-Lm, 


G 


3G 


G 


J (uAv  —  vAu)  dPim. 

G 


(2.5) 


(2.6) 


Proof  The  Gauss-Green  theorem  (Theorem  1.19.1)  gives 

3  G  G  G 


/ 


vAudl-Lm+  /  Vw-Vud^ 


J  u^-  dPLm-\  =  J  uAv  dl-Lm  +  J  Vu-Vv  d1-Lm. 

3  G  G  G 


Subtracting  we  get  (2.6). 

Corollary  2.2.2  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary.  If 

u,v  e  H(Q)  n  C!(£2)  then 

dv  du\ 

u- - u—  dUm- 1  =  0. 

on  on  J 

do. 


Proof  We  can  suppose  that  £2  is  connected.  Let  £2  (7)  are  domains  from 
Lemma  1.17.13.  According  to  second  Green  formula  (Theorem  2.2.1)  and  Lebesgue 
lemma  (Lemma  1.13.2),  we  have 


3  £2  dQ(j) 
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Corollary  2.2.3  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary.  If 
u  e  H(£2)  n  C!(£2)  then 


Proof  We  use  Corollary  2.2.2  for  v  =  1. 

Theorem  2.2.4  (Theorem  on  Three  Potentials)  Let  £2  be  an  open  subset  ofRm 
and  G  be  a  bounded  open  subset  ofQ  with  Lipschitz  boundary  such  that  G  C  £2.  If 
u  G  C2(i 2)  then 


3  u 


u  =  v\Xg(~  Am)]  +  SG—  +  VGu 
on 

in  G.  Here,  n  denotes  the  outward  unit  normal  of  G.  If  x  G  Rm  \G,  then 

V[xg{-^-u)\(x)  +  SG^-(x)  +  VGu{x)  =  0. 
on 

Proof  Fix  x  G  Rm  \  3 G.  Put  v(y)  =  hm(y  —  x).  Suppose  first  that  x  $  G.  Since 
v  G  H(G)  by  Remark  2.1.3,  second  Green  formula  (Theorem  2.2.1)  gives 


=  -VGu(x)-SG^(x). 

on 


Suppose  now  that*  G  G.  Fix  r  >  0  such  that  B(x;  r)  C  G.  Put  G(r)  =  G\B(x;  r). 
Then 


0  =  y[/GW(-AM)](x)  +  SGW-(x)  +  VG^u(x)  =  V[*gw(-AM)](x) 


3  B(x;r) 


dB(x',r ) 


Denote 


M  =  sup  |  Vw(y)|. 
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Since 


1 

Ky)  -  u(x)  |  =  |  J 
0 


3z/(x  +  t(y  —  x )) 
dt 


dt 


<  M\x  —  y\, 


we  get  for  r  |  0 


0  =  V[/g(Am)](i)  +  VGu(x)  +  <SG— -  (x)  -  w(x). 

an 

Corollary  2.2.5  Lef  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary.  If 
u  G  H(£2)  n  C*(£2),  then  u  =  SQ(du/dn)  +  VQu  in  £2.  If  x  e  Rm  \  £2,  then 
SQ(du/dn)(x )  +  VQu(x)  =  0. 

Proof  We  can  suppose  that  £2  is  connected.  Let  £2  (/)  are  domains  from 
Lemma  1.17.13.  Fix  x  G  £2. Then  there  is  k  G  N  such  that  x  g  £2(y)  for  j  >  k. 
According  to  theorem  on  three  potentials  (Theorem  2.2.4)  and  Lebesgue  lemma 
(Lemma  1.13.2)  we  have 

u(x)  =  lim  [Sau>(du/dn)  +  VQ(j)u]  =  Sn(du/dn )  +  VQu. 
j—>oo 


Let  now  x  G  Rm  \  i 2.  Put  v  =  hm(y  —  x).  Then  Corollary  2.2.2  gives 
SQ(du/dn)(x )  +  VQu(x)  =  0. 

Corollary  2.2.6  If  £2  C  Rm  is  a  bounded  open  set  with  Lipschitz  boundary  and  c  is 
a  constant  then  VQc  =  c  in  £2,  Tf1  c  —  0  in  Rm  \  £2. 

Proof  We  use  Corollary  2.2.5  for  u  =  c. 

Corollary  2.2.7  If  ip  G  C™(Rm),  then  ip  =  -V(Acp)  inRm. 

Proof  Fix  a  bounded  domain  G  with  boundary  of  class  C1  such  that  spt  ip  C  G  and 
use  theorem  on  three  potentials  (Theorem  2.2.4). 

Corollary  2.2.8  Let  £2  be  an  open  subset  ofRm.  If  u  is  a  harmonic  function  in  £2 
then  u  G  C°°(£2). 

Proof  Let  x  G  £2.  Fix  a  bounded  open  subset  G  of  £2  with  boundary  of  class  C1 
such  that  x  G  G,  G  C  £2.  Corollary  2.2.5  gives  that  u  =  SG(du/dn)  +  VGu  in  G. 
Remark  2.1.5  shows  that  u  G  C°°(G). 

Corollary  2.2.9  Let  £2  be  an  open  subset  ofRm.  If  u  G  H(Q)  then  3 01  u  G  H(Q)for 
each  multiindex  a  =  (a\, ... ,  am). 

Proof  Since  u  G  C°°(£2),  we  have 


Ad^u  =  da  Au  =  0. 
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2.3  The  Kelvin  Transform 

In  this  section,  we  study  the  Kelvin  transform  which  maps  functions  on  a  ball  to 
functions  on  the  exterior  of  a  ball  and  opposite.  We  show  that  the  Kelvin  transform 
maps  harmonic  functions  to  harmonic  functions. 

Let  x  e  Rm,  r  >  0  be  fixed.  If  y  e  Rm  \  {v},  then  the  inverse  of  y  with  respect  to 
3 B(x;  r)  is  the  point 


y*  =  i - m-x)  +  x. 

\x~y\2 

If  y  e  3 B(x;  r),  then  y*  =  y.  The  inverse  of  a  set  E  in  Rm  with  respect  to  3 B(x\  r ) 
is  the  set  E*  =  {y*;y  e  E  \  {v}}.  Iff  is  a  function  defined  at  least  on  E ,  then  we 
define/*  on£*  by 


The  mapping  /  i->  /*  is  called  the  Kelvin  transform  (with  respect  to  3 B(x;  r)). 
Remark  that  (/*)*  =/. 

Theorem  2.3.1  Let  £2  C  Rm  be  an  open  set,  x  e  Rm,  r  >  0,  £2n(3i?(jt;  r)U{v})  =  0. 
Iff  e  C2(fl)  andf*  is  the  image  off  under  the  Kelvin  transform  with  respect  to 
3 B(x;  r),  then 


A f(y)  = 


my*). 


Iff  €  H(Q),  thenf*  e 
Proof  Fix  j.  Then 


my*) 

dyj 


|x-# 


(¥)(/) 


I*-# 


'EV’k-xk)('<hf)(y*). 

k=  1 


92/(y*) 

dyj 


4  Ayj-xf) 


(¥)(/) 


2r2  m 

7 - n  -  xk){dkf){y*) 

\x~y \4Ei 


+ 


¥( yj-Xj ) 


l*-)f 


-  £(?*  -¥>(¥)(/)  +  ^^(W)(/) 


fc=l 
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4r4(y/  ~xj)  n  fu  *\ 

2_^(yk-xk)(dkdjf){y  ) 


k-Tl6 


k=  1 


4r4rv._x^2  ™  m 

-  ^)(y«  -  Xn)(dkdnf)(y*)- 


|x-y|* 


k=  1  n=  1 


Since  y  i-^  |x  —  y|2  m  is  a  harmonic  function  in  £2*  by  Remark  2.1.3,  we  obtain 


fe)>-WF 


Af()0  = 

+  (|I^i)  W)  =  -2(-»-2)E 


^  k-y|m  Lk-)i 


■  W) 


r  (¥)(/) 


+ 


lx-#  ^ 

1  -rl  &=1 

/  \  m—2  rn  r- 


4?-2(y;-^) 

|x-j|4 


(d/)(y*) 


2  r2  m  o2(  x\2  m 

—^4  y2(yk  -  Xk>(dl<f)(y*)  +  - 2  y|6J  53^*  ~Xk)(dkf)(y*) 


\x~y\Atx 


k=  1 


r4  zLr4/  \  ™ 


k-.v|‘ 


4,-4/ .  _  x  )2  m  m 

+ - 1  1  Ig7  -  *fc)(y»  -  Xn)(dkdnf)(y*) 

k-yl8  ~~ 


a/(/). 


Lemma  2.3.2  Tjf  z*  fs1  inverse  ofz^Rm\  {*}  with  respect  ofdB(x;  r)  and  y  G 
3#(x;  r),  |z*  -y|  =  \z  -  y\r / \z  -  x\.  Ifm  >  2,  then  hm(z*  —  y)=  hm(z  —  y)\z  — 

x\m-2ri-m%  jfm  —  2,  thenh2{z*  —y)  =  h^z  —  y)  +  [lnflz  —  x\/r)\/2jr. 

Proof  We  can  suppose  that  x  =  0. 


k*->f  = 


r2z 

2  r2 

rz  \z\y 

kl2 

-y 

“  kl2 

=  mV2  ~1z-y+  |z|2)  =  —r^\z-y\ 


kl 


kl2 
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2.4  Maximum  Principle 


In  this  section,  we  prove  the  maximum  principle:  the  harmonic  function  is  bounded 
from  above  by  the  supremum  of  its  trace  on  the  boundary  and  from  below  by  the 
infimum  of  its  trace  on  the  boundary. 

Lemma  2.4.1  Let  x  G  Rm,  r  >  0,  u  G  C®(B(x\  r))  PI  H(B(x;  r)).  Then 

u(x)=  j)  u(y)  dUm-x{y)  =  J  — — -  dHm- 1.  (2.7) 

3  B(x;r)  3  B(x;r) 


Proof  Let  (p  be  given  by  (2.1).  Fix  0  <  p  <  r.  Corollary  2.2.5  and  Corollary  2.2.3 
give 


u(x)  =  (pip) 


j  d  V  03  dl~im— 1 


3  B(x’,p) 


dB(x’,p ) 


=4 

J  3 B(x’,p) 


u(y)  dUm-iiy). 


If  p  r,  we  get  (2.7). 

Theorem  2.4.2  (Maximum  Principle)  Let  £1  be  a  bounded  open  subset  ofRm,  u  e 
C°(U)  ntf(ft).  Then 

max  u(x )  =  max  u(x) ,  min  u(x)  =  min  u(x) ,  max  I u(x)  I  =  max  I u(x) I . 

xg3^  ^  xg3^  xedQ' 

IfQ  is  connected  and  u  attains  its  maximum  (or  minimum )  in  Q,  then  u  is  constant. 

Proof  Denote  M  =  max  u.  Suppose  that  there  is  z  G  ^  such  that  u(z)  =  M.  Denote 
by  G  the  component  of  Q  containing  z.  Denote  S  =  {x  G  G;  u(x)  =  M}.  Then  S'  is  a 
nonempty  relatively  closed  subset  of  G.  Fix  x  G  S  and  r  >  0  such  that  B(x;  r)  C  G. 
If  there  is  y  G  B(x\  r)  such  that  u(y)  <  M,  then 

(T)  u(y)  dPLm-i(y)  <M  =  u(x), 

J  dB(x;\x— y|) 


what  is  a  contradiction  with  Lemma  2.4.1.  Thus  S  is  an  open  and  relatively  closed 
subset  of  the  metric  space  G.  Since  S  and  G\S  are  open  subsets  of  G,  G  is  connected, 
and  S  is  nonempty,  we  deduce  S  =  G. 

Using  this  result  for  v  =  — w,  we  get  the  rest. 
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Corollary  2.4.3  Let  £2  be  an  unbounded  open  subset  ofRm,  m  >  2,  u  e  C°(£2)  Pi 
H(£2),  and  u(x)  0  as  \x\  oo.  Then  there  exists  xo  G  9£2  such  that 

|w(xo)|  =  max  |m(x)|. 


Proof  Denote  M  =  sup  \u\.  It  is  enough  to  suppose  that  M  >  0.  Choose  R  >  0  such 
that  \u\  <  M/2  on  £2  \B(0;R).  According  to  maximum  principle  (Theorem  2.4.2), 
there  exists  xo  G  9 (£2  PI  B(0;  R))  such  that 

\u(xo)\  =  max  \u(x)\  =  M. 
xennB(0;R) 

Since  \u\  <  M/2  on  9#(0;  R)  P  £2,  we  deduce  thatxo  £  9£2. 

Corollary  2.4.4  Let  £2  C  Rm  be  an  open  set,  K  be  a  finite  set,  u  G  H(£ 2).  Suppose 
that  M  is  a  real  constant  such  that 

lim  sup  u(y)  <  M  Vz  G  dQ\K, 

£2  >Z 

limsupw(y)//zm(y  —  z)  <  0  VzcKHdQ.  (2.8) 


If  £2  is  unbounded  suppose  moreover 

lim  sup  u(x)  <  M.  (2.9) 

X  E  Q 

\x\  — ►  oo 


Then  u(x)  <  M  for  all  x  G  £2. 

Proof  First,  assume  that  £2  is  bounded.  Fix  €  >  0.  If  K  P  9 £2  =  0,  put  u€  =  u.  If 
K  P  9£2  =  {yu  . .  .,yk}  put 


k 

u€(x)  =  u(x)  —  €  hm((x  —  yj)/  diam  £2). 
7=1 


Then 


lim  sup  u€(y)  <  M 


for  all  z  G  9 £2.  For  each  x  G  9£2  there  is  r(x)  >  0  such  that  u€  <  M  +  e  for  each  y  e 
£2  P  B(x;  r(x)).  Since  3r2  is  compact,  we  can  choose  a  finite  set  {x\, . . . ,  xn}  C  9 £2 
such  that 


9  £2  C  U j=1B(xpr(xj)). 
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Put 


=  £2  \  U j=lB(xj;  r(xj)). 

Then  u€  G  H(Qe)  PI  C(Q€),  u€  <  M  +  e  on  dC2€.  The  Maximum  principle 
(Theorem  2.4.2)  gives  that  u€  <  M  +  6  on  £2€ .  Thus  u€  <  M  +  6  in  £2 .  If  x  G  £2  then 

u(x)  =  lim  u€(x )  <  M. 

€^0 

Now,  consider  the  case  of  £2  unbounded.  Fix  6  >  0.  Then  there  is  p(e)  >  1/6 
such  that  u(x)  <  M  +  6  for  each  v  G  ^  with  |x|  >  p{e).  Put  £2€  =  £2  C I  5(0;  p(g)). 
Then  w  <  M  +  6  on  Then  we  let  6^0,  and  the  result  follows. 

Counterexample  2.4.5  Put  £2  =  Rm  \  5(0;  1),  u(x\,X2, . . . ,  xm)  =  x\  —  x\.  Then 
ueH(G), 

limsupi/(y)  <  1 

£2  By- >Z 

for  all  z  G  9£2.  But 


sup  u(x)  =  oo, 

because  the  condition  (2.9)  is  not  satisfied. 

Counterexample  2.4.6  Put  £2  =  5(0;  r)  \  {0},  u(y)  =  hm(y),  M  =  hm(z )  with 
|z|  =  r,  K  =  {Oj.Then  u  G  («), 

lim  sup  u(y)  <  M  Vz  G  3£2  \  K. 

£2  3y— >z 

But  u  >  M  on  £2  because  the  condition  (2.8)  is  not  satisfied. 

Proposition  2.4.7  Let  £2  C  R2  be  an  unbounded  domain,  K  be  a  finite  set,  3  Q\K 
0.  Let  ube  a  harmonic  function  in  £2  and  M  be  a  real  constant  such  that 

lim  sup  u(y)  <  M  Vz  G  3£2  \  K, 

£2  3y— >z 

Umsupu(y)/h2(\y  —  z|)  <  0  VzG/<fn3£2, 

£2  By~- >Z 

lim  sup  u(x)  <  oo. 

|x|  ->  oo 
xeQ 

Then  u(x)  <  M  for  all  x  e  £2. 
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Proof  Suppose  first  Q  R2.  Fix  x  e  R2  and  r  >  0  such  that  [Q  U  K]  D  B(x\  r)  =  0. 
We  can  suppose  that  v  =  0.  Let  u*  be  the  image  of  u  under  the  Kelvin  transform 
with  respect  to  35(0;  r).  Then  u*  e  //(£2*)  by  Theorem  2.3.1,  and 

limsup  u*(y)  <  M  Vz£dQ*\K*. 

Since  |z*  -y*|  <  r2[\z/\z\2  -  y/\z\2\  +  \y/\z\2-y/\y\2\]  <  |z-y|r2[|z|-2  + 
\y\  1  |z|  2(|y|  +  |z|)],  we  obtain 

limsup u*(y)/h2(\y  —  z|)  <  0  Vz  e  K*  Pi  3£2*. 
n*By^z 

Corollary  2.4.4  gives  u *  <  M  on  £2*  and  thus  u  <  M  on  £2. 

Let  now  Q  =  R2.  Then  fix  r  >  0  large  enough  such  that  K  C  5(0;  r).  Put 
Qi  =  £2  D  B( 0;  r),  £22  =  ^  \  5(0;  r),  S'  =  £2  PI  35(0;  r).  If  u  <  M  on  S,  then  we 
apply  Corollary  2.4.4  on  Q\  and  the  result  of  the  preceding  paragraph  on  £22. 

If  it  is  not  the  case  that  u  <  M  on  S,  then  u  will  have  a  maximum  L  on  S  with  L  > 
M.  We  have  proved  that  u  <  L  on  Q.  Fix  z  €  S  such  that  u{z)  =  L.  Theorem  2.4.2 
yields  that  u  =  L  on  Q.  Since  there  is  x  e  dQ  \  K,  we  have 

L  =  limsupw(y)  <  M  <  L, 

0,3y^x 


what  is  a  contradiction. 


2.5  The  Poisson  Kernel  for  the  Ball 


If  £2  is  a  ball  and  /  is  a  continuous  function  on  3  £2,  then  there  exists  a  unique 
classical  solution  of  the  Dirichlet  problem  A u  =  0  in  Q,u  =f  on  3 £2.  This  solution 
is  given  by  the  Poisson  integral.  This  section  studies  the  properties  of  the  Poisson 
integral. 

Fix  x  e  Rm,  r  >  0.  Denote 


P(z,y)  = 


r2  -  \z~x\: 


ye  3  B(x;r),z  ^  y 


74,-1(35(0;  l))r|z  — >>|n 
the  Poisson  kernel  of  B(x;  r).  For  v  e  C'(dB(x;  r))  denote 

Pv(z)  =  J  P(z,y)  dv(y),  zeB(x;r) 

dB(x;r ) 


(2.10) 


(2.11) 


the  Poisson  integral.  Put  7 1  =  7fm_i  |3£2.  If/  e  L[  (77),  we  can  write  Pf  instead  of 
P(fU). 
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Lemma  2.5.1  Let x  e  Rm,  m  >  2,  r  >  0,  £2  =  B(x;  r).  Denote  cp  =  \.  Ifz  E  £2 
<S^<z>(z)  =  r/(m  —  2)form  >  2,  S^cpiz)  =  r\n(\ / r) for m  =  2.  Ifz  E  Rm  \  £2  then 
SQ(p(z)  =  hm(z-x)Hm-\(dB(0 ;  l))^-1. 

Proof  Easy  calculation  gives  SQ<p(x)  =  r/(m  —  2)  for  m  >  2,  SQ<p(x)  =  rln(l/r) 
for  m  =  2.  Let  now  z  £  £2  \  {x}.  Since  <S^  E  /7(£2)  by  Remark  2.1.5,  we  obtain 
by  Lemma  2.4. 1 


9fi(x;|z— *|) 


because  SQ(p(y)  depends  only  on  |  y  —  x\. 

The  function  SQ(p  is  continuous  in  Rm  by  Lemma  1.26.8.  Put  v  =  SQ(p  — 
hmI~Lm-i(dB(0;  l))rm_1.  Then  v  e  C°(Rm\  Q)  nH(Rm\Q)  by  Remark 2.1.5,  v  =0 
on  9£2.  If  m  >  2  then  v(z)  — ►  0  as  |z|  — >  oo.  So,  v  =  0  in  Rm  \  £2  by  the  Maximum 
principle  (Corollary  2.4.3).  Let  now  m  =  2.  Then 


9fi(0;r) 


95(0;r) 


by  theorem  on  continuity  of  parametrized  integrals  (Theorem  1.13.6).  So,  v  =  0  in 
R2  \  £2  by  Maximum  principle  (Corollary  2.4.3). 

Lemma  2.5.2  Fory  E  dB(x;  r),  zf^y 


P(z ,  y)  =  2 n(y)  •  Vyhm(z  -y)-(m-  2 )hm(z  -  y)/r ,  m  >  2 
2 n{y)  •  Vy hm{z  ~y)~  (2nr)~l ,  m  =  2. 


where  n(y)  is  the  unit  outward  normal  ofB(x;  r)  aty. 

Proof  We  can  suppose  that  x  =  0.  Denote  om  =  l~Lm-\(dB(f)\  1)). 


(r2  -  2y  •  z  +  |z|2)  +  (r2  -  |z|2) 
2ram\z-y\m 


If/7i  =  2,  then 


"(y)  •  VvMz-y)  =  - - 1-  -P(z,y). 

2  m 2  2 
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If  m  >  2,  then 


ifi  —  2  1 

n(y)  ■  Vyhm{z-y)  =  — — hm(z-y)  +  -P(z,y). 

2  r  2 

Proposition  2.5.3  PI  =  1  inB(x;r). 

Proof  If  m  =  2,  then  PI  =  222fi(°;rH  —  1  =  2—1  =  lby  Lemma  2.5.2  and 
Corollary  2.2.6.  If  m  >  2,  then  PI  =  2VB^rH  -  Smr\m  -  2)/r  =  2  -  1  =  1  by 
Lemma  2.5.2,  Lemma  2.5.1  and  Corollary  2.2.6. 

Theorem  2.5.4  (Theorem  on  the  Poisson  Integral) 

1.  If  v  e  C'(dB(x;  r))  then  Pv  e  H(B(x;  r)). 

2.  Iff  e  Ll  (d B(x;  r )),  then 

limsup  Pf(z)  <  limsup  f(z)  Vy  e  3P(v;  r),  (2.12) 

B(x\r)3z—>y  dB{x\r)3z~^y 

liminf  Pf(z)>  liminf  f(z)  VyedB(x;r).  (2.13) 

B{x’,r)3z~^y  dB(x\r)3z~>y 

3.  Iff  e  Ll  (3 B(x;  r))  is  continuous  in  y  e  3 B(x;  r),  then 

lim  Pf{z)=f{y).  (2.14) 

B(x\r)3z~+y 

4.  If  u  e  H(B(x ;  r))  Pi  C°(P(x;  r)),  then  u  =  Pu  in  B(x ;  r). 

Proof 

1)  Since  Pv  =  2VB{x'^v  -  (m  -  2 )r~lSB(x’r)v  for  m  >  2,  Pv  =  2VB{x’r)v  - 
v(Rm)/(2jtr)  for  m  =  2  by  Lemma  2.5.2,  the  function  Pv  is  harmonic  in  B(x;  r) 
by  Remark  2. 1 .4  and  Remark  2.1.5. 

2)  Let 


limsup  f(z)  <  K  <  oo. 

dB{x\r)3z~^y 


Then  there  exists  8  >  0  such  that  /  <  K  on  B(y ;  8)  PI  3 B(x,  r).  Put/i  =  /  on 
P(y;  3)P3P(x,  r),/i  =  0  elsewhere,  f2  =  f—fi- Lebesgue  lemma  (Lemma  1.13.2) 
gives 


lim  Pf2(z)  =  0. 

B(x\r)3z~^y 


Since  P(z,  w)  is  nonnegative  for  z  G  B(x;  r)  and  w  e  dB(x;  r),  we  have 


limsup  Pfi(z)  <  limsup  P^(z)  =  AT 

fi(x;r)9z— Ky  B(x\r)3z~^y 
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by  Proposition  2.5.3.  Since  K  is  arbitrary,  we  conclude  (2.12).  We  obtain  (2.13) 
from  (2.12)  for  g  =  — -/. 

3)  is  an  easy  consequence  of  2). 

4)  Suppose  now  u  e  H(B(x;r ))  Pi  C°(B(x;r)).  Put  v  =  u  —  Pu.  Then  i;  e 
H(B(x;r))nC°(B(x;r )),  r>  =  0  on  9# (x;  r).  Maximum  principle  (Theorem  2.4.2) 
gives  that  v  =  0  in  B(x\  r)  and  thus  u  =  Pu. 


2.6  Mean  Value  Theorem 


In  this  section,  we  give  several  characterization  of  harmonicity  of  continuous 
functions.  First,  we  show  that  a  function  u  continuous  in  Q  is  harmonic  in  £2  if 
and  only  if  the  average  of  u  over  B(z\  r )  is  equal  to  u(z)  for  each  ball  B(z ;  r)  with 
B(z:  r)  c  £2.  Then,  we  show  that  a  function  w  continuous  in  £2  is  harmonic  in  £2  if 
and  only  if  the  average  of  u  over  dB (z;  r)  is  equal  to  u(z)  for  each  ball  B(z ;  r)  with 
B(z\  r)  C  We  also  show  that  a  function  w  e  C1^)  is  harmonic  in  £2  if  and  only 
if 

/  5>-  =  ° 

dB(z;r) 


for  each  ball  B(z\  r)  with  B(z;  r)  C  £2. 

Theorem  2.6.1  (Mean  Value  Theorem)  Let  Q  be  an  open  subset  of  Rm,  u  e 
L]oc(£2).  The  following  are  equivalent: 

1.  u  is  a  harmonic  function  in  £2. 

2.  u  e  C°(£2)  and  (2.7)  hold  true  for  every  x  e  £2,  0  <  r  <  dist(v,  9  £2). 

3.  u  e  C°(£2)  and  for  every  x  e  £2  there  is  a  sequence  of  positive  numbers  pk 
converging  to  0  such  that  (2.7)  holds  true  for  each  r  =  p £. 

4.  u  e  C°(£2)and 


B(x’,r) 


1 


PLm(B(x\  r)) 


f u 


d  nm 


B(x;r ) 


(2.15) 


for  every  x  e  £2,  0  <  r  <  dist(x;  9 £2). 

5.  u  e  C°(£2)  and  for  every  x  e  £2  there  is  a  sequence  of  positive  numbers  pk 
converging  to  0  such  that  (2.15)  holds  true  for  each  r  =  p^. 

6.  There  is  a  constant  c  >  1  such  that  (2.15)  holds  true  for  every  x  e  £2,  0  <  r  < 
dist(v,  9  £2 )/c. 
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Proof  1)  =>-  2):  See  Lemma  2.4.1. 

3)  =>  1)  :  Fix  z  E  £2,  0  <  p  <  dist(z,  3  £2).  According  to  theorem  on  the 
Poisson  integral  (Theorem  2.5.4),  there  is  v  E  C°(B(z',  p ))  H  H((B(z\  p))  such  that 
i;  =  u  on  dB (z;  p).  Denote  by  M  the  supremum  of  w  =  u  —  v  over  B(z\  p).  Suppose 
that  M  >  0.  Then  K  =  {x  E  B(z\  p)\w(x)  =  M }  is  a  nonempty  compact  subset 
of  B(z\  p).  Since  w  =  0  on  dB (z;  p),  we  deduce  /T  C  #(z;  p).  There  is  x  E  K 
such  that  \x  —  z\  =  sup{|  y  —  z|;y  E  AT}.  Fix  now  r  >  0  such  that  (2.7)  holds  and 
B(x ;  r)  C  #(z;  p).  We  know  that  w(y)  <  M  for  y  E  3#(v;  r)  \  i?(z;  |z  —  x\)  ^  0. 
Since  v  E  H((B(z',  p)),  Lemma  2.4.1  gives 

w(x)  =  <^)  w(y)  dHm-i(y)  <  M  =  w(x), 

d  B(x;r) 


what  is  a  contradiction.  Thus  w  <  0.  Similarly,  w  >  0.  Hence,  u  =  v  E  H(B(z;  p)). 

2)  =M)  : 


$  “(y)dW-(y)  =  /  /  d*-‘Wd'> 

B(x’,r)  0  dB(x’,p ) 

r 

=  T,  ~t~Dt — 77  /  p))  dp  =  u(x). 

Hm{B(x;r))  J 

0 

5)  =4>  1)  :  Fix  z  E  £2,  0  <  p  <  dist(z,  3  £2).  According  to  theorem  on  the  Poisson 
integral  (Theorem  2.5.4),  there  is  v  E  C°(B(zm,  p))  n  H((B(z’,  p))  such  that  v  =  u 
on  dB (z;  p).  Denote  by  M  the  supremum  of  w  =  u  —  v  over  B(z',  p).  Suppose  that 
M  >  0.  Then  K  =  {v  E  B(z\  p);  vv(x)  =  M}  is  a  nonempty  compact  subset  of 
Z?(z;  p).  Therefore,  there  is  v  E  K  such  that  |jc  —  z|  =  sup{|  y  —  z\',y  E  K}.  Fix  now 
r  >  0  such  that  (2.15)  holds  and  B(x;  r )  C  B(z\  p).  For  v  E  H((B(z',  p)),  we  have 
proved 


B(x\r ) 


We  know  that  w(y)  <  M  fory  €  r)  \  B(z\  \ z  —  x\)  ^  0.  Thus, 
vv(x)  =  <j)  w(y)  d %m{y)  <  M  =  w(x), 

B(x;r) 

what  is  a  contradiction.  So,  w  <  0.  Similarly,  w  >  0.  Hence,  u  =  v  E  H(B(z\  p)). 
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6)  =>►  5):  Let  v/  — >  x  e  £2  as  j  oo.  Fix  r  G  (0,  dist(x,  9£2)/(3c)).  Then, 
|w|  G  Ll(B(x ;  2r)).  We  get  using  Lebesgue  lemma  (Lemma  1.13.2) 


B(x;2r) 


B(x;2r) 


where  /m  is  the  characteristic  function  of  a  set  M.  Thus,  u  G  C°(£2). 

Proposition  2.6.2  Let  £2  C  Rm,  m  >  2,  be  an  open  set ,  w  G  C!(£2).  The  following 
are  equivalent: 

1.  ue  H(Q). 

2.  For  each  bounded  open  set  G  with  boundary  of  class  Cl  such  that  G  C  £2,  we 


have 


(2.16) 


3.  77z£  relation  (2.16)  holds  true  for  each  ball  G  with  G  C  £2. 
Proof  1)  =>-  2):  See  Corollary  2.2.3. 


3)  =>  1):  Fixx  G  £2.  Define 


3  B(x’,r) 


Then 


35(0;  1) 


35(0;  1) 


Therefore, /(r)  is  constant.  Since /(r)  u(x)  as  r  \  0,  we  see 


w  c YHm  =  u(x) 


dB(x’,r ) 


whenever  5 (x;  r)  C  Mean  value  theorem  (Theorem  2.6.1)  gives  that  u  G  H(F2). 


2.8  The  Hamack  Inequality 
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2.7  Separately  Harmonic  Function 

Theorem  2.7.1  Let  £2  C  Rm  x  Rn,  u  e  L]oc(fl).  Suppose  for  each  x  G  Rm  and 
y  G  Rn,  the  function  u(x,-)  is  harmonic  in  {z  G  Rn  ;  [x,z]  £  £2}  and  u(-,y)  is  a 
harmonic  function  in  {z  G  Rm\  [z,y]  G  £2}.  Then  u  G 

Proof  Fix  [x,y]  G  £2,  x  G  Rm ,  y  G  Rn.  Fix  0  <  r  <  dist([x,y],  3  £2).  According  to 
Fubini’s  theorem  and  Mean  value  theorem  (Theorem  2.6.1), 

/  u  d’Hm+"  =  /  /  u(z,  w)  d'Hl,(w)d'Hm(z) 

B([x,y]\r)  B(x-,r)  B(y.tjri_\z_x |2) 

=  J  Hn(B(y:  yfr1  -  \z  -  ~x^))u(z,y)  d Um(z) 

B(x;r) 

r 

=  J  J  'Hn(B(y;  Vr2  -  t2))u(to,y)  dUm-i(p)dt 

0  dB(x;t) 

r 

=  J  'Hm-i(dB(x;  t))Hn(B(y;  Vr2  -  fi))u(x,y )  d t 
o 


=  u(x,y)'Hm+n(B([x,y\;r)). 

Mean  value  theorem  (Theorem  2.6.1)  gives  that  u  G  H(Q). 


2.8  The  Harnack  Inequality 


In  this  section  we  study  nonnegative  harmonic  functions.  In  particular  we  show  that 
if  u  is  a  nonnegative  harmonic  function  in  a  domain  £2  and  u(x)  =  0  for  some  x  G  £2 
then  u  =  0. 

Proposition  2.8.1  (Harnack  Inequality)  Let  0<p<R<oo,  z£  Rm.  If  u  is  a 

nonnegative  harmonic  function  in  B(z;  R),  then 


(R  -  p)Rm~ 2 
(R  +  p)m~l 


u(z)  <  u(x)  < 


(R  +  p)Rm~ 2 
(R  -  p)m~l 


u(z) 


(2.17) 


for  each  x  G  B{z\  p). 
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Proof  Fix  r  G  ( p,R ).  Let  P  be  the  Poisson  kernel  of  B(z ;  r)  (see  (2.10)).  If  y  e 
9P(z;  r),  then 


r-p  <  r2  -  |z  —  -x|2  r  +  p 

r(r  +  p)m_1  —  r|z  — y|m  —  r(r  —  p)m_1 

and  (r—p)rm_2  (r+p)  1_mP(z,y)  <  P(x,y)  <  (r+p)(r—p)1_mrm_2P(z,y).  Theorem 
on  the  Poisson  integral  (Theorem  2.5.4)  gives 


(r  -  p)rm~2 
(r  +  p)™-1 


w(z)  <  w(x)  < 


(r  +  p)rm~ 

(r  —  p)m_1  U 


If  r  \  R,  we  get  (2.17). 

Theorem  2.8.2  Let  K  be  a  compact  subset  of  a  domain  £2  C  Rm.  Then,  there  is  a 
positive  constant  C  such  that 


sup  u(x)  <  C  inf  u(x) 

xeK  xeK 

for  each  nonnegative  harmonic  function  u  in  Q. 

Proof  For  each  x  e  K,  there  is  r(x)  >  0  such  that  B(x;2r(x))  C  £2.  Since  K  C 
U{P(x;  r(x));  x  G  K}  and  K  is  compact,  there  are  x\ , . . . ,  Xk  G  K  such  that 

k 

K  C  [J  B(xf,  r(xj)). 

7=1 

According  to  the  Harnack  inequality  (Proposition  2.8.1),  there  are  positive  constants 
Ci , . . . ,  Ck  such  that  for  each  nonnegative  harmonic  function  u  on  Q  and  each  x,  y  G 
B(xp  r(xj ))  we  have  u(x)  <  C\u(y). 

Fix  now  j,  l  G  {1 , ,k},j  7^  /.  Since  Q  is  connected,  there  is  a  curve  y  in  Q 
connecting  xj  and  x/  (see  Remark  1.2.19).  Since  y  is  compact,  there  are  open  balls 
B\,...,Bn  such  that  y  C  B\  U  •  •  •  U  Bn  and  Bj  c  ^  for  j  =  1 , . . . ,  n.  We  can 
suppose  that  Bj  fl  Bj+\  7^  0  for  j  =  1, . . . ,  n  —  1  and  Xj  G  Pi,  x/  G  According  to 
the  Harnack  inequality  (Proposition  2.8.1),  there  are  positive  constants  D\, ...  ,Dn 
such  that  for  each  nonnegative  harmonic  function  u  on  Q  and  each  x,  y  G  Bj,  we 
have  u(x)  <D\u(y).  Fix  y7  G  Bj  fl  Bj+  \.  Then, 


u(xj)  <  £>im(^i)  <  DlD2u(y2 )  <  •••  <  £>i£>2  . .  .Dn-iu{yn-x) 


<DlD1...Dnii(xi). 

This  means  that  there  are  Cji  such  that  u(xj)  <  u(xi)  for  each  nonnegative  harmonic 
function  u  on  . 


2.9  Derivatives  of  Harmonic  Functions 
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Fix  now  x,y  e  K.  Then  there  are  j,  l  such  that  x  e  B(xj,  r(xj))  and  y  e  B(xi,  r(x/)). 
If  j  =  /,  then  u(x)  <  Cju(y).  If  j  ^  /,  then 


u(x)  <  Cju(xj)  <  CjCjiu(xi )  <  CjCjiQu(y). 


2.9  Derivatives  of  Harmonic  Functions 

If  u  is  a  harmonic  function  in  £2,  then  3 01  u  is  locally  bounded  in  £2.  In  this  section, 
we  study  behavior  of  dau  in  a  neighborhood  of  3  £2.  We  also  derive  useful  estimates 
of  derivatives  of  the  fundamental  solution  of  the  Laplace  equation. 

Lemma  2.9.1  Let  £2  C  Rm  be  an  open  set,  m  >  2,  u  e  C1^),  B(x;r)  C  £2.  If 
dju  e  H(£2)  (in  particular  if  u  e  H(£2)),  then 

\dju(x)\  <  y  ^  \u\ 

dB(x;r) 


Proof  Suppose  3 )u  e  H(£2).  (If  u  e  H(£2),  then  ‘dpi  e  H(£2)  by  Corollary  2.2.9.) 
According  to  the  Mean  value  theorem  (Theorem  2.6.1)  and  the  Gauss-Green 
theorem,  (Theorem  1.19.1) 


|  dju(x)  |  = 


/ 


dju 


njB(0:  r)) 


dU„ 


/] UjU 
jB(x-r) 


m 

r 


i 


nju  d1~Lm-\ 


3B(0;r) 


dB(x’,r) 


Theorem  2.9.2  Let  £2  C  Rm  be  an  open  set,  £2  Rm.  If  u  is  a  hounded  harmonic 
function  in  £2  and  a  =  (oq, . . . ,  am)  is  a  multiindex,  then 


|3aw(v)|  < 


m\a\ 


-|M 


dist(x,  3  £2)  _ 


sup  |m(v)|, 

yen 


X  G  £2 . 


(2.18) 


Proof  Suppose  first  that  \a\  =  1.  Let  i  e  ^2,  0  <  r  <  dist(x,  3£2).  Lemma  2.9.1 
gives 


m 

\dau(x)\  <  —  sup|w(y)|. 


If  r  — >  dist(v,  3 £2),  we  obtain  (2.18). 
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Let  now  k  be  a  positive  integer  such  that  (2.18)  holds  true  for  each  multiindex  a 
with  \a\  =  a\  +  •  •  •  +  am  <  k.  Let  now  /3  be  a  multiindex  with  |/3|  =  k  +  1.  Then, 
there  are  j  G  {1 , ...  ,m}  and  a  multiindex  a  with  \a\  <  k  such  that  3^  =  djda.  One 
has  3 au  e  H(Q)  by  Corollary  2.2.9.  Fix  x  e  £2.  Put  r  =  dist(x,  dQ)/(k  +  1).  If 
z  e  dB  (x;  r),  then 


|3“«(*)l  < 


m\ot\ 


"I  M 


_dist(z,  3^)J 

According  to  Lemma  2.9.1,  we  have 


supKry)!  < 


m(k  +  1) 


-\k 


dist(v,  3^)J  yeQ 


sup  |m(  v)l- 


\dpu(x)\  =  \djdau(x) |  <  J 


m\dau(z)\ 


dB(x',r) 


Wm-i(35(0;l))^ 


dUm-\(z) 


m 


-ik 


m(k+l) 

A.  77  sup|w(y)|  = 

distfx,  3 S2)  J 


m|/3| 


-|I0I 


dist(x,  3£2)J  y€n 


sup  |w(y)|. 


Example  2.9.3  Theorem  2.9.2  shows  that  for  u  G  H(£2)  PI  C0,0(£2),  there  exists  a 
constant  C  such  that  |  Vm(jc)  |  <  C  dist(x,  3£2)_1 .  We  cannot  improve  this  result  as  the 
following  example  shows.  Set  Q  =  { [x\ ,  V2] ;  0  <  x\  <  2,0  <  x^  <  2},  u(x  1,^2)  = 
arccos(xi/|v|).  Easy  calculation  yields  that  A u  =  0,  u  is  bounded  and  |Vh(jc)|  = 
1/|jc| .  If  0  <  x\  =  X2  <  1,  then  |Vw(x)|  =  l/\x\  =  (1/V2)  dist(v,  3£2)_1. 

Theorem  2.9.4  Let  £2  C  Rm  be  an  open  set,  u  G  H(f2)  PI  C0,a(£2),  m  >  2,  0  <  a  < 
1.  If  /3  is  a  multiindex  with  \f\  >0,  then 

\d^u(x)\  <  (m|/3|)^  \\u\\co,a^  dist(x,  3£2)a_^,  xe  £2. 


Proof  Let  \u(y )  —  m(z)|  <  M|y  —  z|a  for  y,  z  G  Fix  v  G  Put  a;  = 
dist(v,  dQ)/2).  According  to  Theorem  2.9.2 


\d^u(x)\  < 


m\f\ 


W\ 


dist(x,  3 co) 


sup  | u(y)  —  u(x) |  < 

yEco 


(m|/3|)^Mdist(v,  3£2)a 
dist(x,  3^)1^ I 


Theorem  2.9.5  Let  £2  C  Rm  be  an  open  set,  £2  7^  Rm.  If  u  is  a  nonnegative 
harmonic  function  in  Q  and  a  =  (ot\, ... ,  am)  is  a  multiindex,  then 


m\a\ 


-|M 


_dist(x,  3£2)_ 


u(x), 


\dau(x)\  < 


X  G  £2. 


(2.19) 


2.9  Derivatives  of  Harmonic  Functions 


99 


Proof  Suppose  first  that  \a\  =  1.  Letx  e  £2,  0  <  r  <  dist(x,  3£2).  Lemma  2.9.1  and 
Mean  value  theorem  (Theorem  2.6.1)  give 

/77  f  jfi 

\dau(x)\  <  —  (h  ud%m-\{y)  =  —u(x). 

r  J  r 

d 


If  r  — >  dist(v,  3 £2),  we  obtain  (2.19). 

Let  now  k  be  a  positive  integer  such  that  (2.19)  holds  true  for  each  multiindex 
a  with  \a\  =  ot\  +  •  •  •  +  otm  <  k.  Let  now  /3  be  a  multiindex  with  \/3\  =  k  +  1. 
Then  there  are  j  e  {1 , ,m}  and  a  multiindex  a  with  \a\  =  k  such  that  3^  =  djda . 
Corollary  2.2.9  gives  3 au  e  2).  Fix  x  e  £2.  Put  r  =  dist(x,  3£2)/(&  +  1).  If 
z  e  3 B(x;  r),  then 


|3Mz)|  < 


m\a\ 


"I  lal 


dist(z,  3£2)_ 


u(z)  < 


-lk 


m(k  +  1) 
dist(v,  3  £2)  _ 


u(z). 


According  to  Lemma  2.9.1  and  Mean  value  theorem  (Theorem  2.6.1),  we  have 


\d^u(x)\  =  \djd0lu(x)\  <—  (b  \dau(z)\  dUm-\(z) 


dB(x',r) 


$ 


dB(x;r) 


m(k  +  1) 
dist(v,  3 £2) 


u(z)  dUm-iiz)  = 


m\P\ 


im 


dist(v,  3  £2)  _ 


u(x). 


Corollary  2.9.6  Let  m  >  2  azzd  a  be  a  multiindex  with  \a\  >  1.  TTz^zz,  /7zere  exists 
a  constant  C  depending  only  on  m  and  a  such  that  \dahm(x)\  <  C\x\2~m~^. 

Proof  Easy  calculation  gives  that  3 )hm(x)  =  — v/|v|_m/Hm(35(0;  1)).  If  a  is  a 
multiindex  with  |a|  >  1,  then  d0lhm  =  d^djhm  for  some  j  e  {1  and  a 

multiindex  /3.  For  a  fixed  x  e  Rm  \  {0}  put  £2  =  {y  e  Rm;  \x\/2  <  |y|}.  Then 
\djhm(y)\  <  (\x\/2)l~m/'Hm(dB(0;  1))  in  £2.  Theorem  2.9.2  gives 


\dahm(x)\  < 


m\fi\ 


m 


dist(v;  3 £2) 


sup  \  djhm(y)\ 

y€Q 


< 


~  m(\a\  —  1) 

.  W/2 


W_1  (|x|/2)1_m 
'Hm(3fi(0;  1)) 


<  2m(2m|o;|)“|x|2_m_l“l. 


Lemma  2.9.7  a  =  (ch  , . . . ,  am)  be  a  multiindex,  m  >  2.  TTz^zz,  exists  a 
constant  Ca  such  that  for  x,y,  z  e  with  \x  —  z\  >  2\x  —  y\  we  have  |3  ahm(x  —  z)  — 
dahm(y-z)\  <  Ca\x  —  y\\x  —  ■ 
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Proof  According  Corollary  2.9.6,  there  exists  a  constant  C  such  that  \Wdahm(w)\  < 
Ca\w\l~m~a .  Put  fit)  =  dahm((\  —  t)x  +  ty  —  z)).  Then  there  exists  0  G  (0;  1) 
such  that/(l)  — /( 0)  =  f{6).  Since  |(1  —  t)x  +  ty  —  z|  >  \x  —  z\  —  t\ y  —  x\  > 
2\x-y\-\x-y\  =  \x-y\,wQobtmn\d0lhm(x-z)-d0lhm(y-z)\  =  |/(1)-/(0)|  = 
|/(0)  |  =  \(x-y)-Vdahm((l-d)x+dy-z)\<Ca\x-y\\x-z\l-m-M. 


2.10  Equibounded  Harmonic  Functions 


Proposition  2.10.1  Let  £2  C  Rm,  m  >  2,  be  an  open  set,  Ad  C  H(fl ).  If  Ad 
is  equibounded  on  each  compact  subset  of  £2,  then  Ad  is  equicontinuous  on  each 
compact  subset  of  £2. 

Proof  Fix  a  compact  subset  K  of  £2 .  Choose  a  bounded  open  set  V  such  that  K  C 
V  CV  c£2.  Then,  there  exists  a  positive  constant  L  such  that  \u\  <  L  on  V  for  each 
u  G  Ad .  According  to  Remark  1 .2.10,  there  exists  a  positive  constant  r  >  0  such  that 
B(x;  2 r)  C  V  for  each  v  G  K.  If  v  G  K,  z  £  B(x;  r),  u  e  Ad,  then  |  Vm(z)  |  <  Lm/ r  by 
Theorem  2.9.2.  Fix  u  e  M  and  x,y  e  K  with  \x—y\  <  r.  Put f(t)  =  u(x t(y  —  x)) . 
Then,  there  exist  6  e  (0, 1)  such  that/(l)  — /(0)  =f(6).  Therefore,  \u(x)  —  u(y)\  = 
1/(1)  -/(0)|  =  |/(0)|  =  | V u(x  +  0(j  —  x))  •  (j  —  jc)|  <  (Lm/r) |x-y|.  Hence,  M 
is  equicontinuous  on  K. 

Proposition  2.10.2  Let  £2  c  Rm  be  a  domain,  m  >  2,  A4  C  H(Q).  Suppose  that 
M.  is  equibounded  from  below  on  each  compact  subset  of  £2.  Then  either  sup{w;  u  e 
M]  =  oo  or  M.  is  equibounded  and  equicontinuous  on  each  compact  subset  of  £2. 

Proof  Suppose  that  there  exists  z  G  ^  such  that  L  =  sup{w(z);  u  e  M]  <  o o.  Fix  a 
compact  set  F  C  £2.  Choose  a  bounded  domain  co  such  that  F  U  {z}  C  co,  To  C  £2. 
Then,  there  exists  a  constant  K  such  that  u  >  K  on  To  for  each  u  e  M.  According 
to  Theorem  2.8.2,  there  exists  a  positive  constant  C  such  that  h(x )  <  Ch(z )  for  each 
positive  h  e  H{co)  and  x  e  F Af  u  e  M.  and  x  e  F,  then  u(x)  =  [u(x)  —  K\  +  K  < 
C[u(z)  —  K]  +  K  <  C(L  —  K)  +  K.  So,  M  is  equibounded  on  F.  Proposition  2.10.1 
gives  that  Ad  is  equicontinuous  on  F. 


2.11  Sequences  of  Harmonic  F unctions 


In  this  section,  we  study  a  limit  of  a  sequence  of  harmonic  functions.  As  a 
consequence,  we  show  that  the  space  of  functions  from  Lp(f2 )  harmonic  in  £2  is 
a  closed  subspace  of  Lp(£2). 

Proposition  2.11.1  Let  £2  be  an  open  subset  ofRm,  uj  be  a  sequence  of  harmonic 
functions  in  £2  which  converges  locally  uniformly  to  u  in  £2.  Then,  u  e  H(£2).  If 
a  =  (oq, ... ,  am)  is  a  multiindex  then  daUj  converges  locally  uniformly  to  3 au  in  £2. 
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Proof  u  G  C°(£2)  because  uj  converges  uniformly  to  u  on  each  compact  subset  of 
Q.lfxeQ,0<r<  dist(v,  3  £2),  then  Mean  value  theorem  (Theorem  2.6.1)  and 
Lebesgue  lemma  (Lemma  1.13.2)  yield 


u(x )  =  lim  Uj(x)  =  lim 


* 


Uj  dTLm — i 


3  B(x;r) 


dB(x]r) 


Mean  value  theorem  (Theorem  2.6.1)  gives  that  u  e  H(£2). 

Let  K  be  a  compact  subset  of  £2 .  Fix  a  bounded  open  set  G  such  that  K  C  G  C 
GC  2.  According  to  Remark  1.2.10,  there  is  r  >  0  such  that  B(x;  r)  C  G  for  each 
x  e  K.  Since  u  —  uj  e  H(G),  Theorem  2.9.2  gives 

/  YYl\d  I  \  ^ 

sup \daUj(x)  -  dau(x)\  <  —  sup  I Uj(y)  -  u(y) |. 

xeK  V  r  )  yeG 


Since  Uj  converges  uniformly  to  u  on  the  compact  set  G,  the  sequence  3 01  Uj  converges 
uniformly  to  3 01  u  on  K. 

Proposition  2.11.2  Let  £2  C  Rm  be  a  domain,  Uj  be  a  sequence  of  harmonic 
functions  in  £2.  Suppose  that  {uj}  is  equiboundedfrom  below  on  each  compact  subset 
ofi 2.  Then, 


lim  Uj(x )  =  oo  on  i 2  (2.20) 

7'-^oo 

or  there  is  a  subsequence  {14}  of  {uj}  such  that  Vk  converges  locally  uniformly  to 
v  G  2). 

Proof  Suppose  that  (2.20)  does  not  hold.  Then,  there  exist  z  G  £2,  L  G  R  and 
a  subsequence  ui  of  uj  such  that  ufz)  <  L.  Let  Qj  be  a  sequence  of  bounded 
subdomains  of  £2  such  that  z  e  fy,  Qj  C  £2;+i  and  U^27  =  ^2.  Then,  {«/}  is  a  set 
of  equicontinuous  equibounded  functions  on  £2;  for  each  j  by  Proposition  2.10.2. 
Arzela-Ascoli  theorem  (Theorem  1.16.1)  gives  that  {ft/}  is  a  relatively  compact 
subset  of  C°(£2i).  Therefore,  there  exist  a  subsequence  {w\^}  of  {ui}  which 
converges  uniformly  in  £2 1 . 

Fix  now  a  positive  integer  k.  Suppose  that  we  have  sequences  {w\j},  . . . ,  {wkj} 
such  that  {w/+ij}  is  a  subsequence  of  {wij}  which  converges  uniformly  in  ^2/+i. 
By  Arzela-Ascoli  theorem  (Theorem  1.16.1),  there  exist  a  subsequence  {wk+ij} 
of  {w^}  which  converges  uniformly  in  Qk+i-  Put  vk  =  ^k,k-  Then  Vk  converges 
uniformly  to  v  on  each  ^2;.  Proposition  2.11.1  gives  that  v  G 

Proposition  2.11.3  Let  £2  C  Rm  be  a  domain,  Uj  be  an  increasing  sequence  of 
harmonic  functions  on  £2.  Then  (2.20)  holds  true  or  {uj}  converges  locally  uniformly 
to  u  G  H(i 2). 
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Proof  If  K  is  a  compact  subset  of  £2 ,  then 

Uj  >  inf  u\(x )  >  — oo. 

J  X  EK 

The  rest  is  a  consequence  of  Proposition  2.11.2. 

Proposition  2.11.4  Let  £2  be  an  open  subset  ofRm,  1  <  p  <  oo,  {fn}  C  H(Q)  PI 
Lp(£2),f  G  Lp(£2).  Suppose  thatfn  ->/  in  LP(Q).  Then,  there  is  g  G  H(£2)  PI  LP(Q) 
such  that  g(x)  =  /(*)  for  TLm  almost  all  x  G  £2  andfn(x )  converges  locally  uniformly 
to  g(x).  Thus  H(Q)  P  Lp(£l)  is  a  closed  subspace  ofLP(fl). 

Proof  Let  K  C  £2  be  compact.  Then,  there  is  r  >  0  such  that  B(x ;  2 r)  C  £2  for  each 
x  e  K  (compare  Remark  1.2.10).  Let  1  <  q  <  oo  be  such  that  1//?  +  1  / q  =  1.  Fix 
€  >  0.  Then  there  is  no  G  N  such  that 


||/«  -f\\u(Q)  <  e 


for  each  n  >  no.  If  *  G  K  and  n,k  >  no  then  the  Mean  value  theorem 
(Theorem  2.6.1)  and  Holder’ s  inequality  (Proposition  1.14.1)  yield 


I  fn(x)  ~fk(x)  | 


(j)  (Jn-fk)  dUm- 1 

dB(x;r ) 


““  PLm-x(dB{x\r))  ' 


Thus ,fn  converges  locally  uniformly  to  some  function  g.  Proposition  2.11.2  gives 
that  g  G  H(i 2).  If  K  C  £2  is  compact,  then  fn  g  in  Lp(TLm\K)  and  fn  ->  f  in 
Lp(TLm\K),  which  forces  g(*)  =f(x)  for  TLm  almost  every  x  e  K. 


2.12  Growth  of  Derivatives  at  Infinity 


In  this  section,  we  show  how  behavior  of  derivatives  of  a  harmonic  function  u  at 
infinity  depends  on  behavior  of  u  at  infinity. 

Proposition  2.12.1  Let  K  C  Rm  be  compact,  u  G  H{Rm  \K),te  R\  If  u(x)  G 
0(1*1*)  as  |*|  — >  oo  and  a  is  a  multiindex,  then  3 au(x)  G  0(|*|*_lal)  as  |*|  oo. 
On  the  other  hand,  ifk  e  N,  t  >  k  —  1  and  3 au(x)  G  0(|*|*_/:)  as  |*|  —>  oofor  each 
multiindex  a  with  \a\  =  k,  then  u{x)  G  0(|*|*)  as  |*|  —>  oo. 

Proof  Suppose  first  that  \a\  =  1.  Fix  positive  constants  r  and  C  such  that  \u(x)\  < 
C|*|*  for|*|  >  r.  Fix*  G  Rm\B( 0;  2r).  Put  G  =  {y  G  Rm;  |*|/2  <  |  y\  <  2|*|}.  Then, 
|w(y)|  <  2^  C|*|*  for  y  G  G.  Since  dist(*;  3G)  =  |*|/2,  we  obtain  by  Theorem  2.9.2 
that  |3/w(*)|  <  /w2^C|*|V(I*I/2). 

Suppose  that  t  >  0  and  a(*)  =  0(|*|*-1)  as  |*|  ->  oo.  Choose  R  >  0  such 
that  K  C  #(0;  R).  Let  cp  G  C°°(Rm )  be  such  that  <p  =  0  in  Z?(0;R),  (p  =  1  on 
\  #(0;  2R).  Put  u  =  ucp.  Then,  there  is  a  constant  C  such  that  |Vu(*)|  <  C|*|*_1. 
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Remark  r>(0)  =  0.  If  \x\  >  2 R,  then 


\u(x)\ 


X 

—  •  Vv(sx/\x\) 

M 


0 


Now,  we  get  the  assertion  of  the  proposition  by  the  induction  argument. 


2.13  Separation  of  Harmonic  Singularities 

Proposition  2.13.1  Let  £2  C  Rm  be  a  domain,  and  let  F+,  F~  be  disjoint  closed 
sets  with  F+  U  F~  =  Rm  \  £2  and  F+  be  bounded,  z  G  F+ .  Let  u  G  Then, 

there  exist  unique  u\  G  H (£2  U  F+),  U2  G  H (£2  U  F~ )  and  a  constant  c  such  that 
u(x)  =  u\(x)  +  U2(x)  +  chm(x  —  z )  in  £2  and  U2(x)  =  0(\x\l~m)  as  |v|  oo. 

Proof  Fix  a  bounded  open  set  G  C  ^  with  boundary  of  class  C°°  such  that  G  C  £2 
and  Rm\G  has  two  components  V+,  V~  with  F+  C  V+,  F~  C  V~.  Define 

W2(x)  =  —  Sv+  (nv+  •  Vw)  —  Vv+  u, 


w\(x)  =  —Sv  (nv  •  Vm)  —  Vv  u. 

Then  W2  G  H(Rm  \  V+),  wi  G  H(Rm  \  V~).  Corollary  2.2.5  gives  that  u  =  w\  +  W2 
in  G.  If  we  put  t/i  =  w\  in  Rm  \V~,u\  =  u  —  W2  in  £2  \  V+  then  u\  is  well  defined 
and  harmonic  in  £2  U  F+ .  Similarly,  v  =  W2  in  Rm  \  V+,  v  =  u — w\  in  £2  \  V~  is  well 
defined  and  harmonic  in  Q  U  F~.  Clearly,  —  Vv+  u(x)  =  G(|v|1_m)  as  \x\  ->  oo.  Put 

c  =  -  f  nv+(y)  ■  Vu(y)  dHm-i(y), 
sv+ 

U2(x)  =  v(x)  —  chm(x  —  z).  With  the  aid  of  Lemma  2.9.7 

u2(x)  =  -Vv+  u(x)  +  J  nv+(y )  •  Wu(y)[hm(x  -  z) 

dV+ 

-hjx  -  y)]  dHm-\ (y)  =  0( \x\ 1_m)  |*|  ->•  oo. 

Let  now  u(x)  =  u\{x)  +  U2(x)  +  chm(x  —  z)  =  u\(x)  +  U2(x)  +  chm(x  —  z) 
in  £2,  where  u\,u\  G  H{f2  U  F+),  U2,U2  G  7/(£2  U  F~)  and  U2(x)  =  G(|x|1_m), 
U2(x)  =  G(|x|1_m)  as  |jc|  ->  oo.  Then u\(x)  — u\(x)  =  W2(X)  — W2(x)  +  (c— c)hm(x— z) 
in  £2.  Put  v(x)  =  u\(x)  —  u\(x)  in  Q  U  F+ ,  v(x)  =  U2(x)  —  U2(x)  +  (c  —  c)hm(x  —  z) 
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in  Q  U  F~.  Then,  v  is  well  defined  and  harmonic  in  Rm.  If  j  G  {l, ...  ,m}  then 
djv(x)  =  o(  1)  as  \x\  —>  oo  by  Proposition  2.12.1  and  Corollary  2.9.6.  Maximum 
modulus  principle  (Corollary  2.4.4)  gives  that  9 )v  =  0.  Therefore,  v  is  constant 
(compare  Lemma  1.20.1).  Since  v(x)  =  U2(x)  —  U2(x)  +  (c  —  c)hm(x  —  z)  in  £2  U  F~, 
U2(x)  —  U2(x)  =  0(\x\l~m)  as  |x|  — >  oo,  we  infer  that  v  =  0  and  c  =  c,  112  =  112 . 
Since  t;  =  wi  —  iii  in  £2  U  F+,  we  obtain  u\  =  u\. 


2.14  Spherical  Harmonics 

We  want  to  express  harmonic  functions  locally  as  a  sum  of  harmonic  polynomials. 
For  this  reason,  define  spherical  harmonics. 

Let  Pk(Rm )  denote  the  space  of  all  homogeneous  polynomials  on  Rm  of  degree 
k.  A  spherical  harmonic  of  degree  k  is  the  restriction  to  95(0;  1)  of  an  element  of 
H(Rm )  fl  Pk(Rm).  Remark  that  the  collection  of  all  spherical  harmonics  of  degree  k 
is  a  finite-dimensional  and  therefore  closed  subspace  of  L2(95( 0;  1)). 

Proposition  2.14.1  Iff  e  H(Rm )  (T  Pk(Rm),  g  e  H(Rm )  n  Pi(Rm),  l  ^  k,  thenf  and 
g  are  orthogonal  in  L2(95(0;  1)). 

Proof  Fix  x  G  95(0;  1).  Put  F(r)  =  f(rx).  Since  F(r)  =  rkf(x ),  we  have  F'(l)  = 
kf(x).  If  n  is  the  outward  unit  normal  of  5(0;  1)  at  x,  then 

=  F'(  1)  =  kf(x). 


Similarly, 


dg(x) 

dn 


=  lg(x). 


Using  the  second  Green  formula  (Theorem  2.2.1),  we  obtain 


0  =  J  (fAg-gAf)dHm 

5(0;  l) 


=  f  (fyn  ~  g^j  dUm- 1  =  (l-k)  J  fg  dT-Lm-i • 

95(0;  1)  95(0;  1) 


This  gives  that /  and  g  are  orthogonal  in  L2(95(0;  1)). 

Lemma  2.14.2  Letp  e  Pk(Rm),  where  k  >  2.  Then,  there  exist  h  G  H(Rm)r\Pk(Rm ) 
G  Pk-2(Rm )  such  that p(x)  =  h(x)  +  |x|2^(x). 
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Proof  If 


u(x)  =  aaxa 
\a\=l 


v(x)  =  ^  buxa 
\a\=l 


are  two  elements  of  PfRm ),  denote 

(u,  v)i  =  u(D)v  =  a&dav(0). 

\a\=l 


Easy  calculation  yields  that 


(m,  v)i 


F.  oi\aaba, 

\a\=l 


so  that  (  ,  )/  is  an  inner  product  on  5/(5m).  Since  the  space  5/(5m)  has  finite 
dimension,  it  is  a  Hilbert  space  with  this  inner  product. 

Denote  P  =  {\x\ 2q(x)\q  G  Pk-2(Rm)}-  Theorem  on  orthogonal  projection 
(Theorem  1.9.6)  gives  that  there  is  q  G  5^_2(5m )  and  lief1  with  respect  to  (  ,  )k 
in  Pk(Rm )  such  that  p(x)  =  h(x)  +  \x\2q(x).  Since  \x\2Ah(x)  G  P,  we  have 

0  =  (|jc|2A h,h)k  =  Ah(D)(Ah)  =  (A h,  A h)k-2. 

This  forces  Ah  =  0. 

Corollary  2.14.3  If  p  is  a  polynomial  on  Rm  of  degree  k,  then  the  restriction  of  p  to 
dB(0 ;  1)  is  a  sum  of  spherical  harmonics  of  degree  at  most  k. 

Proof  If  k  =  0  or  k  =  1,  then  p  is  a  harmonic,  and  the  proposition  of  the  corollary 
is  true  for  k  =  0, 1. 

Suppose  now  that  p  is  a  polynomial  on  Rm  of  degree  n  >  1  and  the  proposition 
of  the  corollary  is  true  for  all  k  <  n.  We  can  suppose  that  p  e  Pn(Rm).  According 
to  Lemma  2.14.2,  there  exist  h  e  H(Rm )  n  Pn(Rm )  and  q  e  Pn-2(Rm )  such  that 
p(x)  =  h(x)  +  q(x)  on  35(0;  1).  Since  the  restriction  of  q  to  35(0;  1)  is  a  sum 
of  spherical  harmonics  of  degree  at  most  n  —  2,  we  obtain  the  proposition  of  the 
corollary. 

Corollary  2.14.4  Let  k  e  N,  k  >  2.  Then  the  expression  of  p  e  Pk(Rm )  in 
Lemma  2.14.2  is  unique.  So,  dim Pk(Rm)  =  dim5^_2(5m)  +  dim[5^(5m)  PI  H(Rm)]. 

Proof  Let pk  e  [Pk(Rm)  Hff(5m)],  q  G  Pk-2{Rm)  be  such  that /?*(*)  +  \x\2q(x)  =  0. 
According  to  Corollary  2.14.3,  there  exist  pj  G  H(Rm )  D  Pj(Rm )  such  that 


k- 1 

on  35(0;  1). 

l=o 
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Since  pk(x )  +  \x\2q(x )  =  0,  we  have 

k 

EPJ  =  0  on  35(0;  1). 

7=0 

If  /  G  {0, . . . ,  k},  then 

k 

0  =  J  Pi  ±Pj  dT-Lm-i  =  J  pf  dUm-i 

35(0;  1)  j=0  35(0;  1) 

by  Proposition  2.14.1.  Since  pi  =  0  on  35(0;  1),  we  have  q  =  0  on  35(0;  1).  Since 
Pk  and  q  are  homogeneous  polynomials,  we  deduce  that  pk  =  0,  q  =  0. 

Theorem  2.14.5  L^/  G  L2(35(0;  1)).  Then  there  exist  unique  pk  G  H(Rm)  Pi 
Pk(Rm)  for  k  =  0, 1, 2, . . .  such  that 


/  =  E^ 

k=0 


(2.21) 


m  L2(35(0;  1)). 

Proof  Let  {^;j  =  1, . . . ,  /(&)}  be  an  orthonormal  basis  of  H{Rm)  n  P]fPm)  as  a 
subspace  of  L2(35(0;  1)).  Then  {^;  k  e  No'J  =  1, . . .  ,/(^)}  is  an  orthonormal 
sequence  of  L2(35(0;  1))  by  Proposition  2.14.1.  Corollary  2.14.3  gives  that  the 
restriction  of  any  polynomial  onto  35(0;  1)  is  a  linear  combination  of  elements 
from  this  sequence.  The  set  of  all  polynomials  is  dense  in  C°(35(0;  1))  by  the 
Stone- Weierstrass  theorem  (Theorem  1.16.2).  C°(35(0;  1))  is  dense  in  L2(35(0;  1)) 
by  Proposition  1.14.6.  Since  the  space  of  polynomials  is  dense  in  L2(35(0;  1)), 
Theorem  1.9.9  gives  that  each  /  G  L2(35(0;  1))  can  be  represented  in  the  form 
(2.21)  with 


m 

Pk  =  ^2(f,(Pkj){Pkj-  (2.22) 

j=  i 

On  the  other  hand,  iff  is  represented  in  the  form  (2.21)  with  pk  G  H(Rm )  PI  5^(5m), 
then 


if,  ni) 


( Pk ,  (Pkj) 


by  Proposition  2.14.1.  Since  {cpkj'J  =  1 ,...,/(/:)}  is  an  orthonormal  basis  of 
H(Rm)  P  Pk(Rm)  and  pk  G  H(Rm )  P  5^(5m),  we  infer  that  pk  is  given  by  (2.22). 
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In  this  section,  we  express  harmonic  functions  locally  as  a  sum  of  harmonic 
polynomials. 

Theorem  2.15.1  Let  £2  C  Rm,  m  >  2,  be  a  domain,  u  E  z  E  Q,  0  <  r  < 

dist(z;  9£2).  Then  there  exist pk  E  H(Rm )  D  Pk(Rm),  k  —  0, 1, . . .  such  that 

oo 

u(x)  =  ~  z)  ( 2.23 1) 

k= 0 


in  B(z,  r)  and  the  series  converges  uniformly.  The  polynomials  pk  are  unique  and 


Pk(y )  =  Y 
\u\=k 


3 au(z)  , 
— i- ■ y 

a! 


(2.24) 


Proof  We  can  suppose  that  z  =  0.  Suppose  first  that  r  <  1  <  dist(z;  3 £2).  According 
to  Theorem  2.14.5,  there  are 

Pk  =  Y €  H(RIU)  n  wm) 

\P\ =k 


for  k  =  0, 1, 2, . . .  such  that 

OO 

u  =  Y,Pk 

k= 0 

in  L2(3B(0;  1)).  Put 

n 

qn  =  (2-25) 

/c=0 


Then  w  in  L2(dB(0;  1)).  Denote  by  P(x,  y)  the  Poisson  kernel  of  B( 0;  1).  Since 
u  —  qn  E  H(B( 0;  1))  PI  C°(B( 0;  1)),  we  obtain  for  x  E  B( 0;  r)  using  theorem  on  the 
Poisson  integral  (Theorem  2.5.4)  and  Holder  inequality  (Proposition  1.14.1) 


I u(x)  -  qn(x) |  =  /  P(x,y)(u(y)  -  qn(y))  dUm-\(y) 

\JdB(  0:1) 


< 


/ 

JdB( 0; 


/3B(0;1) 

K>0  —  g»(y)l 

i)  Hm_i(3fi(0;l))(l-ry 


dUm-\{y) 


l|M~g»lb(5) 

y^m_,(9B(0;l))(l  -  r)«» 


Therefore,  converges  uniformly  to  w  in  #(0;  r). 
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Let  now  0  <  r  <  dist(0,  9£2)  be  arbitrary.  Fix  p  e  (r,  dist(0;  9£2)).  If  we  put 
v(x)  =  u((x)/p),  then  there  are  pk  G  H(Rm )  Pi  Pk(Rm )  such  that 

oo 

v(x)  =  y>w 

k=0 

in  B(0,  r/p)  and  the  series  converges  uniformly.  Then 

oo 

u(y)  =  v(py )  =  ^ Pkipy ')• 
k= 0 

We  have  proved  (2.23).  Fix  a  multiindex  a.  Let  qn  be  given  by  (2.25).  Then, 

q„(x)  =  dpx P 

\P\ <n 

where  ap  does  not  depend  on  n.  Since  qn  e  H(B(z\  r))  converges  uniformly  to 
u  G  H(B(zm,  r)).  Proposition  2.11.1  gives 

dau( 0)  =  lim  daqn( 0)  =  a\  aa  . 

n^oo 

So,  (2.24)  holds. 


2.16  Liouville  Theorem 

In  this  section,  we  study  harmonic  functions  on  the  whole  Euclidean  space.  We  show 
conditions  that  force  that  a  harmonic  function  is  a  polynomial. 

Theorem  2.16.1  Let  u  G  H(Rm ).  Ifu  is  bounded  from  below  (or  above),  then  u  is 
constant.  If  u(x)  — >  0  as  \x\  oo  then  u  =  0. 

Proof  Suppose  first  that  u(x)  >  K  for  each  x  e  Rm.  Put  v(x)  =  u(x)  —  K.  Then 
v  is  a  nonnegative  harmonic  function.  Fix  v  G  Rm ,  j  G  {1, . . . ,  m}.  If  r  >  0,  then 
r>  G  H(B(x;  r))  and  Theorem  2.9.5  gives 

|  dju (jc)  |  =  |  djv  (x)  |  <  mv  (x) / r. 

Letting  r  — >  +oo,  we  get  9;w(v)  =  0.  Since  the  gradient  of  u  vanishes  in  Rm ,  the 
function  w  is  constant. 

If  u  is  bounded  from  above,  then  —  u  is  bounded  from  below  and  therefore 
constant. 
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Theorem  2.16.2  If  l  <  p  <  oo,  u  e  H{Rm),  u  G  Lp{Rm),  m  >  2,  then  u  =  0. 

Proof  Fix  x  G  Rm.  Put  q  =  p/(p  —  1),  /x  =  TLm{B{f)\  l))~lTLm\B(x;  1). 
With  the  aid  of  Mean  value  theorem  (Theorem  2.6.1)  and  Holder’s  inequality 
(Proposition  1.14.1),  we  obtain 

\u(x)\  =  |  J  u  dpi 

Since  u  is  bounded,  it  is  constant  (see  Theorem  2.16.1).  Now  u  e  Lp{Rm)  forces 
u  =  0. 

Theorem  2.16.3  Let  u  G  H(Rm),  ft  >  0.  If\u(x)\  =  0( \x\P)  as  \x\  oo,  then  u  is 
a  polynomial  of  degree  k  <  /3. 

Proof  Let  o'  be  a  multiindex  with  \a\  >  ft.  Proposition  2.12.1  gives  that  \dau(x)\  = 
0(\x\P~\a\)  as  \x\  oo.  Thus,  dau  G  H(Rm)  (see  Corollary  2.2.9)  and  dau(x )  — >  0 
as  \x\  ->  oo.  Therefore,  3 01  u  =  0  by  Theorem  2.16.1.  Since  3 au{x)  =  0  for  each 
multiindex  a  with  \a\  >  ft,  analycity  of  harmonic  functions  (Theorem  2.15.1)  gives 
that  u  is  a  polynomial  of  degree  k  <P- 

Corollary  2.16.4  Let  u  G  H{Rm ),  m  >  2  and  k,n  G  A^o  with  k  <  n.  Then  the 
following  assertions  are  equivalent: 

1.  u  is  a  polynomial  of  degree  less  than  or  equal  to  n. 

2.  3 au(x)  =  0( \x\n~k)  as  \x\  — >  oo  for  each  multiindex  a  with  \a\  =  k. 

3.  dau(x)  =  o(\x\n+l~k)  as  \x\  — >  oo  for  each  multiindex  a  with  |a|  =  k. 

4.  dau(x)  =  o( \x\n~k)  as  \x\  —>  oo  for  each  multiindex  a  with  \a\  =  k  +  1. 

5.  There  exists  1  <  p  <  oo  such  that  dau  G  Lp{Rm)  for  each  multiindex  a  with 
\a\  =  n  +  1. 

Proof  1)  =>►  2)  =>►  3)  is  clear. 

3)  4)  Fix  a  multiindex  a  with  \a\  =  k.  Theorem  2.16.3  gives  that  3 01  u  is 
a  polynomial  of  degree  less  than  or  equal  to  n  +  1  —  k.  The  condition  3 au(x)  = 
o{\x\n+l~k)  forces  that  dau  is  a  polynomial  of  degree  lees  than  or  equal  t  on  — k. 

4)  =>►  5)  Fix  a  multiindex  a  with  \a\  =  k  +  1.  Theorem  2.16.3  gives  that  3 au 
is  a  polynomial  of  degree  less  than  or  equal  to  n  —  k.  If  n  =  k,  then  the  condition 
3 au(x)  =  o(  1)  forces  that  3 01  u  =  0.  Let  now  k  <  n.  Then  from  the  condition 
3 au(x)  =  o( \x\n~k)  as  \x\  —>  oo,  it  follows  that  dau  is  a  polynomial  of  degree 
less  than  or  equal  to  n  —  k  —  1.  Hence,  3 au(x)  =  0(|v|n_/:_1)  as  |jc|  —>  oo.  If 
P  is  a  multiindex  with  |j8|  =  n  +  1,  then  3 &u(x)  =  0(|v|_1)  as  \x\  oo  (see 
Proposition  2.12.1).  Clearly  3 &u  G  L2m(Rm). 

5)  1):  If  a  is  a  multiindex  with  \a\  =  n  +  1  then  3aw  =  0  by  Theorem  2.16.2. 
Proposition  2.12.1  forces  that  u(x)  =  0( \x\n+l^2)  as  \x\  ->  oo.  Theorem  2.16.3 
yields  that  u  is  a  polynomial  of  degree  less  than  or  equal  to  n. 


<  IMIl^HI || 5  0;  1))  1//?||w||zp(^). 
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2.17  Behaviour  at  Infinity 

This  section  gives  several  characterization  concerning  the  grow  of  u  and  3 01  u  at 
infinity  for  a  harmonic  function  u  on  an  exterior  domain. 

Proposition  2.17.1  Let  K  C  Rm  be  compact,  u  E  H(Rm  \  K),  and  m  >  2.  Then  the 
following  are  equivalent: 

1)  There  exists  c  E  Rl  such  that  u(x )  — >  c  as  \x\  —>  oo.  Moreover,  there  exist 
constants  c\,  C2  such  that  u(x)  —  c\  —  cf\x]\-~m  =  0(|x|1_m)  as  \x\  —>  oo. 

2)  w(x)  =  0(1)  0s  |x|  — >  oo. 

3)  w(x)  =  6>(ln  \x\)  as  \x\  oo. 

If  m  >  2,  then  these  assertions  are  equivalent  to 

4)  There  is  r  >  0  such  that  u  is  bounded  from  below  or  from  above  on  Rm  \  B(  0;  r). 

5)  u(x)  =  o(|.*|)  as  |*|  — >  oo. 

Proof  Clearly,  1)  =>  2)  =►  3)  and  1)  =M),  1  =►  5). 

Put  F+  =  K  U  {0},  F~  =  0.  According  to  Proposition  2.13.1,  there  exist  unique 
u\  E  H(Rm ),  U2  E  7/(7?m  \  F+)  and  a  constant  a  such  that  u(x)  =  u\(x)  +  ^(x)  + 
ahm(x)  in  Rm  \  F+  and  ^(x)  =  0(|*|1_m)  as  |x|  ->  oo. 

3)  =>►  1):  Since  u\{x)  =  u(x)  —  U2(x)  —  ahm{x)  =  0(|x|),  there  exists  a  constant 
c  such  that  u\  =  c  (see  Corollary  2.16.4).  If  m  >  2,  then  u(x)  —>  c  as  \x\  —>  oo. 
Let  now  m  =  2.  Since  w(x)  =  0(ln  |x|)  as  |x|  ->  oo,  we  infer  that  a  =  0.  Thus, 
u(x)  c  as  |*|  ->  oo. 

Suppose  now  that  m  >  2: 

4)  1):  Since  u2(x)  +  ahm(x)  is  bounded  on  \  Z?(0;r),  the  function  u\ 
is  bounded  from  below  or  from  above.  Theorem  2.16.1  gives  that  there  exists  a 
constant  c  such  that  u\  =  c.  Thus,  u(x)  —>  c  as  |*|  -»  oo. 

5)  =>►  1):  Since  u\{x)  =  u(x)  —  U2(x)  —  ahm{x)  =  0(|*|),  there  exists  a  constant 
c  such  that  u\  =  c  (see  Corollary  2.16.4).  Thus  u(x)  —>  c  as  |*|  —>  oo. 

Example  2.17.2  The  function  h2  is  a  nonnegative  harmonic  function  in  R2  \  5(0;  1), 
h2(x)  =  0(|*|)  as  |*|  ->  oo.  But  there  is  not  c  E  R  such  that  hm(x)  — >  c  as  |x|  — >  oo. 

Proposition  2.17.3  Let  K  c  compact,  u  E  //(7?m  \  /Q,  w  bounded.  Let  a 
be  a  multiindex  with  \a\  >  0.  If  m  >  2,  then  3 au(x)  =  0(|x|2_m_^)  as  |x|  ->  oo. 
If  m  =  2,  then  3 au(x)  =  0(\x\~l~^)  as  |x|  oo.  If  m  >  2  and  u(x)  0  as 
|*|  ->  oo,  then  u{x)  =  0( \x\2~m)  as  |*|  ->  oo.  Ifm  =  2  and  u(x)  0  as  |x|  —>  oo, 
then  u(x)  =  0(|x|-1)  as  |*|  ->  oo. 

Proof  According  to  Proposition  2.17.1,  there  exists  a  constant  c  such  that  u(x)  — >  c 
as  |*|  —>  0.  Since  dau  =  da(u  —  c),  we  can  suppose  that  u(x)  —>  0  as  |*|  ->  oo. 

If  m  >  2,  then  u(x)  =  0(|x|2  m)  as  |*|  oo  by  Proposition  2.17.1.  Hence, 
3 au(x)  =  0( |*|2_m_lal)  as  |*|  ->  oo  by  Proposition  2.12.1. 

If  m  =  2  then  u(x)  =  0(|x|-1)  as  |x|  oo  by  Proposition  2.17.1. 
Proposition  2.12.1  forces  3 au(x)  =  0(|*|_1_la')  as  |*|  ->  oo. 
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Proposition  2.17.4  Let  K  C  Rm  be  compact,  u  G  H(Rm  \  K).  Then  the  following 
are  equivalent: 

1.  u(x)  — >►  0  as  |*|  ->  oo. 

2.  There  exist  r  >  and p  G  (1,  oo)  such  that  u  G  Lp(Rm  \  B( 0;  r)). 

Proof  1)  2):  Proposition  2.17.3  gives  that  u(x)  =  0(|*|_1)  for  m  =  2  and 

u(x)  =  0{\x\2~m)  for  m  >  2.  Thus  u  G  Lp(Rm  \  B( 0;  r))  for  sufficiently  large  r  and 
arbitrary  3  <  p  <  oo. 

2)  1):  Fix  x  e  Rm  such  that  |*|  >  r  +  1.  Put  g  =  p/(p  —  1),  /x  = 

TLm(B( 0;  l))_1/Hm|P(*;  1).  With  the  aid  of  Mean  value  theorem  (Theorem  2.6.1) 
and  Holder’s  inequality  (Proposition  1.14.1)  we  obtain 


<  I|w||z^(/x)||1||l^(/x)  < 'HmWO;  1))  l/p\\u\\u}{Rm\B^r)y 


Since  u(x)  =  0(1)  as  |*|  — >►  1,  Proposition  2.17.1  gives  that  u(x)  c  as  |*|  — >►  oo 
for  some  constant  c.  Now  u  g  LP(Rm  \  B( 0;  r))  forces  c  =  0. 

Proposition  2.17.5  Let  K  C  Rm  be  compact,  u  G  H(Rm  \  K ).  Let  k,n  e  No,  k  <  n. 
If  m  =  2  suppose  n  >  0.  TTzezz  the  following  are  equivalent: 

1.  There  exist  a  harmonic  polynomial  of  P  degree  less  than  or  equal  to  n  and  a 
constant  c  such  that  u(x)  —  P(x)  —  chm(x )  =  0(|*|1_m)  as  |*|  —>  oo. 

2.  3 au(x)  =  0( \x\n~k)  as  \x\  — >  oo  for  each  multiindex  a  with  \a\  =  k. 

3.  3 au(x)  =  o{\x\n+l~k)  as  \x\  — >  oo  for  each  multiindex  a  with  \a\  =  k. 

4.  3 au(x)  =  o(\x\n~k)  as  \x\  —>  oo  for  each  multiindex  a  with  \a\  =  k  +  1. 

5.  There  exist  p  G  (1,  oo)  and  r  >  0  such  that  3 01  u  e  Lp(Rm  \  B( 0;  r))  for  each 
multiindex  a  with  \a\  =  n  +  1. 

(5.  TTzere  exists  r  >  0  such  that  dau  G  Lp(Rm  \  B( 0;  r))  for  each  multiindex  a  with 
\a\  =  n  +  1  azzJ  2  <  p  <  oo. 

Proof  Put  F+  =  K  U  {0},  F~  =  &.  According  to  Proposition  2.13.1,  there  exist 
unique  P  G  H(Rm ),  zz2  £  H(Rm  \  F+)  and  a  constant  <2  such  that  u(x)  =  P(x)  + 
U2(x)  +  ahm(x)  in  \  F+  and  zz2(*)  =  0(|*|1_m)  as  |*|  — >  oo.  If  a  is  a  multiindex 
with  \a\  >  1  then  Proposition  2.12.1  and  Corollary  2.9.6  give  3a[zz2(*)  +  <2/zm(*)]  = 
0( |x|2_m_M)  as  |*|  — >  oo.  If  \a\  =  k ,  then  3a[z/2(*)  +  a/zm(*)]  =  0( \x\n~k)  as  |*|  -> 
oo.  If  \a\  =  k+  1,  then  3a[z/2(*)  +  a/zm(*)]  =  6>(|*|n_^)  as  |*|  — >►  oo.  If  \a\  =  n  +  1, 
then  3a[zz2(*)  +  a/zm(*)]  =  0(|*|1_m)  as  |*|  ->  oo  and  thus  3a[w2(*)  +  ahm(x)]  e 
Lp(Rm  \  B( 0;  r))  for  sufficiently  large  r  and  each  p  >  2.  If  we  use  Corollary  2.16.4 
for  P,  we  obtain  1)  O  2)  O  3)  4). 

Suppose  5).  Let  a  be  a  multiindex  with  \a\  =  n  +  1.  Then  3 au(x)  ->  0  as 
|*|  oo  by  Proposition  2.17.4.  Proposition  2.17.3  gives  that  dau(x)  =  0(|*|_1) 
as  |*|  ->  oo.  Thus,  3 01  u  G  Lm+l(Rm  \  B( 0;  p)  for  some  p  >  r.  Since  3a[w2(*)  + 
a/zm(*)]  G  Lm+1(pm  \  #(0;  p)),  we  deduce  that  daP  =  dau  —  3 a[z/2(*)  +  a/zm(*)]  G 
Lm+ 1  (7?m  \5(0;  p)) .  Corollary  2. 16.4  gives  that  P  is  a  polynomial  of  degree  at  most  n. 
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1)  =>►  6):  Let  a  be  a  multiindex  with  \a\  =  n+ 1.  Then  da[u(x)— P(x)— chm(x)]  = 
0( \x\~m~n)  as  \x\  oo  by  Proposition  2.12.1.  Corollary  2.9.6  gives  3 achm(x)  = 
0( \x\l~m~n)  as  \x\  — >  oo.  Since  3aP  =  0,  we  deduce  that  3 au(x)  =  0(|x|1_m_n)  as 
\x\  ->  oo.  Hence,  there  exists  r  >  0  such  that  3azz  G  Lp(Rm \B( 0;  r))  for  each p  >  2. 

Proposition  2.17.6  Lcr  K  <Z  R2  be  compact,  u  G  Z/(P2  \K),  z  G  Zf.  TTzczz  r/zc 
following  assertions  are  equivalent: 

1.  u(x)  =  c(|v|)  as  |x|  — >►  oo. 

2.  TTzcrc  exist  constants  c\,  C2  such  that  u(x)  —  C\h2(x  —  z)  —  C2  =  0(\x\~l)  as 
\x\  —>  oo. 

3.  \Vu(x)\  =  0(|v|_1)  as  \x\  oo. 

4.  |Vzz(x)|  ^  0  as  \x\  —>  oo. 

5.  There  exist  r  >  0  and p  G  (1,  oo)  such  that  |  Vzz|  G  LP(R2  \  B(z;  r)). 

(5.  TTzcrc  exists  r  >  0  such  that  |  Vz/|  G  Z/(/?2  \  T?(z;  r))  for  all  p  e  (2,  oo). 

Proof  We  can  change  a  coordinate  system  in  a  such  way  that  z  is  the  origin  (see 
Lemma  2.1.2). 

1)  =>►  2):  According  to  Proposition  2.17.5,  there  exists  a  polynomial  P  of  degree 
less  than  or  equal  to  1  and  a  constant  c\  such  that  u(x)  —  C\h2{x)  —  P(x)  =  0(\x\~l) 
as  \x\  — >  oo.  Since  P(x)  =  u(x)  —  [u(x)  —  C\h2(x)  —  P(x)]  —  C\h2(x)  =  o( |x|),  we 
infer  that  P  is  constant. 

2)  =>•  3):  Since zz(x)— ci /z2(v—z)—C2  =  0(\x\~l)  as  \x\  —>  oo,  Proposition 2.12.1 

gives  that  \  V[u(x)  —  C\h2(x  —  z)  —  C2W  =  0( \x\~2)  as  \x\  00.  Since  |V[ci/z2(%  — 

z)  +  C2W  =  0(\x\~l)  as  \x\  —>  00,  we  obtain  the  assertion. 

3)  =>>  1):  Since  \  Vu(x)\  =  0(|v|-1/2)  as  \x\  ->  00,  Proposition  2.12.1  gives  that 
u{x)  =  0(|x| 1/2)  as  \x\  —>  00.  Hence,  u(x)  =  o(\x\)  as  \x\  —>  00. 

3)  O  4)  is  a  consequence  of  Proposition  2.17.3. 

4)  5)  is  a  consequence  of  Corollary  2.2.9  and  Proposition  2.17.4. 

3)  =>•  6)  is  clear. 

Proposition  2.17.7  Let  £2  C  Rm  be  open,  Rm  \  £2  be  compact  and  u  be  harmonic 
on  a  neighborhood  of  £2.  Suppose  that  1  <  p  <  00  and  a  is  a  multiindex  with 
\a\  >0. 

•  Ifu  G  LP(Q),  then  dau  G  Lq(Q)for  all  q  G  (m/(m  —  1),  00). 

•  Ifu  G  Lp(f2 )  andm  =  2,  then  3  au  G  Lq(f2)for  all  q  G  (1, 00). 

•  If\S7u\  G  Lp(£2)  and p  <  m/(m  —  1),  then  3 01  u  G  Lq(f2)for  all  q  G  (1, 00). 

Proof  Suppose  first  that  u  G  LP(Q).  Then  u(x)  0  as  \x\  00  by  Proposi¬ 

tion  2.17.4.  Since  3 au(x)  =  0(\x\l~m)  as  \x\  — >  00  by  Proposition  2.17.3,  we 
deduce  3 au  G  Lq(f2)  for  all  g  G  (m/ (m  —  1),  00).  If  m  =  2  then  3azz(v)  =  0(\x\~2) 
as  \x\  —>  00  by  Proposition  2.17.3  and  thus  3 au  e  Lq(Q)  for  all  q  G  (1, 00). 

Let  now  |Vzz|  G  LP(Q)  and  <  m/(m  —  1).  According  to  Proposition  2.17.5 
and  Proposition  2.17.6,  there  exist  constants  ci,  C2  such  that  for  v(x)  =  u(x)  — 
ci  —  C2hm(x)  we  have  v(x)  =  0(\x\l~m)  as  \x\  ->  00.  Proposition  2.12.1  gives  that 
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|Vr>(x)|  =  0(\x\~m)  as  \x\  ->  oo.  Thus,  |Vu|  G  Lp(£2).  Therefore  |Vc2^m(x)|  = 
|Vm  —  Vu|  G  Lp(f2).  Since  |V/zm(x)|  =  C3|v|1_m  for  some  positive  constant  C3  and 
p  <  m/ (m  —  1),  we  deduce  that  C2  =  0.  According  to  Proposition  2.12.1,  we  have 
dau(x )  =  dav(x)  =  0( \x\~m).  Therefore,  3 au  G  Lq(Q)  for  all  q  G  (1, 00). 


2.18  Laplace  Equation  in  Distributional  Sense 

Now  we  prove  that  every  solution  of  the  Laplace  equation  in  distributional  sense 
is  a  solution  of  the  Laplace  equation  in  the  classical  sense.  We  also  give  another 
characterization  that  we  use  solving  boundary  value  problems  in  Sobolev  spaces.  As 
a  consequence,  we  show  a  theorem  of  Liouville  type:  if  u  is  a  tempered  distribution 
that  is  a  solution  of  the  Laplace  equation  in  the  whole  space,  then  u  is  a  polynomial. 

Definition  2.18.1  We  say  that  a  function  u  defined  Hm-a.e.  in  an  open  set  Q  C  Rm 
is  a  solution  of  the  equation  Au  =  0  in  Q  in  the  sense  of  distributions  if  u  G  Ljoc(£2) 
and 


J  uAcp  dTLm  =  0 


for  all  cp  G  C^°(£2). 

Theorem  2.18.2  Let  £2  be  an  open  subset  ofRm,  u  be  a  distribution  in  Q,  1  <  p  < 
00.  Then  the  following  assertions  are  equivalent: 

1.  u  is  a  solution  of  the  equation  Au  =  0  in  Q  in  the  sense  of  distributions. 

2.  u  is  representable  by  a  function  harmonic  in  Q. 


3.  ue  wlpQ)  and 


J  Vu-Vcp  ddim  =  0 


for  each  (p  G  C^°(£2). 

Proof  1)  2):  Fix  x  G  £2  and  r(x)  G  (0,  dist(v,  3£2)/4).  Fix  v  G  C^°(£2)  such 

that  v  =  1  on  B(x;4r(x)).  Put  u  =  vu ,  i.e.,  (u,(p)  =  ( u,vcp )  for  <p  G 
Since  u  =  u  in  B(x;  4 r(x)),  we  obtain  that  Au  =  0  in  B(x;  r(x)).  Fix  a  nonnegative 
O  g  C°°(R1)  supported  in  (0;  1)  such  that 


R> 
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For  0  <  €  <  r(x )  put  i/r€(y)  =  <F(|  y\/e)e  m  and  u€  =  u  *  \j/€.  Then  u€  e  C°°(Rm). 
If  cp  e  C^°(B(x;  3r(x)),  then  spt(t/^  *  <p)  C  B(x;  4 r(x))  and 

J  cpAu€  d l~Lm  =  (A(t/^  *  m),  <^)  =  *  (A m),  (p)  =  (Am,  \/f€  *  cp)  =  0. 


Thus,  Am€  =  0  in  B(x;  3r(x)).  Fix  0  <  8  <  r(x).  If  z  G  B(x;  2 r(x))  then  Mean  value 
theorem  (Theorem  2.6.1)  gives 


0 

Z€  *i/rs(z)  =  J  ^s(y)u€(z-y)  =  J  fsif)  J  u€(y)  dHm-i(y) 


d  t 


B(0;8) 


0  3  B(z',t) 


o 

=  iie(z)  J  ts(t)  J  1  dHm-iiy)  dr  = 


uAz). 


0  3  B(z',t) 


Thus  u€  =  u  *  i/'V  *  \f/8  =  u  *  \/f s  *  \/f€  =  us  on  B(x\  3 r(x)).  If  <p  e  C^°(B(x;  r(x)) 
then  da  (ip  *  x/rg)  =  (3 01  ip)  *  ip's  — >  3°V  uniformly  in  Rm  for  each  multiindex  a.  For 
a  fixed  6  G  (0,  r(x)) 


(m,  <p)  =  (m,  <^)  =  lim(M,  cp  *  t/^)  =  lim(M5,  cp)  =  (m0  <^). 
<*>\0  5\0 


Therefore,  m  =  u€  on  B(x ;  r). 

We  have  proved  that  there  is  vx  G  H(B(x ;  r(v))  such  that  m  =  u*  on  r(x)). 
If  z  G  £2  is  such  that  B(x;  r(x))  PI  B(z\  r(z))  ^  0,  then  r>x(y)  =  vz(y)  for  almost  all 
y  G  B(x;  r(x))dB(z;  r(z)).  The  continuity  gives  that  vx  =  vz  in  B(x;  r(x))(lB(z ;  r(z)). 
If  we  put  v(y)  =  vx(y )  fory  G  B(x;  r(x )),  then  r>  G  #(£2)  and  m  =  v  in  the  sense  of 
distributions. 

2)  =>-  3):  Since  u  G  C2(£2),  we  have  m  g  W^(£2).  Fix  (p  e  C%°(Q).  Let  G  be 
a  bounded  open  subset  of  Q  with  boundary  of  class  C1  such  that  spt  ip  C  G.  Since 
Am  =  0  in  Q  and  ip  =  0  on  3 G,  the  Gauss-Green  theorem  (Theorem  1.19.1)  gives 


/ 


Vm  •  V<P  dUm 


rij{(pdjU )  d'Hm-i 


=  0. 


3)  =>■  1):  If  ^  €  Cc°°(Q),  then 


m 

(Au,(p)  = 

;=i 


a;^> 

7=1 


Vm  •  V<^  =  0. 


2.18  Laplace  Equation  in  Distributional  Sense 


115 


Corollary  2.18.3  Let  £2  C  Rm,  m  >  2,  be  an  open  set,  u  E  C°(£2).  Then,  A u  =  0 
in  £2  in  the  sense  of  distributions  if  and  only  ifue  H(Q). 

Proof  Suppose  that  A u  =  0  in  £2  in  the  sense  of  distributions.  According  to 
Theorem  2.18.2,  there  exists  v  E  H(Q)  such  that  u  =  v  almost  everywhere  in 
£2.  The  continuity  of  u  and  v  gives  u  =  v. 

Proposition  2.18.4  Let  u  be  a  tempered  distribution  in  Rm  and  m  >  2.  Ifk  E  N  and 
A ku  =  0  in  Rm  in  the  sense  of  distributions,  then  u  is  a  polynomial. 

Proof  Denote  by  Tw  the  Fourier  transformation  of  w.  Then,  0  =  \T(Aku)(x)\  = 
\x\2k\Tu(x)\.  (See  Chap.  1,  Sect.  1.20.)  If  y  e  Rm  \  {0}  choose  x//y  e  C^°(Rm)  such 
that^-y(x)  =  l/\x\2k  onB(y;\y\/2).lf  <p  E  C^°(B(y;  |  y|/2),  then 

(Tu,<p)  =  (\x\2kJru(x),  \jry{x)(p{x))  =  0. 

Thus,  spt  Tu  C  {0}.  According  to  Lemma  1.20.4,  there  exist  n  e  No  and  constants 
aa  such  that 

Tu  —  aada8o. 

|a|  <n 

Put 

v(x)  =  aa(— ix)a. 


Tv  =  y]  aaT[(-ixf  1]  =  y]  aada80  =  Tu. 

|a|  <n  \a\ <n 


(See  Chap.  1,  Sect.  1.20.)  Since  the  Fourier  transform  is  an  isomorphism  on 
S' (Rm,  C),  we  infer  that  u  =  v. 

Corollary  2.18.5  If  l  <  p  <  o o  then  {A cp;cp  E  C^°(Rm)}  is  a  dense  subset  of 
LP(Rm). 

Proof  Denote  by  M  the  closure  of  {  Acp ;  cp  E  C^°  ( Rm )  }  in  LP  ( Rm ) .  Suppose  that  M 
LP(Rm).  Put  q  =  p/(p  —  1).  According  to  Proposition  1.5.3  and  Theorem  1.14.3, 
there  exists/  E  Lq(Rm)  such  that  >  0  and 

f  ff  d nm  =  0  Vxlf  E  M. 

Rm 


Since  / fAcp  dHm  =  0  for  all  (p  E  C^°(Rm),  Theorem  2.18.2  gives  that /  E  H(Rm). 
Since/  E  Lq(Rm ),  we  have/  =  0  (see  Theorem  2.16.2),  what  is  a  contradiction. 
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Corollary  2.18.6  Let  1  <  p  <  oo,  pf  =  p/(p  —  1),  m  >  2.  Denote  by  £p(Rm) 
the  closure  of{A(p;cp  G  C^°(Rm)}  in  D~l,p(Rm).  Ifpf  <  m,  i.e.,  p  >  m/(m  —  1), 
then  £p(Rm )  =  D~l,p(Rm).  If  p'  >  m,  i.e.,  p  <  m/(m  —  1),  then  £p(Rm)  =  {v  G 
D~lp(Rm);  (v,  i)  =  0}. 

Proof  Let  /z  G  LT^/T)  \  £p(Rm).  The  dual  space  of  D~lp{Rm)  is  Dlp' (Rm) 
by  Lemma  1.25.3.  According  to  Proposition  1.5.3,  there  exists  a  nontrivial/  e 
Dlp' (Rm)  such  that  (/z,/)  ^  0,  and 


0  =  (A f,f)  =  I fA\fr  d nm  Vf  e  C?{Rm). 


Theorem  2.18.2  gives  that  /  e  H(Rm).  Since  9/  e  uUR"’)  n  H(Rm)  by 
Corollary  2.2.9,  Theorem  2.16.2  gives  that  djf  =  0.  Therefore,  /  is  constant. 
Lemma  1.5.4  gives  that  £p{Rm)  =  {v  G  D~l,p(Rm );  (v,/)  =  0}. 

If p'  <  m,  then  1  ^  D1,p' (Rm)  by  Proposition  1.25.8.  Thus,/  =  0,  what  is  a 
contradiction.  Thus,  £p(Rm )  =  D~lp{Rm). 

Suppose  now  that  m  <  p'.  Then  1  G  DXpf{Rm)  by  Proposition  1.25.8.  If  cp  G 
poo  choose  a  bounded  domain  G  with  smooth  boundary  such  that  spt  (p  C  G. 
According  to  the  first  Green  identity  (Theorem  2.2.1) 


Thus  (v,  1)  =  0  for  each  v  G  £p{Rm). 


2.19  Reflection  Principle 

Denoted/  =  {[. x\ , . . . , xm]  G  Rm;xm  >  0}. 

Theorem  2.19.1  Let  £2  C  Rm  be  an  open  subset  ofRm  such  that  [x\, ... ,  xm-\ ,  —  xm\ 
G  ^  for  each  [x\, . . . ,  xm-\ ,  xm]  G  £2.  Let  u  G  C°(^2)  D  H(f2  PI  R+),  u  =  0  on 
^2  fl  3 Rf,  u(x',  —xm)  =  — u(x' ,xm )  with  x'  =  [x\, . . .  ,xm-\\.  Then  u  G 

Proof  Easy  calculation  yields  that  u  G  H(fl  \  3 Rf).  Mean  value  theorem 
(Theorem  2.6.1)  gives  that 


(2.26) 


B(x;r) 
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holds  true  for  each  v  G  fi  \  3  Rf  and  0  <  r  <  dist(x;  3(fi  \  3/?+)).  If  v  e  fin 
3 Rnf,  then  (2.26)  holds  true  for  each  0  <  r  <  dist(x;  3fi).  Mean  value  theorem 
(Theorem  2.6.1)  gives  that  u  G  //(fi). 

Proposition  2.19.2  Let  fi  C  Rm  be  an  open  subset  of  Rm  such  that 
[x\, . . .  —xm\  G  fi  for  each  [x\, . . .  ,xm-i,xm]  G  fi.  Put  fi+  =  fi  H  Rf. 

Let  u  G  C°(fi)  H  //(fi+),  u(x i, . . . , xm-\ ,  — xm)  =  w(vi, . . .  ,xm-i,xm).  If 


lim  3  mu(x)  =  0 


£2  _l_  >7 


for  each  y  G  fi  H  3/?^.,  zz  G  //(fi). 

Proof  Easy  calculation  yields  that  u  G  //(fi  \  3  Rf).  Fix  cp  G  C^°(fi).  Choose  a 
bounded  open  set  G  with  smooth  boundary  such  that  spt  (p  C  G,  G  C  fi .  For  k  e  N 
denote  =  G  n  {[x\, . . . ,  xm\; xm  >  1  /k}.  Second  Green  formula  (Theorem  2.2.1) 
gives 


{xC:Q,;xm=l/k} 


If  we  put  v  =  3mzzonfi+,t;  =  0  on  fin  3  Rnf,  then  v  is  a  continuous  function  on 
the  compact  set  R'f  H  spt<^  and  therefore  bounded  (see  Femma  1.2.13).  By  virtue 
of  Febesgue  lemma  (Femma  1.13.2) 


=  lim 


{xe£2’,xm  =  l/k} 


nndiff 


By  the  same  way,  we  prove 


£2\£2_|_ 


nna/q. 
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Adding 


J  uA(p  dTLm  =  0. 

Q 

Therefore,  —A u  =  0  in  Q  in  the  sense  of  distributions.  According  to  Theo¬ 
rem  2.18.2,  there  exists  w  e  H(Q)  such  that  u  =  w  almost  everywhere  in  Q. 
Continuity  of  u  forces  u  =  w. 


2.20  Holomorphic  Functions 

In  the  last  section  of  this  chapter,  we  study  the  relations  between  holomorphic 
functions  and  harmonic  functions. 

Let  Q  C  R2  be  an  open  set,  f\ ,  fz  be  real  functions  defined  on  Q .  We  shall 
identify  [x,  y]  and  z  =  x  +  iy.  (Here,  i  denotes  the  imaginary  unit.)  We  shall  say  that 
f{x  +  iy)  =  fi(x,y)  +  ifiix,y)  is  a  holomorphic  function  in  Q  if  for  each  zo  e  £2, 
there  exists  the  complex  derivative  off 


fiz  o)  =  lim 

z-^zo 


f{z)  -/(zo) 
z-zo 


Proposition  2.20.1  Let  £2  C  R2  be  an  open  set ,  /  =  f\  +  if 2  be  holomorphic  in  £2. 
Then 


=  df=J_h 

dx  d y  dy  dx ' 


Proof 


dfi(x0  +  iyo)  ,df2(xo  +  iyo)  f(x  +  iy0)-f(x0  +  iyo) 
- - - h  i - - -  =  lim  - 

OX  OX  x^x0  x  —  Vo 


—  f'ix  0  +  iyo) 


fix 0  +  iy) -f(x0  +  iyo) 

lim  - 

y->yo  iy  —  iyo 


1  9/i  (xq  +  iy0)  8/2  Qo  +  iyp) 
i  dy  dy 


This  gives  the  existence  of  partial  derivatives  of/i  and/2.  Comparing  the  real  and 
imaginary  parts  of  the  left  side  and  the  right  side  of  this  equality,  we  get  (2.27). 

Proposition 2.20.2  Iff  =  /1  +  if 2  e  C1  (£2,  C)  is  holomorphic  in  Q,  thenf\,fz  £ 
H(Q). 
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Proof  Fix  a  ball  B  =  B([x,y];  r )  such  that  B  C  £2.  Put  0(7)  =  Oi(7)  +  z'02( t)  = 
x  +  iy  +  relt  for  0  <  t  <  2n .  Then  r  =  [O^  / r,  ®2/ r]  =  [— n2 ,  rcf]  is  a  tangent  vector 
of  7?.  By  virtue  of  (2.27) 

2tt 

f  d-^dHm  =  - f  ^dHm  =  j  (/2(d>i(r),  <&2(r))'  dr 

95  95  0 

=  /2(01(27r),  02(2tt))  -/i(Oi(0),  O2(0))  =  0, 

2jv 

f  it dHm  =  fj^dn'n  =  / (/l(Ol(0’  °2(r))' dt 

95  95  0 

=  /i(01(27r),02(2jr))  O2(0))  =  0. 

Proposition  2.6.2  yields  that/i,/2  e  77(£2). 
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Solutions  of  the  Poisson  Equation 


Check  for 
updates 


Abstract  Chapter  3  studies  behaviour  of  solutions  of  the  Poisson  equation. 


Chapter  3  studies  behavior  of  solutions  of  the  Poisson  equation.  This  chapter  is 
a  small  visit  to  the  classical  potential  theory.  But  we  include  only  these  parts 
of  this  theory  which  will  be  useful  in  future.  The  important  notions  in  the 
theory  of  partial  differential  equations  are  supersolutions  and  subsolutions  of  the 
equation.  Superharmonic  and  subharmonic  functions  play  an  essential  role  in  the 
potential  theory.  We  show  that  superharmonic  functions  (subharmonic  functions) 
are  precisely  supersolutions  (subsolutions)  of  the  Laplace  equation,  respectively. 
We  shall  study  the  fundamental  properties  of  superharmonic  and  subharmonic 
functions.  Green’s  potentials  and  volume  potentials  corresponding  to  nonnegative 
measures  are  important  examples  of  superharmonic  functions.  On  the  other  hand, 
a  superharmonic  function  is  representable  by  the  sum  of  a  harmonic  function  and 
a  Green  potential  (or  a  volume  potential)  corresponding  to  a  nonnegative  measure. 
A  volume  potential  and  Green’s  potential  corresponding  to  a  real  measure  /z  are 
important  solutions  of  the  Poisson  equation  —A u  =  /z.  So,  we  discuss  their 
regularity  properties  and  behavior  at  infinity.  As  a  consequence  we  obtain  regularity 
results  for  solutions  of  the  Poisson  equation. 

In  the  theory  of  boundary  value  problems,  we  need  spaces  Dk,p(Q)  and  Wk,p(Q) 
and  behavior  of  the  Laplace  operator  on  these  spaces.  Using  properties  of  volume 
potentials,  we  prove  that  the  Laplace  operator  maps  Wk+2,p(Rm)  onto  Wk,p(Rm )  and 
Dk+2’P(Rm^  0nto  Dk'p(Rm).  We  characterize  the  range  of  the  Laplace  operator  on 
Wl,p(Rm)  and  on  W1,/?(£2)  for  a  domain  with  compact  Lipschitz  boundary.  We  show 
that  D1,p  (Q)  =  Wl’p(Q)  +  {c;  c  E  R },  in  particular  Dlp(Rm)  =  Whp(Rm )  +  {c;  c  E 
R}.  If  p  <  m,  then  Dl,p(Rm )  =  W1,p(Rm)  0  {c;c  e  R },  and  we  characterize 
functions  from  Wl,p(Rm)  as  functions  from  Dl,p(Rm )  PI  Lpm/ (m-/?)  (Rm) .  If  p  >  m, 
then  Dl,p(Rm )  =  Wl,p(Rm).  We  prove  for  an  unbounded  domain  £2  C  Rm  with 
compact  Lipschitz  boundary  that  D1,i?(^)  =  Wl,p(Q)  ®{c;ce  R}  for p  <  m  and 
Dl,p(Q)  =  Wl,p(£2)  for  p  >  m.  Moreover,  if  u  e  D1,P(Q )  and  p  <  m,  then  there 
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exist  finite  limits 


lim  (h  u  dHm,  lim  (h  u  dTLm-\ 

r^oo  J  r-^oo  J 

B(0;r)  9fi(0;r) 


and  these  limits  coincide.  If  u  e  W1,p(£2),  then  these  limits  are  equal  to  zero. 


3.1  Poisson  Equation 


This  section  studies  solutions  of  the  Poisson  equation  in  the  sense  of  distributions. 

Definition  3.1.1  Let  Q  C  Rm  be  an  open  set,/  e  C°(£2).  We  say  that  u  is  a  classical 
solution  of  the  Poisson  equation 


-A  u=f  (3.1) 

in  £2  if  u  e  C2(£2)  and  (3.1)  holds  true  in  each  point  of  Q. 

Definition  3.1.2  Let  £2  C  Rm  be  an  open  set,  and  u,f  e  U'(£2).  We  say  that  u 
is  a  solution  of  the  Poisson  equation  (3.1)  in  Q  in  the  sense  of  distributions  if 
(u,  —A (p)  =  (f,(p)  for  all  cp  e  In  particular,  if  u  e  Ljoc(Q),  then  u  is  a 

solution  of  (3.1)  if 


(/,  cp)  =  J  u(—A(p)  dUm  v<p  e 

Q 

Lemma  3.1.3  Let  u  be  a  classical  solution  of  the  Poisson  equation  (3.1)  in  an  open 
set  £2  C  Rm.  Then  u  is  a  solution  of  the  Poisson  equation  (3.1)  in  £2  in  the  sense  of 
distributions. 

Proof  Let  (p  e  C™(Q).  Choose  a  bounded  open  set  G  with  boundary  of  class  C1 
such  that  G  C  £2  and  spt  cp  C  G.  Then  second  Green  formula  (Theorem  2.2.1)  gives 

/  ^lln)  d^m~x  =  ~  f  fV  d^m' 

Q  G  dG  Q 


J  uAcp  dTLm  =  J 


(pAu  dHm  + 


Definition  3.1.4  Let  u  e  V\Rm).  We  say  that  u  is  a  fundamental  solution  of  the 
Poisson  equation  (3.1)  if  (—A u)  =  8 o  in  the  sense  of  distribution. 

Theorem  3.1.5  Iff  e  V'(Rm)  with  compact  support  and  v  is  a  fundamental 
solution  of  the  Poisson  equation  in  Rm,  then  v  *  f  is  a  solution  of  the  Poisson 
equation  (3.1)  in  Rm  in  the  sense  of  distribution.  The  function  hm(x )  is  a  fundamental 
solution  of  the  Laplace  equation  in  Rm.  If  pi  is  a  finite  real  Borel  measure  with 
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compact  support  in  Rm,  then  hm  *  pi  =  V pi,  the  volume  potential  corresponding 
to  pi. 

Proof  If  f  e  V'(Rm )  has  a  compact  support  and  v  is  a  fundamental  solution  of  the 
Poisson  equation,  then  —A(v  */)  =  (—At;)  */  =  <50  */  =f. 

Fix  cp  e  C^°(Rm).  Using  Corollary  2.2.7  we  get 

{ 8o,(p )  =  <p(0)  =  y(-A^)(0)  =  J [ hm(x)](-A(p(x ))  d.Um(x), 

Rm 

what  means  that  hm(x)  is  a  fundamental  solution  of  the  Poisson  equation  in  Rm. 

Let  pi  be  a  finite  real  Borel  measure  with  compact  support  in  Rm.  If  cp  e  C£°(Rm) 
then  Fubini’s  theorem  gives 


<p(x  +  y)  d/x(y)  d Hm(x) 


{hm  *  pL,<p)  =  ( hm ,  pi  *  (p)  =  /  hm(x)  /  ( 

Rm  Rm 

=  J  J  hm(x)<p(x  +  y)  dUm(x)  dpi(y)  =  J  J  hm(z-y)<p(z)  dUm(z :)  dpt(y) 

Rm  Rm  Rm  Rm 


=  J  J  hm{z-y)(p{z)  dfi(y)  dHm(z)  =  (V/x,  cp). 

Rm  Rm 


Proposition  3.1.6  Letf  be  a  distribution  with  compact  support  in  Rm.  Denote  Vf  = 
hm  */.  Then  Vf  e  C°°(Rm  \  spt /)  and  Vf(x)  =  (/,  hm(-  —  x))  for  x  ^  spt /.  Let  a  — 
(aq, ... ,  am)  be  a  multiindex.  If\ot\  >  0  or  m  >  2,  then  3 aVf(x)  =  0( \x\2~m~^)  as 
\x\  ->  oo.  If  m  =  2  and  (/,  1)  =  0,  then  daV(x)  =  0(|v|_1_^)  as  \x\  oo  for 
each  multiindex  a. 

Proof  AVf  =  0  on  Rm  \  spt /  in  the  sense  of  distributions  by  Theorem  3.1.5.  Thus 
Vf  e  H(Rm  \  spt/)  C  C°°(Rm  \  spt/)  by  Theorem  2.18.2  and  Corollary  2.2.8.  Fix 
a  bounded  open  set  Q  such  that  spt /  C  According  to  Lemma  1.20.5,  there  exist 
k  e  N  and  fa  e  Ll  ( Rm )  with  fa  =  0  on  Rm  \  £2  such  that 

/  =  E  9“/«- 

\a\<k 


Fix  a  multiindex  /?.  By  virtue  of  Fubini’s  theorem,  we  obtain  on  Rm  \  £2 
d«Vf(x)  =  E/«  *  F+phm(x)  = 

\a\<k  \ot\<k 

\a\ <k 
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If  |/3 1  =  1,  m  =  2,  or  |/3|  =  0,  m  >  2,  then 

BpVf(x)  =  ^2  fa  *  da+Phm(x)  — >  0,  |x|  -*  oo  . 

|a|<£ 

If  la |  >  0  or  m  >  2,  then  daVf(x )  =  0(|v|2_m_lal)  as  |v|  ->  oo  by 
Proposition  2.17.3. 

Let  now  m  =  2  and  (/,  1)  =  0.  Let  be  a  bounded  domain  such  that  spt /  C  co. 
Denote  cpx(y)  =  1i2(y—x)—h2(x).  If  ft  is  a  multiindex,  then  d^cpx(y)  —>  0  as  \x\  oo 
uniformly  with  respect  y  G  co  (compare  Corollary  2.9.6  and  Lemma  2.9.7).  Thus 

Vf(x)  =  (/,  h2(-  -  x))  =  (/,  <£*)  ->  0,  |*|  -*  oo. 

Since  Vf  G  77  (7?2  \  spt/),  Proposition  2.17.3  gives  daVf(x )  =  0(|v|_1_lal)  as  |v|  -> 
oo  for  each  multiindex  a. 

Proposition  3.1.7  Let  £2  C  Rm  be  an  open  set,  u,v,f  G  V'(Q),  and  u  and  v  be 
solutions  of  the  Poisson  equation  (3.1)  in  £2  in  the  sense  of  distributions,  k  G  No, 
0<X<l,s€R,l<p,q<oo.Ifu€  C*£(£2).  then  v  e  C^(S2).  Ifu  e  W^(£2), 
i;  e  W'l'I’fQ).  Ifu  is  locally  in  BfHQ,),  then  v  is  locally  in  B'ffQ ).  Ifp,  q  <  oo 
<2/rd  w  A  locally  in  Fp,q(£2),  then  v  is  locally  in  Fp,q(Q). 

Proof  Since  v  —  u  is  a  solution  of  the  Laplace  equation  in  the  sense  of  distributions 
in  Q,  we  have  v  —  u  G  H(Q)  by  Theorem  2.18.2.  Corollary  2.2.7  gives  that  v  —  u  G 

C°°(£2). 

Proposition  3.1.8  L^/  a  distribution  on  Rm  with  compact  support.  If  m  =  2, 
suppose  moreover  that  (/,  1)  =  0.  Let  ube  a  distribution  such  that  —  A u  =  f  in  Rm. 
Then  u  =  Vf  if  and  only  ifu(x)  —>  0  as  \x\  —>  oo. 

Proof  If  u  =  Vf,  then  u(x)  0  as  \x\  — >  oo  by  Proposition  3.1.6. 

Suppose  u(x)  — >  0  as  |x|  ->  oo.  Define  v  =  u  —  Vf.  Then  Av  =  0  in  Rm  by 
Theorem  3.1.5,  v  G  C°°(Rm )  (see  Theorem  2.18.2  and  Corollary  2.2.8),  v(x)  ->  0 
as  |v|  — >  oo  (see  Proposition  3.1.6).  So,  u  =  0  by  Theorem  2.16.1. 


3.2  Lower  Semicontinuous  Functions 

In  this  auxiliary  section,  we  gather  properties  of  lower  semicontinuous  functions. 
We  need  this  notion  for  the  definition  of  superharmonic  functions. 

Definition  3.2.1  Let  K  C  Rm.  Then /  :  K  (— oo,  oo)  is  called  an  extended  real¬ 
valued  function  on  K.  We  say  that  an  extended  real- valued  function/  on  K  is  lower 
semicontinuous  in  K  if 


f(x)  <  liminf f(x„) 

«— >■  OO 
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provided  {xn}  C  K,  xn  — >►  x  e  K  as  n  — >►  oo.  We  say  that  an  extended  real- valued 
function/  is  upper  semicontinuous  in  if  the  function  (— ■/)  is  lower  semicontinuous 
in  /C 

Lemma  3.2.2  K  C  Rm  be  compact  andf  be  a  lower  semicontinuous  extended 
real-valued  function  on  K.  Then  there  is  xq  e  K  such  thatf(x)  >  f(xf)  for  each 
xeK. 

Proof  Let  a  =  inf {f(x);x  e  K}.  Choose  {xn}  C  K  such  that/(vn)  a  as  n  — >  oo. 
Since  K  is  compact,  we  can  choose  subsequence  {y^}  of  such  that  y k  ->  xo  as 
k  — >  oo.  Then 


a  <f(x 0)  <  liminf/(y*)  =  a. 


Corollary  3.2.3  Let  Q  C  be  an  open  set  and  f  be  a  lower  semicontinuous 
extended  real-valued  function  on  £2,f  >  — oo.  Then  f  is  a  Borel  measurable  function 
which  is  locally  bounded  from  below.  If  pi  is  a  nonnegative  finite  Borel  measure  with 
compact  support  in  Q,  then  f  f  dp,  makes  sense. 

Proof  The  function  /  is  Borel  measurable  because  {x  e  £2;/(v)  >  a}  is  open  for 
each  real  a.  If  K  C  ^  is  compact,  there  is  x  e  K  such  that /  >  f(x)  >  — oo  on  K 
(see  Lemma  3.2.2).  The  rest  is  clear. 

Lemma  3.2.4  Let  M  C  Rm,  f  be  an  extended  real-valued  function  on  M  which  is 
bounded  from  below.  The  following  statements  are  equivalent. 

1.  f  is  lower  semicontinuous  on  M. 

2.  There  exists  an  increasing  sequence  fk  of  Lipschitz  real  functions  on  M  such  that 
fk  /  f  ask^  oo. 

3.  There  exists  an  increasing  sequence  fk  of  continuous  real  functions  on  M  such 
thatfk  f  as  k  oo. 

Proof  1)  =>►  2):  If/  =  oo,  then  we  define /„  =  n.  Suppose  now  that  there  is  xo  e  M 
such  that/(xo)  <  oo.  Put 


(3.2) 


Then /  is  lower  semicontinuous  and/  >  K  for  some  K  e  R.  Put 


fn(x)  =  inf  (f(y)  +  n\x  -  y|). 


Then  —  oo  <  K  <fn(x)  <f(x o)  +n\x— xq\  <  oo.  Clearly,  fn  is  increasing  and /„  <f 
for  all  n.  If  x,  z  e  Rm,  then 


126 


3  Solutions  of  the  Poisson  Equation 


This  gives  \fn(x)  —fn(z) |  <  n\x  —  z\  and  fn  are  Lipschitz. 

Fix  x  e  Rm  and  a  e  R  such  that  a  <f(x).  Then  there  is  8  >  0  such  that  f(x)  >  a 
in  B(x;  8).  Sine e/„(x)  >  min(a,  K  +  h<5),  we  deduce  that  lim fn(x)  >  a.  Thus  fn  ->/ 
as  ft  — oo. 

3)  =>►  1):  If  x,  e  M,  Xk  —>  x,  then 

fix)  =  lim  fn(x)  =  lim  lim  inf f„(xk) 

n — ^oo  n — ^oc  fc— >-  oo 

<  lim  liminf/(x^)  =  lim  inf/ (x^). 

n->  oo  k—^-oo  k—^oo 


3.3  Superharmonic  Functions 


In  this  section  we  define  superharmonic  functions  and  study  their  fundamental 
properties.  We  show  that  superharmonic  functions  are  locally  integrable.  We  prove 
that  a  constant  function  is  the  only  superharmonic  function  in  a  domain  that  attains 
its  minimum. 

Definition  3.3.1  Let  £2  C  Rm  be  an  open  set.  An  extended  real- valued  function  u 
on  £2  is  superharmonic  on  £2  if 

•  u  >  — oo  on  £2, 

•  u  is  not  identically  +ooon  any  component  of  £2, 

•  u  is  lower  semicontinuous  on  £2, 

•  for  every  x  e  £2  and  0  <  r  <  dist(v,  3 £2),  it  holds 


B(x;r ) 


(3.3) 


Definition  3.3.2  Let  £2  C  Rm  be  an  open  set.  An  extended  real-valued  function  u 
on  £2  is  called  subharmonic  on  £2  if  (— u)  is  superharmonic  on  £2. 

Lemma  3.3.3  Let  £2  C  Rm,  m  >  2,  be  an  open  set  and  c  be  a  positive  constant.  If 
u  and  v  are  superharmonic  functions  in  £2,  then  w  =  min (ft,  v),  u  +  v,  and  cu  are 
superharmonic  functions  in  £2,  too.  Iff  and  g  are  subharmonic  functions  in  £2,  then 
h  =  max(/,  g),  f  +  g,  and  cf  are  subharmonic  functions  in  £2. 

Proof  According  to  Lemma  3.2.4,  there  are  uj,  Vj  e  C°(£2)  such  that  Uj  /*  u ,  Vj  /* 
v.  Since  Wj  =  min(ft7-,  vf)  e  C°(£2)  and  Wj  /*  w,  Lemma  3.2.4  gives  that  w  is  lower 
semicontinuous  in£2.If.xe£2,0<r<  dist(v,  3  £2),  then 

u(x)  >  (^)  u  dPLm  >  <^)  wdl~Lm,v(x)> 

B(x;r )  B(x;r) 


V  dUm  > 


w  d%„ 


B(x;r) 


B(x;r) 
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Thus 


w(x)  > 


w  dHm. 


B(x;r ) 


Since  — f  and  —  g  are  superharmonic,  the  function  —h  =  min (— /,  —g)  is 
superharmonic.  Therefore  h  is  subharmonic. 

The  rest  is  trivial. 

Proposition  3.3.4  Let  £2  C  Rm  be  an  open  set ,  u  be  superharmonic  in  £2.  Then 

u  e  Llc(ny 

Proof  Corollary  3.2.3  gives  that 


J  u  dTLm  >  — oo 

K 

is  well  defined  for  each  compact  subset  K  of  £2 .  Fix  a  component  G  of  Q .  Denote 
V  =  {x  G  G\u  G  Ll(U)  for  some  neighborhood  U  of  x}.  Clearly,  V  is  an  open  set. 
If  u(x)  <  oo  and  0  <  r  <  dist(v;  9£2),  then  B(x ;  r)  C  V  by  (3.3).  Therefore  V  is 
nonempty,  because  u  is  not  identically  +oo  in  G.  Let  now  xn  e  V,  xn  x  e  G 
as  n  — >►  oo.  Fix  r  G  (0,dist(v;  9^)/2).  Choose  xn  such  that  \x  —  xn\  <  r.  Since 
r  <  dist(vn;  9^),  we  have  B(xn ;  r)  C  V.  Hence  v  G  .Sfe;  r)  C  V.  The  set  V  is  a 
nonempty  open  and  closed  subset  of  the  metric  space  G.  Since  G  is  connected,  we 
infer  that  V  =  G. 

Proposition  3.3.5  Let  £2  C  Rm  be  a  domain  and  u  :  £2  — >►  (— oo,  oo)  a  lower 
semicontinuous  extended  real-valued  function.  Suppose  that  for  every  x  G  £2,  there 
is  p(x)  >  0  such  that  (3.3)  holds  for  0  <  r  <  p(x).  If  there  is  xo  G  £2  such  that 
u(x)  >  u(xo)  for  each  x  G  £2,  then  u  is  constant. 

Proof  Put  G  =  {x  G  £2  ;  u(x)  =  w(vo)}.  The  set  G  is  a  closed  subset  of  the  metric 
space  Q,  because  u  is  lower  semicontinuous. 

Fix  v  G  G,  0  <  r  <  p(x).  Then  B(x;  r)  \  G  is  an  open  set.  If  B(x;  r)  \  G  =  {y  e 
B(x;  r);  u(yf)  >  u(x o)}  is  nonempty,  then 


u(x)  =  u(x o)  < 


u  dPLm, 


B(x;r ) 


what  contradicts  (3.3).  Hence  B(x;  r)  C  G  and  G  is  an  open  set.  Since  G  is  an 
nonempty  open  and  closed  subset  of  the  connected  metric  space  £2,  we  infer  that 
G  =  £2. 

Proposition  3.3.6  Let  £2  C  Rm  be  an  open  set,  A  C  £2,  l~Lm(^2  \  A)  =  0,  u  :  Q 
(—oo,  oo)  be  a  lower  semicontinuous  extended  real-valued  function,  x  G  £2.  If  there 
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is  p  >  0  such  that  (3.3)  holds  for  0  <  r  <  p,  then 


u(x)  =  liminf  u(y). 

ABy^x 


Proof  Since  u  is  locally  bounded  from  below  (see  Lemma  3.2.2),  the  integral 
in  (3.3)  makes  sense.  If 


u(x )  <  a  <  liminf  u(y) 


then  there  is  r  e  (0,  p)  such  that  a  <  u  on  A  Pi  B(x;  r)  \  {.x}.  This  contradicts  (3.3). 

Proposition  3.3.7  Let  £2  C  Rm  be  an  open  set ,  f  :  Q  (— oo,  oo)  be  a  lower 
semicontinuous  extended  real-valued  function  not  identically  equal  to  +oo  on  any 
component  of  £1.  Then  the  following  statements  are  equivalent. 

1.  u  is  superharmonic  on  £2. 

2.  For  every  x  e  £2,  there  is  p(x)  >  0  such  that  (3.3)  holds  for  0  <  r  <  p(x). 

3.  For  every  bounded  open  set  G  with  G  <Z  £2  and  h  e  H(G )  fl  C°(G)  with  h  <  u 
on  3  G,  we  have  h  <  u  on  G. 

4.  If  x  e  £2  and  0  <  r  <  dist(v,  3  £2),  then 


(3.4) 


dB(x’,r ) 


5.  For  every  x  e  £2  there  is  p(x)  >  0  such  that  (3.4)  holds  for  0  <  r  <  p(x). 

Proof  1)  =>►  2)  and  4)  5)  are  clear. 

2)  =>►  3):  Put  w(x)  =  u(x)  —  h(x)  in  G, 


w(x)  =  liminf  (u(y)  —  h(y)) 


for  x  G  3G.  Then  w  is  a  lower  semicontinuous  extended  real- valued  function  on  G. 
If  x  e  dG  then  Proposition  3.3.6  gives 

0  <  u(x)  —  h(x)  =  liminf u(y)  —  h(x)  <  liminf [u(y)  —  h(y)\  =  w(x). 

y^x  G3y^x 

According  to  Lemma  3.2.2,  there  is  x  e  G  such  that  w(y)  >  w(x)  for  each  y  e  G.  If 
x  e  dG  then  w(v)  >  0  and  thus  w  >  0.  Let  now  x  e  G.  Fix  the  component  V  of  G 
containing  v.  Proposition  3.3.5  gives  that  w  is  constant  on  V.  Since 


w(x)  =  lim  inf  w(y)  >  lim  inf  w(y)  >  w(z)  >  0 


for  each  z  e  dV,  we  see  that  w(x)  >  0.  Thus  w  >  0. 
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3)  =>►  4):  Fix  x  e  £2,  u(x)  <  oo  and  0  <  r  <  p  <  dist(x,  3£2). 
Corollary  3.2.3  gives  that  the  function  u  is  bounded  from  below  on  B(x;  p). 
According  to  Lemma  3.2.4,  there  exists  an  increasing  sequence of  continuous 
real  functions  in  B(x;  p)  such  that/^  /*  u  as  k  oo.  According  to  Theorem  on 
the  Poisson  integral  (Theorem  2.5.4),  there  are  Uk  G  H(B(x;  r))  Pi  C°(B(x;  r))  such 
that  Uk  =  fk  on  3 B(x;  r).  Since  Uk  =  fk  <  u  on  3 B(x;  r)  we  have  Uk  <  u  on  B(x\  r). 
According  to  Lemma  2.4.1,  we  have 

(j)  fk  dUm-l  =  (j)  Uk  dTim-l  =  Uk(x)  <  u(x). 

dB(x;r )  3  B(x;r) 


Fatou’s  lemma  (Lemma  1.13.5)  gives 


u  dELm-\  <  liminf 

oo 


3  B(x;r) 


3  B(x;r) 


4)  =>►  1)  and  5)  =>  2):  Let  v  G  £2  and  p  >  0  be  such  that  (3.4)  holds  for 
0  <  r  <  p.  If  0  <  r  <  p  we  have 


B(x;r ) 


l 

njB(i):  rjj 


r 


// 

0  3 B(x;s) 


u  ds 


-  -1/  fi  /  w(x)?4n-i(95(0;.y))  ds  =  m(x). 
Um(B(0\  r))  J 
0 


Corollary  3.3.8  £2  C  set ,  m  >  2,  <2/2  extended  real¬ 

valued  function  on  £2.  If  for  each  x  G  £2,  t/zere  A  <222  6>p£22  set  G(x)  such  thatx  G  G(v) 
<222<i  22  A  a  sup  erhamonic  function  on  G(x),  then  u  is  a  superharmonic  function  on  £2. 

Proof  The  function  u  is  locally  integrable  on  £2  by  Proposition  3.3.4.  Proposi¬ 
tion  3.3.7  gives  that  u  is  a  superharmonic  function  on  £2. 

Example  3.3.9  Fix  z  e  Rm ,  m  >  2.  Put  w(z)  =  oo,  w(y)  =  hm(z  —  y)  for  z  ^  y. 
The  function  u  is  continuous  extended  real- valued  function  in  Rm.  One  has  u  G 
H(Rm  \  {z})  by  Remark  2.1.3.  Ifx^=z  then  (3.4)  holds  for  0  <  r  <  \x  —  z\  by 
Proposition  3.3.7.  Clearly,  ifx  =  z  then  (3.4)  holds  for  each  r  >  0.  Proposition  3.3.7 
gives  that  u  is  a  superharmonic  function  in  Rm. 

Corollary  3.3.10  Let  co  C  £2  C  Rm  be  open  sets,  m  >  2.  Let  ube  a  superharmonic 
function  in  £2,  v  be  a  superharmonic  function  in  co,  and  suppose  that 


liminf  v(x)  >  u(y),  y  G  dco  PI  £2. 

coBx^y 


(3.5) 
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Then  the  function 


w(x)  = 


min (u(x),  v(x)),  x  e  co, 

u(x),  x  e  Q  \  co. 


(3.6) 


is  superharmonic  in  £2. 

Proof  w  is  superharmonic  in  Q  \  To  and  in  co  (see  Lemma  3.3.3).  The  function  w  is 
lower  semicontinuous  by  (3.5).  If  x  G  dco  Pi  Q  and  0  <  r  <  dist(x;  3£2),  then 


w(x)  =  u(x)  > 


<^)  u  d Tim  >  <^) 


w  d TLn 


B(x;r ) 


B(x\r ) 


Proposition  3.3.7  gives  that  w  is  superharmonic  in  £2. 


3.4  Minimum  Principle 

In  this  section  we  prove  that  a  superharmonic  function  is  greater  than  or  equal  to  a 
subharmonic  function  provided  the  same  is  true  for  their  traces  on  the  boundary.  In 
particular,  a  superharmonic  function  is  greater  than  or  equal  to  the  infimum  of  its 
trace  on  the  boundary. 

Proposition  3.4.1  Let  £2  C  Rm  be  a  domain,  u  be  a  superharmonic  function  in  £2, 
and  v  be  a  subharmonic  function  in  £2.  Suppose  that 

liminf  (u(y)  —  v(y))  >  0 

£2  9;y— 

for  each  xedQ.IfQis  unbounded  suppose  moreover 

liminf  ( u(y )  —  v(y ))  >  0.  (3.7) 

[y|— >-oo,;y€£2 

Then  u>  v  in  £2.  If  there  is  x  e  £2  such  that  u(x)  =  v(x),  then  u  =  v  in  £2. 

Proof  Put  w(x)  =  u(x)  —  v(x)  in  Q, 

w(x)  =  liminf  (u(y)  —  v(y)) 

£2  3y—>x 


for  x  G  d£2.  Then  w  is  a  lower  semicontinuous  extended  real-valued  function  on 
£2,  w  =  0  on  3 £2.  Fix  a  <  0.  According  to  (3.7)  there  is  r  >  0  such  that  w  > 
a  on  £2  \  #(0;  r).  According  to  Lemma  3.2.2  there  is  x  G  Q  Pi  5(0;  r)  such  that 
w(y)  >  w(x)  for  each  y  G  £2  P  5( 0;  r).  If  x  G  d[£2  PI  5( 0;  r)]  then  w(x)  >  a.  Let 
now  v  G  £2  H  5(0;  r).  Fix  component  G  of  £2  PI  5(0;  r)  containing  x.  Since  w  is  a 
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superharmonic  function  in  G,  Proposition  3.3.5  gives  that  w  is  constant  on  G.  So, 
we  can  suppose  that  x  E  d[Q  PI  #(0;  r)].  Thus  w  >  a.  Since  a  <  0  was  arbitrary,  we 
deduce  that  w  >  0  and  thus  u  >  v  in  £2 . 

Suppose  now  that  there  is  i  G  ^  such  that  u(x)  =  v(x).  Then  w(x)  =  0. 
Proposition  3.3.5  gives  that  w  =  0. 

Proposition  3.4.2  Let  £2  C  Rm  be  an  open  set ,  ube  a  superharmonic  function  in 
£2,  v  be  a  subharmonic  function  in  £2,  and  h  be  a  positive  harmonic  function  in  £2. 
Suppose  that 


Q3y^x  h(y) 


for  each  x  E  3 £2.  If  £2  is  unbounded,  suppose  moreover 


.  ,  u(y)~  v(y ) 
liminf  - — -  >  0. 


|y|->oo,y€n  h(y ) 


Then  u  >  v  in  £2. 

Proof  Since  u  —  v  is  superharmonic,  we  can  suppose  that  v  =  0.  Suppose  that 
u{z)  <  0  for  some  z  e  £2.  Denote  by  co  the  component  of  £2  containing  z  and 
c  =  —u(z)/(2h(z))  >  0.  Then  there  exists  a  compact  set  F  C  co  such  that  u/h>  —c 
on  co  —  F.  Since  u  >  —eh  on  co\F,  Proposition  3.4.1  gives  that  u  >  —eh  in  co.  That 
is  a  contradiction  with  u(z)  =  —2 eh{z)  <  —eh(z). 


3.5  Minimum  of  Superharmonic  Functions 
at  a  Boundary  Point 

Proposition  3.5.1  Let  £2  C  Rm  be  a  domain,  B  C  £2  be  a  ball,  x  e  d£2  PI  dB,  and 
9  be  a  unit  vector  such  that  0  •  nB(x )  >  0.  Let  u  e  C°(£2)  be  superharmonic  in  £2. 
Suppose  that  there  exists  8  >  0  such  that  u(y)  >  u(x)  for  all  y  e  £2  D  B(x ;  8).  If 
there  exists  3 u(x)/d0,  then  du(x)/d0  <  0. 

Proof  Without  loss  of  generality,  we  can  suppose  that  x  =  0,  u(0)  =  0,  B  = 
B(z ;  r)  C  B( 0;  8),  and  z  =  [r,  0, 0, . . . ,  0].  Denote  w  =  Pu ,  the  Poisson  integral  of 
u  with  respect  to  the  ball  B,w  =  u  in  dB.  Then  w  e  C°(B)  PI  H(B )  by  the  Theorem 
on  the  Poisson  integral  (Theorem  2.5.4).  Moreover,  w(0)  =  0,  w  >  0  on  B  \  {0}  by 
the  maximum  principle  (Theorem  2.4.2).  If  t  >  0,  y  =  —tO  e  B ,  then  the  Harnack 
inequality  (Proposition  2.8.1)  gives 


w(y)  >  w(z) 


rin  2(r  —  \z  —  y|)  r- \z-y\ 

-  >  w(z) - 

(r-\-\z  —  y\)m~l  2m~lr 


t->  o  t 
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3  Solutions  of  the  Poisson  Equation 


Since  u  =  w  on  dB ,  u  is  superharmonic  and  w  is  harmonic,  w  <  u  by 
Proposition  3.3.7.  Thus 


du(0) 

9R) 


>  liminf 

t — >o 


w(—tO) 

t 


>  0. 


Example  3.5.2  The  condition  that  there  exists  a  ball  B  such  that  B  C  £2,  x  e  dB 
in  Proposition  3.5.1  is  important.  Put  Q  =  {[x,y];x  >  0,y  >  0},  u(x,y )  =  xy. 
Then  A u  =  0,  i/(0,0)  =  0  <  u(x,y)  for  each  [x,y]  e  £2.  But  Vw(0,0)  =  0  and 
du(0, 0)/d6  =  0  for  each  vector  6. 


3.6  Harmonic  Minorant 


In  this  section  we  study  under  which  conditions  there  exists  a  harmonic  minorant  of 
a  system  of  superharmonic  functions. 

Definition  3.6.1  Let  Q  C  Rm ,  m  >  2,  be  an  open  set  and  /  be  an  extended  real¬ 
valued  function  on  £2.  If  u  e  H(£2),  u  <  /  on  £2,  then  u  is  called  a  harmonic  minorant 
of  /.  The  function  u  is  the  greatest  harmonic  minorant  of  /,  if  u  is  a  harmonic 
minorant  of  /  and  v  <  u  whenever  v  is  a  harmonic  minorant  off.  If  u  e  H(£2), 
u  >  /  on  £2,  then  u  is  called  a  harmonic  majorant  off.  The  function  u  is  the  least 
harmonic  majorant  of/,  if  u  is  a  harmonic  majorant  off  and  v  >  u  whenever  v  is  a 
harmonic  majorant  off. 

Proposition  3.6.2  Let  £2  C  Rm  be  an  open  set,  m  >  2 ,  u  be  a  superharmonic 
function  on  £2,  z  €  £2,  and  0  <  p  <  dist(z;  3£2).  Let  P(x,y)  be  the  Poisson  kernel 
corresponding  to  the  ball  B  =  B(z;  p).  Put 


uB(x) 


u(x), 


x  G  £2  \  B, 


f  P(x,y)u(y)  x  e  B. 

dB(z;p) 


(3.8) 


Then  uB  is  a  superharmonic  function  in  £2,  harmonic  in  B,  and  uB  <  u  in  £2. 

Proof  uB  e  H(B)  by  Theorem  2.5.4.  Fix  a  bounded  open  set  V  C  V  C  £2  such 
that  B  C  V.  Lemma  3.2.2  gives  that  u  is  bounded  from  below  on  V.  According  to 
Lemma  3.2.4,  there  is  an  increasing  sequence/  e  C°(V )  such  that/  /*  u  as  j  — >►  oo. 
Put 


fj(x),  X  e  dB, 

f  P(x,  y)fj(y )  dUm-1  (v),  x  e  B. 

3b(z;p ) 


Vj(x)  = 


(3.9) 
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Then  Vj  G  H(B )  PI C°(B)  by  Theorem  on  Poisson  integral  (Theorem  2.5.4).  Since  u  > 
Vj  on  3 B,  Proposition  3.3.7  gives  that  u  >  Vj  on  B.  Since  /•  and  u  are  bounded  from 
below  on  3 B  by  the  same  constant,  we  obtain  by  Theorem  on  monotone  convergence 
of  an  integral  (Theorem  1.13.3)  that  Vj  /*  uB  on  B  as  7  00.  Hence  u>uB. 

If  x  e  dB ,  then  Theorem  2.5.4  gives 

u(x )  <  liminfzz(y)  <  liminf  zi#(y). 

dB3y^  x  B3y^x 


ub  is  superharmonic  by  Corollary  3.3.10. 

Lemma  3.6.3  Let  £2  C  Rm  be  a  domain,  m  >  2.  A  Zze  *2  nonempty  system  of 
superharmonic  functions  in  £2  such  that  for  each  u,v  e  A  and  every  ball  B  with 
B  C  £2  we  have  min  (u,  v )  G  A  Put  h  =  inf{zz;  zz  G  A}.  77ze«  /z  =  —00  6>r 

A  G  tf(£2). 

Proof  Fix  rG^,0<p<  dist(x,  3£2).  Put  B  =  B(x;  p).  Choose  {un}  C  A  such 
that  un(x )  ->  /z(v)  as  n  — >►  00.  Fix  u  e  A.  Put  ui  =  min(z/i,  zz),  t?fc+i  =  min(i;^,  zzA, 
and  wn  =  (vn)B.  Then  is  a  decreasing  sequence  of  functions  from  A  fl  /7(i?)  such 
that  wn(x )  — >►  /z(v)  as  zz  — >>  cx)  (see  Proposition  3.6.2).  Put 

wu  =  lim  wn. 

n^o o 

Then  wM  >  /z,  wM(v)  =  h(x).  Since  is  a  decreasing  sequence  of  harmonic 
functions  on  B ,  Proposition  2.11.3  gives  that  wM  =  —00  on  B  or  wu  G  H(B).  If 
wu  =  —00  on  then  /z  =  —00  on  B.  Suppose  now  that  wu  G  H(B).  If  v  G  A,  put 
z  =  min(z;,  u).  Then  wz  G  77(7?),  m^(x)  =  h(x).  Since  <wu,  the  function  wu  —  wz 
is  a  nonnegative  harmonic  function  in  B.  Since  wu(x)  —  wz(x)  =  0,  Theorem  2.4.2 
gives  that  wu  —  wz  =  0  in  B.  Since  v  G  A  was  arbitrary,  we  deduce  h  =  wu  G  77(7?). 

We  have  proved  that  for  each  x  e  £2  and  0  <  p  <  dist(x;  3 £2),  we  have  h  =  —00 
in  B(x\  p)  or  h  G  H(B(x ;  p)).  Hence  /z  is  continuous.  Put  V  =  {v  G  £2;h(x)  =  —00}. 
We  have  proved  that  V  is  an  open  set.  Since  h  is  continuous  extended  real- valued 
function,  the  set  V  is  a  closed  subset  of  the  metric  space  £2 .  Since  £2  is  connected, 
we  infer  that  V  =  Q  and  h  =  —00  or  V  =  0  and  /z  G  77(£2). 

Proposition  3.6.4  Let  £2  C  RA  be  an  open  set,  m  >  2,  A  be  a  nonempty  system 
of  subharmonic  functions  on  £2,  and  B  be  a  nonempty  system  of  superharmonic 
functions  in  £2  such  that  f  <  g  for  every  f  G  A  and  g  G  B.  Put  h  =  inf {zz;  zz 
superharmonic  in  £2 ,  u  >  /  V/  G  A}  and  v  =  sup {zz;  u  subharmonic  in  £2 ,  u  < 
g  Vg  G  S}.  TTzezz  /z,  v  G  77(£2),  azzd/  <  h  <  v  <  gfor  allf  G  A  azzd  g  €  B. 

Proof  Put  V  =  {u  superharmonic  in  £2;zz  >  /  V/_G  A}.  Iff  g  A  then/  < 
inf{zz;  u  e  V}  =  h.  If  u,v  e  V  and  7?  is  a  ball  with  B  C  £2,  then  min(zz,  v)  e  V 
(see  Lemma  3.3.3)  and  Mg  G  V  (see  Proposition  3.6.2  and  Proposition  3.4.1).  Thus 
/z  =  —00  or  h  G  77(£2)  by  Lemma  3.6.3.  Since/  <  /z,  we  infer  /z  G  77(£2). 
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If  g  e  B,  then  —  g  is  subharmonic.  Therefore  —v  =  inf {—u  superharmonic  u  > 
— g  Vg  e  B}  e  H(£2).  Clearly  v  <  g  for  all  g  e  B.  Since  h  e  H(£2)  and  h  <  g,  we 
obtain  h  <  v. 

Theorem  3.6.5  Let  £2  C  Rm  be  an  open  set,  m  >  2.  Ifu  is  a  superharmonic  function 
on  £2  and  u  has  a  harmonic  minorant  on  £2,  then  u  has  a  unique  greatest  harmonic 
minorant  in  £2. 

Proof  Put  v  =  sup {/*;/  subharmonic  in  Q,f  <  u}.  Then  v  e  H(£2)  by 
Proposition  3.6.4.  Clearly,  v  is  the  greatest  harmonic  minorant  in  £2. 

Proposition  3.6.6  Let  £2  C  Rm  be  an  open  set,  m  >  2.  If  Uj  are  superharmonic 
functions  on  £2  with  the  greatest  harmonic  minorants  hj  in  £2,j=  1,2,  then  h\  +  /z2 
is  the  greatest  harmonic  minorant  ofu  =  u\-\-  U2. 

Proof  h\  +  /*2  is  a  harmonic  minorant  of  u.  According  to  Theorem  3.6.5,  there 
exists  the  greatest  harmonic  minorant  h  of  u.  Clearly,  h\  +  h2  <  h  <  u\  +  U2.  Since 
h  —  u\  <  U2,  h  —  u\  is  subharmonic,  and  U2  is  superharmonic,  h  —  u\  <  h2  <  U2 
by  virtue  of  Proposition  3.6.4.  This  forces  h  —  h2  <  «i,  and  thus  h  —  h2  <  h\.  This 
gives  /i  <  h\  +  /*2- 


3.7  Mean  Values  of  Superharmonic  Functions 

Proposition  3.7.1  Let  £2  C  Rm  be  an  open  set,  m  >  2 ,  u  be  a  superharmonic 
function  on  £2,  and  z  G  ^2.  For  0  <  r  <  dist(z;  9 £2)  denote 


dB(z\r ) 


B(z;r) 


ThenA(r )  andL(r)  are  decreasing  functions  in  the  interval  (0,  dist(z;  9£2)),  A(r)  > 
L(r) 


limA(r)  =  lim  L(r)  =  u(z). 


(3.10) 


r\0  r\0 


Proof  We  can  suppose  that  z  =  0.  Let  0  <  r  <  p  <  dist(0;  9^)).  Let  ub 
be  a  function  from  Proposition  3.6.2  with  B  =  B( 0;  p).  Mean  value  theorem 
(Theorem  2.6.1)  gives 


as(0;r) 


9fi(0;r) 
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Since  L  is  a  decreasing  function,  we  get 

Mp)  =  .TJ  ~  f  f  u(x)  dU,n-\  (x) 

nm(B(0;  1  ))pm  Jo  J 
1))  fP 


dr 


nm(B(  0;  1  ))p" 


f 


L(t)r  dr  = 


9B(0\t) 

Hm-i(dB( 0;  1)) 


/' 


L(ps)sm  1  d.v 


H„-i(dB(p;  1)) 

nm(B( 0;1))  Jo 


f 


nm(B( 0;  1)) 

L(rs)sm~l  d.v  =  A(r). 


Moreover, 


Fix  ^  <  w(0).  Since  w  is  lower  semicontinuous,  there  is  p  >  0  such  u  >  K  on 
Z?(0;  p).  Since  L(r)  <  A(r)  <  i/(0),  we  obtain 

K  <  lim  L(r)  <  limA(r)  <  w(z). 

r\0  r\0 


Since  K  <  u( 0)  is  arbitrary,  the  relation  (3.10)  holds  true. 

Corollary  3.7.2  Let  Q  C  Rm  be  an  open  set,  m  >  2.  If  u  and  v  are  superharmonic 
functions  on  Q  such  that  u  =  v  almost  everywhere  in  Q,  then  u  =  v  in  Q. 

Proof  If  x  G  Q,  then  Proposition  3.7.1  gives 


u(x)  =  lim 

r\0 


U  d Pin 


lim 

r\0 


v  d Hm  =  v(x). 


B(x;r ) 


B(x\r) 


3.8  Regularization  and  Superharmonic  Functions 


In  this  section  we  prove  that  a  regularization  of  a  superharmonic  function  is  again  a 
superharmonic  function. 

Lemma  3.8.1  Let  Q  C  Rm  be  an  open  set,  m  >2,  and  u,  v  G  L]oc(Rm )  be  such  that 
for  Pim  almost  allx  G  £2 


u(x)  <  (p 


u  d PLn 


B(x;r) 


f 

B(x;r ) 


0  <  r  <  dist(v,  3  £2). 
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3  Solutions  of  the  Poisson  Equation 


Suppose  that  cp  e  C°°(Rl),  cp  >  0,  spt<^  c  (0, 1)  and 

[  <p(\y\)  dHm(y)  =  1. 

Rm 


For  €  >  0  put  <p€(y)  =  (p(\y\/e)c~m  and  u€  =  u  *  cp€,  ve  =  v  *  cp€.  Then  v€  is  a 
superharmonic  function  in  =  {x  e  £2;  dist(x,  9£2)  >  6}  and  u€  is  a  subharmonic 

function  in  Q€. 

Proof  v€  e  C°°{Rm).  Fix  x  e  and  0  <  r  <  dist(x,  9£2€).  If  |z|  <  e,  then 
B(x  —  z\r)  C  £2,  and  Fubini’s  theorem  yields 


/ 


vJy) 


B(x;r ) 


Hm(B(x;  r)) 


dHm(y) 


-II 


<Pe(z)v(y  —  z) 


=  J  <pAz)  f 

B(0;e)  B(x;r ) 

=  /  Mz)  / 


B(x;r)  B( 0;e) 

v(y-z ) 


Hm(B(x;  r)) 


T-Lm{B{x\  r)) 
d Hm(y)  d'Hmiz) 


d Hm(z)  dUm(y) 


<Pe(z) 

B 

>-I 

B(  0;e) 


v(y) 


nm(B(x  -  z;  r)) 


d Hmiy)  dUm{z) 


B(0;e)  B(x-z;r) 

(pAz)v(x  -  z)  d'Hmiz )  =  ve(x). 


Thus  v€  is  superharmonic  in  Q€.  Now  we  use  the  proposition  for  —  u. 

Proposition  3.8.2  Let  u  be  a  superharmonic  function  in  Rm,  m  >  2.  Suppose  that 
<p  e  C°°(Rl ),  <p  >  0,  spt<^  C  (0, 1),  and 

[  <p(\y\)  dHm(y)  =  1. 

Rm 


For  €  >  0  put  cp€(y)  =  <p(\y\/ e)e~m.  Define  u€  =  u  *  (p€  on  Q€  =  {x  e 
£2;dist(x,  9£2)  >  6}.  Then  u€  are  superharmonic  functions  and  u€  \  u  as  e  0. 
Ifue  H(i 2)  then  u€  =  u. 

Proof  Fix  x  e  Rm.  Denote 


L(r)  = 


I 


d  B(x;r) 


u  dFtm- 1 . 
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According  to  Proposition  3.7.1, 

l 

u€(x)  =  j  u(x-  €y)<p(\y\)  =  j  (p(t)L(te)TLm-\  (dB( 0;  t ))  dr  f  w(v) 

fi(0;l)  0 

as  €  l  0.  The  function  u€  is  superharmonic  by  Lemma  3.8.1.  If  u  G  H(Q),  then 
u€  <  u ,  —u€  =  (— w)e  <  — w  and  thus  u€  =  w. 


3.9  Green’s  Function 

This  section  is  devoted  to  the  Green  function.  The  Green  function  and  the  Green 
potential  play  an  important  role  in  the  study  of  boundary  value  problems  for  the 
Laplace  equation.  We  characterize  open  sets  for  which  there  exists  Green’s  function 
and  study  its  properties.  We  show  that  Green’s  function  is  symmetric  and  infinitely 
differentiable  outside  the  diagonal  and  give  estimates  of  Green’s  function  and  its 
derivatives.  We  also  compare  Green’s  functions  corresponding  to  different  open  sets. 

Definition  3.9.1  Let  £2  C  Rm  be  an  open  set,  m  >  2,  and  gQ  be  a  real  function  on 
£2  x  Q  such  that 

•  g^G,y)  £  H(Q)  for  each  y  G  £2; 

•  gn(x,y)  <  hm(x-y)\ 

•  y  e  £2,u  e  H(£2),  u(x)  <  hm(x-y )  =>  u(x)  <  g^(x,y). 

Then 


Gn(x,y)  =  hm(x  —  y)  -gn(x,y),  x,y  G  £2 


is  called  the  Green  function  of  £2 . 

Proposition 3.9.2  Let  £2  =  Rm,  m  >  2.  Then  G^(x,y)  =  hm(x  —  y)  is  Green’s 
function  corresponding  to  £2. 

Proof  Put  gn(x,y)  =  0.  Fix  y  G  £2.  Then  gn(-,y)  G  H(£2),  gn(x,y)  =  0  < 
hm(x  —  y).  Let  now  u  G  H(Rm ),  u(x)  <  hm(x  —  y)  for  all  x  e  Rm.  Since 

lim  sup  u(x)  <  lim  sup  hm(x  —  y )  =0 

|x| — ^OO  |jc| — ^oo 

Corollary  2.4.4  gives  that  u  <  0. 

Proposition  3.9.3  Let  £2  =  R2.  Then  there  is  not  Green’s  function  corresponding 
to  £2. 
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Proof  Fix  y  e  £2.  We  show  that  there  is  not  u  e  H(£2)  such  that  u(x)  <  h2(\x  —  y|) 
for  all  x  e  R2.  Suppose  that  there  is  such  u.  Fix  z  e  R2 .  According  to  Mean  value 
theorem  (Theorem  2.6.1), 


u(z)  =  lim 

r^oo 


u(x )  dPLm-i  <  lim 

r— ►  oo 


hi(\x-y\)  dHm-i  =  -oo 


3  B(x;r) 


d  B(x’,r) 


what  is  a  contradiction. 

Proposition  3.9.4  Let  £2  =  R™  =  {[x',xm\;xm  >  0}.  Let  us  denote  <F(x',xm)  = 
[x\  —xm\.  The  Green  function  Gq  (x,  y )  =  hm(x—y)  —  gQ  (x,  y)  is  given  by  go,  (x,  y)  = 
hm(x  -  0(y)). 

Proof  Fix^y  e  £2  andputu(x)  =  hm(x—  0(y)).  Clearly,  v  e  H(£2),  v(x)  <  hm(x—y). 
Let  now  u  e  H(£2)  and  u{x)  <  hm(x  —  y).  Put  w  =  w  —  r>.  If  z  £  9£2,  then 

lim  sup  w(x)  <  lim  sup[w(x)  —  hm(x  —  y)]  +  lim  swp[hm(x  —  y)  —  v(x)]  <  0, 

X~ >*Z  x— >>z  x— >-Z 

lim  sup  w(x)  <  lim  sup[w(x)  —  hm(x  —  y)]  +  lim  sup [hm(x  —  y)  —  v(x)]  <  0. 

|x| — ^oo  |x| — >oo  |x| — >oo 


Corollary  2.4.4  gives  that  w  <  0.  Therefore  g^(x,y)  =  v(x). 

Proposition  3.9.5  Let  £2,  co  be  open  subsets  ofRm,  m  >  2,  and  co  C  £2.  If  there  is 
the  Green  function  Gq  of  £2,  then  there  is  the  Green  function  GM  ofco  and  G M  <  Gq 
on  coxa). 

Proof  Fix  y  e  co.  Then  g(x)  =  hm(x  —  y)  is  a  superharmonic  function  in  co  (see 
Example  3.3.9), /(x)  =  g^(x,y)  is  a  harmonic  function  in  £2,  and /  <  g.  Put  v  = 
sup{w;  u  subharmonic  in  co,  u  <  g}.  Then  i;  e  H(co)  by  Proposition  3.6.4.  Clearly 
gco(x,y)  =  v(x).  Since/  <  g,  we  have/  <  v  and  thus  Ga)(x,y)  =  g(x)  —  v(x)  < 
g(x)  -f{x)  =  Gn(x,y). 

Corollary  3.9.6  Let  £2  C  Rm  be  open,  m  >  2.  Then  there  is  unique  Green ’s  function 
ofti. 

Proof  Since  there  is  the  Green  function  of  Rm  by  Proposition  3.9.2,  Proposi¬ 
tion  3.9.5  gives  the  existence  of  the  Green  function  of  £2.  The  uniqueness  follows 
from  the  definition  of  Green’s  function. 

Proposition  3.9.7  Let  £2  C  Rm  be  an  open  set,  m  >  2.  Then  there  exists  Green  ’s 
function  of  £2  if  and  only  if  there  exists  Green ’s  function  for  each  component  of 
£2.  If  Gq  is  the  Green  function  of  £2,  co  is  a  component  of  £2,  and  y  e  co,  then 
Gn(x,y)  =  Ga)(x,y)  >  0  forx  e  co,  G^(x,y)  =  0  for x  e  £2\co. 

Proof  If  there  is  Green’s  function  of  £2,  then  there  exists  Green’s  function  for  each 
component  of  £2  by  Proposition  3.9.5.  Let  now  co  be  a  component  of  £2,  G^(x,  y)  = 
hm(x  —  y)  —  go (x,  y)  be  the  Green  function  of  co.  Fix  y  e  co.  Put  g^  (x,  y)  =  g^  (x,  y) 
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for  x  G  co,  gn(x,y)  =  hm(x  —  y)  for  x  G  Q  \  co.  Then  gn(x,y)  <  hm(x  -  y). 
Since  gM(-,y)  G  H(co),  v(x)  =  hm(x  —  y)  e  H(£2  \  co)  (see  Remark  2.1.3)  we 
infer  that  g^(-,y)  G  H(£2).  Let  now  u  G  H(£2)  be  such  that  u(x)  <  hm(x  —  y). 
Clearly  u(x)  <  g^(x,y)  on  Q  \  co.  Forx  G  co  we  have  u(x)  <  gw(x)  =  g^(x).  Thus 
Gn(x,y)  =  hm(x  —  y)  —  ga(x,y)  is  the  Green  function  of  Q.  By  the  definition  of 
Green’s  function,  we  see  that  Gq  >  0.  Since  G^(-,y)  is  a  superharmonic  function 
in  co  which  is  nonconstant  because 

lim  Gq  (x,  y)  =  li m[hm(x  -  y)  -  gQ(x,y)\  =  oo, 

x->y 

Proposition  3.4.1  gives  that  G^(x,y)  >  0  for  x  e  co. 

Proposition  3.9.8  Let  £2  C  R2  be  open.  If  R2  \  dQ  is  not  connected,  then  there  is 
Green’s  function  ofQ.  In  particular,  ifQ  ^  R2  then  there  is  Green’s  function  ofQ. 

Proof  Suppose  that  R2  \  3  £2  is  not  connected.  Let  co  be  a  component  of  Q.  Then 
there  is  z  £  R2  and  r  >  0  such  that  B(z\  r)  D  co  =  0.  Fix  y  G  co.  Since  dB (z;  r)  is 
a  compact  set  (see  Example  1.2.8),  there  is  a  positive  constant  c  such  that  \h2Qx  — 
y|)  —  h2 (|x  —  z|)|  <  c  for  eachx  G  3 B(z',  r)  (see  Lemma  1.2.13  and  Example  1.2.8). 
Put  u(x)  =  —  c  +  h2(\x  —  z|)  —  h2(\x  —  y|).  Then  u  G  H(R2  \  B(z\  r)  \  {y}).  Since 
u  <  0  on  dB  (z;  r), 


lim  u(x)  =  —00, 

x— >y 


lim  u(x)  =  lim 

|jc| — ^00  |jc| — ^00 


—  In  I— — r" 
2tt  \x  —  y\_ 


=  —  c  <  0, 


Corollary  2.4.4  gives  that  u  <  0  in  R2  \  B(z;  r)  \  {y}.  Put  v(x)  =  —  c  +  /z2( |x  —  z\). 
Then  v  G  H(co ),  v(x)  <  /i2(|x  —  y|)  in  co.  According  to  Proposition  3.6.4,  the 
function  uM(x,y)  =  sup{/z;  h  subharmonic  in  co,h(x)  <  /i2 (|x  —  y|)}  has  properties 
from  the  definition  of  Green’s  function  of  co.  Since  there  is  Green’s  function  for  each 
component  co  of  Q,  Proposition  3.9.7  gives  that  there  is  Green’s  function  of  Q. 

Lemma  3.9.9  Let  £2  C  Rm  be  a  domain  with  compact  boundary,  m  >  2,  and 
Gn(x,y)  =  hm(x  —  y)  —  g^(x,y)  be  the  Green  function  ofQ.  Fix  y  G  Q.  Suppose 
that  u  G  H(f2)  H  C°(£2),  u(x)  =  hm(x  —  y)  for  each  x  G  3Q.  If  Q  is  unbounded, 
suppose  moreover  u(x)  —hm(x  —  y)  =  0( |x|2_m)  as  |x|  —>  00.  Then  ga(x,y)  =  u(x). 

Proof  Fix  8  >  0  such  that  u(x)  <  hm(x  —  y)  on  B(y\  8).  Since  the  function  v(x)  = 
hm(x—y)  G  H(Q \B(y ;  8))  by  Remark  2.1.3,  we  have  u  <  v  in  £2  by  Corollary  2.4.4 
and  Proposition  2.4.7.  According  to  the  definition  of  Green’s  function,  we  have 
u(x)  <  g^(x,y).  The  function  w(x)  =  g^(x,y)  —  w(x)  is  a  nonnegative  harmonic 
function  in  Q.  If  z  G  3F2,  then 


0  <  liminfw(x)  <  limsupw(x)  <  limsup[/zm(x  —  y)  —  u(x)\  =  0. 

&3X^Z 
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If  £2  is  unbounded,  we  obtain  by  a  similar  way  that  w(x)  — >  0  as  \x\  — >  oo  for 
m  >  2,  w(v)  =  0(1)  as  |jc|  — ►  oo  for  m  =  2.  Corollary  2.4.4  and  Proposition  2.4.7 
give  that  w  =  0. 

Example  3.9.10  Let  m  >  2,  r  >  0.  Denote  by  y*  =  yr^yl-2.  If  £2  =  B( 0;  r)  C  /?m, 
then  Lemma  2.3.2  and  Lemma  3.9.9  give 


Gq(x,  0)  =  hm(x)  - 


y2—m 

(m  —  2)'Hm_i(3B(0;  1))  ’ 


=  hm(x-y)  -  hm(x  -  y*)  ,  y  ^  0. 


If  £2  =  \  #(z;  r),  then  Lemma  2.3.2  and  Lemma  3.9.9  give 

/  r  \m~ 2 

Gn(*,y)  =  hm(x-y)  -/im(x-y*)(  —  1 

Example  3.9.11  Fix  r  >  0.  Denote  y*  =  yr2\y\~2.  If  £2  =  B(0;  r)  C  R 2  then 
Lemma  2.3.2  and  Lemma  3.9.9  give 


Gnfay)  =  7T- 

lit 


Gn(x,0)  =  ^-ln/r, 

2tt  |v| 

h  >  ■  +1„W- 

|*-y|  |x-y*|  r  _ 


,  3^0. 


If  £2  =  7C  \  r),  then  Lemma  2.3.2  and  Lemma  3.9.9  give 


Gn(x,y)  = 


1 

2;r 


In  - — - — -  —  In  •  1 


\*-y\  \x-y*\ 


In 


bt 


Proposition  3.9.12  Let  £2  C  Rm  be  an  open  set,  m  >2,  and  Gq  (v,  y)  =  hm(x—y)  — 
gQ(x,y)  be  the  Green  function  of  £2.  Then  G^(v,y)  =  Gn(y,x)  for  each  x,y  e  £2 
and  gQ  e  H(£2  x  £2). 

Proof  Fix  an  open  ball  Bq  such  that  Bo  C  £2.  Choose  a  sequence  of  open  balls 
{Bn;  n  e  N}  such  that  Bn  Bj  D  B0  =  0  for  j  ^  1  and 


n  =  U^- 

7=1 


Let  now  {V(n);  n  e  N}  be  a  sequence  of  open  balls  such  that  V(l)  =  B\,  for  each 
n  e  N  there  is  k  e  N  such  that  V{n)  =  B^\  for  each  k  e  N  there  is  an  increasing 
sequence  of  positive  integers  nj  such  that  V(nj)  =  B L  Put  vq (x,y)  =  hm(x  —  y)  for 
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x  G  £2,  y  e  Bo.  Let  Pj(x,  z)  be  the  Poisson  kernel  corresponding  to  the  ball  V (/) .  For 
y  e  Bo  and  n  e  N,  put 


Vn-l(x,y), 


V(n), 


Vn(x,y )  = 


(3.11) 


f  P„  (x,  z)  vn- 1  (z,  >’)  d%m_ i(z),  X  e  V(«). 


av(«) 


Then  for  each  n  e  N\ 

1.  G  C(£2  x  B0). 

2.  Ify  G  £o  then  vn (*,y)  G  H(V(n)). 

3.  g^(x,;y)  <  un(v,y)  <  hm(x  —  y)  for  each  X  G  £2,y  e  B0. 

4.  If  x  G  £2  then  vn(x ,  •)  G  H(Bo). 

5.  If  y  G  #o  then  vn(-,y)  is  superharmonic  in  Q. 

6.  un_i  >  vn. 

Suppose  first  that  n  =  1.  Let  y  e  Bo.  Since  vo(-,y)  is  a  superharmonic  function 
(see  Example  3.3.9),  Proposition  3.6.2  gives  that  v\(-,y)  G  //(V(l)),  v\(-,y)  is 
superharmonic  in  £2  and  V\(x,y)  <  Uo(v,  y)  =  hm(x  —  y).  Clearly,  g^(v,y)  < 
hm(x  -y)  =  vx (x,y)  forxe£2\  V(l).  Since  $n(-,y)  e  H(V(  1))  n  C(V(I)), 
g^(x,y)  <  hm(x  —  y)  =  vi(x,y)  forx  G  3V(1),  Proposition  3.3.7  gives  gn (x, y)  < 
r>i(v,y)  forv  G  V(l).  Ify  G  Bo,  x  e  Q  \  V(l),  then  v\(x,y)  =  hm(x  —  y)  and  thus 
v\  G  C((£2\V(l))xffo).Let now Xk  G  V(l),**  ~^x,yke  B0,yk  ~+y  G  B0.  Fix  6  > 
0.  Since  v\ (*,y)  G  C(V(  1))  by  Theorem  on  the  Poisson  integral  (Theorem  2.5.4), 
there  is  ko  £  N  such  that  \v\(x,y)  —  v\(xk,y)\  <  €  for  k  >  ko.  Moreover,  there  is 
k\  >  ko  such  that  for  k  >  k\,  we  have  \vo(z,yk)  ~  vo(z,y)\  <  g  for  all  z  G  3V(1). 
Since  v\(-,yk)  —  v\(-,y)  G  //(V(l))  fl  C(V(1))  by  Theorem  on  the  Poisson  integral 
(Theorem  2.5.4)  and  \v\ (z,yk)  -  vi(z,y)\  =  \vo(z,yk)  -  v0(z,y)\  <  g  on  3V(1), 
Maximum  principle  (Theorem  2.4.2)  gives  that  \v\ (-,yk)  —  Vi(-,y)|  <  6  on  V(l). 
Since 

\vi(xk,yk)  -vx(x,y)\  <  \vx(xk,yk)  -  vx(xk,y)\  +  \v\(xk,y)  -  vx(x,y)\  <2e, 

we  see  that  v\  e  C(£2  x  Bo).  Ifv  G  Q\  V(l)  then  v\(x,  •)  =  vo(x ,  •)  G  H(Bo).  Fix 
v  G  V(l),  y  G  Bo,  0  <  r  <  dist (y,  dB0).  Since  vo (z,  •)  G  //(#o)  for  each  z  G  3V(1), 
we  get  using  Fubini’s  theorem  and  Mean  value  theorem  (Theorem  2.6.1) 


S0;;r) 


B(y,r )  aV(l) 
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J  Pi(x,z)v0(z,y)  c YHm- 1  (z)  =  v i  (x, y) 


31/(1) 


Mean  value  theorem  (Theorem  2.6.1)  gives  that  v\  (x,  •)  G  H(Bo). 

Suppose  now  that  ( 1 )— (6)  hold  for  some  n  G  N.  Fix  y  e  Bo.  Since  vn(-,y )  is  a 
superharmonic  function,  Proposition  3.6.2  gives  that  vn+\ (*,y)  is  superharmonic  in 
to,Vn+i(- ,y)  eH(V(n+l)),vn+i(x,y)  <  vn(x,y)  <  hm(x-y).  Clearly,  gn(x,y)  < 
vn(x,y |)  =  vn+i (x,y)  for  x  G  Q  \  V(n  +  1).  Since  g^(-,y)  G  H(V(n  +  1))  (T 
C(V(n  +  1)),  g^(x,y)  <  vn(x,y)  =  vn+\(x,y )  forx  G  3V(ft  +  1),  Proposition  3.3.7 
gives  g^(x,y)  <  un+i(x,y)  for  x  e  V(n  +  1).  If  y  G  50,  x  G  ^  \  V(n  +  1) 
then  un+i(x,;y)  =  vn(x,y)  and  thus  G  C((£2  \  V(n  +  1))  x  T?0)-  Let  now 
xk  G  y(n  +  1),  X/^  ->  x,  yk  G  £0,  yk  ^  y  e  #0-  Fix  6  >  0.  Since  r>n+i(-,y)  G 
C(V(n  +  1))  by  Theorem  on  the  Poisson  integral  (Theorem  2.5.4),  there  is  ko  e  N 
such  that  |r>«+i(x,y)  —  vn+\(xk,y)\  <  €  for  k  >  ko.  Since  vn  G  C(Q  x  T?o),  it  is 
uniformly  continuous  on  the  compact  set  [3 V(n  +  1)]  x  [{y}  U  {yk;k  G  TV}]  (see 
Lemma  1.2.15  and  Example  1.2.8),  and  thus  there  is  k\  >  &o  such  that  for  k  >  k\, 
we  have  |  vn (z,  (z,  y)  |  <  6  for  all  z  G  3V(n+l).  Since  u„+i(-,yjk)-i;w+iO,y)  G 

H(V(n  +  1))  D  C(V(n  +  1))  by  Theorem  on  the  Poisson  integral  (Theorem  2.5.4) 
and 


\vn+l(z,yk)  -  Vn+l(z,)0|  =  |  Vn(z,yk)  -  Vn(z,y)  |  <  6 


for  z  G  3V(^+  1),  Maximum  principle  (Theorem  2.4.2)  gives  that 


\vn+i(-,yk)  -  vn+i(-,y)\  <6  on  V(n  +  1). 


Since 


\vn+i(xk,yk)  -  vn+i(x,y)\  <  \vn+i (xk,yk)  -  vn+i(xk,y)\ 
+  \vn+i(xk,y)  ~  ^n+i (x, y) |  <  2g, 


we  see  that  vn+ \  G  C(£2  x  Bo).  If  x  G  £2  \  V(n  +  1)  then  u„+i(x,  •)  =  vn(x ,  •)  G 
H(Bo).  Fix  x  G  V(n  +  1),  y  G  Bo,  0  <  r  <  dist(y,  dBo).  Since  vn(z,  •)  G  H{Bo) 
for  each  z  G  dV(n  +  1),  we  get  using  Fubini’s  theorem  and  Mean  value  theorem 
(Theorem  2.6.1) 


^  vn+\(x,  w)  dUm(w) 


B(y;r) 


B(y;r )  dV(n+ 1) 
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Pn+ l(x,z)  ®  V„(Z,W)  dHmiw)  dHm-liz) 

dV(n+ 1)  SCv;r) 

=  J  Pn+  l(x,z) v„ (z, y)  d Um- l(z)  =  vn+x(x,y). 

dV(n+l) 

Mean  value  theorem  (Theorem  2.6.1)  gives  that  vn+\(x,  •)  G  H(Bo). 
For  v  G  Q,y  e  Bo  denote 


v(x,y)  =  lim  vn(x,y). 

n^o o 

Then  g^(x,y)  <  v(x,y)  <  hm(x  —  y).  Fix  k  e  N.  Then  there  is  an  increasing 
sequence  of  positive  integers  n(j )  such  that  V(n(j ))  =  B^.  If  x  e  £2  then  vn(j)(x,  •)  G 
H(B0).  If  y  G  i?o  then  vn(j)(-,y)  e  HiBf).  Since  vnQ)  is  continuous,  Theorem  2.7.1 
gives  that  vnQ)  G  H(Bk  x  Bo) .  Since  vn(j)  is  a  decreasing  sequence  of  functions  and 
g^(Xy)  <  v(x,y),  Proposition  2.11.3  gives  that  v  G  H{Bk  x  Bo),  v(x,  •)  G  H(Bo) 
for  each  x  G  Q,  vf,  y)  G  H(Bk)  for  each  y  €  Bo.  Since  Bk  was  arbitrary  we  infer  that 
v  G  H(£2  x  Bo),  v(- ,y)  G  H(£2)  for  each  y  e  Bo.  Since  vf,y)  G  H(£2),  v(x,y)  < 
hm (x  —  y)  we  obtain  from  the  definition  of  Green’s  function  that  v(-,y)  <  gnO,y) 
for  each  y  e  Bo.  Since  gn(‘,y)  <  v(-,y)  we  deduce  that  v  =  gn.  This  forces  that 
gn  G  H(£2  x  Bo),  gn(x,  •)  G  H(Bo)  for  each  x  e  £2.  Since  Bo  was  an  arbitrary 
ball  in  Q,  we  have  gn  G  H(Q  x  Q),  gn(x,  •)  G  H(Q)  for  each  x  e  £2.  Since 
•)  G  H(£2),  g^(v,y)  <  hm(x  —  y)  we  obtain  from  the  definition  of  Green’s 
function  that  gn(z,-)  <  gn  (•,*).  Since  gn(x,y)  <  gn(y,x)  andg^(y,v)  <  gn(x,y), 
we  infer  that  gn  (x,  y)  =  gn  (y ,  x) . 

Theorem  3.9.13  Let  £2  C  Rm,  m  >  2,  be  an  open  set  with  the  Green  function 
Gn(x,y)  =  hm(x  —  y)  —  g^(x,y).  Let  £2n  be  an  increasing  sequence  of  open  sets 
with  the  Green  functions  Gn(x,y)  =  hm(x  —  y)  —  gn(x,y).  If  £2  =  U£2n  then  Gn 
converges  to  Gn  locally  uniformly  on  £2  x  £2. 

Proof  According  to  Proposition  3.9.5,  we  have  Gn  <  G„+i  <  Gq.  Thus  gn(*,y)  < 
gn+i(x9y)  <  gn(x,y)  <  hm(x  —  y)  for  each  x,y  G  £2.  Put 

v(x,y)  =  lim  gn(x,y). 

n-^oo 


Then  g^(v,y)  <  v(x,y)  <  hm(x  -  y).  Fix  y  G  Since  g„(-,y)  G  H{f2n), 
Proposition  2.11.3  gives  that  v(- ,y)  G  H(£2).  Since  vf,y)  G  7/(£2)  and  v(x,y)  < 
hm(x  —  y),  it  follows  from  the  definition  of  Green’s  function  that  v(x,  y)  <  g^(x,  y). 
Since  gn  <  v  we  have  v  =  gn.  Since  G  x  £2n),  gn  e  7/(£2  x 

£2)  by  Proposition  3.9.12,  gn  converges  locally  uniformly  to  gn  on  Q  x  £2  by 
Proposition  2.11.3. 

Proposition 3.9.14  Let  £2  C  Rm  be  an  open  set,  m  >  2,  and  Gn(x,y)  =  hm{x  — 
y)-gn(*>y)  be  the  Green  function  of  £2.  Then  Gn(x,y)  <  hm(x—y),  \d%Gn(x,y)\  < 
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(m\a\)^  hm(x  —  y)[dist(x,  d£2  U  {y})]  ^  for  all  x,y  G  £2  and  each  multiindex  a  with 
\a\  >0. 

Proof  Since  0  <  hm(x  —  y),  we  have  0  <  gQ  (%,  y )  and  thus  Gq  (x,  y )  =  hm(x  —  y)  — 
gQ  (*,  y )  <  hm(x  —  y).  Fix  y  G  £2.  Since  Gq  (•,  y)  is  a  nonnegative  harmonic  function 
on  £2  \  {y},  Theorem  2.9.5  gives  |3“Gn(*,y)|  <  (m\a\)^GQ(x,y)[dist(x,  d(Q  \ 
M))]_'a'  -  (rn\a\)^hm(x  —  y)[dist(x,  dQ  U  {y})]-^. 

Proposition  3.9.15  Let  £2  C  R2  be  an  open  set  with  the  Green  function  Gq, 
y  G  £2.  If  £2  is  bounded  then  G^(x,y)  <  (2tt)_1  ln(diam  Q/\x  —  y|),  \d%Gn(x,y)\  < 
(2|o'|)lQrl (27r)— 1  [ln(dist(jy;  dQ)/\x  —  y|)][dist(x,  d£2  U  {y})]-^  for  all  x,y  G  £2 
and  each  multiindex  a  with  \a\  >  0.  If  \x  —  y\  <  dist(jy,  3£2)  then  G^(v,y)  > 
(2 tt)_1  ln[dist(y,  dQ)/\x  —  y\]. 

Proof  Suppose  first  that  Q  is  bounded.  Then  Q  C  co  =  B(x;dmm£2).  So, 
Gn(x,y)  <  GM(x,y )  =  (27t)_1  ln(diam £2/\x  —  y|)  by  Proposition  3.9.5  and 
Example  3.9.11.  Fix  y  G  £2.  Since  G^(-,y)  is  a  nonnegative  harmonic  func¬ 
tion  on  £2  \  {y},  \d*GQ(x,y)\  <  (2|o'|)|a|G^(v,y)[dist(v,  3(ft  \  {y}))]_H  < 
(2|o'|)lal(27r)_1[ln(dist(y;  d£2)/\x  —  y|)][dist(v,  3£2  U  {y})]-^  by  Theorem  2.9.5. 

Suppose  now  \x  —  y\  <  dist(y,  3£2).  Since  £2  ^  R2  (see  Proposition  3.9.3),  we 
have  3£2  ^  0.  Denote  co  =  B(x;  dist(y;  3£2)).  Then 


Gn(x,y)  >  GM(x,y )  =  (2tt)  1  ln(dist(y;  dQ)/\x  -  y|) 


by  Proposition  3.9.5  and  Lemma  3.9.9. 

Proposition  3.9.16  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  G&,  m  > 
2,  and  let  W  be  an  open  neighborhood  ofy  such  that  W  C  Q.  If  u  is  a  positive 
superharmonic  function  on  £2  and  u  >  G^(-,y)  on  dW,  then  u  >  Gq  on  £2\W.  In 
particular,  G^(-,y)  is  bounded  on  £2  \  W. 

Proof  Since  hm(x  —  y)  —  g^(v,y)  =  G^(v,y)  <  u(x)  on  3 W,  we  have 

max(gft(v,y),  hm(x  -  y)  -  u(x))  =  g^(x,y)  on  dW.  Put 


max(g^(v,y),  hm(x  -  y)  -  u(x)),  x  G  £2  \  W, 
gn(x,y),  xeW, 


s(x)  = 


(3.12) 


X  G  W, 


Since  g^(-,y)  G  H(£2),  hm{ •  —  y)  G  H(£2  \  {y})  (see  Remark  2.1.3),  and  —  u  is  a 
subharmonic  function,  the  function  s  is  a  subharmonic  function  on  IT  and  on  £2  \  W 
by  Lemma  3.3.3.  Since  gQ  (x,  y)  and  hm(x  —  y)  —  u(x)  are  subharmonic  functions  on 
£2  \{y}  and  max(g^(x,  y),  hm(x—y)  —  u(x))  =  gn(x,  y)  on  3  IT,  the  function  s  is  upper 
semicontinuous  on  £2.  Since  g^(v,y)  <  hm(x  —  y)  and  u  >  0,  we  infer  g^(v,y)  < 
s(x)  <  hm(x  —  y),  and  thus  s  G  L]oc(£2).  If  x  G  3IT  and  0  <  r  <  dist(x,  3£2),  then 


B{x\r ) 


B(x\r) 


3.10  Logarithmic  Potentials 


145 


by  Mean  value  theorem  (Theorem  2.6.1).  So,  the  function  s  is  subharmonic  on  Q  by 
Proposition  3.3.7.  According  to  Proposition  3.6.4,  there  is  v  e  H(Q)  such  that  s  < 
v  <  hm(-  —y).  From  the  definition  of  the  Green  function,  we  see  that  v  <  g^(-,y), 
and  thus  s  <  gQ  (•,  y).  This  forces  hm(x  —  y )  —  u(x )  <  gQ  (x,  y)  on  Q  \  W  and  u  >  Gq 
on  Q\W. 

Fix  r  >  0  such  that  B(y\  r )  C  W.  Since  the  function  (•,  y)  is  continuous  on  the 
compact  set  3 B(y;r),  there  is  a  constant  C  such  that  |G^(-,y)|  <  C  on  dB(y;  r)  (see 
Lemma  1.2.13  and  Example  1.2.8).  Thus  |G^(-,y)|  <  C  on  Q  \B(y;r)  D  Q  \  W. 
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Volume  potentials  and  Green’s  potentials  corresponding  to  /x  are  important  solutions 
of  the  Poisson  equation  —  A u  =  \i .  If  the  dimension  of  the  space  is  greater  than  2, 
then  a  volume  potential  is  a  Green  potential  for  the  whole  space.  But  the  Green 
function  for  the  plane  does  not  exists.  So,  we  study  a  planar  volume  potential  (so- 
called  logarithmic  potential)  separately. 

Definition  3.10.1  If  /x  is  a  real  Radon  measure  on  R 2,  denote 
V[i(x)  =  J  h2(\x-y\)  dfj,(y) 

whenever  the  integral  makes  sense.  The  function  V/x  is  called  the  logarithmic 
potential  of  /x.  We  also  call  it  the  volume  potential  of  /x. 

Proposition  3.10.2  Let  fi  be  a  nonnegative  Radon  measure  on  R2,  r  >  0.  If 

In  \y\  d/x(y)  =  oo,  (3.13) 

R2\B(0;r ) 

then  Vji(x)  =  — oo  whenever  it  makes  sense,  i.e.,  H2 — almost  everywhere.  If 

In  \y\  dfi(y)  <  00,  (3.14) 

R2\B(0;r) 


then  V/x  is  a  superharmonic  function  in  R2  which  is  harmonic  in  R2  \  spt/x.  In 
particular,  if  pi  has  compact  support,  then  V  pi  is  a  superharmonic  function  in  R2. 

Proof  Suppose  first  that  pi  has  a  compact  support.  Since  pi  is  a  Radon  measure  and 
spt  pi  is  compact,  we  have  /x(spt  /x)  <  00.  Put 

Fkfi(x)  =  /  mm(k,h2(\x-y\))  dp(y). 
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Then  Fkpt  are  continuous  functions  by  theorem  on  continuity  of  integrals  (The¬ 
orem  1.13.6).  Since  Fkpi  \  V/jl,  the  function  V/z  is  lower  semicontinuous  by 
Lemma  3.2.4.  If  0  <  r,  then  Fubini’s  theorem  gives 

<^)  Vfi{x)  d Hm{x)  =  a  hi(\x  -  y|)  d Um(x)  dfx(y) 

B(z;r)  R2  B(z;r) 

<  J  h2(\z-y\)  d/i(y)  = 

r 9 

Since  V/z  e  H(R 2  \  spt  /z)  by  Theorem  on  differentiability  of  parametrized  integrals 
(Theorem  1.13.7),  we  see  that  V/z  is  superharmonic  on  R 2. 

Let  now  /z  be  arbitrary.  Fix  p  e  (r,  oo).  Denote  /z0(A)  =  /z(A  fl  5(0;  2p))  and 
fik(A)  =  /z(A  Pi  5(0;  2&p)  \  5(0;  2p)).  We  have  proved  that  V/z o  is  superharmonic 
and  V jJLk  e  H(B( 0;  p))  for  k  e  N.  Proposition  3.3.4  gives  that  V/z o  is  finite  a.e.  in 
R2.  Clearly  V \ik  \  V(/z  —  /Zo)  as  k  oo.  If  (3.13)  holds  then  V(/z  —  /Zo)(0)  =  — oo 
and  thus  V(/z  —  /z0)  =  —  oo  in  5(0;  p)  by  Proposition  2.11.3.  If  (3.14)  holds  then 
V(/z  —  /Zo)(0)  is  finite  and  thus  V(/z  —  /Zo)  e  H(B( 0;  p))  by  Proposition  2.11.3.  So, 
y pi  =  V/Zo  +  V(/z  —  /Zo)  is  superharmonic  in  5(0;  p)  by  Lemma  3.3.3.  Since  p  was 
arbitrary,  V/z  is  superharmonic  in  R2  by  Corollary  3.3.8. 

Theorem  3.10.3  Let  fi  be  a  real  Radon  measure  on  R2  such  that  V/z(z)  is  finite  for 
some  z  £  R2.  Then  —  A  V/z  =  pi  in  the  sense  of  distributions. 

Proof  Fix  cp  e  C™(£2).  Choose  bounded  open  sets  U,W  C  R2  with  smooth  bound¬ 
ary  such  that  spt  cp  C  W  C  W  C  U.  Put /Zi  =  /z|f/,/Z2  =  /z— /Zi .  Proposition  3.10.2 
gives  that  V/z  2  e  H(U).  The  second  Green  formula  (Theorem  2.2.1)  gives 


J  (-A  cp)Vn2  =  j 

W 


[(pAV/j.2  ~  (A (p)Vix2\ 


J 


dW  '~ 


dyIX2  (v  dcp 

<P~z - (Vm2)  — 

on  on 


Since  —  AV/Zi  =  /zi  in  the  sense  of  distributions,  by  Theorem  3.1.5,  one  has 


J  (- A(p)ViidH2 

R2 


J (-A cp)ViM  d n2  = 


R2 


R2 


3.11  Green’s  Potentials 

In  this  section  we  study  properties  of  the  Green  potential  G^/z  for  a  nonnegative 
Radon  measure  /z.  We  prove  that  G^/z  is  a  superharmonic  function,  — AG^/z  =  /z, 
and  that  the  zero  function  is  the  greatest  harmonic  minorant  of  G^/z. 
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Definition  3.11.1  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq,  m  >  2. 
If  ii  is  a  nonnegative  Radon  measure  on  £2,  denote 

Gnii(x)  =  J  Gn(x,y)  d fi(y),  xetl, 

Q 

the  Green  potential  of  /z.  If  /z  =  /z+  —  pc~  is  a  real  Radon  measure,  we  write 
G/z  —  G/z+  —  G/i~  whenever  it  makes  sense.  If  £2  =  Rm  with  m  >  2,  we  also  call 
it  the  Newton  potential  of  \i  (or  the  volume  potential  of  /z),  and  we  can  write  V/z 
instead  of  G^/z.  Remark  that 

Vfi(x)  =  /  hm(x-y)  d/i(y). 

Rm 

Iff  e  L]oc(£l)  we  can  write  Gof  instead  of  G^ifHm^). 

Proposition  3.11.2  Let  £2  C  Rm  be  a  domain  with  the  Green  function  Gq,  m  > 
2.  If  /I  is  a  nonnegative  Radon  measure  on  £2,  then  G^/z  =  -boo  or  G^/z  is  a 
superharmonic  function  on  £2  which  is  harmonic  on£2\  spt  pi. 

Proof  Since  Gn(x,y)  =  hm(x  —  y)  —  gn(x,y)  and  gn  e  H(£2  x  £2)  by  Proposi¬ 
tion  3.9.12,  Fatou’s  lemma  (Lemma  1.13.5)  gives  that  GM  is  lower  semicontinuous  in 
£2.  Fix  v  e  £2,  0  <  r  <  dist(x,  dQ).  Since  G^(-,y)  is  a  superharmonic  nonnegative 
function  in  Q  for  each  y  e  Q  (compare  Example  3.3.9),  Fubini’s  theorem  gives 

j>  ft*)  »*-«  =  /  <f  Gq  (z,y)  d'Hm(z)d^(y) 

B(x;r )  «  B(x;r) 

<  J  Gn(x,y)  d/i(y)  =  Gqh(x). 
q 

Suppose  now  that  GM  ^  -boo.  Then  GM  is  a  superharmonic  function  by  the 
definition  of  the  superharmonic  function.  Choose  an  increasing  sequence  Kn  of 
compact  subsets  of  £2  such  that  £2  =  U Kn.  For  a  Borel  set  A,  denote  by  gin(A)  = 
pi  (A  D  Kn).  Then  G^/z„  e  H(Q  \  spt  pi)  by  the  Theorem  on  differentiability  of 
parametrized  integrals  (Theorem  1.13.7).  Clearly,  G^/zn  f  G^/z  as  «  oo. 
Since  G^/z  e  L]loc(Q)  by  Proposition  3.3.4,  Proposition  2.11.3  gives  that  G^/z  e 
H(£2  \  spt  pi). 

Proposition  3.11.3  Let  £2  C  Rm  be  a  domain  with  the  Green  function  G&,  m  >  2, 
and  pi  be  a  nonnegative  Radon  measure  on  £2.  If  x  e  £2,  0  <  r  <  dist(x,  3  £2),  then 
GqP  is  a  superharmonic  function  in  £2  if  and  only  if 

Gn(x,y)  d pb(y)  <  oo.  (3.15) 

Q\B(x’,r ) 


In  particular,  if  pi  (£2)  <  oo,  then  G^/z  is  a  superharmonic  function  in  £2. 
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Proof  For  a  Borel  set  A,  put  v(A)  =  /x(A  \  B(x;  r)).  Suppose  first  that  G^/x  is  a 
superharmonic  function  in  Q.  Since  G^v  <  G^/x,  the  function  Gv  E  H(B(x;  r ))  by 
Proposition  3.11.2,  and  thus  (3.15)  holds  true. 

Suppose  now  that  (3.15)  holds  true.  Since  Gqv(x)  <  oo,  Proposition  3.11.2 
gives  that  Gqv  is  a  superharmonic  function  in  £2.  Since  r  <  dist(x;  3 £2),  there  is 
z  E  £2  \B(x;  r).  Since  /x  is  a  Radon  measure,  we  have  pt(B(x;  r))  <  oo.  According  to 
Proposition  3.9.12,  the  function  G^(z,  •)  =  G^(-,z)  is  a  continuous  finite  function 
on  B(x;r).  Thus  G^(/x  —  v)(z)  <  oo.  Proposition  3.11.2  gives  that  Gq(ja  —  v) 
is  a  superharmonic  function  in  Q.  Since  G^(/x  —  v)  and  Gqv  are  superharmonic 
functions  in  £2  the  function  Gq  /x  is  a  superharmonic  function  in  £2 . 

Suppose  now  that  /x(£2)  <  oo.  According  to  Proposition  3.9.12  and  Proposi¬ 
tion  3.9.16,  the  function  Gq (x,  •)  =  Gq  (•,  x)  is  bounded  on  £2 \B(x;  r).  Hence  (3.15) 
holds  true. 

Lemma  3.11.4  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  G^(x,y)  = 
hm(x  —  y)  —  gn(x,y).  Let  pi  be  a  nonnegative  Radon  measure  with  pt(Rm)  <  oo, 
pt{Rm  \£2)  =  0.  Ifm  =  2  suppose  moreover  that  pi  has  a  compact  support.  Put 


Then  g^/x  e  H(£2). 

Proof  Fix  z  £  £2.  Choose  r  >  0  such  that  B(z\  3 r)  C  £2.  Put  pt\  =  /x| B(z;  2 r),  /X2  = 
/x  —  /x i .  According  to  Proposition  3. 1 1 .2,  Proposition  3.11.3,  and  Proposition  3.10.2, 
we  have  g^/x2  =  G^/x2  -  V/x2  E  H(B(z;r)).  Proposition  3.9.12  gives  g^  E 
/7(£2  x  £2).  If  co  is  a  bounded  open  set  with  To  C  £2,  then  3“g^(x,y)  is  bounded 
on  co  x  (spt  /Xi)  for  each  multiindex  a.  Theorem  on  differentiability  of  parametrized 
integrals  (Theorem  1.13.7)  gives  that  g^/x i  e  C2(co)  and 


Agnpii(x)  =  /  A Xgn(x,y)  d/xi (y)  =  0. 


Theorem  3.11.5  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  G^(x,y), 
m  >2,  and  pi  be  a  nonnegative  Radon  measure  on  £2  such  that  Gq  pi  is  finite  almost 
everywhere  in  £2.  Then  —  AG^/x  =  pi  in  the  sense  of  distributions. 

Proof  If  co  is  a  component  of  £2 ,  then  Gq  (x,  y)  =  GM  (x,  y)  on  co  x  co  and  Gq  (x,  y)  = 
0  on  co  x  (£2  \  co)  (see  Proposition  3.9.7).  Therefore  we  can  suppose  that  £2  is 
connected. 

Fix  cp  E  C^°(^).  Choose  bounded  open  sets  U,  W  with  smooth  boundary  such 
that  sptcp  C  W  C  W  C  U  C  U  C  £2.  Put  /Xi  =  pi\U  (the  restriction  of  pi  onto 
G),  /x2  =  pi  —  [i\.  Proposition  3.11.2  gives  that  G^/x i,  G^/x2  are  superharmonic 
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functions  in  £2  and  G^/x 2  e  //(G).  Put 


u 


Q 


gn (x,y)  dfii(y). 


Then  u  e  H(£2)  by  Lemma  3.11.4.  Since  —  AV/xi  =  /xi  in  the  sense  of  distributions 
(see  Theorem  3.1.5),  second  Green  formula  (Theorem  2.2.1)  gives 


J (-A <p)Gn/i  d Um 


J (~A<p)(Gnfi2  +  u)  <M.m  +  J (~A(p)Vfii  d Hm 

tV  Rm 


J  <K—  AG^/x2 

tv 


A  u)  dHm  + 


Rm 


Proposition  3.11.6  Let  £2  c  Rm  be  an  open  set  with  the  Green  function  G^(x,y), 
m  >2,  and  pi  be  a  nonnegative  Radon  measure  on  £2  such  that  G^/x  is  finite  almost 
everywhere  in  £2.  Then  the  greatest  harmonic  minor ant  of  Gq  pi  is  the  zero  function. 

Proof  We  can  suppose  that  £2  is  connected  (see  Proposition  3.9.7).  Since  G^/x  is 
a  superharmonic  function  by  Proposition  3.11.2  and  0  is  a  harmonic  minorant  of 
G^/x,  there  exists  the  greatest  harmonic  minorant  h  of  G^/x  (see  Theorem  3.6.5). 
Clearly,  0  <  h. 

Suppose  first  that  K  =  spt/x  is  a  compact  subset  of  £2.  Choose  a  bounded 
domain  U  such  that  spt  /x  C  U  C  U  C  £2 .  Fix  z  G  K.  Then  there  is  a  positive 
constant  C  such  that  u(y)  <  Cuff)  for  each  nonnegative  u  e  //(G)  and  y  e  K  (see 
Theorem  2.8.2).  If  v  e  Q\U  then  Gq  ( x ,  •)  is  a  nonnegative  harmonic  function  in  U 
(see  Proposition  3.9.12).  Therefore  G^(x,y)  <  CGq(x,z)  for  each  y  e  K.  Since  pi 
is  a  Radon  measure  and  K  is  compact,  we  have  pi(Q)  =  pi(K)  <  00.  Thus 

h(x)  <  Gnpi(x)  =  J  Gn(x,y)  d/x(y)  <  CGq(x,  z)/x(£2),  x  e  £2\U. 

K 

Since  G^(-,z)  is  superharmonic  in  Q,  h  e  H(Q),  h  <  CG(-,z)  on  dU,  Proposi¬ 
tion  3.3.7  forces  that  h  <  CG(-,z)  on  G.  Hence  h(x)/C  is  a  harmonic  minorant  of 
G^(v,  z).  Thus  h  <  0  by  virtue  of  the  definition  of  Green’s  function. 

Let  now  pi  be  general.  Let  Kn  be  an  increasing  sequence  of  compact  subsets  of  £2 
such  that  £2  =  U Kn.  Put  pin  =  p\Kn ,  vn  =  pi  —  pin.  Since  0  is  the  greatest  harmonic 
minorant  of  G^/x„,  Proposition  3.6.6  gives  that  h  is  the  greatest  harmonic  minorant 
of  Gqvh.  Fix  x  e  Q.  Choose  n  e  N  such  that  x  f  Kn.  Then  Gqvh(x)  <  00  by 
Proposition  3.11.2  and 


0  <  h(x)  <  lim  GaVk(x)  =  0. 

k^oo 
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3.12  Behavior  of  Volume  Potentials  at  Infinity 

Let  \i  be  a  real  Radon  measure  in  Rm  such  that  the  volume  potential  V/x  is  finite  for 
some  x  e  Rm.  We  study  the  limit 


lim  (h  V/x. 

r— >-oo  J 
35(0,  r) 

We  show  that  this  limit  is  equal  to  0  for  m  >  2.  In  a  planar  case,  we  suppose 
moreover  that  ji  has  compact  support.  Then  the  limit  is  0,  oo,  or  —  oo  dependent  on 
!x(R2). 

Proposition  3.12.1  Let  /x  be  a  real  Radon  measure  on  Rm,  m  >  2.  IfVfi(z)  is  well 
defined  and  finite  for  some  z  £  Rm,  then 

lim  (f)  \Vn\dHm-i=0.  (3.16) 

r—^oo  J 
35(0;r) 


Proof  Fix  e  >  0.  Since 


J  hm  d  |  /x  | 


<  oo 


Rm\B(  0;1) 

by  Proposition  3.11.3,  there  exists  p  >  0  such  that 


J  hmd\/i\  <  <s/2. 

Rm\B(0;p) 


Put  /x i  =  /x|#(0;  p),  fi2  =  /x  —  /x i.  Since  V|/X2 1  is  a  superharmonic  function  by 
Proposition  3.11.2,  Proposition  3.3.7  gives 


v\fi2\  dHm-i  <  V|/X2|(0)  <  6/2,  Vr  >  0. 


35(0;r) 


Since  V|/Xi  |(v)  — >  0  as  |v|  ->  oo,  there  exists  ro  >  0  such  that 


^  y|^i|  d7^m_i  <  e/2, 

35(0;r) 


Vr  >  ro. 


3.12  Behavior  of  Volume  Potentials  at  Infinity 


151 


If  r  >  ro,  then 

<^>  | V/x|  d-Hm-i  <  (j)  V\iM\dHm-i+  j)  V\ix2\dHm-i  <e. 

9fi(0;r)  dB(0;r)  dB(0;r) 

Lemma  3.12.2  Let  pi  be  a  real  Radon  measure  in  R 2  with  compact  support.  If 
pi(R2)  =  0  and  a  is  a  multiindex,  then  3 aVpi(x)  =  0(|x|-1-^)  as  \x\  oo.  If 
pt(R2)  >  0  then  Vpi(x)  ->  — oo  as  \x\  oo.  If  pi (R2)  <  0  then  Vpi(x)  oo  as 
\x\  —>  oo. 

Proof  Suppose  first  that  pt(R2)  =  0.  According  to  Lemma  2.9.7,  there  is  a  constant 
C  such  that  \h2(x  —  y)  —  hjipc)  |  <  C|y||v|_1  whenever  \x\  >  2\y\.  Choose  r  >  0  such 
that  spt  pi  C  B( 0;  r).  If  |x|  >  2 r,  then 

| V/xCat)!  =  |  J  [h2(x-y)-h2(x)]dfi(y) 

B(0;r)  B(0;r) 

Since  Vpt  e  H(R2  \  spt/x)  by  Proposition  3.10.2,  we  have  3 aVpi(x)  =  0( \x\~l~^) 
as  |v|  ->  oo  (see  Proposition  2.17.3). 

Let  now  c  =  pt(R2)  ^  0.  Put  v  =  pt  —  cSo.  Then  Vv(x)  =  V pi{x)  —  ch2(x)  ->  0 
as  \x\  oo.  If  c  >  0  then  Vpi  —  oo;  if  c  <  0  then  V pi  ->  oo. 

Proposition  3.12.3  pi  be  a  real  Radon  measure  on  R2.  IfVpiz )  A  we//  defined 
and  finite  for  some  z  e  52, 


<  j  C\y\\x\~l  d\n\(y)  -*  0. 


.  0  for  ji(R2)  =  0, 

lim  ®  y/xd"Hi  =  -oo  for  u(R2)  >  0, 

r—^oo  T 

SB(0',r)  oo  for  n(R2)  <0. 

Proof  Since  V/x(z)  is  finite,  Proposition  3.10.2  gives 

J  I/12I  d|/x|  <00  Vr  >  0. 

/?2\fi(0;r) 

In  particular  |/x|(52)  <  00. 

Suppose  first  that  pi(R2)  =  0  and  0  $  spt/x.  Let  pi  =  /x+  —  pT .  Then  V/x+ 
is  a  superharmonic  function  in  R2  which  is  finite  in  0  (see  Proposition  3.10.2).  Fix 
r  >  1.  Then  V/x+  is  bounded  from  below  on  35(0;  r)  by  Lemma  3.2.2  and 

V/x+  d U\  <  V/x+(0)  <  00 

as(0;r) 


(3.17) 


(3.18) 


—00  < 
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(see  Proposition  3.3.7).  Denote  or  =  l~L\\dB(0\r).  Put  v  =  fi+\B(0;2r).  If  v  e 
dB(0;  r)  and  y  e  B(0;2r)  then  h2(x  —  y)  >  [ln(3r)]/(2jr).  According  to  Fubini’s 
theorem  and  Lemma  2.5.1, 

J  Vv  dHi  =  J  Vor  dv  =  J  rln(l/r)  d/x+. 

dB(0;r)  fi(0;2r)  5(0;2r) 


If  |jc|  =  rand  \y\  >  2rthen  \y  —  x\  <  2\y\  and  \h2(x  —  y)\  <  \h2(2y)\  <  \h2(y)\  +  1. 
Since  \/i\(R2)  <  oo  and  (3.18)  holds  we  can  use  Fubini’s  theorem.  By  virtue  of 
Lemma  2.5.1, 


J  V(/1+  -  v)  dHi  =  J  Var  d/i+  =  J 


crh2  d/xH 


9fi(0;r)  R2\B(0;2r) 

with  cr  =  7-^1  (3^(0;  r)).  Similarly  for  /x“ .  Thus 

ln(l/r) 


R2\B(0;2r) 


j)  V/i  d Hi  =  j 


2  Tt 


d/i  + 


as(0;r) 


/ 


h2  d/i. 


B(0;2r) 


R2\B(0',2r) 


Since  /i(R2)  =  0,  we  get  by  virtue  of  (3.18) 


lim 

=  lim 

-  [  ^7  d/x  +  [  h2  dfi 

r— >oo 

r— oo 

J  2n  J 

9fi(0;r) 

R2\B(0’,2r)  R2\B(0',2r) 

<  lim  2  /  \h2\  d\/i\  =  0. 

r^oo  J 

R2\B(0;2r) 


Let  now  /i(R2)  =  0.  Denote  c  =  /i(B( 0;  1)), 


v  =  /i\B(0;  1)  -  (c/2jt)ni\dB(0;  1). 

Then  v(R2)  =  (/x  —  v)(R2)  =  0.  Lemma  3.12.2  gives  that  Vv(x)  0  as  \x\  ->  0. 
We  have  proved  (3.17)  for  /x  —  v.  So,  (3.17)  holds  also  for  (i. 

Let  now  c  =  /i(R2)  ^  0.  Define  v  =  (c/2tt)Hi  1 9^(0;  1).  If  \x\  >  0  then 
Vv(x)  =  cln(l/|x|)  by  Lemma  2.5.1.  So,  (3.17)  holds  for  v.  Since  (/i  —  v)(R2)  =  0, 
we  have 


lim  (£  V(/i  -  v)  dH\  =  0. 

oo  J 
dB(0',r) 


Therefore  (3.17))  holds  for  /x. 
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3.13  Regularity  of  Volume  Potentials 


Iff  e  Ll(Rm )  has  compact  support,  then  the  volume  potential 


is  a  solution  of  the  Poisson  equation  —  A u  =  f.  This  solution  is  a  classical  solution 
on  an  open  set  Q  C  Rm  if  and  only  if  Vf  e  C2(Q).  In  this  section  we  shall  study 
how  smooth  the  volume  potential  is  with  dependence  on  the  smoothness  off. 

Proposition  3.13.1  Let  m  >  2,  pi  be  a  nonnegative  Radon  measure  in  Rm  such 
that  V  /z(z)  is  finite  for  some  z.  Then  V/z  is  absolutely  continuous  on  almost  all  line 
segments  parallel  to  the  coordinate  axes  and 


(3.19) 


for  almost  all  x  and  j  e  ,m}.  Moreover,  V/z  G  w]fc  (Rm)  for  1  <  p  <  m/ 


(m  —  1). 


Proof  Without  loss  of  generality,  we  can  suppose  that  j  =  m.  Fix  r  >  0  and  put 
/Zi(A)  =  /z(A  PI  #(0;  r)),  pi 2  =  /z  —  /Zi .  There  exists  a  constant  c\  such  that 
\Whm{x)\  <  According  to  Proposition  3.10.2,  Proposition  3.11.2,  and 

Proposition  3.11.3, 


Rm\B(0;r ) 


Theorem  on  differentiability  of  parametrized  integrals  (Theorem  1.13.7)  gives  that 
V/Z2  G  Cl(B(0;  r))  and  (3.19)  holds  for  pi2. 

Since  pi  1  is  a  Radon  measure  with  compact  support,  there  exists  a  constant  C2 
such  that  pi\(Rm)  <  C2.  Set 
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Let  1  <  p  <  m/(m  —  1).  Since  p(m  —  l)  <  m,  we  have  by  Holder’s  inequality 
(Proposition  1.14.1)  and  Fubini’s  theorem 

J  \F\pdHm<  J  iu,l(Rm)p~l  J  (cl\x-y\l~m)p  d/u,i(y)  dJimix) 

B(0;r)  B(0;r)  B(0;r) 

<  J  J  cf[(FjYl\x-y\p(x~m)  dUm{x)  dfii(y) 

<  J  J  cplcp2~l\x\p('1~m)  dUm(x)  d/ii(y) 

fi(0;r)  fi(0;2r) 

<  J  ^2\x\P{l~m)  dWm(x)  <  00. 

B(0’,2r) 

Therefore  F  e  LP(B( 0;  r))  C  L1(B( 0;  r))  and  for  almost  all  x'  e  Rm~l  with  \x'\  <  r, 
we  have  integrability  of  the  function  Fix' ,  •)  on  Mix')  =  {xm;  \xm\  <  y/r2  —  \x'\2}. 
Fix  such  x' .  If  t,  s  e  Mix'),  t  >  s ,  then  Fubini’s  theorem  yields 

t  t 

J  F(x',  r)  dr  =  J  J  dmhm([x',  r]  -  y)  dr  d/X|(v) 

5  Rm  S 

=  J (hm([Y,t]  - y)  -  hm([x' , s]  - y)  djix(y)  =  Vfii  (x',t)  -  V/ii{x!,s). 


Hence  V pi\ix' ,  •)  is  absolutely  continuous  on  Mix')  and  dmV  pi\ (v)  =  Fix). 

Since  V pi  is  absolutely  continuous  on  almost  all  line  segments  parallel  to  the 
coordinate  axes,  (3.19)  holds  and  |VV/z|  e  L]ociRm),  Theorem  1.21.1  gives  that 
V/i  e  <>'"),  V,ieWlP(R"'). 

Proposition  3.13.2  Let  Q  C  Rm  be  a  bounded  open  set,  m  >  2,  1  <  p  <  oo.  If 
f  e  Lp(Rm),f  =  0  onRm\Q  then  Vf  €  Whp(Q), 

\\Vf\\  C\\f\\iP(o) 

with  a  constant  C  depending  only  on  £2. 

Proof  Fix  R  >  0  such  that  £2  C  5(0;  R).  Fix  cp  e  C?°(5m)  such  that  (p  =  1 
on  5(0;  25).  Put  g(y)  =  <piy)hmiy).  Then  Vf  =  g  */  on  5(0;  R).  Since  g,  djg  e 
LliRm ),  Young’s  inequality  (Lemma  1.15.1)  gives  Vf  =  g*f  e  Z/(5(0;  5)),  9 )Vf  = 

dj(g  */)  =  (djg)  *f  e  (5(0;*)),  \\Vf\\mQ)  <  \\g\\Lim\\f\\irm>  \\djVf\\mQ)  < 

\\djg\\LHR")\\f\\lP(to)- 
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Theorem  3.13.3  Let  Q  C  Rm  be  a  bounded  open  set  with  the  Green  function  Gq, 
m  >  2,  m/2  <  p  <  oo.  Forf  G  LP(Q)  put  f  =  0  on  Rm  \  £2.  Then  V  :  f  \-+  Vf, 
Gq  :/  m-  Gof  are  bounded  linear  operators  from  Lp(£2)  to  C0,0(£2). 

Proof  Since  m/2  <  p,  we  have  m  —  m/p  >  m  —  2.  Choose  y  G  (m  —  2,  m  —  m/p). 
Then  m/(m  —  y)  <  m/2  <  p.  Since  there  exists  a  constant  C  such  that  \hm(x  — 
y)|  +  |G^(x,y)|  <  C\x  —  y\~y  for  x,y  G  £2  (see  Propositions  3.9.14  and  3.9.15), 
Proposition  1.26.7  gives  that  V,  Gq  are  a  bounded  linear  operators  from  LP(Q)  to 


C0’°(£2). 


Theorem  3.13.4  £2  C  Rm  be  a  bounded  open  set,  m  >  2,  /  G  L°°(£2).  Put 

f  =  0  on  Rm\Q.  Then  Vf  e  C\Rm ). 

Proof  Vf  G  C°(Rm)  by  Theorem  3. 13.3.  Since  3;  Vjf  =f*djhm  by  Proposition  3.13.1, 
Proposition  1.26.3  gives  that  djVf  G  C°(Rm). 

Proposition  3.13.5  Let  f  e  Lp(Rm),  m  >  2,  1  <  p  <  m/2.  Then  Vf  g 
Lpm/(m-2p)  dj  Vf  G  Lpm^m~p)  (Rm)  is  given  by 


djVf(x)  —f  *  (9 )hm){x)  =  J 


for  j  =  1 , ...  ,m.  Moreover,  there  exists  a  constant  C  depending  only  on  m  and  p 
such  that 

WVfWipm/im-lp)^,^  <  C||/||lp  (/?«),  II  VVjf  ||Lpm/(m-/7)^m)  <  C ||  / ||lp  (flm)  . 

Proof  V  :  y  i — >  Vf  is  a  bounded  linear  operator  from  Lp  (Rm)  to  Lpmt  (m~2p) 
Proposition  1.26.4.  For  a  fixed  j  e  m},  put 


Then 


is  a  bounded  linear  operator  from  Lp(Rm)  to  Lpm^m~p\Rm)  by  Proposition  1.26.4. 
Put  fn(x)  =  f{x)  for  \x\  <  n ,  fn(x)  =  0  elsewhere.  Since  Vfn  —>  Vf  in 
jpm/(m-2p)^pm^  yfn  yf  the  sense  of  distributions.  Therefore  djVfn  — >  djVf 
in  the  sense  of  distributions.  But  djVfn  =  Kfn  by  Proposition  3.13.1.  The  continuity 
of  the  operator  K  gives  djVf  =  Kf. 

Example  3.13.6  Put  f(x)  =  (1  +  |v|)-2  forv  G  Rm ,  m  >  2.  Then /  G  Lp(Rm)  for 
each p  >  m/2.  But  Vf  =  oo. 
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3.14  Second  Derivatives  of  Volume  Potentials 

In  this  section  we  show  that  the  volume  potential  Vf  e  D2p(Rm )  provided/  G 
Lp  (Rm). 

Proposition  3.14.1  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary, 
m  >  2,  z  G  £2.  Let  f  be  a  measurable  function  on  Rm,  f  =  0  in  Rm  \  Q.  If  there  are 
positive  constants  C,  X  such  that  \f(x)  —f(z)  |  <  C\x  —  z\x  for  each  x  G  Rm,  then 
there  exists  djdkVfiz)  for  all  j,k  e  {1 , ,m}  and 

djdkVfiz)  =  J  djdkhm(y-z)\f(y)-f(z )]  d Hmiy) 

+f(z )  f  nf(y)djhm(y  -  z)  dHm-i(y). 

SQ 

Proof  We  can  suppose  that  X  <  1.  Put/!  =  f(z)Xn,h  =  f  -f\.  According  to 
Proposition  3.13.1  and  the  Gauss-Green  theorem  (Theorem  1.19.1), 

dkVfi(x )  =f(z)  J  3 khm(x-y)  =  -f(z)  J  nf  (y)hm(x  -  y)  &Um-\(y). 
a 

Theorem  on  differentiability  of  parametrized  integrals  (Theorem  1.13.7)  gives 

djdkVf\(x)  =  -/(z)  /  nf(y)djhm(x-y)dHm-i(y). 
dQ 

Sine  e/2  G  L°°{Rm),  Theorem  3.13.4  and  Proposition  3.13.1  give  that  Vf2  G 
Cl(Rm)  and  ^V/2  =  f 2  *  ( dkhm ).  According  to  Corollary  2.9.6  and  Lemma  2.9.7 , 
there  exists  a  positive  constant  Ci  such  that 

\dahm(x)\  <  Ci|x|2-m-'“l 

for  x  e  \  {0}  and  every  multiindex  o'  with  1  <  |a|  <  3. 

Fixx,j  e  Rm  such  that  \z—y\  >  2\z— x\.  Putg(t)  =  dkhm(t(y— x)  +  (l—  t)(y— z)). 
Then  there  exists  0  <  9  <  1  such  that  g(l)  —  g(0)  —  g'( 0)  =  g"{6)/2.  Since 
\6(z  —  x)+y  —  z\  >  \y  —  z\  —  Q\z  —  x\  >  \z  —  y\/2,  we  have 

-  *)  -  3 khm(y  -  z)  -  (x  -  -)  •  Vdkhm(y  -  z) |  =  |g(l)  -  g(0)  -  g'(0)| 

=  \g"(.Q)/2\  <  \x  -  z\2\y2dkhm(.0(z  -  x)  +  y  -  z)\/2 

<r  2|  l2fk-ylVm“1 

<  Cim  \x-z\  I  2  I 
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Put  e  =  [e\ , . . . ,  em]  with  en  =  8nj.  If  x  =  z  +  he,  then 
3 kVf2(z  +  he)  -  3 kVf2(z) 


h 


Idj 


dkhm(y  -  z)f2(y)  dUmiy) 


J  1/20)1 [ 


/ 


\dkhm(y-x)\  +  \dkhm(y-z)\ 


h 


+  \djdkhm(y  -  z)\ 


B(z;2\x-z\) 


+ 


1/20)1 


\dkhm(y  X)  $khm(y  Z) 


n\B(z;2U-z|) 


— 0  -  z)  ■  Vdkhm(y  -  z)|  dHm(y)  < 


C(2\h\)[ 

\h\ 


If 

B(x',3\h\) 


C\\y-x\  m  dUmiy) 


+  f  Cx\y-z\x-mdUm(y)  +  j  C\y-z\XCl\y-z\-mdUm(y) 


B(z;2\h\) 


+ 


/ 


B(z-2\h\) 

\h\~lC\y  -  z\xCim2\x  -  z\2 


R"'\B(z;2\h\) 

=  CC\  Hm-i(dB(0;  1)) 
Therefore 


(M) 


— m—  1 


d/0,0) 


2x\h\x3  +  2x+1\h\x  + 


(2\h\)x  m2\h\x2m+ 


l  -i 


+ 


1  -A 


djdkVf2(z)  =  lim 


h-f  o 


dkWiz  +  he)  -  djYhjz) 

h 


/ 


djdkhm(y  ~  Z)f2 0)  • 


Theorem  3.14.2  Let  £1,0)  C  Rm  be  bounded  open  sets,  oo  m  >2,  0  <  A  <  1. 
Iff  G  C°’X(Q),f  =  0  on  Rm  \  Q,  then  Vf  G  C2’X(co). 

Proof  We  can  suppose  that  Q  has  boundary  of  class  Cl .  Theorem  3.13.4  gives  Vf  G 
Cl(Rm).  According  to  Proposition  3.14.1,  one  has  djdkVf(z)  =  I\(z)  +  f(z)h(z)  in 
£2,  where 

hiz)  =  J  djdkhm(y  —  z)[/0)  ~.f(z)]  dUmty), 

h(z)  =  f  nk(y)djh,„(y  -  z)  dHm-i(y). 
an 
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h  £  C1^)  (and  therefore  h  £  C0,x(co))  by  Theorem  on  differentiability  of 
parametrized  integrals  (Theorem  1.13.7).  Lemma  1.16.8  gives  that  f(z)h(z)  £ 
C°’X(co). 

Fix  a  constant  C  such  that  \f\  <  C  and  fix)  —f(y) |  <  C\x  —  v|A  for  .v,  v  e  £2. 
According  to  Corollary  2.9.6  and  Lemma  2.9.7,  there  exists  a  constant  C\  such 
that  |V/jm(x)|  <  Ci|x|1_m,  \W2hm(x)\  <  Ci\x\~m  and  \djdkhm(x-y)  -  djdkhm(z~ 
j)l  <  C|  \x  —  z\\x  —  y\~m~l  fon.y.z  e  Rm,  \x  —  y\  >  2\x  —  z\.  Fix  x,z  e  u>.  Then 
|/i  (x)  - 1\  (z) |  <  J i  (x,  z)  +  Ji(x,  z)  +  J3 (x,  z)  +  /4(x,  z),  where 


J 1  (x,  z)  = 

[  \djdkhmiy-z)\\f(y)-f(z)\ dHmiy), 

nnB(z;2\x-z\) 

h  (x,z)  = 

[  \djdkhmiy  -  x)|  1 |/(y) -fix)  |  d  Hm(y), 

£2(lB(z;2\x-zl) 

j3ix,z)  = 

J  djdkhmiy  -  z)\f (x)  -  fiz)\  d Um iy)  , 

fi\B(z;2U-z|) 


Mx,z)  =  J  \djdkhm(y-z)  -  djdkhmiy  -  x)\fiy) -fix) \  dHm(y). 

Q\B(z;2\x—z\) 


The  Gauss-Green  theorem  (Theorem  1.19.1)  gives 


73(x,z) 


j  rij (y) dkhm(y-z)\f (x)  - /(z)]  d Um- 1 (j) 


3[^\fi(z;2|x— z|)] 


C\x-z\x[j 

dQ 


Q  dist(<z>,  dQ)1  m  dl-Lm-\{y)  +  1 


We  obtain  by  virtue  of  Lemma  1.26.1 


Ja(x,z)  < 


/ 


Cl |x  -Z\\y-  z\-m~l c\x  - dHmiy) 


^\fi(z;2|z— x|) 


CC,|x-z|  f  \y-z\-m-l{2\z-y\f 


dHmiy) 


^2\^(z;2|z — ^c|) 


<  2CCi  |x  -  z\HmiBiO;  l))(2|x  -  z|)A_1  <  ~C\x  -  z|\ 


1  -A 
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J\  (x,  z)  <  J 

B(z;\2\x-z\) 

■h(x,  z)  <  J 

B(x;\3\x-z\) 


CiC|j-z|A-m  dnjy)  < 


C\C\y  —  x\x~m  dHm(y)  < 


2CCi"Hm(5(0;  l))m 

X  l- 

3CCi'Hm(B(0;  \))m 


Lemma  3.14.3  Let  j,k  e  { 1 , . . . ,  m}.  Then 


J  djdkhm  dTLm-i  =  0. 

95(0;  1) 


(3.20) 


Proof  Easy  calculation  yields  that 

mxjXk 


djdkhm(x) 


Skj 


0;  \))\x\m+ 2  T-Lm-i(dB(0-,  l))\x\m ' 

If  j  k  then  (3.20)  is  clear.  Let  now  j  =  k.  Then 


/ 


fydjhm  dPLm- ] 


95(0;  1) 


-i 

95(0;  1) 


mxf  &TLm-\  — 


$ 


1  AUm-l 


95(0;  1) 


X \  dHm-i 


xm  d7 ~im—  i  1 


95(0;  1)  95(0;  1) 

—  (j)  [%i  +  X2  T-  •  •  •  +  dPLm—  1  -1=0. 

95(0;  1) 

Proposition 3.14.4  Letj,k  e  {1  1  <  <  00.  For f  e  Lp(Rm),  c  >  0, 

define 


TjJ CO  =  j  X  (y)/1  O  -  y)  d%m  (y)  • 

exists  a  constant  A  such  that 

•  lfc>0  then  Tjk  is  a  bounded  linear  operator  on  Lp(Rm )  ||7JJ|  <  A. 

•  There  exists  a  bounded  linear  operator  7)^  on  Lp(Rm )  with  ||7}^||  <  A  such  that 
Tjkf  W  in  Lp  (Rm)  as  c  ->  0+. 

•  Iff  e  Lp  (Rm),  then  there  exists 


limjfjix) 

e\0  J 


for  almost  all  x  e  Rm. 
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•  Iff  eLp(Rm),x  eRm,  denote 

T*kf{x )  =  sup  |7^/(x)|. 


Then 


\\T*kf\\LP(Rm)  <A\\f\\lJ’(Rm)- 

Proof  Fix  j,  k.  Easy  calculation  yields  djdkhm(x)  =  L{x / \x\)\x\~m  where  L(x)  = 
( mxjXk  —  Sjk) /TLm-i(dB(0]  1)).  Ifx,y  e  dB(0;  1)  then  \L(x)\  <  m  +  1, 

\L(x)  -  L(y)  |  <  m[\xj(xk  -  ;y*)l  +  I yk(xj  ~  y7)|]  <  2m\x  -  y\. 

Lemma  3.14.3  gives 


J  LdHm  =  0. 

35(0;  1) 

djdkhm(x  ~  y)  is  a  Calderon-Zygmund  kernel  by  Theorem  1.27.2.  Now  we  use 
properties  of  Calderon-Zygmund  operators  (Propositions  1.27.4-1.27.6). 

Theorem  3.14.5  Letf  e  Lp(Rm),  1  <  p  <  oo,  m  >  2.  Suppose  moreover  that  Vf(z) 
is  finite  for  some  z  G  TTierc  Vf  G  Dlp(Rm).  Ifj,  k  e  {l, ... ,  m),  then 


djdkVf  =  Tflf  - 

m 

where  Tjk  is  a  linear  operator  from  Proposition  3.14.4. 

Proof  Suppose  first  that /  e  C™(Rm).  Then  Vf  e  C2(Rm)  by  Theorem  3.14.2.  Fix 
p  >  0  such  that  spt /  C  B(z\  p).  According  to  Proposition  3.14.1, 

9/ h Vf(z)=  J  djhhmiy  ~  z)\f(y)  -f(z)]  dHm (y) 

b(z;p) 

+f(z )  J  nk(y)djhm(y-  z)  d Hm- \  (y) 

d  B(z;p) 


Lemma  3.14.3  gives 

djdkVf(z)  =  Tjkf{z)  +f(z )  J  nk(y)djhm(y  -  z)  d Um-\ (v) 

3  B(z;p) 
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Since  nk(y)djhm(y  -  z)  =  ~(yj  -  z.j)(yk  -  zk)  /  pm+l/Hm-\(dB(0\  1)),  we  have 
djdkVf(z)  =  Tjkf(z )  for  j  k.  Let  now  j  =  k.  Then 


J  nk  (y)  djhm  (y  -  z)  d Hm- 1 60  = 

3 


-* 

dB(0;p) 


m— 


16) 


35(0;p) 


A-  XH^fy)  +  . 

I# 


3fi(0;p) 


-i 

m 


Let  now  /  be  general.  Then  Vf  is  well  defined  in  Rm  by  Proposition  3.10.2 
and  Proposition  3.11.2.  Fix  p  >  0.  Put/i  =  fXB(0\2p),  fz  =  f  ~fi-  Then  Vfz  G 
H(B( 0;  2 p))  by  Propositions  3.10.2,  3.11.2,  and  3.9.2.  Hence  V/2  G  W2,P(B( 0;  p)). 
Theorem  on  differenciability  of  parametrized  integrals  (Theorem  1.13.7)  gives 
djdkVfi  =  Tjkfz  —  Tjkfi  ~  &jkfi/ m  in  5(0;  p).  Proposition  3.13.2  forces  Vf\  G 
Wl,p(B(0;  p)).  Choose  cpn  e  C^°(5(0;3p))  such  that  (pn  ->  /1  in  Lp(Rm).  (See 
Proposition  1.14.7.)  Then  V<pn  — >  Vft  in  W1,/? (5(0;  p))  by  Proposition  3.13.2. 
Moreover,  V<pw  e  W2,p(B(0;p))  and  djdkV(pn  =  Tjk(pn  —  (pn8jk/m  ->  7}^/i  — 
fi&jk/m  in  Z/(5(0;p ))  (see  Proposition  3.14.4).  Thus  V<pn  is  a  Cauchy  sequence 
in  W2,p(B(0;  p)).  Since  W2,p(B(0;  p))  is  a  Banach  space,  we  deduce  that  Vfr  e 
W2,p(B( 0;  p))  and  =  7}*/i  —fiSjk/m.  Proposition  3.14.4  gives  that  djdkVf  G 

Lp(Rm ),  and  therefore  Vf  G  D2  p  (Rm) . 


3.15  Holder  Continuous  Volume  Potentials 

In  this  section  we  study  a  volume  potential  as  a  bounded  linear  operator  from  LP(Q) 
to  C0’A(£2)  or  fromZ/(£2)  to  C1,A(£2). 

Proposition  3.15.1  £2  C  Rm  be  a  bounded  open  set,  2  <  m  <  p  <  00.  For 

f  G  Lp(fl),  putf  =  0  on  Rm  \  Q.  If  X  =  \  —  m/p,  then  V  :  f  \-+  Vf  is  a  bounded 
linear  operator  from  LP(Q)  to  C1,A(£2)  3yV  :  /  i->  3,-Vjf  w  a  bounded  linear 
operator  from  LP(Q)  to  C0,x  (Rm)  for  j  =  1 , ,m. 

Proof  Without  loss  of  generality  we  can  suppose  that  Q  has  Lipschitz  boundary. 
Let /  e  LP(Q).  Then  Vf  e  wf*(Rm)  by  Theorem  3.14.5.  Theorem  1.21.13  forces 
that  Vf  e  C1,A(f2).  Iff],  f  in  L^(f2)  and  Vf,  -*  g  in  £u(£2)  then  Vf  =  g  by 
Theorem  3.13.3.  Closed-graph  theorem  (Theorem  1.4.15)  gives  that  V  is  a  bounded 
linear  operator  from  LP(Q)  to  C1,X(Q). 

djVf ,  djdkVf  eC°°(Rm  \  Q)  and  tends  to  0  at  infinity.  Thus  3 )Vf  G  C°’°(5m).  Fix 
r  >  1  such  that  Q  C  5(0;  r).  Then  there  exist  constants  Mi,  M2,  and  M3  such  that 
\djVf\  <  Mi,  1 3 )Vf(x)  -  djVf(y)\  <  M2|v-y|A  for  |*|,  |y|  <  2r,  |V2V/(*)|  <  M3  for 
|x|  >  r.  If  \x  —  y\  >  1  then  |37Vjf(x)  —  3yVjf(y)|  <  2Mi  <  2M\\x  —  y\x.  If  \x\  >  2 r, 
|x  —  y|  <  1  then  |y|  >  r  and  |37Vy(v)  —  djVf(y)\  <  M3|v  —  y|  <  M3|v  —  y|A.  Thus 
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djVf  e  C0,x (Rm) .  Let  fn  ->  /  in  LP(Q)  and  9 )Vfn  g  in  C°'X(Rm).  We  have  proved 
that  djVf  =  g.  Closed-graph  theorem  (Theorem  1.4.15)  gives  that  djV  is  a  bounded 
linear  operator  from  Lp  (£2)  to  ( Rm ) . 

Proposition  3.15.2  Let  £2  C  Rm  be  a  bounded  open  set,  1  <  m/2  <  p  <  m.  For 
f  e  Lp(i 2)  putf  =  0  on  Rm  \  Q.  IfO  <  A  <  1,  A  <  2  —  m/p  then  V  :f  \-+  Vf  is  a 
bounded  linear  operator  from  Lp(f 2)  to  C0,A(£2). 

Proof  Without  loss  of  generality,  we  can  suppose  that  £2  has  Lipschitz  boundary. 
Suppose  first  that  p  <  m  and  A  =  2  —  m/p.  Let /  e  LP(Q).  Then  Vf  e  W2,p(fl) 
by  Theorem  3.14.5.  Theorem  1.21.13  forces  that  Vf  G  C°’A(£2).  If/„  ->/  in  Lp(fl) 
and  Vfn  g  in  C°’A(£2)  then  Vf  =  g  by  Theorem  3.13.3.  Closed-graph  theorem 
(Theorem  1.4.15)  gives  that  V  is  a  bounded  linear  operator  from  LP(Q)  to  C0,A(£2). 

Let  now  m/2  <  q  <  p  <  m.  Then  Lp(i 2)  is  continuously  embedded  into  Lq(i 2) 
by  Corollary  1.14.2.  Thus  V  is  a  bounded  linear  operator  from  Lp(i 2)  into  C0’a(£2) 
with  a  —2  —  m/q. 

3.16  Modified  Volume  Potentials 

We  want  to  prove  that  D2,p(Rm)  =  D2,p(Rm )  +  Po(Rm)  +  P\(Rm),  where  Pk(Rm ) 
is  the  space  of  homogeneous  polynomials  of  order  k.  We  are  also  interested  about 
the  Laplace  operator  as  a  mapping  between  homogeneous  Sobolev  spaces.  For  this 
reason,  we  define  modified  volume  potentials  and  study  their  properties. 

Let  /  G  Lp(Rm ),  1  <  p  <  oo,  m  >  2.  Denote  Z?  :=  B( 0;  1).  We  define  the 
modified  volume  potentials  Vm,pf : 

ym,/y  =  1  <  p  <  m/2, 

Vm’pf(x)  =  V(Jxb)(x)  +  J  [hm(x  -  v)  -  hm(-y)]f(y )  dH,„(  v) 

Rm\B 


for  m/2  <  p  <  m,  and 

Vmpf(x)  =  f  [hm(x  —  y)  -  (1  -  XB(y))(hm{-y)  +  x  •  VAm(-y))]/(y)  dH,„(v) 

Rm 


for  /77  <  /;  <  oo. 

Theorem  3.16.1  If  l  <  p  <  oo,  m  >  2,  Vm,i?  :  /  i->  A  a  bounded 

linear  operator  from  Lp{Rm)  to  D2,p(Rm).  Let  f  e  LP{Rm),  Tjk  be  an  operator  from 
Proposition  3.14.4.  Then  —A  Vm,pf  =f, 


djdkVm,pf  =  Tj]f  - 


Sjkf 


m 


(3.21) 
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djVm’pf(x )  =  J  djhjx  -  y)f(y)  d Hm(y),  p  <  m, 


(3.22) 


djVm’pf(x)  =  J [djhm(x  —  y)  -  (1  -  XB(y))djhm(-y)]f(y)  d Hm(y) 


(3.23) 


for  p  >  m.  If  co  C  Rm  is  an  open  set  and  f  e  Lq(co)  with  q  >  m/2  then  Vm,pf  e 


C°(co). 


Proof  Suppose  first  p  <  m/2.lff  e  Lp(Rm ),  then  Vm,pf  e  D2,p(Rm )  by  Propo¬ 
sition  3.13.5  and  Theorem  3.14.5.  Moreover,  —A Vm,pf  =  f  by  Theorem  3.11.5 
and  Theorem  3.10.3.  Proposition  3.13.1  gives  (3.22),  Theorem  3.14.5  gives  (3.21). 
According  to  Propositions  3.14.4  and  3.13.5  and  Corollary  1.14.2,  there  exists  a 
constant  C\  such  that 

\\Vm-pf\\v>(Bm))  +  \\V2Vm'pf\\u>(Rm)  <  Ci\\f\\u,(Rm). 

So,  Vm,p  is  a  bounded  linear  operator  from  Lp(Rm )  to  D2,p(Rm).  Let  now  /  e 
Lp(Rm )  (T  Lq(co ),  where  q  >  m/  2  and  co  is  a  bounded  open  set.  Define  g  =  f 
on  co,  g  =  0  otherwise.  Then  Vm,pg  =  Vg  e  C°(Rm )  by  Theorem  3.13.3. 
Propositions  3.10.2  and  3.11.2  give  that  Vm,p(f  —  g)  =  V(f  —  g )  e  H{co)  C  C°(co). 

Let  now p  >m/ 2.  For  r  >  0  denote/r(x)  =  f(x)  for  \x\  <  r,fr(x )  =  0  elsewhere. 
Suppose  first  m/2  <  p  <  m.  Then  Vfr  e  D2,p(Rm )  by  Propositions  3.10.2  and 
3.11.3  and  Theorem  3.14.5.  Since  Vm,pfr  and  Vfr  differ  by  a  constant,  we  deduce  that 
Vm,pfr  e  D2,p(Rm).  Proposition  3.13.1  gives  (3.22)  for/r.  Moreover,  —  A Vm,pfr  =fr 
by  Theorem  3.11.5  and  Theorem  3.10.3.  According  to  Lemma  2.9.7  there  exists  a 
constant  c0  such  that  for  \y\  >  2\x\  we  have  \hm{x  —  y)  —  hm(—y)\  <  ci|v||y|1-m. 
Since  p  >  m/2  we  have  (m  —  1  )p/ (p  —  1)  >  (m  —  1) (m/2)/ [(m/2)  —  1]  =  m(m  — 
l)/(m  —  2)  >  m.  If  \x\  <  r/2,  then  Holder’s  inequality  (Proposition  1.14.1)  gives 


<  00. 


Proposition  3.13.2  and  Holder’s  inequality  (Proposition  1.14.1)  force  that 
|| Vm,pf\\ip(^B(0',r/2)  <  c2\[f\\ u>(R»)  with  C2  independent  on  /.  According  to 

Corollary  2.9.6,  there  exists  a  constant  c2  such  that  \Vhm(x)\  <  C2|v|1_m.  If 
kl  <  r/2 ,  |y|  >  r  then  3 [hm(x  -  y)  -hm(y)]/dxj\  <  c2\x-y\x~m  <  c2(|y|/2)1_m. 
We  have  proved  that  [/'(>’)  —  fr(y)\\y\x~m  is  integrable.  By  virtue  of  Theorem  on 
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differentiability  of  parametrized  integrals  (Theorem  1.13.7), 


djVm'p(f  -f  )(x)  =  J  djhm(x  —  y)[f  (y)  -  fr(y )]  d Hm(y). 


So,  (3.22)  holds  true.  Theorem  3.14.5  gives  (3.21)  for  fr.  Theorem  on  differ¬ 
entiability  of  parametrized  integrals  (Theorem  1.13.7)  gives  (3.21)  for  /  —  fr  in 
B( 0;  r/2).  So,  (3.21)  holds  true.  Since  Tjk  is  a  bounded  linear  operator  on  LP(Rm ) 
by  Proposition  3.14.4,  Vm,p  is  a  bounded  linear  operator  from  LP(Rm )  to  D2p(Rm). 
Thus 


A  Vmpf  =  lim  [-A  Vm’pfr\  =  lim  fr  =  f. 

r— >-  oo  r^oo 


(3.24) 


Let  now /  e  Lp(Rm )  fi Lq(co),  where  co  is  a  bounded  open  set  and  q  >  m/ 2.  Fix  r  >  0 
such  that  co  C  B( 0;  r/2).  Put  g  =f  on  co,  g  =  0  elsewhere.  Then  Vm,pg  e  C°(co )  by 
Theorem  3.13.3.  Propositions  3.10.2  and  3.11.2  give  that  Vm,p(fr  —  g)  e  H(co )  C 
C°  (co) .  Theorem  on  continuity  of  parametrized  integrals  (Theorem  1.13.6)  gives  that 
Vm’p(f-fr)eC°(co). 

Let  now  p  >  m.  Fix  r  >  0.  Then  Vfr  e  D2,p(Rm)  by  Propositions  3.10.2  and 
3.11.3  and  Theorem  3.14.5.  Since  Vm,pfr  and  Vfr  differ  by  a  polynomial  of  degree 
less  than  or  equal  to  1,  we  deduce  that  Vm,pfr  e  D2,p(Rm).  Moreover,  —  A  Vm,pfr  =  fr 
by  Theorems  3.11.5  and  3.10.3.  By  virtue  of  Proposition  3.13.1,  we  obtain  (3.23) 
for/r.  According  to  Lemma  2.9.7  there  exists  a  constant  C3  such  that  \Vhm(z  — 
y)  —  V/zw(— y) |  <  C3|z||y|_m  for  |z|  <  2|y|.  If  \x\  <  r/2,  |y|  >  r  then  there  exists 
0  e  (0, 1)  such  that  hm(x—y)—hm(—y)  =  x*V(— y-\-6x).  Thus  \hm(x—y)—hm(—y)  — 
x-Vhm{-y)  |  =  \x  ■  Vhm(-y  +  9x)  -  x  ■  Vhm(-y)\  <  c3|x||0x||)'|_m  <  c3r2\y\~m. 
Holder’s  inequality  (Proposition  1.14.1)  gives 


/?"7\5(0;r) 


<  OO. 


Proposition  3.13.2  and  Holder’s  inequality  (Proposition  1.14.1)  forces  that 
\\Vm’pf\\w(B(0;r/2)  <  C3\\f\\ip(Rm)  with  C3  independent  on /.  If  \x\  <  r/2,  r  <  |y| 
then  | d[hm(x  -  y)  -  hm(-y)  -  x  ■  Vhm(-y)]/dxj\  =  \ djhm(x  -  y)  -  djhm(-y)\  < 
c3 \x\ I}7)- m  <  c3r\y\~m.  We  have  proved  that  \f(y)  —  fr(y)\c3r\y\~m  e  Ll(Rm).  By 
virtue  of  Theorem  on  differentiability  of  parametrized  integrals  (Theorem  1.13.7), 

djVm’p(f  -fr)(x)  =  J [3 jhm(x-y)  -  djhm(-y)](f(y )  -  fT(y ))  dUm(y) 


R’ 
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for  r  >  1.  So,  (3.23)  holds  true.  Theorem  on  differentiability  of  integrals 

(Theorem  1.13.7)  gives  (3.21)  for /  —  fr  in  #(0;  r/2).  So,  (3.21)  holds  true.  Since 
Tjk  is  a  bounded  linear  operator  on  Lp(Rm )  by  Proposition  3.14.4,  Vm,p  is  a  bounded 
linear  operator  from  Lp(Rm)  to  D2,p(Rm).  Thus  (3.24)  holds.  Since  Vm,pf  G  D2,p(Rm) 
we  have  Vm'pf  e  C°(Rm )  by  Proposition  1.25.2  and  Theorem  1.21.13. 

Corollary  3.16.2  Let  f  G  Lp(Rm),  1  <  p  <  oo,  m  >  2.  Then  there  exist 
u\, ...  ,um  G  Dl’p(Rm )  such  that  for  u  =  (u\, ... ,  um),  we  have  V  •  u  =  d\U\  + 
diUi  +  •  •  •  +  dmum  =  /. 

Proof  Put  w7-  =  djVm,p(—f).  Since  Vm,pf  G  D2,p(Rm)  by  Theorem  3.16.1,  we  have 
uj  e  Dlp(Rm).  Moreover,  V  •  u  =  A  Vm'p(-f)  =f. 

Corollary  3.16.3  Let  u  G  Dl  p(Rm),  f  e  Lp(Rm),  1  <  p  <  oo,  m  >  2.  77mw 
—Aw  =  f  in  the  sense  of  distributions  if  and  only  if  v  =  u  —  Vm,pf  is  a  polynomial 
of  degree  less  than  or  equal  to  1. 

Proof  If  v  is  a  polynomial  of  degree  less  than  or  equal  to  1,  then  —Aw  =  /  by 
Theorem  3.16.1.  Suppose  now  that  —Aw  =  /.  Then  Av  =  /  +  AVm,pf  =  0 
by  Theorem  3.16.1.  Theorem  2.18.2  gives  that  v  G  H(Rm).  Since  w  G  D2,p(Rm ) 
and  ym,/?/  e  D2,p(Rm )  by  Theorem  3.16.1,  we  deduce  that  i>  G  D2,p(Rm). 
Corollary  2.16.4  forces  that  v  is  a  polynomial  of  degree  less  than  or  equal  to  1. 

Corollary  3.16.4  Let  1  <  p  <  oo,  m  >  2.  ThenDlp(Rm)  =  {Vm’pf’f  G  Lp(Rm )}© 
Po(Pm)  0  Pi(Pm).  (Tfere  Pk(Rm )  denotes  the  space  of  all  homogeneous  polynomials 
on  Rm  of  degree  k.) 

Proof  Let  w  G  D2,p(Rm).  Then /  =  —Aw  G  Lp(Rm).  According  to  Corollary  3.16.3, 
we  have  w  -  Vm’ pf  g  P0  (Pm)  ©  Pi  (Pm) . 

Let/  G  Lp(Rm).  If  Vm*f  G  P0(Pm)  ©  P\{Rm)  then /  =  -A Vm'pf  =  0  by 
Theorem  3.16.1. 

Proposition  3.16.5  1  <  p  <  oo,  m  >  2.  If  p  <  m/2  then  D2,p(Rm )  = 

L)2^(7?m)®P0(Pm)©Pi(Pm).//m/2  <  p  <  m  then D2,p (Rm)  =  D2p(Rm)ePi(Rm). 
Ifp  >  m  J/zew  D2  p(Rm)  =  D2  p{Rm). 

Proof  Clearly  D2  p(Rm )  +  P0(Pm)  +  Pi(Pm)  C  D2  p(Rm). 

Let  /  G  Lp{Rm).  According  to  Corollary  2.18.5,  there  exists  a  sequence  cpn  G 
C™(Rm)  such  that  A<pw  — >  /  in  Lp(Rm).  Corollary  2.2.7  gives  V(— A cpn)  = 
cpn  G  D2p(Rm).  Since  ym’^n  -  G  P0(Pm)  +  Pi(Pm)  we  obtain  Vm’p(pn  G 
P)2,/?  (Pm) +P0  (Pm)  +Pi  (Pm)  •  Since  D2’p  (Rm)  +P0  (Pm)  +Pi  (Pm)  is  a  closed  subspace 
of  D2,p(Rm )  by  Proposition  1.3.7,  Theorem  1.3.7  gives  that  ym^/  e  D2,p(Rm )  + 
P0  (Pm)  +  Pi  (Pm)  •  Corollary  3.16.4  forces  D2p  (Rm)  =  D2,p  (Rm)  +  P0  (Rm)  +  Pi  (Pm) . 

If  p  <  m/2,  then  D2p(Rm)  (T  [P0(Pm)  ©  Pi(Pm)]  =  0  by  Proposition  1.25.8  and 
thus  D2p{Rm)  =  D2  p(Rm )  ©  P0(Pm)  ©  Pi(Pm). 

If  p  >  m,  then  |Po(Pm)  ©  Pi(Pm)]  C  D2,p(Rm )  by  Proposition  1.25.8  and  thus 
D2p{Rm)  =  D2p(Rm). 


166 


3  Solutions  of  the  Poisson  Equation 


Let  now  m/2  <  p  <  m.  Then  Po(Rm)  C  D2,p(Rm )  by  Proposition  1.25.8.  Let 
now  u  e  Pt(R"‘)  n  D2’P{Rm).  Then  3 )u  €  b'p(Rm)  n  P0(Rm).  Proposition  1.25.8 
gives  that  3 )u  =  0.  Since  u  is  a  homogeneous  polynomial  of  degree  1  and  V«  =  0, 
we  deduce  that  u  =  0.  Thus  D2-p(R'")  =  b2  i’(R’")  ©  Pt  (R"r). 


3.17  The  Laplace  Operator  on  Wk+2  ,p(Rm) 

In  this  section  we  prove  that  the  Laplace  operator  maps  Wk+2’p(Rm)  onto  Wk’p(Rm). 

Lemma  3.17.1  Denote  by  Pi(Rm)  the  space  of  all  homogeneous  polynomials  on  Rm 
of  degree  l.  If  k  e  No  and  P  e  Pk(Rm )  then  there  exists  Q  G  Pk+2(Rm)  such  that 
A  Q  =  P. 

Proof  The  operator  T  :  u  i-^  Au  is  a  linear  operator  from  Pk+2(Rm)  to  Pk(Rm). 
Since  KerT  =  Pk+2{Rm)  H  H(Rm )  we  have  dim T(Pk+2 (Rm))  =  dimPk+2(Rm)  — 
dim[P^+2(^m)  H  H(Rm)].  Corollary  2.14.4  gives  that  dimT{Pk+2{Rm))  = 
dim Pk(Rm)).  Thus  T(Pk+2(Rm))  =  Pk(Rm )• 

Theorem  3.17.2  Let  1  <  p  <  oo  and  k  G  A^o.  Then  the  Laplace  operator  A  is  a 
bounded  linear  operator  from  Dk+1'p(Rm)  into  Dkp(Rm),  and  from  Wk+2’p  (Rm)  onto 
Wkp(Rm). 

Proof  Define  on  Dn,p(Rm)  the  norm 


If  w  G  D2+kp(Rm),  then 


According  to  Proposition  1.25.2,  there  is  a  constant  Ci  that  does  not  depend  on  u 
such  that 


Hence  WAuW^^mp  <  Cx\\u\\D2+k,P{Rmy  A  :  Dk+2'p(Rm)  ->  Dkp{Rm )  is  bounded.  If 
u  G  C™(Rm)  then  Au  G  Cc°°(/?m).  Thus  Au  G  Wkp(Rm )  for  all  u  G  Wk+2’p(Rm). 


3.17  The  Laplace  Operator  on  Wk+2,p ( Rm ) 
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Fix/  G  Wk,p(Rm).  We  show  that  there  exists  u  e  Wk+2,p (Rm)  such  that  A u  =  /. 
Suppose  first  that  k  =  0.  According  to  Theorem  3.16.1,  there  exists  v  G  D2,p(Rm ) 
such  that  Av  =  /.  According  to  Proposition  3.16.5,  there  exist  u  G  W2,p(Rm)  and  a 
polynomial  P  of  degree  at  most  1  such  that  v  =  u  +  P.  Clearly,  A  u  =f. 

In  the  rest  of  the  proof,  we  suppose  that  k  >  0.  Suppose  now  that  /  G  C^°(5m). 
Set  u  =  —Vf(=  —f  *  hm ).  Then  u  G  C°°(Rm )  by  §  1.15,  and  A u  =  f  by 
Theorem  3.1.5.  Fix  an  index  a  with  \a\  =  k.  Then  3 01  u  =  hm  *  3 01  f  =  V(3 “/). 
(See  §  1.15.)  Since/  G  Wk,p(Rm ),  we  have  3°/  G  LP{Rm).  Theorem  3.14.5  gives  that 
3 01  ue  D2  p(Rm )  and 


||  V23aw||jLp  (Rm)  <  C2\\daf\\lJ>(Rm^ 


where  C2  depends  only  on  m  and  p.  Thus  u  G  D/:+2^(7?m)  and 

||V*+2M||W  <  Csll/llz*,^),  (3.25) 

where  C3  depends  only  on  m  and  p.  We  now  show  that  u  G  Wk+2,p(Rm).  Choose 
(p  G  C^°(Rm)  such  that  (p  =  1  on  5(0;  1)  and  cp  =  0  on  5m  \  5(0;  2).  Then  there 
exists  a  constant  C\  such  that  |3^V|  <  C4  for  |/3|  <  k  +  2.  Denote  <^n(v)  =  <p(x/n ), 
=  u(pn.  Then  un  G  C^°(5m).  Clearly,  un  =  u  on  5(0;  1).  If  /3  is  a  multiindex  with 
|/3 1  <  k  +  2,  then  |3^„|  <  C^n~^  and  |3aw(v)|  =  0(|x|2_m_^+1/2)  as  \x\  ->  00. 
(Compare  Proposition  3.1.6.)  So,  there  exists  a  constant  C5  such  that 

|V*+2[(1  -  <pn(x))u(x)}\  <  C5ft“m_/c+1/2,  n<\x\<  2n. 

Since  k  >  1 ,  we  have 

11“  -  “»ll^+2,(JP.)  =  /  |V*+2(w  -  Olp  <  C5^f^2,W))  "►  0. 

fl(0;2w)\fl(0;n) 

Therefore  w  G  W^+2,/7(5m). 

Let  now/  G  Wk,p(Rm )  be  general.  Choose  fn  G  C™{Rm)  such  that/*  — >  /  in 
Dk,p(Q).  We  can  suppose  that  ||/J £>*,/> <  211/H^^m).  Denote  vn  =  —Vfn.  We 
have  proved  that  vn  g  Wk+2,p(Rm).  According  to  (3.25),  we  have 

II V^llw  <  2C3||/|U(*m).  (3.26) 

Suppose  first  that  p(k  +  2 )  <  m.  Denote  q  =  mp/[m  —  (k  +  2 )p\.  According  to 
Lemma  1.25.7, 


\\Vn\\L<i(R”)  <  Q||  Vfc+2Un||LP(/P«)  <  2C3C6||/||^(/jm), 
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where  Ce  depends  only  on  m  and  p.  Since  q  >  p.  Corollary  1.14.2  yields 


ll^«||LP(fi(o;i))  <  Ce\\vn\\Lq^B(o-,i))  <  2C3C6C6\\f\\Dk,P{Rm) 


where  Q  depends  only  on  p ,  q,  and  m.  This  and  the  inequality  (3.26)  give  that  vn 
is  a  bounded  sequence  in  the  space  Wk+2,p(Rm).  According  to  Theorem  1.5.10  and 
Lemma  1.25.3,  there  exist  v  G  Wk+1,p(Rm)  and  a  subsequence  vnQ)  such  that  vnq) 
converges  to  v  weakly.  If  cp  e  C^°(Rm),  then 


(v,  A (p)  =  lim  (vn(j),  A <p)  =  lim  (A vn(j),(p)  =  lim  {fn(j),<p)  =  { f,<p >. 

7-^00  j—>oo  j—>oo 


Thus  Av  =/. 

Let  now  p(k  +  2)  >  m.  Choose  l  G  {1,  +  2}  such  that  p(k  +  2  —  /)  <  m, 

p{k  +  3  —  /)  >  m.  According  to  Lemma  1.25.7,  there  exist  constants  q  G  (p,  oo)  and 
C7  such  that 


II VV || (/?»?)  <  C7II  V/c+2w||lp(/?w)  Vw  g 

According  to  (3.26),  we  have  vn  e  Dl,q(Rm)  and 

IIV'^IU,^)  <  IClCjWfWok'P^rny  (3.27) 

Denote  by  Pt(Rm)  the  space  of  polynomials  of  degree  at  most  t.  According  to 
Lemma  1.25.5,  there  exists  a  constant  Cg  such  that 

inf  || w  +  P\\Dl,HRm)  <  CgllV'wlb^)  Vw  e  Dll'(R"’). 

PePi-i(Rm) 

Hence  there  exist  polynomials  Pn  G  Pi- 1  ( Rm )  such  that 


II  vn  +  Pn\\Dl><i(Rm)  —  2Cg  ||  • 


Corollary  1.14.2  yields 

||  Vn  +  ^n||LP(w)  5  1|  I7n  +  Pn||L9(«)  5  2CgCg  ||  ||£?(/jm), 

where  Cg  depends  only  on p ,  g,  and  co.  According  to  (3.27), 

II  u/z  +  Pn\\lJP(co)  —  ^CsCjCsCgWfWDkj^Rmy 

Since  Vk+2(vn  +  Pn )  =  V/c+2r’„,  (3.27)  yields  that  {un  +  Pn)  is  a  bounded  sequence 
of  Dk+2’p(Rm).  Since  p  >  m/(k  +  3  —  /),  Proposition  1.25.8  yields  that  Pn  G 
^+2^(^m)_  Thus  Vn  +  pn  e  wk+2’p(Rm).  Since  the  mapping  A  :  t^+2j?(/?m)  -> 
Wk,p(Rm)  is  bounded,  A(u„  +  Pn)  is  a  bounded  sequence  in  Wk,p(Rm).  According 
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to  Theorem  1.5.10  and  Lemma  1.25.3,  there  exist  w  G  Wk+2,p(Rm),  w  G  Wk,p(Rm ) 
and  a  subsequence  vn(j)  +  Pn(j)  such  that  vn(j)  +  Pn(j)  converges  to  w  weakly,  and 
A (vn(j)  +  Pn(j))  converges  to  w  weakly.  If  p  g  C^°(Rm),  then 


(w,  A cp)  =  lim  {vn(j)  +  Pn(j),  A (p)  =  lim  {A(vn(j)  +  Pn{j) ),  cp)  =  { w ,  cp). 
j—>oo  j^oo 


Thus  Aw  =  w.  If  /  <  2  then  A (vn(j)  +  Pn(j))  —  A vn(j)  =  fj  — >  /,  because  Pn(y)  G 
P/_i  (Pm).  Thus  w  =/ and  Aw  =  /.  Let  now  /  >  3.  Since/,,0  +  APn(j-)  =  A(vn(j)  + 
Pn(y))  converges  to  w  weakly,  and/,,0  — >/,  we  deduce  that  APw0  converges  weakly 
to  w  — /.  Since  AP„0  e  P/_3(Pm),  Proposition  1.5.14  gives  that  w  —  /  e  P/_3(Pm). 
According  to  Lemma  3.17.1,  there  exists  2  e  P/_i(Pm)  such  that  Ag  =  w  —  /. 
Clearly,  A(w  —  2)  =  /.  Since  >  m/(&  +  3  —  /),  Proposition  1.25.8  yields  that 
2  G  w*+2^(Pm).  Thus  w-ge  W/:+2^(Pm). 


3.18  Regularity  of  Solutions  of  the  Poisson  Equation 

In  this  section,  we  study  regularity  of  solutions  of  the  equation  A ku  =  f  dependent 
on  the  regularity  off. 

Proposition  3.18.1  Let  £2  be  an  open  subset  ofRm,  m  >  2,  u  e  C°(£2),  /  e  Ck(£2), 
k  G  Ao,  —Aw  =  f  in  £2  in  the  sense  of  distributions,  co  be  a  bounded  open  set  such 
that  To  C  £2,  0  <  A  <  1.  Then  u  G  CkJtX,x((D).  If  moreover,  f  G  Ck,x(£2),  then 
u  G  Ck+2'X(co). 

Proof  We  can  suppose  that  £2  is  bounded.  Fix  an  open  set  U  such  that  7b  C  U  C 
1/  C  Fix  p  g  C?°(£2)  such  that  cp  =  1  on  U.  Define  <pf  =  0  on  Rm  \  £2.  Then 
(pf  G  C°(Rm)  has  compact  support  and  (pf  =  f  in  U.  Proposition  3.15.1  gives  that 
V(pf)  G  Cx,x(£2)  D  Cx(Rm).  Since  —A  V(pf)  =  (pf  in  the  sense  of  distributions  (see 
Theorem  3.1.5),  we  have  A u  =  A V(pf)  in  U.  So,  u  G  Cx,x(co)  by  Proposition  3.1.7. 

Suppose  now  that /  G  Ck,x(£2),  0  <  A  <  1.  Then  pf  e  Ck,x(£2).  Theorem  3.14.2 
gives  that  V(pf)  G  C2,x(£2).  If  a  is  a  multiindex  with  \a\  <  k ,  then  da(pf )  G 
C0,x(Rm)  has  compact  support  in  £2.  Therefore  3 aV(pf)  =  dahm  *  (pf)  =  hm  * 
[3 a(pf)\  G  C2,A(^)  (see  Theorem  3.14.2).  Since  V(pf)  G  Ck+2,X(Q)  we  have  u  G 
Ck+2,x(co)  by  Proposition  3.1.7. 

Let  now /  G  Ck(£2),  k  >  1.  Then/  G  C*_1,A(£/)  and  w  G  Ck+x,x(co). 

Proposition  3.18.2  Let  £2  be  an  open  subset  of  Rm,  m  >  2,  u  e  LjJQ),  f  € 
Wk,p(£2),  k  G  No,  j  G  N,  1  <  p  <  oo,  —A Ju  =  f  in  £2  in  the  sense  of  distributions, 
to  be  a  bounded  open  set  such  that  7b  C  £2.  Then  u  G  Wk+2pp(od). 

Proof  Suppose  first  that  j  =  1.  Fix  a  bounded  open  set  U  such  that  7b  C  U  C 
1/  C  £2.  Fix  p  G  C^°(^)  such  that  p  =  1  on  f/.  Define  pf  =  0  on  Rm  \  £2.  If 
a  is  a  multiindex  with  \a\  <  k,  then  da(pf)  G  Lp(Rm)  has  compact  support  in  £2. 
Therefore  3 aV(pf)  =  d0lhm  *  (pf)  =  hm  *  [3 01  (pf)]  G  W1,p(£2)  by  Theorem  3.14.5 


170 


3  Solutions  of  the  Poisson  Equation 


and  Proposition  1.25.2.  Since  —A V(ypf)  =  cpf  in  the  sense  of  distributions  (see 
Theorem  3.1.5),  we  have  A u  =  A V(<pf)\  =  0  in  U.  Thus  u  £  W2,p(f2)  by 
Proposition  3.1.7. 

Let  now  the  proposition  holds  true  for  j  —  1  £  N.  We  have  proved  that  A j~lu  £ 
W^2'p(Q).  Hence  u  e  W^2j'p(Q). 

Proposition  3.18.3  Let  £2  c  Rm  be  an  open  set,  m  >  2,  u  be  a  distribution  in  £2, 
1  <  p  <  m/(m  —  1).  If  Au  in  the  sense  of  distribution  is  a  real  measure,  then 
u  e  wjfc(V). 

Proof  Denote  \i  —  —Au.  Fix  x  E  £2,  r  >  0  such  that  B(x;3r)  C  Put 
v  =  p\B(x;2r).  Then  Vv  £  Wl,p(B(x;r ))  by  Proposition  3.13.1.  We  have 
A (u  —  Vv)  =  \±  —  v  =  0  in  B(x;  2 r)  by  Theorem  3.1.5.  So,  u  —  Vve  H(B(x;  2 r))  C 
C°°(B(x;2r))  C  Wlp(B(x;r))  (see  Theorem  2.18.2  and  Corollary  2.2.8).  Thus 
u  £  Wl,p(B(x;  r)). 

Proposition  3.18.4  Letm  >  2,  1  <  p  <  oo.  Ifu  £  D2,p(Rm),  then 

||V2w|| iP(Rm)  <  Ci || Au\\u>(Rm),  (3.28) 

where  a  constant  C\  depends  only  on  p  and  m.  If,  moreover,  £2  is  a  bounded  open 

o 

set  and  u  £  W2,P(Q),  then 


Nlw^n)  <  C2||  (3.29) 

where  a  constant  C 2  depends  only  on  p  and  £2. 

Proof  Put /  =  —Au,  v  =  u  —  Vm,pf.  Then  v  is  a  polynomial  of  degree  less  than  or 
equal  to  1  by  Corollary  3. 16.3.  According  to  Theorem  3. 16. 1 ,  there  exists  a  constant 
Ci  dependent  only  on  p  and  m  such  that  ||V2Vm,/?/|| #>(/*«)  <  C\\\f\\u>(Rmy  Since 
V2u  =  V2Vm,pf  and  —  Au  =f  we  obtain  (3.28). 

Let  Q  be  a  bounded  open  set.  According  to  Lemma  1.21.10,  there  exists  a 
constant  C  such  that  \\u\\W2, <  C\\  V2w||Z/(^>  for  all  u  £  W1,P(Q).  This  and  (3.28) 
give  (3.29). 

Proposition  3.18.5  Let  K  C  Rm  be  a  compact  set.  Let  f  be  a  distribution  in  Rm 
supported  in  K  and  £2  C  Rm  be  a  bounded  open  set.  Let  l  <  p,q  <  00,  s  E  Rl.  If 
f  £  Wsp(Rm),  then  Vf  £  fT+2’^)  and 

II  Vf\\ws+2’P(Q)  ^  C\\f\\ws’P(Rm) 

where  a  constant  C  depends  only  on  K,  £2,  p  and  s.  Iff  £  Bp,q(Rm)  then  Vf  £ 
Bp;l2(Q)  and 


\\Vf\\BPs±2(Q)  —  C\\f\\Bps’q(Rm ) 


where  a  constant  C  depends  only  on  K,  £2,  p,  q,  and  s. 
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Proof  Fix  a  bounded  domain  co  with  smooth  boundary  such  that  £2  U  spt /  C  co. 
Let  k  e  No,f  G  Wk,p(Rm).  Using  regularization  we  infer  that  /  G  Wk,p(co).  We 
have  Vf  G  Wk+1,p(f2)  by  Proposition  3.18.2,  Theorem  3.10.3,  and  Theorem  3.11.5. 
The  operator  V  is  a  closed  linear  operator  from  Wk,p(co)  to  Wk+1,p(V2)  by  Propo¬ 
sition  3.13.2.  Thus  V  is  a  bounded  linear  operator  from  Wk,p(co )  to  Wk+2,P(Q)  by 
Theorem  1.4.15. 

Fix  <p  G  C^°(co)  such  that  <p  =  1  on  a  neighborhood  of  K.  Define  V^g  =  cpV{g(p). 
If  k  G  No,  then  V9  is  a  bounded  linear  operator  from  Wk,p(Rm )  to  Wk+2,p(Rm )  by 
Lemma  1.23.9,  Theorem  1.23.5,  and  Theorem  1.22.1.  Suppose  that  s  >  0.  Fix/:  G  N 
such  that  s  <  k.  Put  0  =  s/k.  Proposition  1 .23. 10  forces  ( W0,p ( Rm ) ,  Wk,p {Rm))e,q  = 
Bp’q(Rm),  and  (W2p(Rm),  Wk+2’p(Rm))e,q  =  Bp;q2(Rm).  So,  is  a  bounded  linear 
operator  from  Bp,q(Rm)  to  Bp+2(Rm)  by  Proposition  1.10.3.  Iff  G  Bp,q(Rm )  then 
Vf  G  Bp;q2{Rm).  In  particular,  if  s  <jt  N,  f  G  Wsp(Rm)  =  Bpp(Rm)  then  Vf  G 
Ws+^P{Rm)  =  Bp'p2(Rm)  (see  Theorem  1.23.3). 

Let  t  <  0.  Put  p'  =  p/(p  —  1),  q'  =  q/(q  —  1).  Proposition  1.5.11  gives  that 
the  adjoint  operator  V *  is  a  bounded  operator  from  [BpJtq+2{Rm)]r  to  [Bp_f  (Rm)]' . 

But  [BpJtq_l2(Rm)]'  =  Bpf2(Rm),  [Bplf'(Rm)]'  =  Bpq(Rm)  by  Theorem  1.23.1.  Since 
V'  =  V<p  we  infer  that  V<p  is  a  bounded  linear  operator  from  Bpf2(Rm)  to  Bpt,q(Rm). 
Let  now  s  <  0.  Then 


(B%+2s(Rm).^q(Rm)h,2.q  =  Bp,q(Rm), 
(BPl\+2s(Rm),lf5q{Rm))  i/2, 9  =  Bp'l2(Rm ) 

by  Theorem  1.23.6.  Since  V<p  is  a  bounded  linear  operator  from  BpJ_q+2s(Rm)  to 
Bp_f^ _|_ 2^  {Rm )  ?  and  from  Bp,q(Rm)  to  Bp,q(Rm),  the  interpolation  argument  gives  that  V<p 
is  a  bounded  linear  operator  from  Bpq(Rm)  to  Bp'q2{Rm)  (see  Proposition  1.10.3).  If 
/  G  Bpq(Rm )  then  Vf  G  Bpfq2{Rm).  In  particular,  if  s  <  0,/  G  Wsp(Rm)  =  Bpp(Rm ) 
then  Theorem  1.23.3  gives  Vf  G  Ws+2,p(Rm)  =  Bp,+2(Rm). 

Corollary  3.18.6  Let  £2  C  Rm  be  an  open  set,  m  >  2,  s  G  Rl,  1  <  p,  q  <  oo,  u  be  a 
distribution  on  £2,  A u  G  Bp,q(f2).  Ifco  is  a  bounded  open  set  such  that  To  C  £2  then 
u  G  Bp+2 (co). 

Proof  Choose  a  bounded  open  set  co \  such  that  co  C  co\  C  co\  C  £2  and  cp  G  C^°(^) 
such  that  cp  =  1  on  co\.  Put  /  =  cpAu.  Then  /  is  a  distribution  with  a  compact 
support.  Moreover,/  G  Bp,q(Rm)  by  Lemma  1.23.9.  Proposition  3.18.5  gives  that 
Vf  G  Bp,q2(ao\).  Since  A  u  =  A  (—Vf)  in  co\  by  Theorem  3.1.5,  we  have  u  G  Bp,q2{co) 
by  Proposition  3.1.7. 


172 


3  Solutions  of  the  Poisson  Equation 


3.19  Supersolutions 

We  define  a  supersolution  of  the  equation  —  A u  =  f  as  it  is  common  in  the  Sobolev 
space  Wl,p(Q)  in  the  theory  of  partial  differential  equations.  Then  we  prove  that 
the  following  are  equivalent:  1)  w  is  a  supersolution  of  the  equation  —  A u  =  0;  2) 
—A u  >  0  in  the  sense  of  distributions;  and  3)  w  is  superharmonic. 

Definition  3.19.1  Let  £2  C  Rm  be  an  open  set,/,  g  g  V'(Q).  We  say  that/  <  g  if 
(/,  <p)  <  (g,  <p)  for  each  nonnegative  <p  G  C?°(£2). 

Definition  3.19.2  Let  £2  C  Rm  be  an  open  set,  m  >  2,  g  be  a  distribution  in  £2, 
w  e  Wioc  (^)-  We  say  that  w  is  a  supersolution  of  the  equation  —  Aw  =  g  in  £2  if 

J  Vm  •  Vcp  dUm  >  ( g ,  cp),  V<p  e  C?(n),  <p>  0. 

n 

We  say  that  u  is  a  subsolution  of  the  equation  —  Au  =  g  in  £2  if 

Jvu-Vcp  d Hm  <  (g,  cp),  Vcp  e  C™(£2),  cp>  0. 
n 

Theorem  3.19.3  Let  £2  C  Rm  be  an  open  set,  m  >  2,  g  G  u  G  w/^^2). 

—  Au  =  g  ini 2  in  the  sense  of  distributions  if  and  only  if 

jvU-Vcp  dHm  =  (g,  cp)  Vcp  e  Cc°°(^). 

Q 

The  function  u  is  a  sub  solution  of  the  equation  —  A  u  =  g  if  and  only  if —Au  <  g  in 
the  sense  of  distribution.  The  function  u  is  a  supersolution  of  the  equation  —  Au  =  g 
if  and  only  if  —Au  >  g  in  the  sense  of  distribution.  If  u  e  D1,p(£2),  1  <  p  <  oo, 
then  Au  e  fl  D_1'p(^)  and  ||  Am||w— <  HVkHlp^),  ||  Am||d-i,p(S2)  < 

Proof  If  (p  G  C^°(^2),  then 


m  m 

(-A u,cp)  =  -^(9 j(dju),cp)  =  y2(dJu’ dJ<P)  = 
j=  i  j=  i 

According  to  the  definitions,  w  is  a  subsolution  of  the  equation  —  Aw  =  g  if  and 
only  if  —Aw  <  g  in  the  sense  of  distribution;  w  is  a  supersolution  of  the  equation 
— Aw  =  g  if  and  only  if  —  Aw  >  g  in  the  sense  of  distribution. 


3.19  Supersolutions 
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Let  now  u  G  Dlp(Q),  1/p  +  1/p'  =  1.  If  (p  G  C/°(Q),  Holder’s  inequality 
(Proposition  1.14.1)  yields 


Since  C^°(^)  is  a  dense  subset  of  Wx,p\Qf  and  Dlp'  (fl),  we  obtain  A u  G 
W  1,/7(£2)  Pi  D  1,/7(£2)  and  \\Au\\w-i,P^  <  ||  Vm ||z/>(«)*  ll^Mllz)-1^(fi)  —  II  Vw||lp(^)- 

Theorem  3.19.4  Let  £2  C  Rm  be  an  open  set,  m  >  2,  u  e  1  <  p  < 

m/(m—  1).  Then  the  following  assertions  are  equivalent: 

1.  —Au>0inQin  the  sense  of  distributions. 

2.  u  is  representable  by  a  superharmonic  function  in  Q. 

3.  u  is  representable  by  v  G  L]loc(Q)  such  that  for  almost  all  x  G  £2 


v&Hm  Vr  G  (0,dist(jc,3a)). 


v(x)>  f  v  d TLm  V  r  G  (0,  dist(x,  < 

B(x;r ) 

4.  u  G  is  a  supersolution  of  the  equation  —  A  u  =  0. 


Proof  1)  2,  4))  :  /x  =  —  Aw  is  a  nonnegative  Borel  measure  by  Lemma  1.20.3. 

Fix  x  G  Q,  0  <  r  <  dist(x,  3£2)/2.  Put  v  =  p\B(x\2r)  the  restriction  of  /x 
onto  B(x;2r).  Fix  a  nonnegative  'L  g  C^°(£2)  such  that  ^  =  1  on  B(x;2r). 
Then  v(Rm)  =  v(B(x;2r))  <  (/x,  4*)  <  oo,  and  v  is  a  finite  nonnegative  Borel 
measure  with  compact  support.  Proposition  3.11.3  and  Proposition  3.10.2  give  that 
the  volume  potential  Vv  is  a  superharmonic  function  in  Rm.  Since  —  AVv  =  v 
in  Rm  by  Theorem  3.1.5,  we  have  —A (u  —  Vv)  =  /x  —  v  =  0  in  B(x;2r).  Thus 
u  —  Vv  is  representable  by  a  harmonic  function  in  B(x;  2 r)  by  Theorem  2.18.2.  So, 
u  is  superharmonic  in  B(x;  2 r).  Corollary  3.3.8  forces  that  u  is  superharmonic  in  Q. 
Proposition  3.3.4,  Proposition  3.18.3,  and  Theorem  3.19.3  give  that  u  G  w]fc  (£2)  is 
a  supersolution  of  the  equation  —  A  u  =  0. 

2)  =>►  3)  :  A  superharmonic  function  is  locally  integrable  by  Proposition  3.3.4. 

3)  =>►  1)  :  Fix  cp  G  C£°(£2)  such  that  cp  >  0.  Choose  a  bounded  open  set  G  such 
that  spt^cGcGC^.  Put  w  =  v  on  G,  w  =  0  on  Rm  \  G.  Choose  d>  G  C00^1) 
such  that  d>  >  0,  spt  d>  C  (0,  1)  and 


For  €  >  0  put  d>f(y)  =  ^{\y\/c)c~m  and  w€  =  w  *  d>€.  Then  w€  G 

C°°(Rm).  Lemma  3.8.1  gives  that  is  a  superharmonic  function  in  G€  =  {x  G 
G;dist(x,  3G)  >  c}.  If  there  is  x  e  G€  such  that  —A w€(x)  <  0,  then  there  is 
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an  open  neighborhood  V  of  x  such  that  —A (—w€)  >  0  on  V.  We  have  proved 
that  —w€  is  superharmonic  on  V.  Since  w€  is  superharmonic  and  subharmonic  on 
VHG€,  Mean  value  theorem  (Theorem  2.6.1)  forces  A w€  =  0  on  G€  Pi  V,  what  is  a 
contradiction.  Therefore  —  A w€  >  0  on  G.  Since  spt  <p  is  a  compact  subset  of  G,  we 
have  sptcp  C  G€  for  sufficiently  small  6  (see  Remark  1.2.10).  Thus 


(—A u,  (p)  =  J  ' 


v(-A (p)  d Hm  =  /  w(—Acp)  d Um 

Q  G 

lim  /  w€{—A(p)  dTLm  =  lim  /  (-Aw€)cp  dTLm  >  0. 

e\0  J  e\0  J 

G  G 


4)  1)  :  This  is  a  consequence  of  Theorem  3.19.3. 

Corollary  3.19.5  Let  £2  C  Rm  be  an  open  set ,  m  >  2,  u  G  Lxloc(£l).  Then  u  is 
superharmonic  in  Q  if  and  only  if—Au  >  0  in  Q  in  the  sense  of  distributions  and 

u(x )  =  lim  (/)  udTLm  Vx  e  £2.  (3.30) 

rfO  Jr 
B(x;r) 


In  particular,  if  u  e  C2(^)  w  A  superharmonic  if  and  only  if —Au  >  0  in  £2. 

Proof  Suppose  first  that  u  is  superharmonic.  Then  —  A u  >  0  by  Theorem  3.19.4 
and  (3.30)  holds  by  Proposition  3.7.1. 

Let  now  —  A u  >  0  and  (3.30)  holds.  According  to  Theorem  3.19.4,  there  exists 
a  superharmonic  function  v  such  that  u  =  v  almost  everywhere  in  Q .  By  virtue  of 
Proposition  3.7.1, 


u(x)  =  lim 

r\0 


B(x;r) 


U  d Tim 


B(x;r ) 


v  d Hm  =  v(x). 


Proposition  3.19.6  Let  £2  C  Rm  be  an  open  set  and  u,  v  be  superharmonic 
functions  on  £2.  If  Au  =  Av  in  the  sense  of  distributions,  then  there  exists  h  e  H(f2) 
such  that  u  =  v  +  h.  In  particular,  ifu  is  superharmonic  in  £2,  then  u  is  harmonic  if 
and  only  if  Au  =  0  in  the  sense  of  distributions. 

Proof  w  =  u  —  v  e  Ljoc(Q)  by  Proposition  3.3.4.  Since  Aw  =  0  in  the  sense  of 
distribution,  there  exists  h  e  H(£2)  such  that  w  =  h  almost  everywhere  in  £2  (see 
Theorem  2.18.2).  By  virtue  of  Proposition  3.7.1, 

u(x)  =  lim  (f)  u  dHm  =  lim  (f)  v  d TLm  +  lim  (T)  h  dPLm  =  v(x)  +  h(x). 

4o  J  4o  j  40  J 

B(x;r )  B(x;r)  B(x;r ) 
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3.20  Eigenvalues  of  Green’s  Potential 

In  this  section  we  study  eigenvalues  of  the  Green  potentials.  These  results  will  be 

useful  when  we  shall  discuss  eigenvalues  for  the  Dirichlet  problem. 

Theorem  3.20.1  Let  Q  C  Rm  be  a  bounded  open  set,  m  >  2,  1  <  p  <  oo. 

•  Then  Gq  :  /  i->  Gof  is  a  compact  linear  operator  on  LP(Q)  and  on  C0,0(£2). 

•  Moreover,  there  exists  a  sequence  of  real  numbers  X^  such  that  |A^|  >  \Xk+i  \  >  0, 
Xk  —>  0  as  k  — >  oo,  {Xk',k  e  N}  is  the  set  of  all  eigenvalues  in  LP(Q,  C )  and 
in  C0,0(£2,C),  the  spectrum  cj{Gq)  =  {0}  U  {X k',k  e  N}  in  LP(£2,C)  and  in 
C°’°(£2,C). 

•  The  kernel  Ker(A^7  —  Gq)  is  the  same  in  Lp(fl ,  C)  and  in  C0,0(£2 ,  C).  Moreover, 
there  exist  a  nonnegative  integer  n(k)  and  <p\, . . . ,  cp^  e  C0’0(£2)nC°°(£2)  which 
form  a  basis  6>/Ker(A^7  —  Gq).  Ifcp  e  Ker(A^7  —  Gq),  f  e  Ker(A;7  —  Gq),  j  k, 


then 


(3.31) 


We  can  choose  cpj  in  a  such  way  that  {cp^\  k  e  N,  1  <  j  <  n(k)}  is  a  complete 
orthonormal  sequence  in  L2{fl). 

•  IfQis  connected,  then  we  can  choose  cp\  >  0  in  £2  and  dimKer(Ai7  —  Gq)  =  1. 

Proof  Gq  e  C°({[x,y\  e  Q  x  £2;x  ^  y})  by  Proposition  3.9.12.  Moreover, 
there  exists  a  constant  c  such  that  0  <  G^(v,y)  <  c\x  —  y\l~m  (see  Proposi¬ 
tions  3.9.14  and  3.9.15).  Therefore,  Gq  is  a  compact  linear  operator  on  LP(Q)  and 
on  C0,0(£2)  by  Propositions  1.26.6  and  1.26.3. 

Suppose  now  that  cp  e  LP(Q),  Gqcp  =  0.  Then  0  =  —A Gq<p  =  (p  in  Q  by 
Theorem  3.11.5.  Thus  0  is  not  an  eigenvalue  of  Gq  . 

Proposition  3.9.12  gives  that  G^(x,y)  =  G^(y,  x).  If  <p,  \jf  e  L2(£2),  we  get  by 
Fubini’s  theorem 


J  (pGafdnm  =  J  Gaf(x,y)<p(x)f(y)  dH^ix.y)  =  J  ^GQ(p  dHm. 


So,  if  (p,  \jf  e  L2(£2 ,  C),  then 


and  Gq  is  a  self-adjoint  operator  in  L2(Q ,  C).  If  Gq<p  =  X(p,  Gqx/s  =  gulf  with 
gt  ^  A  then(3.3 1)  holds  true  by  Proposition  1.9.17.  According  to  Proposition  1.9.16, 
all  eigenvalues  of  Gq  in  L2(Q ,  C)  are  real.  So,  for  an  eigenvalue  A  there  exists  a  real 
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eigenfunction  <p.  According  to  Corollary  1.9.19,  there  exists  a  complete  orthonormal 
sequence  cpj  of  eigenfunctions  of  G  in  L2(£l)  with  eigenvalues  Xj  such  that  {A,-}  is  a 
set  of  all  eigenvalues,  Xj  ->  0,  and  {cpf,  X j  =  Xk }  is  a  basis  of  Ker(G  —  A^7). 

If  X  G  C  \  {0},  then  X  G  cr(G^)  (in  LP(Q ,  C)  or  C0,0(£2 ,  C))  if  and  only  if  X  is  an 
eigenvalue  in  this  space  (see  Theorem  1.7.7).  Moreover,  Ker(G^  —  XI)  is  the  same 
in  LP(Q,  C )  and  in  C0,0(£2,  C)  (see  Lemma  1.8.4  and  Theorem  1.8.3).  Therefore 
c j(Gq )  \  {0}  =  {Xk',k  G  N}  in  LP(Q,C)  and  in  C0,0(£2,C).  Since  Xk  0  as 
k  oo,  Lemma  1.6.5  gives  that  0  G  cr(G^)  in  LP(Q ,  C)  and  in  C0,0(£2 ,  C). 

We  have  proved  that  cpj  G  C°(£2).  Suppose  now  that  <p  G  Cr(£2)  with  r  e  No. 
Since 


=  -Xk  1  AGncpf  =  A*  V/ 


(3.32) 


(see  Theorem  3.11.5),  Proposition  3.18.1  gives  that  cp  G  Cr+1(£2).  Hence  cp  G 
C°°(£2). 

Let  now  £2  be  connected.  Then  G^  >  0  in  Q  by  Proposition  3.9.7.  By  virtue  of 
Proposition  1.9.16, 


<  sup  1 1  J  (p GQ(p  d Hm  ;  ||<p||z,2(n)  =  l|  =  |Ai|. 


Therefore  cpj  does  not  change  the  sign.  So,  we  can  choose  an  orthonormal  basis 
(p\ , . . . ,  (p^i)  of  Ker(A}7— Gq)  such  that  cpj  >  0.  It  follows  from  (3.32)  that  —  Acpj  = 
Xfxcpj  >  0.  The  function  cpj  is  superharmonic  by  Theorem  3.19.4.  If  there  isx  e  Q 
such  that  (pj(x )  =  0,  then  cpj  =  0  by  Proposition  3.4.1.  Therefore  cpj  >  0  in  Q.  If 
dimKer(Ai/  —  Gq)  >  1,  then 


what  is  a  contradiction  with  the  orthogonality  of  cp\  and  <p\ . 


3.21  Modulus  of  the  Gradient 


Proposition  3.21.1  Let  £2  c  Rm,  m  >  2,  be  an  open  set ,  u  e  C°(Q),f  G  C]^  (R 1 ) 
be  nondecreasing,  0  <  A  <  1.  If  Au  =  f(u)  in  £2  in  the  sense  of  distributions  (in 
particular,  ifue  H(Q)),  then  u  G  C3(£2)  and  \Wu\2  is  a  subharmonic  function  in  £2. 


3.22  Representation  of  Superharmonic  Functions 
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If,  moreover,  £2  is  bounded  and  u  G  C1^),  then 

sup|Vw(v)|  =  sup  |Vw(x)|.  (3.33) 

xeQ  xedQ, 

Proof  Since  A u  =  f(u )  G  C°(£2),  Proposition  3.18.1  gives  u  G  Thus 

A u  =  f{u)  G  Cl£(Q),  which  forces  u  G  C3(£2)  by  Proposition  3.18.1.  Easy 
calculation  yields 


3/1  Vm|2  =  Y2(dku)(djdku), 

k=  1 

m  m 

— A|Vm|2  =  -EE  2[(djdku )2  +  (dku)(dfdjdku)\ 

j=  l  k= l 

m  m 

<  -2  y^(9fcM)(3fcAM)  =  -2£(9*M)2/'(M)  <  0. 

fc=l  fc=l 

|  Vt/ 1 2  is  a  subharmonic  function  by  Theorem  3.19.4. 

Let  £2  be  bounded  and  u  G  Denote  M  =  sup{| Vu(x)\2;x  G  3£2}.  Since 

| Vu | 2  is  a  superharmonic  function,  | Vu(x)\2  <  M  in  £2  by  Proposition  3.4.1. 


3.22  Representation  of  Superharmonic  Functions 

In  this  section  we  show  that  a  superharmonic  function  is  representable  by  the  sum  of 
a  Green  potential  (or  a  volume  potential)  corresponding  to  a  nonnegative  measure 
and  a  harmonic  function. 

Theorem  3.22.1  Let  £2  C  Rm,  m  >  2,  be  an  open  set  with  the  Green  function 
Gn(x,y),  U  be  a  bounded  open  subset  of  £2  such  that  U  C  £2,  and  u  be  a 
superharmonic  function  on  £2.  Then  ji  —  —A  u  is  a  nonnegative  Radon  measure  on 
£2.  If  we  denote  pu  =  fi\U  the  restriction  of  pi  onto  U,  then  there  exists  hu  G  H(U ) 
such  that  u  =  Gqjiu  +  hu  in  U.  If  Gq/i  is  a  superharmonic  function  in  £2  then 
there  exists  h  G  H(fl)  such  that  u  =  G^/i  +  h  in  £2.  This  function  h  is  the  greatest 
harmonic  minorant  ofu. 

Proof  pi  =  —A u  >  0  in  the  sense  of  distributions  by  Theorem  3.19.4. 
Lemma  1.20.3  gives  that  pi  is  a  nonnegative  Radon  measure  on  £2.  Since  U  is 
compact,  we  have  piuiS 2)  =  ji(U)  <  oo.  So,  G^fiu  is  a  superharmonic  function  in 
£2  (see  Proposition  3.11.3)  and  —  A Gpiu  =  piu  in  £2  (see  Theorem  3.11.5).  Since  u 
and  Gjjpiu  are  superharmonic  functions,  they  are  fromL/1oc(^2)  by  Proposition  3.3.4. 
Since— A  (u  —  G^pu)  =  pi  — piu.  Theorem  2.18.2  gives  that  there  exists  hu  G  H(U) 
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such  that  u  —  Gq/jLu  =  hu  almost  everywhere  in  U.  Since  u  and  G^fiu  +  hu  are 
superharmonic  functions  in  U  and  u  =  Gqiijj  +  hu  almost  everywhere  in  U, 
Corollary  3.7.2  gives  that  u  =  Gq/jLjj  +  hu  in  U. 

Let  now  G^/x  be  a  superharmonic  function  in  Q.  Then  — AG^/x  =  \i  in  Q  by 
Theorem  3.11.5.  Since  —A (u  —  G^/x)  =  0,  Theorem  2.18.2  gives  that  there  exists 
h  e  H(Q)  such  that  u  —  G^/x  =  h  almost  everywhere  in  Q.  Since  u  and  G^/x  +  h 
are  superharmonic  functions  in  £2  and  u  =  G^/x  +  h  almost  everywhere  in  Q, 
Corollary  3.7.2  forces  that  u  =  Gq  +  h  in  £2.  Since  0  is  the  greatest  harmonic 
minorant  of  G^/x  =  u  —  h,  we  deduce  that  h  is  the  greatest  harmonic  minorant  of  u. 

Theorem  3.22.2  Let  £2  C  Rm,  m  >  2,  be  an  open  set  with  the  Green  function 
G^(x,y),  u  be  a  superharmonic  function  on  £2,  and  pi  =  —A  u.  If  there  exists  a 
harmonic  minorant  of  u,  then  u  =  G^/x  +  h  where  h  is  the  greatest  harmonic 
minorant  ofu.  Ifu  is  nonnegative,  then  u  =  G^/x  if  and  only  if  the  greatest  harmonic 
minorant  ofu  is  the  zero  function.  On  the  other  hand,  if  for  each  component  co  of  Q 
there  exists  x  e  co  such  that  G^/x(v)  <  oo,  then  there  exists  a  harmonic  minorant 
ofu. 

Proof  Theorem  3.19.4  and  Lemma  1.20.3  give  that  pi  is  a  nonnegative  measure. 

Suppose  that  there  exists  a  harmonic  minorant  of  u.  Then  there  exists  the  greatest 
harmonic  minorant  h  of  u  by  Theorem  3.6.5.  Choose  an  increasing  sequence  of 
bounded  open  sets  V*  such  that  14  C  £2,  £2  =  U14.  Put  /x^  =  /x|14-  Then  G^/x^ 
is  superharmonic  in  £2  by  Proposition  3.11.3.  According  to  Proposition  3.9.5,  there 
exist  Green’s  functions  Gk  of  14  and  Gk  <  Gk+ 1  <  G&.  Since  Gkpik  <  G^/x^,  the 
function  Gkpik  is  superharmonic  by  Proposition  3.11.2.  Denote  by  hk  the  greatest 
harmonic  minorant  of  u  on  14.  Clearly,  hk  >  hk+ 1  >  h.  Moreover,  u  =  Gkpik  +  hk 
on  Vk  by  Theorem  3.22.1.  Proposition  2.11.3  gives  that  hk  \  v  e  H(£2).  Since 
v  is  a  harmonic  minorant  of  u  and  h  <  lim  hk  =  v,  we  infer  that  h  =  v.  Thus 
u  =  Gkpik~\~hk  <  G^/x+Z^  ->  G^/x+/z.  Fixv  e  £2,  a  <  G^/x(v).  Then  there  exists 
n  e  N  such  that  x  e  Vn  and  G^/xn(x)  >  a.  Since  Gk  Z  Gq  uniformly  on  Vn  x  14 
(see  Theorem  3.9.13),  we  deduce  that  G^/xw(v)  ->  G^/x„(v)  as  k  —>  00.  Hence 
there  exists  k  >  n  such  that  Gkpin(x)  >  a.  Therefore  u(x)  =  GkpikZ)  +  hk(x)  — 
Gkpin(x)  +  h(x)  >  a  +  h(x).  Since  a  was  arbitrary,  we  infer  u(x)  >  G^/x(v)  +h(x). 

Suppose  now  that  u  is  nonnegative.  If  the  greatest  harmonic  minorant  of  u  is  the 
zero  function,  then  u  =  G^/x.  If  u  =  G^/x,  then  the  greatest  harmonic  minorant  of 
u  is  the  zero  function  by  Proposition  3.11.6. 

Suppose  now  that  for  each  component  co  of  £2,  there  exists  x  e  co  such  that 
G^/x(v)  <  00.  Then  GqJI  is  a  superharmonic  function  in  £2  by  Proposition  3.11.2 
and  Proposition  3.9.7.  We  have  —  AG^/x  =  /x  by  Theorem  3.11.5  and  Propo¬ 
sition  3.3.4.  According  to  Proposition  3.19.6,  there  exists  h  e  H(Q)  such  that 
u  =  G^/x  +  h.  Since  u  —  h  =  G^/x  >  0,  the  function  h  is  a  harmonic  minorant  of  u. 

Theorem  3.22.3  Let  £2  C  R2  be  a  domain,  u  be  a  superharmonic  function  in  £2, 
and  co  be  a  bounded  open  set  such  that  co  C  £2.  Denote  pi  =  —  Au,  /xw  =  pi\co. 
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Then  there  exists  hM  G  H{co)  such  that  u  =  V/xw  +  hM  in  oo.  Put  /x  =  0  on  R2\£2.  If 

In  \y  \  d/x  <  oo  (3.34) 

R2\B  (0;l) 

then  there  exists  h  G  H{fl)  such  that  u  =  V /x  +  h  in  £2. 

Proof  Let  Q  be  bounded.  According  to  Proposition  3.9.8,  there  exists  the  Green 
function  G^(x,y)  =  /z2(x  —  y)  —  gn(x,y)  for  £2.  According  Theorem  3.22.1,  /xw  is 
a  nonnegative  Radon  measure  and  there  exists  h\  e  H(co)  such  u  =  Gn/iM  +  h\  = 
-  gn/^aj  +  h  in  co.  Lemma  3.11.4  gives  that  g^/ico  C  H{co). 

Let  now  £2  be  general  and  (3.34)  holds  true.  Then  —  A  V/x  =  /x  by  Theo¬ 
rem  3.10.3.  Since  —  A(u  —  V/x)  =  0,  Theorem  2.18.2  gives  that  there  exists 
h  G  H(Q)  such  that  u  —  V/x  =  h  almost  everywhere  in  £2.  Since  u  and  V/x  +  h  are 
superharmonic  functions  (see  Proposition  3. 10.2  and  Lemma  3.3.3)  and  u  =  V  pt  +  h 
almost  everywhere  in  £2,  Corollary  3.7.2  forces  that  u  =  V /x  +  h. 


3.23  Continuity  of  Superharmonic  Functions 

Proposition  3.23.1  Let  £2  C  Rm  be  an  open  set  and  u  be  a  superharmonic  function 
on  £2.  Define  /x  =  —A u  in  £2,  /x  =  0  on  Rm  \  £2.  Denote  E  =  £2  fl  spt /x.  Ifz  G  E 
and 


lim  u(x)  =  u(z) 

E3x—^z 


then 


lim  u(x)  =  u(z). 

X^z 


Proof  Since  u  is  lower  semicontinuous,  it  is  enough  to  prove  that 

limsupw(x)  <  u{z). 

X^z 

We  can  suppose  that  u(z)  <  oo.  Choose  p  >  0  such  that  B{z\  p)  C  £2.  For  r  G  (0,  p) 
denote  \ir  =  /x| B(z,r).  According  to  Theorem  3.22.3  and  Theorem  3.22.1,  there 
exists  hr  G  H(B(z;  r))  such  that  u  =  V/xr  +  hr  in  B(z\  r).  Since  w(z)  <  oo,  we  have 
MM)  =  Mr({z})  =  0. 


Let  now  Xk  — >  z.  Choose  G  Er  =  E  Pi  #(z;  r)  such  that  |x£  —  Zk\  =  distfe,  Er ). 
If  y  G  Er  then  | Zk  —  y|  <  \zk  ~  Xk\  +  |y  —  v&|  <  2|y  —  Xk\.  So,  there  exist  positive 
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constant  a\ ,  dependent  only  on  m  such  that  hm(zk~y)  >  a\hm(xk  —  y)  —  a^.  Hence 

limsupwfe)  =  limsup[/zr(x^)  +  V  pr{xk)]  <  hr(z)  +  afla2p(B(z]  r)) 

k — ^oo  k — >-00 

+a]“1  lim  sup  V/ir{zk)  <  «(')  +  r))  +  a[l  lim  sup[w(^)  -  /ir(zjt)] 

k^oo  tl\  k^oo 

=  w(z)  +  —p(B(z\  r))  +  <x_1[w(z)  -  ftr(z)]  =  w(z)  +  —p(B(z;  r))  +  a^V/x^z). 

ai  ai 


Since  /x({z})  =  0  and  V  pr(z)  <  oo,  we  obtain  for  r  ^  0 

lim  sup  <  w(z). 

& — XX) 

Corollary  3.23.2  £2  C  set  with  the  Green  function  Gq.  Let  p 

be  a  nonnegative  Radon  measure  with  support  K,  where  K  is  a  compact  subset  of 
£2.  If  G^p  is  finite-valued,  then,  for  each  positive  number  e,  there  exists  a  compact 
subset  L  ofK  such  that  p(K  \L)  <  €  and  G^(/x|L)  is  continuous. 

Proof  G^p  is  superharmonic  by  Proposition  3.11.2  and  therefore  measurable. 
According  to  the  Luzin  theorem  (Theorem  1.13.1),  there  exists  a  compact  subset 
L  of  K  such  that  p(K  \  L)  <  e  and  (G^/x)|L  is  continuous.  Denote  p\  =  p\L, 
P2  =  p\(K  —  L).  Then  Gq pj  is  superharmonic  by  Proposition  3 . 1 1 .2.  If  z  e  L,  then 
Proposition  3.3.6  forces 

GnPi(z)  <  lim  inf  G^/Xi(x))  <  limsupG^/Xi(x) 

LBx^z 

=  lim  sup[G^yu,(x)  -  Gqii2(x)]  =  Gqh(z)  +  limsup[-Go/i2U)] 

LBx — >z  LBx — >z 

<  Gqp(z)  —  liminf G^/X2(x)  <  Gqp(z)  —  GqP2(z)  =  GqP\ (z). 

X~*Z 

Since  G^p \  | L  is  continuous,  Proposition  3.23.1  gives  that  G^/x \  is  continuous. 


3.24  Domination  Principle 

Theorem  3.24.1  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq  and  p  be  a 
nonnegative  Radon  measure  supported  on  £2.  Suppose  that  G^p  is  finite -valued.  Ifu 
is  a  nonnegative  superharmonic  function  on  £2  such  that  u  >  G^p  on  £2Hspt  p,  then 
u  >  G^/x  on  £2.  If  v  is  a  nonnegative  Radon  measure  on  £2  such  that  Gqv  >  G^p 
on  £2  (T  spt p,  then  G^v  >  G^p  on  £2. 

Proof  According  to  Proposition  3.9.7,  we  can  suppose  that  Q  is  connected.  Suppose 
first  that  K  =  spt  p  is  a  compact  subset  of  Q.  Fix  z  £  Q  \  K.  According 
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to  Proposition  3.9.12  and  Proposition  3.9.16,  there  exists  a  constant  C  such  that 
0  <  Gn(z,y)  <  C  for  y  e  K.  Fix  e  >  0.  According  to  Corollary  3.23.2,  there  exists 
a  compact  subset  L  of  K  such  that  pt(K\L )  <  €  and  G^/x  is  continuous  on  £2  where 
/x  =  /x|L.  Define 


(0,  x  e  L, 

(  max(0,  Gajl(x)  —  u(x)),  x  e  £2  \  L. 

The  function  G^/x  —  u  is  subharmonic  on  £2  \  L  by  Proposition  3.11.2  and 
Lemma  3.3.3.  Corollary  3.3.10  gives  that  w  is  subharmonic  in  £2.  Since  G^/x  is 
superharmonic  by  Proposition  3.11.2  and  w  <  G^/x,  there  exists  h  e  H(Q)  such 
that  0  <  w  <  h  <  G^/x  (see  Proposition  3.6.4).  Hence  h  =  0  by  Theorem  3.22.2. 
Thus  G^/x  <  u  in  £2.  Therefore 

Gq/i(z)  <  Gnp,(z)  +  Gq (/x  -  /x)(z)  <  u(z)  +  Ce. 

Since  €  is  arbitrary,  we  infer  Gq[i(z)  <  u(z). 

Let  now  /x  be  arbitrary.  Choose  an  increasing  sequence  of  compact  subsets  Kn  of 
£2  such  that  £2  =  U Kn.  Denote  \in  =  p\Kn.  Then 

Gq[i(z)  =  lirn  Gn[in(z)  <  u(z). 

n^o o 

Proposition  3.11.2  gives  that  Gqv  =  oo  or  Gqv  is  superharmonic  in  £2.  Thus 
Gqv  >  G^/x  on  £2. 


3.25  Sequences  of  Superharmonic  Functions 


In  this  section  we  discuss  under  which  condition  the  limit  of  a  sequence  of 
superharmonic  functions  is  superharmonic. 

Proposition  3.25.1  Let  £2  C  Rm  be  a  domain  and  Uj  be  a  sequence  of  super  har¬ 
monic  functions  in  £2.  Suppose  that  Uj  is  locally  uniformly  bounded  from  below. 
( That  is  true  if  Uj  <  Uj+  \.)  Denote  u  =  swpuj.  Suppose  that  u{x)  <  oo  for  some 
x  E  £2.  If  Uj  —>  u  as  j  — >  oo  then  u  is  superharmonic  in  £2. 

Proof  Fix  z  e  £ 2 .  Since 


Uj(z)  <  liminfwTy)  <  liminf  u(y) 

y->z  y->z 


we  have 


u(z)  =  sup Uj(z)  <  liminf u(y). 
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Let  r  ^  0,  5^,  C  ^ .  Since  there  exists  3.  constant  c  such  that  My  ~ l-  c  ^  0  on 
B(z ;  r ),  Fatou’s  lemma  (Lemma  1.13.5)  gives 


* 

B(z;r) 


u  dELm  <  lim  inf 

j^oo 


$ 


B(z;r ) 


uj  d TLm  <  lim  inf  My  (z)  =  m(z). 
7-^00 


Remark  that  if  My  <  My+i,  then  Lemma  3.2.2  gives  that  Uj  are  locally  uniformly 
bounded  from  below. 


3.26  Polar  Sets  of  Potential  Theory 

Polar  sets  play  the  role  of  negligible  sets  for  the  Dirichlet  problem.  The  solution  of 
the  Dirichlet  problem  does  not  change  even  if  we  change  a  boundary  condition  on  a 
polar  set.  In  this  section  we  define  polar  sets  and  study  their  properties. 

Definition  3.26.1  A  set  E  in  Rm ,  m  >  2,  is  called  polar  if  there  exists  a 
superharmonic  function  u  on  some  open  set  Q  such  that  Ed  {x  e  Q;u(x)  =  oo}.  If 
a  proposition  P(x),  concerning  a  point  x  in  a  set  B ,  is  true  for  all  x  in  B  apart  from  a 
polar  set,  then  P(x)  is  said  to  hold  quasi-every where  (q.e.)  on  B ,  or  for  quasi-every 
point  v  of  B. 

Lemma  3.26.2 

•  Ify  G  Rm,  m  >  2,  then  {y}  is  a  polar  set. 

•  If  A  C  B  C  Rm,  m  >  2,  mmJ  B  is  polar,  then  A  is  polar. 

•  If  A  C  Rm  is  polar,  m  >  2,  then  ELm(A)  =  0. 

Proof  Fix  y  G  Rm.  Put  u(y )  =  oo,  u(x )  =  hm(x  —  y )  for  x  e  Rm  \  {y}.  Then  u  is  a 
superharmonic  function  in  Rm  by  Example  3.3.9.  Thus  {y}  is  polar. 

Let  now  A  be  polar.  Choose  an  open  set  Q  and  a  superharmonic  function  u  on 
Q  such  that  A  C  £2  and  u  =  oo  on  A.  Since  u  G  L]oc(fl)  by  Proposition  3.3.4,  we 
deduce  that  Hm(A)  =  0. 

Theorem  3.26.3  Let  A  C  Rm  be  polar,  m  >  2,  z  G  \  A.  Then  there  exists  a 
nonnegative  Radon  measure  pi  in  Rm  such  that  pi(Rm)  <  oo,  V pi  is  a  superharmonic 
function  in  Rm,  V pi  =  oo  on  A,  and  Vpi(z)  <  oo. 

Proof  We  can  suppose  that  z  =  0.  Fix  a  superharmonic  function  u  on  an  open  set 
Q  such  that  A  C  {x  G  Q;u(x)  =  oo}.  Put  co  =  {x  G  Q;u(x)  >  0}  \  {0}.  Put 
v  =  —Am.  Then  v  is  a  nonnegative  Radon  measure  on  co  (see  Theorem  3.22.1). 
Let  Bk  be  a  sequence  of  open  balls  such  that  B^  C  co  for  each  k  and  UBk  =  co. 
Put  vk  =  v\ Bk  for  each  k.  Since  v  is  a  Radon  measure,  vk(Rm)  =  v(Bk)  <  oo. 
Denote  by  Gk(x,y )  =  hm(x  —  y)  —  gk{x,y)  the  Green  function  of  Bk.  (The  Green 
function  exists  by  Corollary  3.9.6  and  Proposition  3.9.8.)  Since  u  >  0  in  Bk,  there 
exists  a  nonnegative  harmonic  function  hk  in  Bk  such  that  u  =  +  hk  (see 
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Theorem  3.22.2).  This  gives  G&V&  =  oo  on  PI  A.  Since 


x  i— >- 


J  gk(x,y)  dnk(y) 


is  a  harmonic  function  in  B k  by  Lemma  3.11.4,  we  infer  that  Vvk  =  00  on  PI  A. 
Clearly,  Vv^(O)  is  finite.  Put 


Then  <  00  and  V/z( 0)  is  finite.  So,  V/z  is  a  superharmonic  function  in  Rm  by 

Propositions  3.9.2,  3.11.2,  and  3.10.2.  Moreover,  V/z  =  00  on  A. 

Proposition  3.26.4  Let  £2  C  Rm  be  an  open  set,  Gq  be  the  Green  function  of  £2, 
A  C  £2  polar,  x  E  £2  \  A.  Then  there  exists  a  nonnegative  Radon  measure  /z  on  £2 
such  that  /z(£2)  <  00,  G^/z  =  00  on  A,  and  G^/z(z)  <  00. 

Proof  We  can  suppose  that  x  =  0.  According  to  Theorem  3.26.3,  there  exists  a 
nonnegative  Radon  measure  v  in  Rm  such  that  v(Rm)  <  00,  Vv  is  a  superharmonic 
function  in  Rm ,  Vv  =  00  on  A,  and  Vv(z)  <  00.  For  n  e  N  denote  con  =  {y  E 
£2;  \y\  <  n,  dist(y,  3£2)  >  l/n},  vn  =  v\con.  According  to  Theorem  3.22.1,  there 
exists  hn  E  H(con)  such  that  Vv  =  Gqvu  +  hn  in  con.  Thus  GQVn(x)  <  00,  Gqvh  = 
00  on  A  D  con.  Set  an  =  2~n / (\  +  G^vn(v)), 


00 


n=  1 


Then  /z(£ 2)  <  00,  G^/z(v)  <  00  and  G/z  =  00  on  A. 

Corollary  3.26.5  A  countable  union  of  polar  sets  is  polar. 

Proof  Let  Ak  be  a  countable  collection  of  polar  sets.  According  to  Theorem  3.26.3, 
there  exist  nonnegative  Radon  measures  /z^  such  that  gtk(Rm)  <  1,  V/z*  is  a 
superharmonic  function  in  Rm ,  and  V  \ik  —  00  on  A^.  If  m  =  2,  then  we  can  suppose 
moreover  that 


R2\B(0’,l) 


i1  =  X!2  V-t- 


k 


(see  Proposition  3.10.2).  Put 
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Then  /i(Rm)  <  oo.  If  m  =  2,  then 

/  -  bl  d^Cy)  <  oo. 

R2\B  (0;l) 

Propositions  3.10.2,  3.11.3,  and  3.9.2  give  that  the  potential  Vji  is  a  superharmonic 
function  in  Rm.  Clearly  V /x  =  oo  on  U LA*. 


3.27  Lower  Semicontinuous  Regularization 


In  this  section,  we  study  the  lower  semicontinuous  regularization  of  a  function  /, 
i.e.,  the  greatest  lower  semicontinuous  minorant  of/. 

Definition  3.27.1  Let  Q  c  Rm  be  an  open  set,  /  :  £2  — >►  (—00,00).  Then  the  lower 
semicontinuous  regularization/  off  is  defined  by 

f(x)  =  min(/(x),liminf/(>'))  =  sup  inf  f(y). 

y^x  r>0 

Lemma  3.27.2  £2  C  Rm  be  open  and  A  be  a  set  of  functions  from  £2  to 

(—00,  00).  Denote  f  =  inf {u;  u  G  A}.  Then  there  exists  at  most  countable  subset  B 
of  A  such  that  g  =f,  where  g  =  inf  {u\  u  G  B). 

Proof  t  1-^  t/(  1  +  \t\)  is  an  increasing  mapping  of  (—00,00)  onto  (—1, 1).  By 
considering  the  function  u/(  1  +  |m|)  in  place  of  u  e  A,  we  may  suppose  that  A  is 
uniformly  bounded.  Choose  a  sequence  of  open  balls  B(n )  such  that  B(n )  C  and 
for  each  x  e  Q  and  r  >  0  there  exists  n  e  N  with  x  e  B(n)  C  B(x;  r).  For  n  e  N 
choose  xn  G  B(n)  such  that 


f{xn)  <  inf  f(y)  +  1  In. 

y€B(n) 

Choose  a  function  un  e  A  such  that 

un(xn)  <f(xn )  +  l/n. 

Put  B  =  {un\ n  G  N}.  Clearly,/  <  g  and  therefore/  <  g.  Fix  x  e  £2  and  k  G  N.  Fix 
r  >  0  such  that  B(x;  r)  C  Q,  r  <  dmmB(n)/2  for  n  =  1, . . . ,  k.  Then  there  exists 
n  e  N  such  that  x  G  B(n)  c  B(x;  r).  Clearly,  n  >  k.  Since  x  G  B(n)  we  have 

inf  g(y)  <  g(xn )  <  u(xn)  <f(xn )  +  |  <  inf  f(y)  +  j<f(x)  +  j- 

yEB(x;r)  k  yEB(n)  k  k 


Thus  g(x)  </(x)  +  2/k. 
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Theorem  3.27.3  Let  £2  C  Rm  be  an  open  set.  Suppose  that  A  is  a  set  of 
superharmonic  functions  on  £2  which  is  locally  equibounded  from  below.  Denote 
f  =  inf {h\  h  e  A}  and  by  f  the  lower  semicontinuous  regularization  off.  Thenf  is 
superharmonic  in  £2, 


fix)  =  liminf fiy),  x  e  Q,  (3.35) 

and  f{x)  =  fix)  for  almost  all  x  e  £2. 

Proof  If  h  G  A,  then 


hix)  =  liminf hiy)  >  liminf fiy) 

y^x  y^x 


by  Proposition  3.3.6.  Thus 

fix)  =  inf  hix)  >  liminf fiy) 

he  A  y^x 

which  gives  (3.35).  Clearly  /  <  /.  If  fix)  >  a ,  then  there  exists  r  >  0  such  that 
f  >  a  on  Bix;  r).So,f>a  on  Z?(x;  r)  by(3.35).  Thus/  is  lower  semicontinuous. 

According  to  Lemma  3.27.2  there  exists  a  sequence  {fk}  C  A  such  that  for 
g  =  inf fk  we  have/  =  g.  Denote  gk  =  min(/i, . . .  ,fk).  Then  gk  are  superharmonic 
by  Lemma  3.3.3,  and  gk  i  g.  Fix  cp  e  C^°(^2),  cp  >  0.  Theorem  3.19.4, 
Proposition  3.3.4,  and  the  Lebesgue  lemma  (Lemma  1.13.2)  give 

J  g(—A(p)  d Um  =  Yyrn^  J  gk(-Acp)  d Um  >  0. 

Q  Q 

Therefore  —  A g  >  0  in  the  sense  of  distributions.  According  to  Theorem  3.19.4, 
there  exists  a  superharmonic  function  h  such  that  hix)  =  g(v)  for  x  E  Q  \  A  with 
PLmiA)  =  0.  Proposition  3.7.1  forces 


hix) 


lim 


h  dH„ 


lim 

r>|,0 


g  d Hm  <  lim 

r>|,0 


gk  $Hm  <  gk(x). 


B(x;r ) 


B(x;r) 


B(x;r) 


Thus  h  <  g.  By  virtue  of  Proposition  3.3.6, 

hix)  =  liminf  hiy)  <  liminfg(y)  =  g(v), 

>'— y^x 

hix)  =  liminf  hiy)  =  liminf  g(y)  >  liminfg(y)  =  gix). 

^  \A  3y — >x  ^  \A  3y — >x  y  ^ x 

Since  h  =  g  we  infer  that  g  =  g  almost  everywhere  and  g  is  superharmonic.  Since 
g  =  f  <  /'  <  g  we  deduce  that /  =  /  almost  everywhere. 
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3.28  Reduced  Functions 

For  a  nonnegative  superharmonic  function  u  on  a  Green  open  set  £2  and  a  subset  E 
of  £2,  we  define  R%,  the  reduced  function  of  u  relative  to  E,  and  R%,  the  regularized 
reduced  function  of  u  relative  to  E,  and  study  their  properties. 

Let  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq  .  Let  u  be  a  nonnegative 
superharmonic  function  on  £2  and  E  C  Define  the  reduced  function  of  u  relative 
to  E  in  £2  by 

RE  =  inf{t;  superharmonic  in  Q  ;  v  >  0  in  Q ,  v  >  u  on  E}. 

The  lower  semicontinuous  regularization  R%  of  R f  is  called  the  regularized  reduced 
function  of  u  relative  to  E  in  Q.  Theorem  3.27.3  gives  that  R%  is  superharmonic  in 
£2  and  R%  =  R ^  almost  everywhere  in  Q.  By  virtue  of  Proposition  3.3.6, 

Reu(x)  =  limmf^O). 

Theorem  3.28.1  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq,  m  >  2, 
E,F  C  £2,  and  u,  v  he  nonnegative  superharmonic  functions  on  £2. 

1.  IfE  C  F,  then  REU  <  Rru  andRE  <  RE. 

2.  If  u  <  v  on  E,  then  RE  <  RE  and  RE  <  RE. 

3.  Iff  >  0  then  RE  =  XRE  and  RE  =  A  M. 

4.  R^  is  positive  or  identically  zero  on  each  component  of  £2. 

5.  RE+V<RE  +  REV,RE^<RE  +  RE. 

6.  The  functions  R %  and  R ^  are  equal  and  harmonic  on  £2  \E. 

7.  IfE  C  F  and  E  is  open  then  R Fu  =  u  on  F  and  R^  =  u  on  E. 

8.  If  E  is  open  then  R^  =  R„. 

Proof  (1),  (2),  and  (3)  follow  immediately  from  the  definition. 

4)  If  a;  is  a  component  of  £2,  then  R%  is  a  nonnegative  superharmonic  function 
on  cd.  If  there  exists  x  e  co  such  that  u(x)  =  0,  then  u  =  0  on  co  by  the  minimum 
principle  (Proposition  3.4.1). 

5)  Let  /  and  g  be  nonnegative  superharmonic  functions  on  £2  such  that  /  >  u , 
g  >  v  on  E.  Then  /  +  g  is  a  nonnegative  superharmonic  function  on  £2  such  that 
u  +  v  <  /  +  g  (see  Lemma  3.3.3).  Therefore  RE+V  <  /  +  g .  Taking  infimum  over 
/  and  g,  we  obtain  RE+V  <  RE  +  Rp  So,  RE±V  <  RE+V  <  RE  +  RE.  Fix  x  e  Q, 
r  >  0  such  that  B(x;  r)  C  £2.  Since  R%  =  R„,  R^j  =  R^j  almost  everywhere  in  £2  by 
Theorem  3.27.3 

~Reu+v  <mm<  j>  reu+  j>  rev=  j>  (re  +  re)  d um. 


B(x;r ) 


B(x;r) 


B(x\r ) 


B(x;r) 
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Since  R„+v  anc^w  +  are  superharmonic  functions,  Proposition  3.7.1  yields 


K+,M)  =  I'm  <j>  REu+v  <  I™  (j)  (REu 


+  Rev)=Reu(x)+Rev(x). 


B(x;r) 


B(x;r) 


6)  Denote  T  —  {v  >  0  superharmonic  on  £2;  v  >  u  on  E}.  If  w,  v  e  T  then 
min(w,  v)  e  T  by  Lemma  3.3.3.  If  v  e  T  and  B  =  B(z ;  p)  is  a  ball  with  B  C  £2  \E, 
denote 


VB(x)  =  < 


v(x), 


xe£2\B, 


f  P(x,y)v(y)  <XHm-\(y),  x  e  B, 

dB(z;p ) 


(3.36) 


where  P(v,y)  is  the  Poisson  kernel  corresponding  to  the  ball  B.  Then  vb  e  T  by 
Proposition  3.6.2.  Lemma  3.6.3  forces  that  e  H(Q  \  E ).  Hence  Rf  =  on 
Q\E. 

7)  Clearly,  =  u  on  F.  Proposition  3.3.6  gives  that  R„  =  u  =  u  on  E. 

8)  We  have  R%  =  u  on  E.  Since  R„  is  a  nonnegative  superharmonic  function  on 
£2  such  that  R%  >  u  on  E,  we  deduce  that  R%  >  Rlf  On  the  other  hand,  R%  <  R^  by 
the  definition. 

Lemma  3.28.2  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq,  m  >  2, 
and  E  C  £2.  The  following  are  equivalent: 

1.  E  is  polar. 

2.  R.e  =  0  for  each  nonnegative  superharmonic  function  u  in  £2. 

3.  There  exists  a  positive  superharmonic  function  u  on  £2  with  R^  =  0. 

Proof  1)  =>•  2):  Fix  z  G  £2  \  E.  According  to  Proposition  3.26.4,  there  exists  a 
nonnegative  Radon  measure  pi  on  £2  such  that  /x(£2)  <  oo,  G^/x  =  oo  in  E, 
C^/x(z)  <  cx).  For  n  e  N  define  vn  =  min(u,G^pi/n).  Then  Vn  >  0,  Vn  =  U 
on  E  and  vn  is  superharmonic  by  Proposition  3. 1 1 .3  and  Lemma  3.3.3.  Thus 

0  <  Re(z)  <  lim  v„(z)  =  0. 

n — >oo 


Hence  R%  =  0  on  Q  \  E.  Since  R%  is  superharmonic  and  TLm{E)  =  0  by 
Lemma  3.26.2,  Proposition  3.3.6  forces  R%  =  0. 

2)  =>  3):  We  can  set  u  =  1. 

3)  =>►  1):  Fix  a  component  co  of  £2.  Since  R%  =  u  >  0  on  E  and  0  =  =  R^ 

almost  everywhere  on  co  there  exists  z  e  co\E  such  that  R„  (z)  =  0.  For  every  n  e  N 
there  exists  a  nonnegative  superharmonic  function  vn  on  £2  such  that  vn(z)  <  2~n 
and  vn  >  u  >  0  on  E.  Denote 


oo 

V  =  53  w» 

n=  1 
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in  co.  Then  v(z)  <  oo,  and  v  =  co  on  E  PI  co.  The  function  v  is  superharmonic  in  co 
by  Proposition  3.25.1  and  Lemma  3.3.3.  Hence  E  is  polar. 

Proposition  3.28.3  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq,  m  >2, 
E  C  £2,  and  u  be  a  nonnegative  superharmonic  function  on  £2.  If  u  is  a  continuous 
real  function  on  an  open  set  containing  E,  then 

R„  =  inf {Rf  ;E  C  co  C  £2 ,  co  open). 

Proof  Let  E  C  £2  C  £2,  £2  open,  and  u  be  finite  and  continuous  on  £2.  Denote 
/  =  inf {Rf  ;E  C  co  C  £2,  co  open  }.  Then R ^  < / by  Theorem  3.28. 1 .  Let  now  v  be 
a  nonnegative  superharmonic  function  on  £2  such  that  v  >  u  on  E.  Fix  n  e  N.  Since 
v  —  u  is  lower  semicontinuous  on  £2,  the  set  co  =  {x  e  £2;  v(x)  +  1  /n  —  u{x)  >  0} 
is  open.  Since  E  C  co  we  have  v  +  \/n>  Rf  >/.  Since  v  and  n  are  arbitrary,  we 
deduce  Rf  >  /. 

Proposition  3.28.4  Let  £2  c  Rm  be  an  open  set  with  the  Green  function  Gq,  m  >2, 
A  C  A  C  £2,  Abe  bounded.  Ifu  is  a  nonnegative  superharmonic  function  on  £2,  then 
pi  =  —A R^  is  a  nonnegative  Radon  measure  supported  in  A  and =  G^/x. 

Proof  According  to  Proposition  3.9.7,  we  can  suppose  that  Q  is  connected.  Choose 
bounded  open  sets  co  and  U  such  that  ACcoCcoCUcUcQ.  Denote 
v  =  R™.  Then  v  =  u  on  co,  v  e  H(Q  \  co)  by  Theorem  3.28.1.  Fix  y  e  Q.  Since 
Gft  (•,  y)  is  superharmonic  and  positive  by  Proposition  3.9.7,  Lemma  3.2.2  gives  that 
there  exists  a  positive  constant  c  such  that  Gq  (•,  y)  >  c  on  3  U.  Hence  there  exists  a 
positive  constant  a  such  that  v(x)  <  aGsi(x,y)  for  x  e  d U.  Define 

/ \ x  e  U 
W  X  (  min  (v(x),aGQ(x,y)),  x  e  Q\U. 

Since  v  is  superharmonic  by  Theorem  3.27.3,  Corollary  3.3.10  gives  that  w  is 
superharmonic.  Since  w  =  m  on  A,  we  have  w  >  R^  >  R^.  Let  now  h  be  a 
harmonic  minorant  of  R%.  Then  h  <  w.  In  particular  h(x)/a  <  G^(x,y)  on  Q\U. 
Proposition  3.4.1  forces  h(x)/a  <  G^(x,y)  on  Q.  According  to  the  definition 
of  the  Green  function  h  <  0.  Since  is  superharmonic  by  Theorem  3.27.3, 
Theorem  3.22.2  gives  that  pi  =  —A R„  is  a  nonnegative  Radon  measure  on  Q  and 
Rf(  =  G^/x.  Since  R „  is  harmonic  in  Q  \  A  by  Theorem  3.28.1,  one  has  spt  /x  C  A. 


3.29  Potentials  and  Polar  Sets 

Proposition  3.29.1  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq,  m  >2. 
Let  E  be  a  relatively  closed  non-polar  subset  of  Q.  Then  there  exists  a  nontrivial 
nonnegative  Radon  measure  pi  with  compact  support  spt  /x  C  E  such  that  Gq  pi  is 
bounded  and  continuous  in  Q. 


3.30  Superharmonic  Functions  and  Removable  Singularity 
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Proof  Denote  Kn  =  {x  e  E;  \x\  <  ft,  dist(x,  3£2)  >  1  /ft}.  Then  Kn  is  compact. 
If  Kn  is  polar  for  all  n  e  N,  then  E  is  polar  by  Corollary  3.26.5.  Thus  we  can 
suppose  that  E  is  compact.  Put  v  =  —ARf.  Then  v  is  a  nonnegative  Radon  measure 
supported  in  E  and  Rf  =  G^/x  (see  Proposition  3.28.4).  Lemma  3.28.2  gives  that 
Gqv  =  Rf  ^  0.  Therefore,  v  is  nontrivial.  According  to  Corollary  3.23.2,  there 
exists  a  compact  K  C  E  such  that  /x  =  v\K  is  nontrivial  and  G^/x  is  continuous  in 
£2 .  Clearly,  0  <  Gq/i  <  Gq  v  =  Rl{  <  1 . 

Proposition  3.29.2  Let  E  C  R2  be  a  closed  nonpolar  set.  Then  there  exists  a 
nontrivial  nonnegative  Radon  measure  /x  with  compact  support  spt  /x  C  E  such 
that  V pi  is  upper  bounded  in  R2. 

Proof  Denote  En  =  {x  e  E;\x\  <  n).  According  to  Corollary  3.26.5,  there  exists 
n  e  N  such  that  En  is  nonpolar.  Set  £2  =  B( 0;  3ft).  Then  there  exists  the  Green 
function  G^(x,y)  =  hm(x  —  y)  —  ga(x,y)  (see  Proposition  3.9.8).  According  to 
Proposition  3.29.1,  there  exists  a  nontrivial  nonnegative  Radon  measure  /x  with 
compact  support  spt  /x  C  En  such  that  G^/x  is  bounded  in  Q.  We  have  V/x  = 
G^/x  +  gQjx  in  Q.  The  function  gQjx  is  harmonic  in  Q  by  Lemma  3.11.4.  Hence 
V/x  is  bounded  in  5(0;  2 n).  Clearly,  V/x  <  0  in  R2  \  5(0;  2 n). 


3.30  Superharmonic  Functions  and  Removable  Singularity 

In  this  section  we  study  under  which  condition  we  can  extend  a  superharmonic 
function  on  Q\F  onto  a  superharmonic  function  on  Q . 

Theorem  3.30.1  Let  A  be  a  relatively  closed  polar  subset  of  an  open  set  Q  C  Rm, 
m  >  2.  Suppose  that  u  is  a  superharmonic  function  in  Q\A  such  that  u  is  bounded 
from  below  on  (£2  \  A)  n  F  for  each  compact  subset  F  of  £2.  Then  u  has  a  unique 
superharmonic  extension  to  £2. 

Proof  TLm(A)  =  0  by  Lemma  3.26.2.  So,  the  uniqueness  of  a  superharmonic 
extension  of  u  is  a  consequence  of  Proposition  3.7.1. 

Put 


u(x)  =  liminf  u(y),  x  e  A. 

Q\ABy^x 

Clearly,  u  is  lower  semicontinuous  in  £2.  If  x  e  A  and  u(x)  =  oo  then 


B(x;r) 


for  0  <  r  <  dist(x;  3 £2).  In  particular,  if  u  =  oo  on  A,  then  u  is  superharmonic  in  £2 
by  Proposition  3.3.7. 
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Let  now  x  e  A  and  u(x )  <  oo.  Fix  {xn}  C  £2  \  A  such  that  xn  x 

and  u(xn)  —>  u(x)  as  n  —>  oo.  According  to  Theorem  3.26.3,  there  exists  a 
superharmonic  function  v  in  Rm  such  that  v  =  oo  on  A.  Choose  positive  constants 
rn  such  that  B(xn,  2 rn)  PI  A  =  0  and  B(xn\  2 rn)  PI  B(xk ;  2 />)  =  0  for  k  ^  n.  Let 
w  be  on  #(x£;  r*)  the  Poisson  integral  corresponding  to  v  and  B(xk ,  n).  Put  w  =  v 
on  £2  \  U B(xk,  fy).  Then  w  is  a  superharmonic  function  in  Rm,  w  =  oo  on  A  and 
w(xk)  <  oo  (see  Proposition  3.6.2).  We  have  proved  that  u  +  cw  is  a  superharmonic 
function  in  Q  for  arbitrary  e  >  0.  Since  w  is  locally  integrable  by  Proposition  3.3.4, 
one  has  for  0  <  r  <  distfe,  dQ) 


u(xk)  =  lim  [u(xk)  +  €w(xk)\  >  lim  (h  [u  +  €w\  dPLm  =  (b  u  dPLn 
€\0  €\0  J  J 

B(xk;r)  B(xk;r ) 


If  0  <  r  <  dist(x,  9  £2),  then 


u(x)  =  lim  ufa)  >  lim  inf  (h  u(y  +  Xk)  dPLm(y ) 

k — ^oo  k^oo  J 

B(0;r) 


>  (T)  lim  inf  u(y  +  x&)  dHm  >  w(y  +  x)  dH„ 

B(0',r)  B(0;r) 


u  is  superharmonic  in  £2  by  Proposition  3.3.7. 

Corollary  3.30.2  Let  A  be  a  relatively  closed  polar  subset  of  an  open  set  £2  C  Rm. 
Suppose  that  u  e  H(£2  \  A),  u  is  bounded  on  F  \Afor  each  compact  subset  F  of  £2. 
Then  u  has  a  unique  harmonic  extension  to  £2. 

Proof  According  to  Theorem  3.30.1,  there  exist  a  superharmonic  function  v  and  a 
subharmonic  function  w  in  Q  such  that  w  =  u  =  v  on  Q\  A.  Since  FLm(A)  =  0  by 
Lemma  3.26.2,  Proposition  3.7.1  gives  that  v  =  w.  Thus  v  e  H(Q)  by  Mean  value 
theorem  (Theorem  2.6.1.) 


3.31  Green’s  Function  and  Polar  Sets 

If  Q  C  Rm  with  m  >  2,  then  there  exists  Green’s  function  corresponding  to  £2.  In 
this  section  we  prove  that  there  exists  Green’s  function  for  £2  C  R2  if  and  only  if 
R2\Q  is  not  polar. 

Proposition  3.31.1  Let  A  be  a  relatively  closed  polar  subset  of  an  open  set  £2  C  Rm, 
m  >  2.  Then  there  exists  the  Green  function  Gq  of  £2  if  and  only  if  there  exists  the 
Green  function  Gq\a  of  £2  \  A.  Moreover,  Gq  =  Gq\a  on  (£2  \  A)  x  (£2  \  A). 
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Proof  If  there  exists  Gq,  then  there  exists  Gq\a  by  Proposition  3.9.5.  Suppose  now 
that  there  exists  G^\A.Fix  y  e  Q\  A.  Choose  r  >  0  such  that  B(y;r )  C  Q\  A. 
Clearly,  gn\A('»y)  is  bounded  on  B(y;r).  The  function  G^\A(*,y)  is  bounded  on 
Q  \A  \  B(y ;  r)  by  Proposition  3.9.16.  Thus  gn\A(’>y)  is  bounded  on  F  \  A  for 
each  compact  subset  F  of  £2.  According  to  Corollary  3.30.2,  there  exists  a  harmonic 
extension  g  of  £^\a(-,  y)  to  £2.  From  the  continuity  we  infer  that  g(x)  <  hm(x—y )  for 
x  e  Q.  If  u  e  N(Q),  u(x)  <  hm(x  —  y)  on  £2,  then  u{x)  <  g^yvCLy)  for  x  G  Q  \  A. 
From  the  continuity  we  deduce  that  u(x)  <  g(v)  for  x  E  £2.  Thus  g  =  gn(-,y). 

If  m  >  2  then  there  exists  Gq  by  Corollary  3.9.6.  Let  now  m  =  2,  y  e  A. 
Fix  r  >  0  such  that  B(y\3r)  C  £2.  Since  Hm{A)  =  0  (see  Lemma  3.26.2) 
there  exists  z  £  B(y;  r)  \  A.  Clearly  there  exists  a  positive  constant  C  such  that 
hm(x-y)  >  gn(x,z)-C  on  B(y;2r).  If  x  e  ^ \B(y;  2r)  then  gQ(x,  z)  <  hm(x-z)  = 
hm(x  —  y)  +  (2tt)_1  ln[|x  —  y\/\x  —  z\\  <  hm{x  —  y)  +  (27r)_1ln2.  Therefore 
gn  (x,  z)  —  C  —  (2 tt)-1  In  2  is  a  harmonic  minorant  of  hm(x  —  y).  So,  gQ  (•,  y)  exists 
by  Proposition  3.6.4. 

Theorem  3.31.2  Let  £2  C  R2  be  a  nonempty  open  set.  The  following  are  equiva¬ 
lent: 

1.  There  exists  the  Green  function  Gq  of  £2. 

2.  R2  \  £2  is  nonpolar. 

3.  ln+  \x\  =  max(0,  In  |jc|)  has  a  harmonic  majorant  on  Q. 

Proof  1)  =>►  2)  follows  from  Proposition  3.31.1  and  Proposition  3.9.3. 

2)  3):  According  to  Proposition  3.29.2,  there  exist  a  positive  constant  c\  and 

a  nontrivial  nonnegative  Radon  measure  /z  with  compact  support  K  C  R2  \  £2  such 
that  V pi  <  c\.  Since 


Jim  [Vfi(x)  +  (In  \x\)n(K)/(2n)]  ->  0, 

|jc| — ^OO 


there  exist  positive  constants  C2,  c  3  such  that  In  \x\  <  C2— c^Vpi{x).  Thus  C2— c^V  pt  + 
C3C1  is  a  harmonic  majorant  of  ln+  \x\  on  £2  (see  Remark  2.1.4). 

3)  =>►  1):  Fix  z  G  £2.  Since  In  \x  —  z\  —  ln\x\  0  as  \x\  00,  there 

exists  a  harmonic  majorant  of  ln+  \x  —  z\  on  £2.  Denote  A  =  {u  e  H(£2);u  > 
(In  \x  —  z|)/(2tt)}.  Then  A  7^  0.  Denote  g  =  inf {u;  u  e  A}.  Then  g  e  H(£2)  by 
Proposition  3.6.4.  Then  gQ(x,  z)  =  —g(x)  where  Gq(x,  z)  =  hm(x  -  z)  -  gn(x,  z). 


3.32  The  Green  Capacity  of  a  Compact  Set 

In  several  next  sections,  we  study  the  Green  capacity  of  sets.  Remark  that  a  capacity 
is  a  more  general  notion  than  a  measure.  We  begin  with  the  Green  capacity  of 
compact  sets. 
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We  shall  suppose  that  £2  C  Rm  is  an  open  set  with  the  Green  function  Gq  .  Let 
K  C  £2  be  compact.  The  function  Rf  is  a  superharmonic  function  on  Q  which 
is  harmonic  in  £2  \  K  (see  Theorems  3.27.3  and  3.28.1).  Denote  pcf  =  —ARf. 
Then  fif  is  a  nonnegative  Radon  measure  supported  on  K  and  Rf  =  G^pif  (see 
Proposition  3.28.4).  Since  Rf  =  1  on  K  \  dK  by  Theorem  3.28.1  we  deduce 
spt  {if  C  dK.  Denote  Cq  ( K )  =  [if  (£2)  the  Green  capacity  of  K  (with  respect 
to  £2).  Clearly,  R ®  =  0,  and  thus  Cq(&)  =  0. 

Lemma  3.32.1  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq.  Let  pi,  v 
he  nonnegative  Radon  measures  on  £2,  spt  pi  C  £2  be  compact.  If  Gq pi  <  Gqv  in 
£2,  then  /z(£ 2)  <  v(£2). 

Proof  Choose  a  bounded  open  set  co  such  that  spt  /z  C  co  C  co  C  £2 .  Clearly 
G^pif  =  Rf  =  1  in  co.  Since  G^(x,y)  =  G^{y,x)  by  Proposition  3.9.12,  Fubini’s 
theorem  gives 


/*(«)  =  J  d/i  =  J  d/1%  <  J  G^v d/x£  =  J  Gfi/x£  dv  <  J 


1  du. 


Proposition  3.32.2  Let  £2  C  Rm  he  an  open  set  with  the  Green  function  Gq.  If 
K,L  C  £2  are  compact  sets  and  K  C  L,  then  Cq(K)  <  Cq  (L). 

Proof  Since  K  C  L  we  have  G^pif  =  Rf  <  R\  =  G^pif.  Therefore  Cq(K)  = 
/z^(£2)  <  ^(^2)  =  C^(L)  by  Lemma  3.32.1. 

Lemma  3.32.3  Let  £2  C  Rm  he  an  open  set  with  the  Green  function  Gq,  K  PL  Gi  he 
compact.  Let  pi ,  {/x^}  be  bon-negative  Radon  measures  on  £2  such  that  spt  pi  C  K, 
spt  pik  C  K.  Suppose  that  G^pik  is  a  monotone  sequence  such  that  G^pik  — >  G^/z 
on£2\K.  Then  /z^(£2)  — >  /z(£ 2). 

Proof  Choose  a  bounded  open  set  co  such  that  K  C  co  C  do  C  £2 .  Then  Gq  /z^  = 
Rf  =  1  on  co  D  K.  Since  spt/z^  C  dco  C  £2  \  K  and  Ga(x,y)  =  G^(y,x) 
(see  Proposition  3.9.7),  Fubini’s  theorem  and  Theorem  on  monotone  convergence 
(Theorem  1.13.3)  give 


lim  pik(i 2)  =  lim  /  Gq/i f  dptk  =  lim  / 

k  —^oo  k — >oo  J  k — >-oo  J 


Gnp,k  d/z^ 


J  Gn/x  d/x-Q  =  J 


GalJ-Z  d/x  =  /x(Q). 


ft  ft 

Proposition  3.32.4  Let  £2  (L  Rm  he  an  open  set  with  the  Green  function  Gq.  If  K(n ) 
is  a  decreasing  sequence  of  compact  subsets  ofi 2  andK  =  r\K(n)  then  C&{K(ny)  | 
Cn(K). 
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Proof  Clearly  the  sequence  Gq/i^  =  R.f^  is  decreasing.  Moreover  Gq/i = 
pK(n)  >  rK  —  G^/if.  Fix  x  G  Q.  If  a  >  Rf(x),  then  there  exists  an  open 
neighborhood  co  of  K  such  that  <  a  (see  Proposition  3.28.3).  There  exists 

k  G  N  such  that  K(n )  C  co  for  n  >  k.  Hence  R^n\x)  ->  Rf  (x).  Since  R.f^  =  Rf^ 
on  £2  \  K(n)  and  Rf  =  Rf  on  £2  \  K  by  Theorem  3.28.1,  we  deduce  that 
Gnfif^  =  RK(n)  l  Rf  =  G^/if  on  Q\K.  Since  spt /if  C  K(  1),  spt /iff^  C  ^(1), 
Lemma  3.32.3  gives 

Ca(K(n))  =  liKnMm  -*  ^(S2)  =  Cn(K). 

The  monotony  follows  from  Proposition  3.32.2. 

Proposition  3.32.5  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq.  Let 
K,L  C  £2  be  compact  sets.  Then 

flfUL  +  RfnL  <  Rf  +  R[.  (3.37) 

Proof  Let  Vk ,  vL  be  nonnegative  superharmonic  functions  on  Q  such  that  Vk  >  1 
on  K,  vL  >  1  on  L.  If  v  G  K  then  vK(x)  >  1  >  RfUL ,  ul(jc)  >  tffnL(v).  So, 
vL(x)  +  >  ^fUL(v)  +  RfnL(x).  Similarly,  vL(x)  +  r^(x)  >  /?fUL(x)  +  /?f  nL(v) 

forx  G  L.  Theorem  3.24.1  gives  G^(/x^UL  +  pcffK)  =  RfUL  +  RfnL  <vL  +  vK  in 
£2.  Since  vK  and  were  arbitrary  we  obtain  (3.37). 

Proposition  3.32.6  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq.  Let 

K,L  C  £2  be  compact  sets.  Then 

Cq(K  U  L)  +  Cq(K  n  L)  <  Cn(£)  +  Cn(L). 

Proof  Choose  a  bounded  open  set  such  that  KULCcoCcoCQ.  Clearly, 
Rf  =  1  in  co.  Since  /if,/if,  /x^UL,  and  fifnL  are  supported  in  co,  Fubini’s  theorem 
and  Proposition  3.32.5  give 

Ca(K  U  L)  +  CQ(K  n  L)  =  J  Rf  d(^UL  +  ^nL)  =  J  GQl4  d(/4UL  + 

co  £2 

=  J (Grf1  +  Ga^)  drt  =  f  (RfUI  +  Rf"1)  dl4  <  / (Rf 
£2  £2  0, 

+R\)  d  nl  =  f  Gnf4  d(/4  +/4)  =  J  Rf  d(/4  +  /4)  =  Co  (TO  +  Cn(L). 

£2 
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3.33  Inner  and  Outer  Green  Capacity 


Now  we  define  inner  Green  capacity  and  outer  Green  capacity  and  study  their 
properties.  We  define  capacitable  sets  as  sets  for  which  the  outer  Green  capacity  and 
the  inner  Green  capacity  coincide.  We  shall  see  that  compact  sets  are  capacitable. 

Let  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq  .  If  E  C  £2  we  define  the 
inner  Green  capacity  of  E  by 

CQ  (E)  =  sup{C^(X);Ar  C  E,K  compact} 

and  the  outer  Green  capacity  of  E  by 

Cq(E)  =  inf {C^{co);E  C  co,co  open}. 

These  set  functions  take  values  in  (0,  oo).  If  E  C  F  C  £2,  then  clearly  CQ  (E)  < 
Cq(F)  and  Cq(E )  <  Cq(F).  Since  CQ  (E)  <  CQ(co)  for  each  open  subset  of  £2  such 
that  E  C  co,  we  deduce  that  CQ  (E)  <  Cq  ( E ). 

A  set  E  C  ^  is  called  capacitable  if  CQ  ( E )  =  Cq  ( E ).  Clearly  any  open  subset  of 
£2  is  capacitable.  If  E  is  capacitable,  we  shall  write  Cq(E)  =  CQ (E)  =  Cq(E)  and 
call  it  the  Green  capacity  of  E.  We  shall  see  that  this  definition  of  the  Green  capacity 
is  consistent  with  the  earlier  definition  of  the  Green  capacity  for  compact  sets. 

Lemma  3.33.1  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq.  If  K  C  £2 
is  compact,  then  K  is  capacitable  and  Cq(K)  =  Cq(K)  =  Cq(K). 

Proof  We  have  Cq(K)  =  CQ(K )  by  Proposition  3.32.2.  Denote  (Ok  = 
{v;dist(x,  K)  <  l/k}.  According  to  Remark  1.2.10,  there  exists  ko  e  N  such 
that  (Ok  C  £2  for  k  >  ko.  Since  K  =  P\oJk ,  Proposition  3.32.4  forces 

Cn(K)  <  Cq(K)  <  CQ(dTk)  ->  Cq (K) . 

Lemma  3.33.2  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq  and  co  be  a 
bounded  open  set  such  that  co  C  £2.  Denote  /xw  =  —  AR".  ThenC^(co)  =  p,M(£2). 

Proof  Denote  con  =  B( 0;  n)  fl  {x  e  co;  dist(v,  dco)  >  1  /n),  K(n)  =  7on.  Then  K(n) 
is  an  increasing  sequence  of  compact  sets  such  that  co  =  U K(n).  If  K  C  co  is  a 
compact,  then  there  exists  n  e  N  such  that  K  C  co\  U  •  •  •  U  con.  Hence  K  C  K(n)  and 
by  virtue  of  Proposition  3.32.2 

CQ(co)  =  lim  Cq (K(n)).  (3.38) 

k^oo 

Rf^n)  is  an  increasing  sequence  of  superharmonic  functions  on  £2 .  Denote  v  = 
lim  kf^n\  Since  <  Rf,  Proposition  3.25.1  gives  that  v  is  superharmonic  in 
£2.  Theorem  3.27.3  gives  that  =  R^n-  =  1  almost  everywhere  on  K{n). 
Hence  v  >  1  almost  everywhere  on  So,  u  >  1  on  w  by  Proposition  3.3.6. 
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Since  v  is  a  nonnegative  superharmonic  function  such  that  v  >  1  on  we  have 

v  >  Rf  >  >  v. 

Choose  a  bounded  open  set  U  such  that  To  C  U  C  U  C  Cl.  Since  Gqpljj  = 
R\  =  1  on  U,  we  have  by  Proposition  3.9.12,  Fubini’s  theorem,  Theorem  1.13.3, 
and  Proposition  3.28.4 


Ca(oj)  n='  lim  /  Gaii-jj  c1/Xa'(h)  =  lim  /  GqHK(„}  d/ij? 

k^oo  J  k—^oo  J 

U  U 

=  J  Rf(n)  d nv  =  j  Rr['  d/ijj  =  J  Gn/iaj  d/177 


J  Gq/ijj  d^0J  =  ixw(Q). 

U 


Lemma  3.33.3  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq.  If  (Ok  is  an 
increasing  sequence  of  open  subsets  of  £2  and  co  =  U  con,  then  Cq  (cof)  t  Cq(co). 

Proof  Cq  (pdf)  <  Cq  ((Ok+\)  <  Cq(co).  If  K  C  co  is  a  compact  set,  then  there  exists 
n  e  N  such  that  K  C  (on.  Thus  Cq(K)  <  CQ(con )  <  limC^(^).  Since  K  was 
arbitrary  we  have  Cq  (co)  <  lim  Cq  (cok). 

Lemma  3.33.4  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq.  If  co\,  CO2 
are  open  subsets  of  Cl,  then 


Cq(co\  U  (02)  +  Cq(co\  D  C02)  <  Cq(co  1)  +  Cq(co2).  (3.39) 

Proof  Let  K  C  co\  PI  &>2,  L  C  co\  U  CO2  be  compact.  Then  there  exist  disjoint  open 
subsets  W\ ,  W2  such  that 

L  \  CO2  C  W\  C  (0\,  L  \  co\  C  W2  C  (02- 

Define  Li  =  L\W2,L2  =  L\W\.  Then  Lj  C  a^andLi  UL2  =  L\(WX  nW2)  =  L. 
It  follows  from  Proposition  3.32.6  that 

Cq(L)  +  Cq(K)  <  Cq(k  u  L)  +  cn((*  u  Lx)  n  (K  u  l2)) 

<  Cn(tf  u  LO  +  Cq(K  U  L2)  <  CnCrwO  +  Cq(co2). 

If  we  take  the  supremum  over  all  possible  choices  of  K  and  L,  we  obtain  (3.39). 

Proposition  3.33.5  Let  Cl  C  Rm  be  an  open  set  with  the  Green  function  Gq.  Let  En 
be  an  increasing  sequence  of  subsets  ofCl,E=  U  En.  Then  Cq(Eh)  j"  Cq(E). 
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Proof  Clearly, 


lim  Cq(E„)  <  Cq(E) 


We  can  suppose  that  CQ(En )  <  oo  for  all  n. 

Fix  €  >  0.  For  each  n  we  chose  an  open  set  con  such  that  En  C  con  C  £2  and 
C^icDn)  <  C(En )  +  2~ne.  Denote 


k 

COn. 

n=  1 


We  prove 


Cn(S2t)  <  Ca(£t)  +  (1  -  2~k)e.  (3.40) 

This  inequality  is  obvious  when  k  =  1 .  Suppose  that  this  inequality  is  true  for  k. 
According  to  Lemma  3.33.4, 

Cn(f2k+i)  +  Cn(£2*  fl  u^+i)  <  C^(^)  +  C^O^+i) 

<  Cq(Ejc)  +  (1  —  2  *)e  4-  Cn^+i)  +  2  ^+1^6. 

Since  £*  C  fl  &>£+i,  we  have 

Cfi(^+i)  +  CnfEk)  <  C^(^+i)  +  H  wjfe+i) 

<  Ca(£t)  +  Ca(£*+i)  +  (1  -  2"<i+1>)€. 


This  gives 

<  C$2  (Ek+ 1)  +  (1  —  2  ^+1))€. 

Lemma  3.33.3  and  (3.40)  force 

Cq(E)  <  Cn(M^«)  =  lim  CM) 

v-y  h— >-00 

n 

<  lim  (Cn(£»)  +  (1  -  2-")e]  =  lim  Ca(E„)  +  e. 

n—^oo  n—>  oo 


Since  e  can  be  arbitrary  small,  we  obtain  Cq  (. En )  \  Cq  ( E ). 

Proposition  3.33.6  Let  Q  C  Rm  be  an  open  set  with  the  Green  function  Gq.  If 
E\,E2  C  £2,  then 

CM  U  E2)  +  CnC^!  H  E2)  <  Cn(£0  +  Cn(E2). 


(3.41) 
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Proof  Let  coj  be  an  open  set  such  that  Ej  C  C0j  C  QJ  =  0, 1.  Then 

Cq(Ei  U  E2 )  +  Cq(E\  D  E2)  <  Cq(co i  U  &>2)  +  PI  <x>2)  <  +  Cq(o)2) 

by  Lemma  3.33.4.  If  we  take  infima  over  all  possible  choices  of  co\  and  co2 ,  we 
obtain  (3.41). 

Proposition  3.33.7  Let  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq.  If 
{En\ n  e  K}  is  at  most  countable  collection  of  subsets  ofQ,  then 

CQ(\jEn)<J2Cn(En). 

nEK  nEK 

Proof  It  follows  from  Proposition  3.33.6 

k  k—1  k 

ca (U  En)  <  Cn dj  E„)  +  Ca (Ek)  <  •  •  •  <  J2  Cn (£«)• 

n=  1  n=  1  n=  1 


If  K  is  infinite,  then  Proposition  3.33.5  gives 

oo  k  oo 

Cn(\jEn)  =  YimCa({jEn)  <  ^CQ(£„). 

n=  1  n=  1  n=  1 


Proposition  3.33.8  Let  Q  C  Rm  be  an  open  set  with  the  Green  function  Gq.  Let  E 
be  a  bounded  set  such  that  E  C  Denote  \±e  —  —ARf.  Then  Cq(E)  =  /x^(^). 

Proof  We  have  Rf  =  G^/x#  by  Proposition  3.28.4.  Denote  by  A  the  system  of  all 
bounded  open  sets  co  such  that  E  CcoCooCQ.  If  coeA  then  G^/x#  =  R f  < 
Rf  =  G^/xw.  Lemma  3.32.1  gives  /x^(^)  <  /xw(S3).  Since  Cq (co)  =  /xw(£2)  by 
Lemma  3.33.2,  we  deduce 

M£2)  -  inf{/x^(^2); co  e  A}  =  M{Cq (co) ; co  e  A}  =  Cq(E). 
Proposition  3.28.3  gives 


=  inf {Rf\co  G  .4}. 

According  to  Lemma  3.27.2,  there  exists  a  sequence  G  4  such  that  =  / 
where/  =  inf{/^^;  ft  G  N }.  Denote 

n 

£2(n)  =  co(k ),  g  =  inf{/?f^;ft  G  A}. 

/c=l 
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Since/  >  g  >  we  deduce  that  g  =  R\.  Clearly,  G^/z^(n)  =  is  a  decreasing 
sequence  and  G^/z^(n)  =  >  Rf  =  Gq[1e-  Theorem  3.28.1  gives  R^^  = 

Rf(n)  e  H(Q  \  £2(1)).  Since  R.f(n)  i  g  >  0,  Proposition  2.11.3  forces  g  e  //(£2  \ 
£2(1)).  Thus  g  =  g  =  /?f  in  £2  \  £2(1).  Since  G^l^nin)  i  G^^e  in  £2  \  £2(1)  and 
spt  /iQ(n)  C  £2(1),  spt  [1E  C  £2(1),  Lemma  3.32.3  gives  /x^(„)(£2)  — >  /X£(£2).  Hence 

Pe(&)  =  inf {iin(n)(£l);n  e  N}  >  inf{/xw(£2);  co  e  A}  =  Cq(E). 


3.34  Capacitable  Sets 

In  this  section  we  show  that  every  Borel  set  is  capacitable. 

Definition  3.34.1  Denote  by  Nn  the  set  of  all  sequences  of  positive  integers  and  by 
/C(£2)  the  collection  of  all  compact  subsets  of  £2.  A  subset  A  of  Rm  is  called  analytic 
if  there  exists  a  map  T  :  U kNk  ->  JC(Rm)  such  that 

a  =  (J  [r(i1)nr(Jt1,fc)n%Jt2,i3)n...].  (3.42) 

{kifa,...  }eNn 

Lemma  3.34.2  Let  £2  C  Rm  be  open.  If  A  C  £2  is  analytic,  then  there  exists  a  map 
T  :  U kNk  /C(£2)  such  that  (3.42)  holds. 

Proof  Suppose  that  T  :  UkNk  JC(Rm )  is  such  that  (3.42)  holds.  Choose  an 

increasing  sequence  Kj  of  compact  sets  such  that  £2  =  U )Kj.  Denote  T(k)  =  K^. 
For  n  >  1  and  {k\ , . . . ,  kn}  G  Nn  define  T(k\, . . .  ,kn)  =  PI  T(k 2, . . . ,  kn).  Then 

f  :  U kNk  ->  /C(£2).  Clearly, 


[f(h)  n  f(kuk2)  n  . . .  ]  c  [Kkl  n  r(k2)  n  T(k2,  h)  n  . . .  ]  c  a. 

If  v  G  A  then  there  exist  k\  e  N  and  a  sequence  {k2,k2,. . .}  G  NN  such  that  v  G 
and  v  G  T(k2)  nr(fc,fe)n _ We  have 


x  g  Kkl  n  [T(k2)  n  T(k2,  k3)n...]  =  [T(h)  n  f(kuk2)  n  . . .  ]. 


Lemma  3.34.3  If  A *  is  a  sequence  of  analytic  sets,  then  U^A^  is  analytic. 
Proof  Let  Tn  :  U kNk  —>  JC(Rm)  be  such  that 

An  =  U  [Tn(h)  n  Tn(kx,k2)  n  Tn(kuk2,k3)  (T  . ..]. 

{h,k2,...}eNN 
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Choose  a  mapping  S(k )  =  [Si(/:),  52  (A:)]  from  N  onto  N2.  Define  a  mapping  T  : 
l tkNk  ->  /C(7T)  by 


L(Li, . . .  ,kn)  =  Ts1(ki)(S2(k\),k2, . . .  ,kn). 

Since 

An=  U  [T(ki)  n  T(kuk2)  n  T(ki,k2,k3)  n  ...], 

{kuk2,...}  eNN 
Si(kl)=n 

we  deduce 

oo 

lk=  u  [T{kx)  n  T(kuk2)  n  T(kuk2,  k3)n...]. 

n=\  {ki,k2,...}eNN 

Lemma  3.34.4  If  Ak  is  a  sequence  of  analytic  sets,  then  r\kAk  is  analytic. 

Proof  Let  Tn  :  (JkNk  K(Rm)  be  such  that 

An  =  U  lTn(ki)  n  Tn(ki,k2)  n  Tn(ki,k2,k3)  n  . 

{ki,k2,...}eNN 

Let  S'  be  a  mapping  from  the  space  of  infinite  matrix  onto  the  space  of  sequences 
given  by  the  diagonal  procedure,  i.e., 

S({aij}™=])  =  (an,a2i,a\2, . . . ,  aky,ak-\,2,  •  •  • ,  a2,k-i,a\fk,  •  •  •  )• 

We  write  S({ay})  =  (S\{ay},  S2{ay }, . . . ).  Denote  by/  :  N2  ->  N  the  corresponding 
mapping  of  indices  and  g  =  f~l  the  inverse  mapping.  (If  S{dy}  =  (b\ ,  b2, . . . ),  then 
bk  =  ay  if  k  —  f(i,j ),  i.e.,  g(k)  =  (gi(k),  g2(k))  =  ( ij ).)  Define  now  the  mapping 
T  :  U kNk  ->  by 


T(mi,...,mk)  =  7^l(jfe)({m/;  1  <7  <£;gi(/)  =  Si (*)})• 


If  v  G  7?m,  then  v  G  H/Ay  if  for  each  i  G  Af,  there  exists  a  sequence  of  positive  integers 
mu ,  m*2 ,  m*3 , . . .  such  that 

V  G  f"l  T  1  (an  ,  ^2/2)  D  Ti(dih  df2,  tiff)  C  .  .  .  , 


i.e.,  if 


v  g  r(5i{ay})  n  r(Si {<?*/}, s2{^})  n  n  . . . . 


200 


3  Solutions  of  the  Poisson  Equation 


Thus 


n  a,>  -  u  [T{kx)  H  T(ki,k2)  n  T(kuk2,k 3)  n  ...]. 

n  {ki,k2,...}<ENN 

Theorem  3.34.5  Every  Borel  set  in  Rm  is  analytic. 

Proof  Denote  by  B  the  collection  of  analytic  sets  A  for  which  Rm\A  is  also  analytic. 
If  A  is  compact,  then  we  can  put  T(k\ , . . . ,  kn)  =  A.  Hence  A  is  analytic.  If  A  is  open, 
we  define  A^  =  {x  G  A  Pi  B( 0;  k);  dist(x,  3 A)  >  1  /k}.  Then  A^  are  compact.  Since 
A  =  UfcAfc,  the  set  A  is  analytic  by  Lemma  3.34.3.  The  set  F  =  Rm  \  A  is  closed. 
The  sets  F \  =  F  Pi  B(0;k)  are  compact.  Since  F  =  U the  set  F  is  analytic  by 
Lemma  3.34.3.  Thus  A  C  B.  Let  now  A^  G  B,  A  =  U^A^.  Then  A  is  analytic  by 
Lemma  3.34.3.  Since 


oo  oo 

/?m\A  =  /r\(jAfc  =  p|(^r\i4t), 

k=  1  k=  1 

the  set  Rm  \  A  is  analytic  by  Lemma  3.34.4.  Thus  A  G  B.  So,  every  Borel  set  is  in  B. 

Lemma  3.34.6  Let  A  C  Rm,  T  :  U kNk  JC(Rm)  be  such  that  (3.42)  holds.  Fix  a 

sequence  {kn}.  For  j  G  N,  define 

Ej  =  \^J  T(m\)  PI  T(m\,m2)  PI  ... , 

{mnENN ',mn<knwhen  n<j} 

Fj  =  T(m\)  PI  T(m\,  m2)  PI  •  •  •  PI  T(m\,  m2, . . . ,  mf), 

{mnENN ;mn<knwhen  n<j} 

and  F  =  P Fj.  Then  Ej  is  a  decreasing  sequence  of  sets,  Fj  is  a  decreasing  sequence 
of  compact  sets,  Ej  C  A  P  Fj,  F  C  A. 

Proof  It  is  clear  that  Ej  and  Fj  are  decreasing  sequences  of  sets,  and  Ej  C  A  P  Fj. 
Each  set  Fj  is  a  finite  union  of  compact  sets,  so  it  is  compact. 

We  now  show  that  F  C  A.  Let  x  e  F.  Then,  for  any  j  e  TV,  there  exists  a  sequence 
Mij  such  that  mij  G  {1,  2, . . . ,  ki)  for  i  <  j ,  and  such  that 


v  G  T(m\j)  P  T(m\j ,  m2j)  P  •  •  •  P  T(m\j, . . . ,  mjf). 


Since  my  e  {l, ...  ,k\}  there  exists  j(  1)  G  N  such  that  my  =  myyy  for  infinitely 
many  j.  Since  m2j  e  {1, ...  ,k2}  there  exists  j(2)  G  N  such  that  my  =  myyy  =  my^, 
m2j  =  m2j(2 )  for  infinitely  many  j.  By  this  way  for  any  /  G  N  can  be  found  y'(0  G  N 
such  that  my  =  myyy  =  my(/),  m2;-  =  m2j(2)  =  m27(/)?  •••,  ^/-ij  =  ^/-ij(/-i)  = 
m/y  =  m/y(/)  for  infinitely  many  /'.  Setting  =  m^n),  we  get 


x  G  T(mi)  P  T(m\,m2)  P  T(m\,m2,  mf)  P  . . . . 


Thus  x  G  A. 
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Theorem  3.34.7  Let  Q  C  Rm  be  an  open  set  with  the  Green  function  Gq.  Then 
every  analytic  subset  ofQ  ( in  particular,  every  Borel  subset  of  £2)  is  capacitable. 

Proof  Every  Borel  set  is  analytic  by  Theorem  3.34.5.  Let  now  A  be  analytic. 
According  to  Lemma  3.34.2,  there  exists  T  :  U kNk  ->  JC(Q)  such  that  (3.42)  holds. 
Lor  k i, ...  ,kn  £  N,  denote 

H(k\, . . . ,  kn)  =  T(m\)  PI  T(m\ ,  m2)  PI  . . . . 

{rrij  <=Nn  ',inj<kj  when  j<n} 


Lix  a  <  Cq(A).  Since  H(k )  is  an  increasing  sequence  of  sets  such  that  A  = 
UkH(k),  Proposition  3.33.5  gives  that  Cq(H(Jc))  \  Cq(A).  So,  we  can  choose 
k\  e  N  such  that  Cn(H(k\))  >  a.  Suppose  that  we  have  k\, . . .  ,kn  £  N  such 
that  Csi(H(k\, . . . ,  kn ))  >  a.  Since  H(k\, ...  ,kn,k)  is  an  increasing  sequence  of 
sets  such  that  H(k\, . . . ,  kn)  =  UkH(ki, . . . ,  kn,  k ),  Proposition  3.33.5  gives  that 
Csi(H(k\, . . . ,  kn,  k))  f  Csi(H(k\, . . . ,  kn)).  So,  we  can  choose  kn+\  e  N  such  that 
Col(H(k\,k2, . . . ,  kn+ 1))  >  a.  Let  now  Ej,  Fj  and  F  are  sets  from  Lemma  3.34.6. 
Since  H(k\, . . .  ,kn)  =  En  C  En  we  have  C^(Fn)  >  a.  Since  En  is  compact,  it 
is  capacitable  and  C^(Fn)  =  C^(Fn)  >  a  (see  Lemma  3.33.1).  Since  Fn  is  a 
decreasing  sequence  of  compact  sets  and  F  =  r\nFn ,  Proposition  3.32.4  yields 
Cq (F)  =  lim Cq(Fh)  >  a.  Since  F  C  A  we  infer  that  CQ(A)  >  a.  If  we  let 
a  — >  Cq  (A)  we  obtain  CQ  (A)  >Cq  (A).  The  reverse  inequality  is  always  true. 
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Theorem  3.35.1  Let  Q  C  Rm  be  an  open  set  with  the  Green  function  Gq,  E  c  £2. 
Then  E  is  polar  if  and  only  ifC^fE)  =  0. 

Proof  Choose  a  sequence  of  bounded  open  sets  Q(n)  such  that  Q(n)  C  £2  and 
Q  =  U {Q(n);n  e  N}.  The  set  E  PI  Q(n)  is  polar  if  and  only  if  R^nQ(n)  =  q  ^see 
Lemma  3.28.2). 

Suppose  first  that  E  is  polar.  Then  E  PI  £2 (ft)  is  polar,  too.  So,  fiEnn(n)  = 
— =  0.  Proposition  3.33.8  gives  that  Cq(E  P  Q(n))  =  g£nn(n)(^)  =  0. 
By  virtue  of  Proposition  3.33.7 


00 

0  <  Cn(E)  <  yy-aiE  n  £2(n))  =  0. 

n=  1 


Suppose  now  that  Cq(E)  =  0.  Then  p,Enn(n)(&)  —  Cq(E  (1  Q(n))  =  0  by 
Proposition  3.33.8.  Since  R^nQ(n}  —  G^/x^n^(n)  =  0  by  Proposition  3.28.4,  we 
infer  that  the  set  E  P  Q  (ft)  is  polar.  Corollary  3 .26.5  forces  that  E  =  U {E  P  Q  (ft) ;  n  £ 
N}  is  polar. 
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3.36  Quasi-everywhere 

In  this  section,  we  show  that  RB  =  R B  quasi-everywhere  for  a  nonnegative 
superharmonic  function  u. 

Proposition  3.36.1  Let  £2  C  Rm  be  an  open  set.  Suppose  that  A  is  a  set  of 
superharmonic  functions  on  £2  which  is  locally  equibounded  from  below.  Denote 
f  =  inf {h;h  e  A),  and  byf  the  lower  semicontinuous  regularization  off.  Then 
f  =  f  quasi-everywhere  on  £2. 

Proof  If  A  is  finite,  then  /  is  superharmonic  by  Lemma  3.3.3.  Proposition  3.3.6 
gives  that /  =/. 

Let  now  A  be  infinite.  We  can  suppose  that  A  is  a  sequence  {hj}  (see 
Lemma  3.27.2).  Denote 


fk  =  min  hj. 


Then^J-  is  a  superharmonic  function  (see  Lemma  3.3.3)  and^-  If. 

Fix  z  e  Choose  r  >  0  such  that  B(z\  3 r)  C  £2.  We  can  find  a  constant  c  such 
that  0</  +  c<^-  +  con  B(z\  3  r).  Denote 


the  regularized  reduced  function  of  f  +  c  relative  to  B(z',r)  in  co  =  B(z,3r). 
Then  Vj  =  fi  +  c  on  B(z,r)  by  Theorem  3.28.1.  Denote  \ij  =  —A Vj.  Then 
gij  is  a  nonnegative  Radon  measure  supported  on  B(z\  r)  and  Vj  =  G^pLj  on  co 
(see  Proposition  3.28.4).  (The  Green  function  GM  exists  by  Corollary  3.9.6  and 
Proposition  3.9.8.)  Denote  A  =  —  AR^z,2r^  where  RBx^,lr)  is  the  regularized  reduced 
function  of  1  relative  to  B{z',2r)  in  co.  Then  A  is  a  nonnegative  Radon  measure 
supported  in  B(z\  2r)  and  RB^z,2r^  =  G^Aby  Proposition  3.28.4.  Moreover,  A  =  1 
on  B(z;2r)  by  Theorem  3.28.1.  Since  GM(x,y )  =  Gw(y,x)  by  Proposition  3.9.12, 
we  obtain  by  Fubini’s  theorem 


Thus  \ij  is  a  bounded  sequence  in  C\B{z ;  r)).  Theorem  1.16.3  gives  that  C(B(z\  r)) 
is  the  dual  space  of  C°(B(z;r)).  According  to  Theorem  1.5.9,  there  exists  a 
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subsequence  (again  denoted  by  jif)  and  /x  G  r))  such  that 

J  J  g  d/i  Vg  e  C°(B(z;  r)). 

If  g  >  0  then  f  g  dfJL  =  lim^oo  f  g  d jij  >  0.  Thus  /x  is  a  nonnegative  measure  by 
Theorem  1.16.3. 

Fix  x  G  B{z\  r).  If  k  e  N  then  min (GM(x,y),k)  G  C°(£2)  by  Proposition  3.9.12. 
Thus 


fix)  +  c  =  lim  v/v)  =  lim  G0j/ij(x) 


>  lim  sup  /  min(Ga;(x,y),  /:)  d/x7(y)  =  / 

j — >oo  J  J 

B(z;r )  £(z;r) 


min(Gw(x,y),  d/x(y). 


For  &  — >►  oo  we  obtain  /  +  c  >  Gw/x  (see  Theorem  1.13.3).  The  function  Gw/x  is 
superharmonic  by  Proposition  3.11.3.  Proposition  3.3.6  forces  f(x)  +  c  >  /(x)  +  c  > 
=  G0jIx(x). 

Denote 


A  :=  {x  G  £(z;  r);/(v)  +  c  >  Gw/x(v)}. 


Then  {x  G  B(z;r);f(x )  >  /(*)}  C  A.  Let  ^  C  Abe  compact.  Suppose  that 
is  nonpolar.  According  to  Proposition  3.29.1,  there  exists  a  nontrivial  nonnegative 
Radon  measure  v  supported  in  K  such  that  G^v  is  bounded  and  continuous  in  co.  By 
virtue  of  Fubini’s  theorem 


J  Gam  dv 


j  Gmv  d/ii  <  oo. 


CO 


CO 


Since  G^/Xy  =  Vj  <  v\  =  G^/Xi,  Lebesgue  lemma  (Lemma  1.13.2)  and  Fubini’s 
theorem  yield 


/if  +  c)  dv  =  lim  /  Gcojij  dv  =  lim  GMv  d/x, 

j^OO  J  j^oo  J 

CO  CD  CD 

=  J  Gwv  d/x  =  J  GaH  dv. 


Therefore  /[(/  +  c)  —  G^/x]  dv  =  0.  Since  (/  +  c)  —  Gw/x  >  0  on  K  D  sptv, 
we  infer  that  v  =  0  what  is  a  contradiction.  Thus  ^  is  polar.  Theorem  3.35.1  gives 
Ca>(K)  =  0. 
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For  t  rational  define  Ct  =  {x  e  B(z’,r);f(x )  +  c  >  t},  Dt  =  {x  e 
B(z;  r);  Gcofi(x)  <  t}.  Since  Gw/x  is  superharmonic  (see  Proposition  3.11.2),  it  is 
a  Borel  measurable  function.  Hence  Dt  is  Borel.  Since  f  is  superharmonic,  the  set 
Ctj  =  {x  e  B(z;  r);fj(x )  +  c  >  t}  is  Borel.  Thus  Ct  =  PI jCtj  is  Borel.  Hence 

a  =  f]  cT  n  D, 

t<z’,t,z  rational 


is  Borel.  The  set  A  is  capacitable  by  Theorem  3.34.7.  Thus  CM(A )  =  (A)  =  0. 

Theorem  3.35.1  gives  that  A  is  polar. 

Denote  D  =  {x  e  £2;/(x)  >  f(x)}.  We  have  proved  that  for  each  z  G  there 
exists  r(z)  >  0  such  that  D  PI  B(z\  r(z ))  is  polar.  Choose  a  sequence  of  compact 
sets  Kj  such  that  Q  =  U Kj.  For  a  fixed  j,  there  exist  zi, . . .  ,Zk  ^  ^  such  that 
Kj  C  B(zu  r(zi))  U  •  •  •  U  B(zk ,  r(^t)).  The  set  [B{z\\r{z\))  H  D]  U  •  •  •  U 

[B(zk\  r(zk)  Fl  D]  is  polar  by  Corollary  3.26.5.  Hence  D  =  U D  PI  Kj  is  polar  by 
Corollary  3.26.5. 

Corollary  3.36.2  Let  Q  C  Rm  be  an  open  set  with  the  Green  function  Gq.  Let  u 
be  a  nonnegative  superharmonic  function  on  £2,  and  E  C  £2.  Then  =  R f  quasi- 
everywhere  in  Q. 

Proof  We  use  the  definition  of  R f  and  Proposition  3.36.1. 


3.37  The  Trace  of  Green’s  Function 

Theorem  3.37.1  Let  Q  C  Rm  be  an  open  set  with  the  Green  function  Gq.  If  y  e  Q 
then  the  function  Gq(-,  y)  has  limit  0  at  quasi- every  point  of  dQ. 

Proof  Fix  z  €  dQ.  We  show  that  there  exists  r(z)  >  0  such  that  the  open  set  co(z)  = 
Q  U  B(z\  r(z))  has  Green’s  function.  If  m  >  2  then  we  can  choose  r(z)  arbitrary  by 
Corollary  3.9.6.  Let  now  m  =  2.  Suppose  that  the  set  R2  \(Q  U  B(z\  1  /k))  is  polar 
for  all  k  e  N.  Then 


R2  \  £2  =  (J  [R2  \  (Q  U  B(z\  1  /*))] 

k<EN 

is  polar  by  Corollary  3.26.5.  Since  there  exists  Gq,  the  set  R2  \Q  is  nonpolar  by 
Theorem  3.31.2.  That  is  a  contradiction.  So,  there  exists  k  e  N  such  that  the  set 
[R2  \  (Q  \J  B(z\  l/k))  is  polar.  Theorem  3.31.2  gives  that  there  exists  the  Green 
function  of  R2  \  (£2  U  B(z\  1  /k)). 


Define 
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with  respect  to  Q)(z ).  Then  /  =  Gco(z)(m,y)  quasi-every where  on  co(z)  PI  3  £2 
by  Proposition  3.36.1.  Since  /  <  GM(z)(-,y)  =  hm( •  -  y)  -  &»(*)(■, y),  we 
deduce  /  +  ^(z)(-,y)  <  hm(-  —  y).  The  function  /  +  ga>(z)(m,y)  *s  harmonic  in 
£2  by  Theorem  3.28.1.  Thus  /  +  g(o(z)(-,y)  <  gn(-,y)  in  £2.  The  function  /  is 
superharmonic  in  co(z)  and  thus  liminf X^wf(x)  =  f(w)  by  Proposition  3.3.6.  If 
w  e  3  £2  Pi  B(z\  r(z)),  then 

lim  sup  Gq  (x,  y )  =  lim  swp[hm(x  -y)-gn (x,  y)] 

Q  3x^~W  Q  3x^w 

<  lim  sup  [hm(x  -  y)  -  gm(z)(x,y) -f(x)\  =  Gw{z)(w,y) 

X^W 


Since /  =  G„j(z}(-,y)  quasi-everywhere  on  co(z)  n  d£2  and  Gq  >  0,  we  infer  that 

lim  Gq  (x,  y  )  =  0 

quasi-everywhere  on  3  £2  D  B(z\  r(z)). 

We  can  choose  a  sequence  Zj  G  3  £2  such  that  3  £2  C  UjeNB(zj,  r(zj)).  Since  a 
countable  union  of  polar  sets  is  polar  by  Corollary  3.26.5,  we  infer  that  Gq  (•,  y)  has 
limit  0  at  quasi-every  point  of  3  £2. 


3.38  Wl  p(Rm)  and  D~l  p(Rm) 

In  the  theory  of  boundary  value  problems,  we  need  spaces  £>1,p(£2),  IV1,p(£!)  and 
behavior  of  the  Laplace  operator  on  these  spaces.  In  this  section,  we  prove  all  we 
shall  need  to  know  about  these  spaces  in  the  future.  We  characterize  the  range  of  the 
Laplace  operator  on  Wl,p(Rm)  and  on  W1,/7(£2)  for  a  domain  with  compact  Lipschitz 
boundary.  We  show  that  Dlp(Q)  =  W1,/;(£2)  +  {c;  c  G  R },  in  particular  Dl  p(Rm)  = 
Wl,p(Rm)  +  {c;c  e  R}.  If  p  <  m,  then  Dlp(Rm)  =  Whp(Rm)  ®  {c;  c  G  R },  and  we 
characterize  functions  from  Wl,p(Rm )  as  functions  from  Dl,p(Rm )  PI  Lpm^m~p\Rm). 
If  p  >  m  then  Dl,p(Rm )  =  W1,p(Rm).  We  prove  for  an  unbounded  domain  £2  C  Rm 
with  compact  Lipschitz  boundary  that  Dl,p(i 2)  =  Wl,p(i 2)  ®  {c;  c  G  7?}  for  p  <  m, 
andDl,p(Q)  =  W1,i?(£2)  forp  >  m.  Moreover,  if  u  e  Dl,p(£ 2)  and p  <  m,  then  there 
exist  finite  limits 

lim  (h  u  dHm,  lim  (h  u  dHm-i 

r—^oo  J  r^oo  J 

fi(0;r)  9fi(0;r) 

and  these  limits  coincide.  If  u  G  W1,p(£2)  then  these  limits  are  equal  to  zero. 

Let  1  <  p  <  oo,  pf  =  p/(p  —  1),  m  >  2,  £2  C  Rm  be  an  open  set.  Recall  that 
D1,/;(£2)  is  the  space  of  distributions  in  £2  with  derivatives  of  order  1  in  Lp(i 2).  If  £2 
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is  a  domain,  fix  a  nonempty  bounded  open  set  go  such  that  go  C  £2  and  define  a  norm 

IMI  di’P(q)  =  IMIi/h®)  + 

o 

Then  different  choices  of  go  give  equivalent  norms.  Dl,p(£2)  is  the  closure  of  C°°(£2) 
in  Dl,p(Rm )  and  D_1,i?/(£2)  is  the  dual  space  of  D1,p(£2).  We  denote  by  Dl,p(Q)/R 
the  factor  space  Dlp(Q)/{c;  c  e  R}.  If  £2  is  connected,  then  Dlp(Q)/R  is  a  Banach 
space  equipped  with  the  norm  ||  V«||#>(n)  (see  Lemma  1.25.5).  Denote  Wk,p(£2)  = 
{cp\£l’,<p  e  Dk,p(Rm)}  equipped  with  the  norm 

ll/llw*(0)  =  infdl^ll Dk”(Rm),f  =  <p\Sl}. 

Denote  by  £p(Rm )  the  closure  of  {A <p\  cp  e  C^°(Rm)}  in  D~1,p(Rm).  If p'  <  m  (i.e., 
if  p  >  m/(m  —  1)),  then  £p(Rm )  =  D~l,p(Rm).  If  p'  >  m  (i.e.,  if  p  <  m/(m  —  1)), 
then  £p(Rm )  =  {v  e  D~l  p(Rm);  (v,  1)  =  0}.  (See  Corollary  2.18.6.) 

Lemma  3.38.1  Let  1  <  p,p'  <  oo,  \  / p  +  \  / p'  =  1,  m  e  N,  m  >  2.  TTierc  there 
exists  a  positive  constant  C  such  that 

II/IIb-i*(*»)  <  sup  <  C\\f\\D-i,nRm)  (3.43) 

<p  e  Cc°°(7?w)  II  V  ^  II LP'  (Rm) 

<P  #  0 


for  all  f  e  £p(Rm). 

Proof  Since  ||  Wcp  || ^  <  ||  cp  \\Dhpr  ^ ,  we  obtain  the  left  inequality.  We  now  prove 

the  second  inequality. 

°  / 

Suppose  first  that  p'  <  m.  Then  ||V^||^(Rm)  is  an  equivalent  norm  on  D1,p  ( Rm ) 
by  Proposition  1.25.8.  This  forces  (3.43). 

O  / 

Let  now  p'  >  m.  Then  1  e  D[,p  (Rm)  by  Proposition  1.25.8.  According  to 
Lemma  1.25.5,  there  exists  a  positive  constant  M  such  that 

inf  \\u  +  c\\Dly(Rm)  <  M\\Vu\\^{Rm)  Vn  6  Dlp'(Rm). 


Fix/  e  £p(Rm).  Denote  X  =  {cp  e  C^°(Rm);  cp  ^  0}.  Since  (/,  1)  =  0 


\\D-l’P(Rm)  ~  SUP 


sup  sup  ■ 


(/» ^  +  c) 


sup 


< pex  ||^||/)1,/  (Rm)  (pex  C€R  11^  +  c\\ Dxp’ 

(f><P)  ^  (/» 


> 


sup  ■ 


(pex  inf{||^  T-  c || q\ p (pm) i  c  G  Rj  pex  M\\S7 (pWrf 
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Proposition  3.38.2  Let  1  <  p,p'  <  oo,  l/p  +  l/p'  =  l,  m  e  N,  m  >  2.  Then  there 
exists  a  positive  constant  M  such  that  for  each  u  G  w]^  ( Rm ) 

C  V//  •  V<p 

||V«||tf(*».)  <M  sup  /  — — — p - d nm.  (3.44) 

t>6C”(r)  {  II V(Pllz/(ff") 

<P  #  0 

Proof  Denote  X  =  {<p  G  C™{Rm)’,(p  ^  0}.  Fix  j  G  Since  {A cp\cp  G 

Cc°°(flm)}  is  a  dense  subset  of  Lp'  (Rm)  (see  Corollary  2.18.5),  we  obtain  by  virtue  of 
Theorem  1.14.3 

\\dju\\u>(Rm)  =  sup 

v  6ff'(r) 
v  #  0 


C  vdjU  C 

/  F~ii - =  SUP  / 

J  II  V  Wlf' {Rm)  (PeX  J 


(AifKdju) 


(peXJ  ||A^|| 

Rm 


LP  (Rm) 


According  to  Proposition  3.18.4,  there  exists  a  positive  constant  c  dependent  only 
on  p  and  m  such  that 

IIVVII ^(Rm)  <  cWAcpW^^  Vtp  e  C™(Rm). 

Using  the  definition  of  the  derivative  in  the  sense  of  distributions  and  Theo¬ 
rem  3.19.3, 


I,  o  „  c{djU,A<p) 

\\dju\\u>(R>«)  <  sup  || _„  || - 

<pex  \\'/(L(P\\ur' (Rm) 


c(—Au,  3 j(p) 
sup  n  ,1  — 

<pex  II V °j<P\\ !/(&") 


=  sup  / 

<pex  J 


cVdj(p  •  Vm 


VZXJ  llva^H 

Rm 


dTLm  <  c 


LP  (Rm) 


f  VT 

ZVxJWv 


V//  •  Vu 


d  Hn. 


I  LP  (Rm) 


Proposition  3.38.3  Let  1  <  p  <  oo,  m  G  N,  m  >  2.  Then  A  :  u  i->  Au  is  an 
isomorphism  from  Dl,p  (Rm)  /  R  onto  £p(Rm). 

Proof  A  :  Dlp(Rm)/R  ->  D~lp(Rm )  is  bounded  by  Theorem  3.19.3.  Put  p'  = 
p/(p—  1).  If//  <  m  then  £p(Rm )  =  Let  now //  >  m.  Then  1  G  D1,pf  (Rm) 

by  Proposition  1.25.8.  Let  u  G  Dlp(Rm).  Since 

(-At/,  <p)  =  [  Vu-V(p  mm  W(p  G  Dl,p/ (Rm) 


by  Theorem  3.19.3,  we  deduce  that  (—Au,  1)  =  0.  Thus  Au  G  £p{Rm). 
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According  to  Lemma  3.38.1  and  Proposition  3.38.2,  there  exist  positive  constants 
C  and  M  such  that(3.44)  and  (3.43)  hold.  By  virtue  of  Theorem  3.19.3, 


<p  #  o 


=  C  1  sup 


Therefore  there  exists  a  positive  constant  c  such  that  ||  Au\\D-i,p^c  >  \\u\\Di,P(RmyR. 
Since  {A u\u  G  C^°(Rm)}  is  a  dense  subset  of  £p(Rm ),  we  deduce  that  A  maps 
Dl  p(Rm)/R  onto  £p(Rm )  and  A-1  is  a  bounded  linear  operator  from  £p(Rm)  onto 
D]p(Rm)/R. 

Proposition  3.38.4  Let  m  e  N,  m  >  2,  1  <  p  <  oo.  If  p  <  m  then  D1,p(Rm )  = 
©  {c;c  e  R}.  If  m  <  p  then  Dlp(Rm)  =  Dlp(Rm).  Let  Q  C  Rm  be  an 
open  set.  Then  Dl,p(f2)  =  +  {c\c  G  R}.  If  £2  is  hounded  or  m  <  p  then 

DXp(£i)  =  Wl'p(Q). 

Proof  Suppose  first  that  1  <  p  <  m.  Then  1  $  Dl,p(Rm)  and  ||Vm||^(/?«)  is  an 
equivalent  norm  on  Dl,p(Rm )  by  Proposition  1.25.8.  So,  we  consider  D  'p (Rm)  to 
be  a  closed  subspace  of  Dlp(Rm)/R.  Since  {A cp\cp  G  C^°(Rm)}  is  a  dense  subset 
of  £p(Rm )  by  Corollary  2.18.6  and  A  is  an  isomorphism  from  Dlp(Rm)/R  onto 

£p(Rm)  (see  Proposition  3.38.3),  we  deduce  that  {A cp\cp  G  Dl,p(Rm)}  =  £p(Rm) 
and  Dlp{Rm)  =  {A-1/;/  G  £p{Rm)}  =  Dlp(Rm)/R.  Thus  Dlp(Rm)  =  Dlp(Rm)  © 
{c;c  G  R}. 

o 

Let  now  m  <  p  <  o o.  Denote  by  X  the  factor  space  D  (Rm) /{ c;  c  G  7?}.  Then  X 
is  a  closed  subspace  of  Z)1,/?(7?m)/7?  by  Proposition  1.3.13.  Since  {A<p;  cp  G  C^(Rm)} 
is  a  dense  subset  of  £p(Rm)  by  Corollary  2.18.6  and  A  is  an  isomorphism  from 
DXp(Rm)/R  onto  £p{Rm )  (see  Proposition  3.38.3),  we  deduce  that  {A (p;  cp  g  X}  = 
£p(Rm )  and  X  =  {A-1/;/  G  £p(Rm)}  =  Dlp(Rm)/R.  Thus  Dlp(Rm)  =  Dlp(Rm). 
The  rest  is  trivial. 

Proposition  3.38.5  Let  u  e  Dl  p(Rm),  m  >  2,  1  <  p  <  m.  Then  the  following 
assertions  are  equivalent 

1.  ue  Dlp(Rm). 

2.  ue  Lpm/{m-p\Rm). 

3.  There  exists  1  <  q  <  oo  such  that  u  G  Lq(Rm). 

4. 


lim  0  \u\  dTLm  =  0. 
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5. 


lim  (h  \u\  dT-Lm-i  =  0. 

r^oo  J 
95(0;r) 


Proof  1)  =>►  2):  See  Lemma  1.25.7. 

2)  =>►  3):  That  is  trivial. 

3)  =>►  4):  By  virtue  of  Holder’s  inequality  (Proposition  1.14.1) 


<j)  \u\  AUm  <  ||«||WW0;,))  J  nm(B(0\r))-9^dn„ 


5(0;r) 


5(0;r ) 

5  \\u\\LQ(Rm)'Hm(B(0;  r))  l^q  — >  0. 


{q-l)/q 


4)  =>►  5):  Define  ||i?||  =  ||  ^  IL1  (^(0;i))  +  II llz^(^(0;i))  -  Then  ||  ||  is  an  equivalent  norm 
on  Wl,p(B( 0;  1))  by  Proposition  1.21.9  and  Holder’s  inequality  (Proposition  1.14.1). 
According  to  Theorem  1.24.1,  there  exists  a  constant  C  such  that  |MIl1(95(0;1))  — 
C||u||  for  each  v  e  Wlp(B( 0;  1)).  For  r  >  0,  define  vr(x)  =  u(rx).  Then 


<^>  \u\  =  (j)  |vr| 


d'Hm-l  <  C||wr|| 


95(0;r) 


95(0;  1) 


=  C 


Um(B( 0;1))  ^  \u\dUm+  J 


|  rWu\p 


jrtn 


dUn 


5(0;r) 


5(0;r) 


0. 


5)  1):  According  to  Proposition  3.38.4,  there  exists  a  constant  c  such  that 

u  —  c  e  Dlp(Rm).  We  have  proved  that 


lim 

r— >oo 


| U  —  C |  dPim-i  =  0. 


95(0;r) 


Hence 


c  =  lim 

r^oo 


* 

95(0;r) 


(c  —  w)  dl~Lm—  i  + 


* 


95(0;r) 


0. 


u  dHm-l 
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Corollary  3.38.6  Let  u  e  Dlp(Rm),  1  <  p  <  m,  m  >  2.  Then  there  exists  a 
constant  c  such  that 

c  =  lim  (h  udTLm=  lim  (n  udTLm-\.  (3.45) 

r^oo  jT  r^oo  jr 

fi(0;r)  9fi(0;r) 


Proof  According  to  Proposition  3.38.4,  there  exists  a  constant  c  such  that  u  —  c  e 

o 

Dp(Rm).  The  rest  is  a  consequence  of  Proposition  3.38.5. 

Example  3.38.7  If  m  <  p  then  there  exists  u  e  Dl,p(Rm)  =  Dlp(Rm )  such 
that  (3.45)  does  not  hold  for  any  c  e  Rl .  We  can  choose,  for  example,  u(x)  =  In  \x\ 
for  \x\  >  1,  u(x)  =  0  elsewhere. 

Lemma  3.38.8  Let  u  e  Dlp(Rm),  v  e  blq(Rm),  1  <  p,  q  <  m,  m  >  2.  IfAu  =  Av 
then  u  =  v. 

Proof  Since  A(u  —  v)  =  0  in  the  sense  of  distribution,  the  function  u  —  v  is 
harmonic  in  Rm  by  Theorem  2.18.2.  Fix  x  e  Rm.  By  virtue  of  Mean  value  theorem 
(Theorem  2.6.1)  and  Proposition  3.38.5 


u(x)  —  v(x)  = 


lim 

" — >-oo 


(u  -  v )  dTLm  =  0. 


B(x;r) 


Proposition  3.38.9  Let  pi  e  £p{Rm)  be  a  real  measure,  m  >  2,  1  <p<m.IfVpi(z) 
is  well  defined  and  finite  for  some  z  e  Rm,  then  V  pi  e  D  ,p(Rm). 

Proof  V pi  £  W]°c  (Rm)  by  Proposition  3.13.1.  If  m  =  2  then  p  <  m/(m—  1)  and 
pi(R2)  =  0  (see  Corollary  2.18.6).  If  v  e  Rm ,  then  Propositions  3.12.1  and  3.12.3 
give 


lim 

r^oo 


* 


dB(x’,r ) 


V pi  dPim-X 


=  0. 


Proposition  3.38.3  gives  that  there  exists  u  e  Dlp(Rm )  such  that  —A u  =  pi. 
Since  Dl  p(Rm )  =  Dl,p(Rm )  ®  {c;  c  G  7?}  by  Proposition  3.38.4,  we  can  suppose  that 
u  e  Dl  p(Rm).  If  v  e  Rm ,  then  Proposition  3.38.5  forces  that 

lim  (h  u  dPLm-x  =  0. 

r^oo  jr 

dB(x\r) 

Since— A  V/z  =  /x  (see  Theorems  3.10.3,  3.11.5  and  Proposition  3.9.2),  we  have 
A (V pi  —  u)  =  0  in  the  sense  of  distributions  in  Rm.  Hence  (V pi  —  u)  e  H(Rm)  by 
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Theorem  2.18.2.  Fix  v  G  Rm.  By  virtue  of  Mean  value  theorem  (Theorem  2.6.1) 
Vpt(x)  —  u(x)  =  lim  (7)  (VfJL  —  u )  dHm-i  =  0. 

r— >oo  J 

dB(x;r) 

Theorem  3.38.10  Let  1  <  p  <  m,  m  G  N,  m  >  2.  TTz^zz  —  A  A  isomorphism 

°  i  —i 

from  Dl,p(Rm )  £p(Rm).  The  operator  (—A)  1  does  not  depend  on  the  choice  of 

p.  (Ifl<p,q<oo  andf  G  £p(Rm )  PI  £q(Rm)  then  (—A)-1/  is  the  same  for  (—A)-1 
as  an  operator  from  £p(Rm )  to  Dl,p(Rm )  6>r  an  operator  from  £q(Rm)  to  Dl,q(Rm).) 
If  pi  G  £p(Rm)  is  a  real  measure  such  that  V  pi  (x)  is  finite  for  some  x  G  Rm,  then 

V  pi  G  D  ,p(Rm)  and  V  pi  =  (—  A)  pi.  So,  (—A)  is  a  continuous  extension  of  the 
volume  potential  V,  and  we  shall  write  V pi  instead  of  (— A)~l  pi  for  all  pi  G  £p(Rm). 

Proof  D1,p(Rm )  is  isomorphic  to  Dl,p(Rm)/R  by  Proposition  3.38.4.  So,  —A  is  an 
isomorphism  Dlp(Rm )  onto  £p(Rm)  by  Proposition  3.38.3.  The  operator  (—A)-1 
does  not  depend  on  the  choice  of  p  by  Lemma  3.38.8.  If  /x  e  £p(Rm )  is  a 

o 

real  measure  such  that  Vpi(x)  is  finite  for  some  v  e  Rm,  then  V pi  e  Dl  p(Rm ) 
by  Proposition  3.38.9.  Theorems  3.10.3,  3.11.5  and  Proposition  3.9.2  force  that 
—A  Vpi  =  pi. 

Lemma  3.38.11  Let  Q  C  Rm  be  an  unbounded  domain  with  compact  Lipschitz 
boundary,  m>2.Ifl  <  p  <  m  then  Dl,p(Q)  =  D1,P(Q)  =  0  {c;  c  e  7?}. 

Ifm  <  p  <  (X)  then  D1* (to)  =  Dl  p(to)  =  Whp(to). 

Proof  Fix  u  G  Dl,p(to).  Choose  r  >  0  such  that  dto  C  B(0;  r).  Since  u  G 
Dlp(to  H  B( 0;  r)),  Proposition  1.25.2  gives  that  u  G  Wl,p(to  Pi  B( 0;  r)).  Therefore 

o 

there  exists  u  G  Dl  ,p(Rm)  such  that  u  =  u  in  to  P  #(0;  r).  If  we  put  u  =  u  in 
Rm  \  to,  then  u  G  Dlp(Rm).  Thus  u  G  If  m  <p_  thenD^(fi)  =  Whp(to) 

by  Proposition  3.38.4.  Let  now  1  <  p  <  m.  Then  Dl,p(to )  =  +  {c;  c  G  R} 

by  Proposition  3.38.4.  Since  1  f  Dl  p(Rm)  by  Proposition  1.25.8,  we  have  1  G 
Dlp(to)  \  ^^(£2).  Therefore  Dl,p (£2)  =  ^^(£2)  0  {c;  c  G  R}. 

Lemma  3.38.12  Let  to  C  Rm  be  a  domain  with  compact  nonempty  Lipschitz 
boundary,  1  <  p  <  oo.  Iff  G  D~l,p(to),  then  there  exists  u  G  C  Dl,p(to) 

such  that  —  A  u  =  f  in  to  in  the  sense  of  distributions. 

Proof  If  p  >  m/(m  —  1)  then  £p{Rm)  =  D~l,p(Rm).  According  to  Hahn-Banach 
theorem  (Theorem  1.5.2),  we  can  extend/  as  an  element  of  £p(Rm). 

Let  now  p  <  m/(m  -  1).  Then  £p(Rm )  =  {v  G  D~lp(Rm );  (v,  1)  =  0}.  Put 
P'  —  P/(P  ~  !)•  Since p'  >  m,  Proposition  3.38.4  gives  that  Dl  p' (Rm)  =  Dl,p'(Rm). 
We  have  D],p' (to)  =  {u  G  Wl,p'(to);u  =  0  on  3£2}  (see  Proposition  1.25.2  and 
Proposition  1.24.3).  Thus  1  G  D1,p'  (Rm)  \  Dl,p'  (to).  Denote  X  =  D1,p'  (to)  0  {c;  c  G 
R1}.  Then  X  is  a  closed  subspace  of  Dl,p' (Rm)  by  Proposition  1.3.7.  If  g  G  Dl  i?  (£2) 
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and  c  e  Rl,  define 


II#  c\\  ~  II# II wl’P' (Rm)  ~MCI> 


f(g  +  c)  =  f(g).  Then  ||  •  ||  is  an  equivalent  norm  on  X  by  Proposition  1.3.6.  Since/ 
is  a  continuous  linear  operator  on  X  with  respect  to  ||  •  || ,  it  is  continuous  with  respect 
to  the  original  norm.  According  to  Hahn-Banach  theorem  (Theorem  1.5.2),  we  can 
extend/  as  an  element  of  D~l,p(Rm).  Since  (/,  1)  =  0,  we  deduce  that /  e  £p(Rm). 

According  to  Proposition  3.38.3,  there  exists  v  e  D1,p(Rm )  such  that  —Av  —  f . 
Proposition  3.38.4  gives  that  there  exist  u  e  Wl,p(£2)  and  c  e  Rl  such  that  v  =  u  +  c 
in  Q.  Clearly,  —  A  u  =f  in  £2. 


3.39  Real  Measures  with  Finite  Energy 

Very  important  role  in  boundary  value  problems  play  distributions  with  finite  energy 
as  a  special  subspace  of  D~1,2(Rm).  The  next  three  sections  are  devoted  to  this  topic. 
First  we  define  real  measures  with  finite  energy  in  Rm  for  m  >  3  and  study  their 
properties. 

Let  fi  be  a  real  Radon  measure  in  Rm,  m  >  2.  We  say  that  /z  has  finite  energy  if 


(3.46) 


(If /  e  Lioc(Rm)  we  shall  say  that /  has  finite  energy  if  /if  =  fl~im  has  finite  energy.) 

Remark  3.39.1  Let  v,  /z  be  nonnegative  Radon  measures  in  Rm,  m  >  2,  such  that 
Vv  <  V/i  in  Rm.  Then  (v,  v)g  <  (/ 1,  /i)s  • 

Proof  By  virtue  of  Fubini’s  theorem 


Lemma  3.39.2  Let  m  >  2.  Define  f(x)  =  \x\l  m  in  Rm.  Then  there  exists  a  positive 
constant  c  such  that  hm  =  cf  *f. 

Proof  f  */  has  a  sense  because/  >  0.  Clearly,  (/  */)(x)  depends  only  on  \x\.  Let 
x  ^  0.  Using  substitution 


M  M  \x\ 


<mm(y)  =  \x\2~m{f  *f)(x/\x\). 
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For  z  =  x/\x\ 

o  <  c  :=  (f  *f)(z)  =  f  \z-y\x~m\y\l~m  AUmiy) 

Rm 

<  j  2m~l\y\l-md  Hm(y)+  J  2m-l\z-y\l-mdHm(y) 

B(  0;l/2)  B(z;  1/2) 

+  f  [|)f“2m  +  \z-  y\2~2m]  d Hm(y)  <  oo 

Rm\B(z;l/2)\B(0;l/2) 

Theorem  3.39.3  Let  m  >  2.  Then  the  set  of  all  real  Radon  measures  with  finite 
energy  in  Rm  is  a  vector  space  equipped  with  the  inner  product 

0,v)£=  f  V/zdv.  (3.47) 

Rm 


Proof  Denote /(x)  =  |x|1-m.  Let  c  be  a  positive  constant  from  Lemma  3.39.2. 
Suppose  that  pi  is  a  real  measure  with  finite  energy.  Using  Lemma  3.39.2, 
substitution,  and  Fubini’s  theorem: 


=  ///  Cf(x  -y- z)f(z)  dUm(z )  d fi(y)  dji(x) 


Rm  Rm  Rm 


■ in  cf(x  -  w)f(yv  - y)  d Um(yv)  d/i(v)  d/i(x) 

Rm  Rm  Rm 


Rm  _Rm 


=  c  J  J  f(x-  w)  dji(x)  J  f(w  -  y)  dfi(y) 

_Rm  J  _Rm 

=  c  J  j  f(x-w)  dfi  (x) 


d  Hm(w) 


Rm  ]_Rm 


d  1-Lm(w)  -  0. 


Let  now  pi,  v  be  real  measures  with  finite  energy.  Suppose  first  that  pi,  v  are 
nonnegative.  Then  Lemma  3.39.2,  the  preceding  reasoning,  Fubini’s  theorem,  and 
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Holder’s  inequality  (Proposition  1.14.1)  give 


I  Qi,v)s\  = 


ffl  Cf(x  -y-  z)f(z )  d Um(z)  d/x(y)  dv(x) 

Rm  Rm  Rm 

Uf  cf(x  -  w)f(w  -  y )  d'Hm(w)  d/x(y)  dv(x) 

/ 


Rm  Rm  Rm 


'// 

Rm  \_Rm 


f(x-w)  dv(x) 


f(w  —  y)  d/x(y) 


d7fm(w) 


ft 


\j  U 


-l2 

1- 

dPLm 

CI 

\ 

Rm  L 

f(x-w)  dv(x) 

=  y/(v,v)£  V Ox,  We  <  oo 


“I  2 


/(>’  -  w)  d/x(y) 


d"H„ 


Let  now  /x,  v  be  arbitrary.  By  the  same  reasoning,  we  obtain  |(/x,v)^|  < 

y/(v,  v)£  vV’M)s  <  00. 

Fubini’s  theorem  gives  that  (/x,  v)^  =  (v,  fi)s.  If  a  e  R,  then  clearly  a/x  has 
finite  energy  and  (afi,v)s  =  a(/x,  v)^.  Using  preceding  results  (|/x  +  v|,  |/x  + 
v|)f  <  (|/x|  +  |v|,|/^|  +  |v|)£  <  (|/xU/x|)£  +  (|v|,|^|)£  +  (|/xUv|)£  +  (|v|,|y|)£  < 
oo  and  /x  +  v  has  finite  energy. 

Let  (/x,  fi)£  =  0.  If  cp  e  C™(Rm)  then  cp  =  V(— A <p)  by  Corollary  2.2.7.  Thus 
(—A (p)Hm  is  a  real  measure  with  finite  energy.  We  have 


<P  d/i 

J 

=  [  V(-A <p)  d/x 

Rm 

1  * 

\(-A<pHm,  fi)£\ 


<  y (-a <pHm,  -A<pHm)e  vV’tXte  =  o. 


Since  f  <p  d/x  =  0  for  each  <p  e  C(°°  ( /?"'  ),  we  infer  that  /x  =  0. 

Lemma  3.39.4  pi  be  a  nonnegative  Radon  measure  with  finite  energy  in  Rm, 
m  >  2.  Suppose  that  {/x^}  A  a  sequence  of  nonnegative  Radon  measures  in  Rm  such 
that  Vpik  \  V /x  as  k  — >  oo.  77ze/t  /x^  /z<xv£ energy  and  \\pt  —  ptkWs  — ►  0. 

Proof  By  virtue  of  Fubini’s  theorem  and  Theorem  on  monotone  convergence 
(Theorem  1.13.3) 

(/a*,  Hk)s  <  J  V/x  d/x*  =  J  Vnk  d/x  t  (ft,  iVs  <  oo. 
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This  and  Theorem  3.39.3  force 

0  <  (p  -  pk,  p  -  pk)s  =  (p,  P)s  +  (Pk,  Pk)s  ~  (p k ,  P)s  -  (p,  Pk)s 


Lemma  3.39.5  Let  /x,  /x^  rea/  Radon  measures  with  finite  energy  in  Rm,  m  >  2, 
IlMfc-MlIf  -*•  o,  \\v  IU.-V  Hkhnmr))  ->•  0  for  each r  >  0.  Suppose  V  pk  €  D 12  (/?"'). 
ll/9tlU  =  II  VVm*IIl2(/p»>  II -  AblU  =  II  VV/iifc  -  W^||t2(sm).  77ien  Vpt*  ->  Vp 
in  Dl,2(Rm)  and  \\p\\e  =  \\VVp\\L2(Rm). 

Proof  Vp,  Vpk  e  w'lo',  (Rm)  by  Propositions  3.9.2,  3.11.2,  3.11.3,  and  3.13.1.  Fix 
r  >  0.  Proposition  1.21.9  gives  that  Vpk  is  a  Cauchy  sequence  in  VP12  (5(0;  r))  and 
so  in  D12(Rm).  Hence  there  exists  w  e  Di  2(R'")  such  that  Vpk  — >  w  in  Di2(R'"). 
If  r  >  0  then  \\w  —  V l^k\\Ll(B(0;r))  ^  0  by  Holder’s  inequality  (Proposition  1.14.1). 
Since  ||  V/x  —  V/x^||Li(5(0;r))  0  we  have  V/x  =  w  e  D1,2(Rm ),  V/x^  ->  V/x  in 

Dx’2(Rm)  and  \\p\\£  =  lim  \\pk\\£  =  lim  ||  Wpk\\L2{Rm)  =  ||Vy/r||L2(Rm). 

Theorem  3.39.6  Let  p  be  a  real  Radon  measure  with  finite  energy  in  Rm,  m  >  2. 
Then  Vp  €  Dl  2(Rm )  and 


\\p\\s  =  VoLpfs  =  ||vy^||L2(Rm). 


Moreover,  there  exists  a  sequence  fk  €  Cfo(R"‘)  such  that  Vfk  €  Cfo(R"!)  and  ||  p  — 
fk\\s  ->  Oas  k  ->  oo. 

Proof  Vp  €  W}01c(Rm)  by  Propositions  3.9.2,  3.11.2,  3.11.3,  and  3.13.1. 

Suppose  first  that  /x  G  C^°(Rm).  Then  —  AV/x  =  /x  by  Theorem  3.11.5,  V/x  e 
C°°(Rm)  by  Proposition  3.18.1.  Clearly 


V/l(x)  =  0(\x\2  m ),  |W/x(i)|  =  Od^l1  m )  as  |jc|  — >  oo. 


By  virtue  of  Gauss-Green  theorem  (Theorem  1.19.1) 


-m 


Fix  <p  g  C^°(Rm)  such  that  <p  =  1  on  B( 0;  1),  <p  =  0  on  Rm  \  B( 0;  2).  Choose  a 
constant  C  >  1  such  that  \<p\  <  C,  |V</?|  <  C,  |V/x(x)|  <  C|v|2_m,  |W/x(i)|  < 
C|x|1_m.  Put%(x)  =  <p(*A)>  vk(x)  =  <pkVp(x),fk  =  -Avk.  Then  fk  €  C~(5m), 
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Vfk  =  vk  e  C^°(Rm)  (see  Corollary  2.2.7).  Clearly  V(V/z  —  cpkV  pi)  =  0  on  B( 0;  k ) 
andon7?m\#(0;2/;).If/:  <  \x\  <  2&then  1 1 V(V/z— cpkV /i)\  <  |(1—  <p,(x))VV/z(x)|  + 
\V (pk(x)\\V /jl(x)\  <  (C  +  l)C£1-m  +  ( C/k)Ck2~m .  Thus 

IlM  -/till  =  l|V(V/x  -  cpkVfi)\\lHRm)  <  9C4'Hm(B(0\  -*  0. 

Hence  ||y/z  -  ^y^lbwo;!))  +  ||  W/z.  -  V<^y/z||L2(sm)  ->  0  and  V/z  €  Dh2(Rm). 

Let  now  \i  =  /z+  —  /z-  be  a  real  measure  with  compact  support.  Choose  cp  G 
C°°(Rl ),  <p  >  0,  spt</>  C  (0, 1)  such  that 


For  k  e  N  define  <p,(x)  =  =  /z+  *  <pk,fk  =  /z-  *  <pk.  Then  fk  ,fk  G 

C™(Rm)  and  V4+  =  cpk  *  V/z+,  V//  =  (pk*V/i~  (see  Sect.  1.20.)  Since  V/z+  is 
a  superharmonic  function  (Proposition  3.11.2),  Proposition  3.8.2  gives  that  Vf+  \ 
V/z+,  V/f  t  V/z-.  Lemma  3.39.4  gives  that  ||/z+  -/,+  ||£  ->  0,  ||  /z-  ~fk\\s  ->  0. 
Fix  r  >  0.  Since  V/z+,  V/z-  G  L1(5( 0;  r))  by  Proposition  3.3.4  and  0  <  Vfk+  f 
V/z+,  0  <  Vff  f  V/z-,  Lebesgue  lemma  (Lemma  1.13.2)  gives  that  ||  V/z+  — 
Vfk+llL(B(0;r))  ->  0,  II  V/z"  -  V/niLiWo;r))  ->  0  as  k  ->  00.  Put/,  =  /+ 

Then  ||/z  -/*||£  <  ||/z+  ~fkh  +  ||/x“  -/“Ilf:  ->  0,  ||V/z  -  V/,||Li(fi(0;r))  ->  0. 
Lemma  3.39.5  gives  that  V/z  e  Dl2(Rm)  and  ||/z||£  =  ||  VV/z||L2^m). 

Let  now  /z  =  /z+  —  /z-  be  arbitrary.  For  k  e  N  put  /z+  =  /z+|#(0;/:), 
pcf  =  pi~\B(0\k),  fjbk  =  /z^-/z^.Then  V/z+  t  V/z+,  V/z/  t  V/z-.  Lemma  3.39.4 
gives  that  ||/z+  —  /z^||£  ->  0,  ||/z-  —  /z/||£  — >  0.  Fix  r  >  0.  Since  V/z+,  V/z-  e 
Ll(B(0;  r))  and  0  <  V/z+  t  V/z+,  0  <  V/z/  t  V/z-,  Lebesgue  lemma 
(Lemma  1.13.2)  gives  that  ||  V/z+-V/z+||Li(fi(0;r)  0,  ||  V/z- -  V/z/ ||Li(5(0;r)  0 

as  k  oo.  Thus  ||/z  —  /zjt ||^r  ->  0,  ||  V/z  —  V/z,||Li^(0;r))  0-  Lemma  3.39.5  gives 

that  V/z  G  Dl2(Rm)  and  \\pi\\g  =  \\VV fi\\L2{Rmy 

Corollary  3.39.7  Let  pi,  v  be  real  measures  with  finite  energy  in  Rm,  m  >  2.  Then 
IX,  v  e  £2(R"‘)  =  D~h2(Rm)  and 


Proof  According  to  Theorems  3.39.3  and  3.39.6 

(jx,  v)s  =  i[(/z  +  V,  n  +  v)s  -  (/z  -  v,  n  -  v)E] 

=  \J 0 vy(/z  +  v)\2  -  ivy (n  -  v)\2]  dnm  =  jwvfi-  wv  ah, 
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Since  V/z  e  Dl2(Rm )  by  Theorem  3.39.6,  we  have  /z  =  — AV/z  e  £ 2 (Rm) 
by  Theorems  3.9.2,  3.11.5  and  Proposition  3.38.3.  Since  2  >  m/(m  —  1), 
Corollary  2.18.6  gives  that  £2{Rm)  =  D~l2(Rm). 


3.40  Distributions  with  Finite  Energy 

This  section  treats  the  space  of  distributions  with  finite  energy  £2  (Rm)  for  m  >  2. 
For  a  closed  set  F  C  Rm,  we  denote  by  £2(F)  the  space  of  distributions  with 
finite  energy  supported  on  F.  We  discuss  connections  between  these  spaces  and 
homogeneous  Sobolev  spaces.  We  will  show  that  £2{Rm)  =  D~l  2{Rm)  and  both 
norms  are  equivalent.  We  will  prove  for  an  open  set  Q  with  compact  Lipschitz 
boundary  that  £2(dQ)  =  H~l^2(dQ)  and  both  norms  are  equivalent. 

Suppose  that  m  >  2.  Equip  Dl,2(Rm )  with  the  norm  ||Vw||L2^.  This  norm 
is  equivalent  to  the  original  norm  by  Proposition  1.25.8.  The  operator  —A  is  an 
isomorphism  of  D1,2(Rm)  onto  £2 (Rm)  =  D~l,2(Rm )  and  the  volume  potential 
V  is  the  inverse  of  —A  (see  Theorem  3.38.10  and  Corollary  2.18.6).  Therefore 
||  W/z || L2(/pn)  is  an  equivalent  norm  on  £2{Rm)  =  D~l,1(Rm).  Elements  of  £2(Rm) 
are  called  distributions  with  finite  energy.  Remark  that  the  set  of  all  real  measures 
with  finite  energy  is  a  dense  subspace  of  £2(Rm)  (see  Proposition  3.38.9  and 
Corollary  2.18.6). 

Lemma  3.40.1  Let  m  >  2.  The  space  £2(Rm)  =  D~l,2(Rm )  is  a  Hilbert  space  with 
the  inner  product 


If  pi,  v  e  £2{Rm),  pi  ^  v  and  0  <  A  <  1,  then 


||A/x  +  (1  -  A)v|||  <  A||/x|||  +  (1  -  A)||v|||. 


Proof  ||  VV/z||L2(flm)  is  an  equivalent  norm  on  £2{Rm)  =  D  1,2(Rm).  If  /z,  v  are  real 
measures  with  finite  energy,  we  have  by  Corollary  3.39.7 


Since  the  space  of  real  measures  with  finite  energy  is  a  dense  subset  of  £2  (Rm),  we 
obtain  the  first  proposition  of  the  lemma. 
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Let  /a,  v  G  £2(, Rm),  /x  ^  v  and  0  <  A  <  1.  Then 

AIHII  +  (1  —  A)||v  |||  —  ||  A/a  +  (1  —  A)v|||  =  (A  —  A2)||/a|||  +  [(1  —  A)  —  (1  —  A)2]||v||| 
— 2A(1  —  A)(/a,  v)g  =  A(1  —  A) || /a  —  v|||  >  0. 

Proposition  3.40.2  Let  F  C  Rm  be  closed,  m  >  2.  Denote  by  82(F)  the  set  of  all 
/a  G  <?2 (Z?m)  supported  in  F.  Then  82(F)  is  a  closed  subspace  6>/f2(Z?m).  Moreover, 
{V/x;  ji  €  £2(F)}  =  Dl'2{Rm)  n  H{Rm  \  F),  [£2{F)\L  =  {— A<p;  <p  e  £)1,2(/?m  \  F)}. 

Proof  Let  /a„  g  82(F),  /a„  ^  /a  in  £2(Rm).  If  (p  G  C^°(Rm),  F  PI  spt<p  =  0,  then 
(/a,  </?)  =  lim(/A„,  cp)  =  0.  Therefore  pi  is  supported  on  F. 

Let  now  /a  g  82(F).  Then  Vji  G  /^(ZT)  and  /a  =  -A  V/a.  If  cp  G  Cc°°(ZF  \  Z7), 
then 

0  =  (/a,  cp)  =  [  V(p  •  VV/a  d7Zm 


by  Theorem  3.19.3.  Theorem  2.18.2  gives  that  V/a  g  ZZ(ZF  \  F). 

Let  now  pi  G  £2 (Z?m)  =  Z)_1’2(Z?m)  be  such  that  V/a  g  H(Rm  \  F).  If  cp  G 
C^(Rm  \  F ),  Theorems  2.18.2  and  3.19.3  give 

0  =  /  V</>  •  VV/a  d7Zm  =  (/a,  </?). 

Rm 


Hence  spt  pi  C  F. 

If /a  G  f2(/0  and  <p  G  Cc°°(Z?m  \  Z7)  then 

0  =  (fi,(p)  =  (  S/cp  •  VV/a  dFm  =  (pi,  -A(p)£. 

Rm 

Since  [82(F)]1-  is  a  closed  subspace  of  f2(Z?m),  we  have  that  {— Acp;  cp  G  Z)1>2(Z?m  \ 
Z7)}  C  [^(Z7)]-1.  Suppose  now  that  {—A <p\(p  G  Dl  2(Rm  \  F)}  ^  [^(Z7)]-1.  Then 
there  exists  nontrivial  v  G  {— Acp;  cp  G  [D1  2(Z?m  XZ7)}]-1  (T  [^(Z7)]-1.  If  <p  G  C™(Rm  \ 
F),  then  cp  =  V(—Acp)  by  Corollary  2.2.7  and 

0  =  (v,  —A(p)g  =  (  VVv  •  V cp  dPLm. 

Rm 

So,  Vv  G  Z/(ZF  \  Z7)  by  Theorem  2.18.2.  We  have  proved  that  v  =  —  A  Vv  G  82(F). 
That  contradicts  with  v  G  [^(Z7)]-1. 
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Proposition  3.40.3  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
m  >  2.  Then  £2 (3 £2)  =  //_ly/2( 3  £2)  =  W~1^2,2 (3 £2)  and  the  corresponding  norms 
are  equivalent. 

Proof  H~1/2(dn)  =  F2y/2(dQ.)  =  B1! j/2(9fi)  =  W~xll'2{dO.)  by  Theo- 

rems  1.23.3  and  1.23.5  and  Lemma  1.23.6. 

By  virtue  of  Theorem  1.24.2,  we  see  that  W_1/2,2(3£2)  is  the  set  of  /  e 
[Wl,2(Rm)]'  supported  on  3£2.  Since  3£2  is  compact,  it  is  the  set  off  e  [Dl,2(Rm)]'  = 
D~X  2(Rm)  supported  on  3£2.  Hence  £T2(3^2)  =  #_1//2(3£2). 

Since  £2 (3 £2)  and  H~1^2 (3  £2)  are  Banach  spaces,  £T2(3^2)  =  H~l^2( 3 £2),  the 
corresponding  norms  are  equivalent  by  Proposition  1.3.6. 


3.41  Energy  in  the  Plane 

In  R2  it  is  not  possible  to  develop  the  theory  of  distributions  with  finite  energy  like 
in  Rm  with  m  >  2.  So,  we  restrict  ourselves  to  compactly  supported  real  Radon 
measures.  For  compactly  supported  real  measures  /x  with  finite  energy  and  gt(R2)  = 
0,  we  prove  similar  results  like  in  the  higher  dimensional  case. 

Let  pi  be  a  compactly  supported  real  Radon  measure  in  R2.  We  say  that  pi  has 
finite  energy  if 


R2  R2 


Clearly,  this  condition  is  equivalent  to  V\pi\  e  Ll(\pi\)  and  to  f  V|/x|d|/x|  <  00.  If 
/x,  v  are  compactly  supported  real  Radon  measures  with  finite  energy  in  R2,  denote 


R2  R2 


if  this  integral  makes  sense. 


Lemma  3.41.1  Let  pi,  v  e  C™{Rm),  pi(R2)  =  v(R2)  =  0.  Then  V/x,  Vv  e  Dl  2(R2) 


and 


(/x,  v)s  =  J (VV/x)  •  (VVv)  6TL2 


(3.48) 


Proof  —A V/x  =  /x  by  Theorem  3.10.3,  V/x  e  C°°(R2)  according  to  The¬ 
orem  3.18.1,  Vpi(x )  =  0(|v|-1),  |W/x(i)|  =  0( \x\~2)  as  \x\  00  by 
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Lemma  3.12.2.  Similarly  for  v .  By  virtue  of  Gauss-Green  theorem  (Theorem  1.19.1) 

0  =  lim  f  &TL\  =  lim  [  [(VV/t)  •  (VVv) 

r^oo  J  dn  r  >oo  J 

95(0;r)  fi(0;r) 

+(Vv)AV/jl\  dH2  =  lim  /  (VV/x)  •  (Wv)  —  (/x,  v)^ . 

r^oo  J 

fi(0;r) 


In  particular,  for  v  =  /x 


II  Mill  =  IIWmII^^). 

Thus  V/i,Vv  e  DU2(R2)  and  (3.48)  holds. 

Proposition  3.41.2  pi  be  a  compactly  supported  real  Radon  measure  in  R 2  with 

finite  energy.  Then  Vpt  G  W^(52).  ///x(52)  =  0  f/ien  V/x  G  Dl2(R2). 

Proof  Suppose  first  that  /x(52)  =  0.  Choose  <p  G  C00^1),  cp  >  0,  spt</?  C  (0, 1) 
such  that 


J  <HM)  d%Cv)  =  i- 

& 

For  £  e  TV  define  %(x)  =  (p{kx)km,  fif  =  /x+  *  (pk,  Mi"  =  M_  *  <Pk,  Hk  =  Mit"  _Mi"> 
where  pi  =  /x+  —  pT .  Then  /x^,/x^T  G  C^°(Rm)  and  Vpi£  =  (pk  *  V/x+, 
V/x^T  =  (pk  *  V/x-  (see  Sect.  1.20).  Since  V/x+  is  a  superharmonic  function 
(Proposition  3.10.2),  Proposition  3.8.2  gives  that  V/x^  f  V/x+,  V  pcf  \  V pL~ .  Fix 
7?  >  1  such  that  spt/x  C  #(0;  7?).  According  to  Lemma  3.2.2,  there  exists  a  >  0 
such  that  V/x+  >  —a,  V/x^  >  —a  on  5(0;  25).  Hence  |V/x^|  <  |/z2 1  *  |/x|  +  a 
in  5(0;  2R).  Since  |/z2|  *  \fi\  G  T^1  (|/x|)  fl  L1(5(0;25))  (see  Proposition  3.3.4  and 
Proposition  3.10.2),  we  have  V/x^  ->  V/x  in  T^1  (|/x|)  and  in  L1  (5(0;  27?)).  (See 
Lemma  1.13.2.)  We  have  /x^  G  C™(R2).  Since  V/x  is  harmonic  in  R2  \  5(0;  7?)  by 
Proposition  3.10.2,  Proposition  3.8.2  gives  that  V/x^  =  V/x  on  R2  \  5(0;  25).  Thus 
Vpik(x)  0  as  \x\  — >  cx)  by  Lemma  3.12.2.  Hence  /x^(52)  =  0  by  Lemma  3.12.2. 
Lemma  3.41.1  gives  that  V ptk  G  5>1,2(52)  and 

j \VV/ik\2dH2  =  f  Viik&iik.  (3.49) 

*2  tf2 


1  In  2R 

2  7t  \x  —  y\ 


d  v(y). 


Denote 
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Since  pi(R2)  =  0,  spt  /x  C  #(0;  R ),  we  have  in  spt  jik 

\Vfik\  =  | <Pk  *  Vfi I  =  I (pk  *  Vfi\  <(pk*  v\/i\  <  v\fi\ 
by  Proposition  3.8.2.  By  virtue  of  (3.49) 

J  |VV/^|2  &H2  <  J  V\ii\  d|/x|  <  00. 

R2  R 2 


Moreover,  V/x^  — >  V/i  in  Ll(B(0,2R)).  Therefore,  Vpik  is  a  bounded  sequence 
in  Dl’2(R2).  The  space  Dl,2(R2)  is  reflexive  by  Lemma  1.25.3.  According  to 
Theorem  1.5.9,  there  exist  a  subsequence  V  ptk{n)  and  u  G  DX2(R2)  such  that 
Vfik(n)  u  weakly  in  DX2(R2).  Fix  cp  G  C^°(R2).  Then  <p  G  D~X2(R2)  and 

J  <pVfik(n)  &H2  =  {(p,  Vnm)  -*  {(p,  u)  =  J  <pu  d n2. 

R2  R2 

On  the  other  hand 


J  (py^m  dn2  J  (pv/u,  d  n2. 

R2  R2 

Since  (V/x,  (p)  =  ( u ,  <p)  for  each  cp  G  C^°(R2),  we  infer  that  V/x  =  u  G  DX,2(R2). 

Let  now  c  =  pi(R2)  ^  0.  Fix  r  >  0  such  that  spt /x  C  B(0;r).  Choose  a 
nonnegative  cp  G  C^°(#(0;r))  such  that  /  cp  &TL2  =  1.  Set  v  =  /x  —  ccp.  Easy 
calculation  yields  that  f  \Ji2(x  —  y)\<p(y)  (y)  <  C  for  all  x  G  Z?(0;  r).  By  virtue 

of  Fubini’s  theorem 

J  J  \h2(x  —  y)\  d|v|(y)  d|v|(jc)  <  J  J  \h2(x-y)\  d\/i\(y)  d\/i\(x) 

+ 2|c|  J  J  (p (}’) I h2 (x  -  >>) I  dn2\ ( V)  d I  v I (x) 

+c2  j  J  (p(y)(p(x)\h2(x  -  y)\  &U2\(_ y)  d U2\(x)  <  oo. 

Since  v  is  a  real  measure  with  finite  energy  and  v  (R2)  =  0,  we  have  Vv  G  DX,2(R2). 
Since  Vcp  G  W\'2 (R2)  by  Proposition  3.13.2,  we  conclude  that  V/x  =  Vv  +  cVcp  G 

<’cV). 

Theorem  3.41.3  The  set  of  real  compactly  supported  measures  with  finite  energy  in 
R2  is  a  linear  space.  If  pi,  v  are  compactly  supported  real  measures  with  finite  energy 
in  R2,  then  V pi  G  Z^1  (|  v  |)  and  (pi,  v)g  =  (v,  pi)g.  If  moreover,  pi(R2)  =  v(R2)  =  0 
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then  V 11 ,  Vv  G  Dl,2(R2)  and 

(/jL,v)s  =  J  VV/z  •  Wv  d?^2* 

R2 

Proof  Let  /z,  v  be  compactly  supported  real  measures  with  finite  energy  in  52. 
Choose  xfr  G  C^°(B( 0;2))  such  that  x/r  =  1  on  5(0;  1),  0  <  xjr  <  1.  For  r  >  0 
denote  xj/r(x)  =  x//(x/2 r).  Fix  r  >  1  such  that  spt  /z  U  spt  v  C  5(0;  r).  Denote 

V7x(x)  =  J  L  In  — d/i(v). 

R2 

Choose  cp  G  C°°(51),  cp  >  0,  spt^?  C  (0, 1)  such  that 

J  <KM)  d^Cv)  =  i- 

R2 


For  k  e  N  define  ^(x)  =  <^(|^x|)^m.  The  function  t//>V|/z|  =  V|/z|  is  a  nonnegative 
superharmonic  function  on  5(0;  2 r)  (see  Proposition  3. 10.2).  Proposition  3.8.2  gives 
that  0  <  (pk  *  (xjfrV\ii\)  t  V | /z |  in  5(0;  r).  By  virtue  of  the  Theorem  on  monotone 
convergence  (Theorem  1.13.3) 

J  trV\lA  d|v|  =  ^lun^  J  (Pk*  (frV\iM\)  d|v|.  (3.50) 

R2  R2 

\v\  =  —AV\v\  in  the  sense  of  distribution  by  Theorem  3.10.3.  Proposition  3.41.2 
gives  V\v\  e  5>1,2(5(0;  5r)).  Since  cpk  *  (x/rrV |/z|)  G  C^°(5(0;  5r)),  we  have  by 
Theorem  3.19.3 

J  <Pk*  (frV\fi\)  d|v|  =  J  V[<pk  *  (irrV\ii\)\  ■  VV|v|  d%.  (3.51) 

R2  R2 


Since  V\/jl\  g  wj^(R2)  by  Proposition  3.41.2,  we  have  x/rrV |/z|  G  Dl,2(R2). 
Thus  cpk  *  V[^rV|/z|]  ->  V[^rV|/z|]  in  L2(R2)  (see  Chap.  1).  Moreover  spt cpk  * 
V[^V|/z|]  C  5(0;  3r).  Since  V|v|  G  W1,2(5( 0;  3r))  by  Proposition  3.41.2,  we  have 
by  (3.50)  and  (3.51) 

J  frV\fJi\  d|v|  =  ^lirn^  J [<pk  *  V(V'rVH)]  •  VV|v|  =  J  V(frV\ii\)  ■  VV|v|. 

R2  R2  R2 


(3.52) 
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Therefore 


J  \V/i\  d|v|  <  J  tyr 

R 2  R2 


v\h\  +  1^mr2)\ 


d\v\  <  oo. 


Hence  (/x,  v)g  is  finite.  Fubini’s  theorem  gives  that  (/x,  v)g  =  (v,  fi)g.  If  a  is  a  real 
number,  then  a/x  has  finite  energy. 


J  \V(n  +  v)\d\n  +  v\  <  J  \lsr  jV|/i  +  v\  + 

R2  R2 


In  3  r 

2  7T 


|M  +  v|(/?2) 


d|  n  +  v| 


<  J \Vfi\  d|/x|  +  J  \Vv\  d|v|  +  2  J \Vfi\  d| v |  +  +  v||2  <  oo. 

R2  R2  R2 


Hence  /x  +  v  has  finite  energy. 

Let  now  pt(R2)  =  v(R2)  =  0.  Then  V/jl  =  V/x.  Let  /x  =  /x+  — /x“,  v  =  v  +  —  v“. 
Using  (3.52)  for  /x+  and  v_,  for  /x+  and  v  +  ,  /x_  and  v_,  /x_  and  v  +  ,  we  obtain 

J  t/^V/x  dv  =  J  VO/vV/x)- VVv  dft2.  (3.53) 

a2 


Now  we  show  that  V(t/rrV/x)  ->  V V/x  in  L2(R2)  as  r  ->  oo.  According  to 
Lemma  3.12.2,  there  exist  positive  constants  C\,  ro  such  that  |  V/x(x)|  <  C\/\x\  for 
\x\  >  r0.  Fix  C2  such  that  |  V^|  <  C2.  Then  |  V^l  <  C2/(2r).  Since  Vv  G  Dl,1(R2) 
by  Proposition  3.41.2,  V^>  =  0  for  |jc|  <  2 r  and  for  w>  4r,  we  have 

J  |W/t  —  V(i/frV/x)|2  d"H2  <  /(l-W|VVMl2d«2  +  J  \V^r\2\Vix\2  dU2 

R2  R2  R2 

<  J  |W/i|2dW2+  J  Lffd-H2^o. 

fl2YB(0;2r)  S(0;4r)\fi(0;2r) 


Thus  xj/rV/Ji  ->  V/x  in  Dl,1(R2)  and  V/x  e  Dl  l(R2).  (Since  cpk  *  (V'vU/x)  ->  xjsrV 
we  have  x\rrV  \i  G  D1  2(7?2).)  From  (3.53) 


/ 


V/x  dv  = 


/ 


*2 


V'vV/x  dv 


J  V(t//yV/x)  •  Wv  d%2 

R2 


J  VV/i  •  Wv  d^2- 

R2 


Lemma  3.41.4  pi  be  a  compactly  supported  real  measure  with  finite  energy  in 
R2,  pt(R2)  =  0.  7/X/x,  l*)z  —  0  /x  =  0. 
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Proof  0  =  (/x,  p)£  =  ||  VV/x||^2^  by  Theorem  3.41.3.  Thus  VV/x  =  0  and  Vp  is 
constant.  So,  /x  =  —A V/x  =  0  by  Theorem  3.10.3. 

Proposition  3.41.5  Let  jibe  a  compactly  supported  real  measure  with  finite  energy 
in  R2,  spt  /x  C  B( 0;  1).  Then  (p,  p)£  >  0.  If(p,  p)s  =  0  then  /x  =  0. 

Proof  Put  c  =  p(R2),  TL  =  {2n)-lUm-\  |3fl(0;  1).  Then  VU  =  0  in  B(0;  1)  by 
Lemma  2.5.1,  H  has  finite  energy,  (i p  —  cTL){R 2)  =  0.  By  virtue  of  Fubini’s  theorem 
and  Theorem  3.41.3 

(p,p)£  =  J  V(p-cPL)  d/x  =  Jvpd(p  —  cTL)  =  J  V(p-cTL)  d(p  —  cTL)>0. 

If  (/x,  p)£  =  0  then  (/x  —  cPL ,  /x  —  cH)£:  =  0  and  p  —  cTL  =  0  by  Lemma  3.41.4. 
Since  spt  p  C  #(0;  1),  we  deduce  p  =  0. 


3.42  Dk,p(Rm )  and  the  Laplace  Operator 

In  this  section,  we  show  that  the  Laplace  operator  maps  Dk+2,p(Rm)  onto  Dk,p(Rm). 

Theorem  3.42.1  Denote  P-\(Rm)  =  {0 },for  l  e  No  denote  by  Pi(Rm)  the  space  of 
all  polynomials  of  degree  less  or  equal  to  /.  Let  k  G  No,  1  <  p  <  oo. 

•  Dkp(Rm )  =  Wk,p (Rm)  +  Pk-\  (Rm). 

•  The  Laplace  operator  A  is  a  bounded  linear  operator  from  the  space  Dk+1,p  ( Rm ) 
onto  Dkp(Rm). 

Proof  Clearly,  Wk,p(Rm )  +  Pk-\{Rm)  C  Dk,p(Rm).  By  virtue  of  Proposition  1.14.7, 
we  get  D0p(Rm)  =  Lp(Rm)  =  W^p{Rm).  We  have  +  Po(Rm) 

by  Proposition  3.38.4. 

Suppose  now  that  Dkp(Rm)  =  Wk,p(Rm )  +  Pk-\{Rm).  The  Laplace  operator  is  a 
bounded  linear  operator  from  Dk+2,p(Rm)  into  Dkp(Rm)  by  Theorem  3. 17.2.  Let  g  G 
Dkp(Rm).  Theng  =  gi  +g2  where  g\  G  Wk,p(Rm )  andg2  £  Pk-\(Rm).  According  to 
Theorem  3.17.2  and  Lemma  3.17.1,  there  exist f\  e  Wk+2,p(Rm)  and/2  G  Pk+\(Rm) 
such  that  Afj  =  gj.  So , /1  +  /2  g  Wk+2'p(Rm )  +  Pk+\{Rm)  C  Dk+2'p(Rm)  and 
A(/i  T-  fi)  =  g. 

Suppose  again  that  Dkp(Rm)  =  WKp(Rm)  +  Pk-\(Rm)-  Let  A  G  Dk+1'p(Rm). 
Denote  g  =  A  A.  We  have  proved  that  there  exists/  e  +  /Vh  (Rm)  such 

that  A f  =  g.  We  have  A  (h—f)  =  0.  If  a  is  a  multiindex  with  |a|  =  k  +  2  then 
da (/  —  A)  g  Since  A3a(/  —  h)  =  8aA (/  -  A)  =  0,  Theorem  2.16.2  gives 

that  da (/  -  A)  =  0.  Thus  /  —  he  Pk+l(Rm).  Hence  £>£+2^(/r)  =  W^+2^(7?m)  + 

We  obtain  the  proposition  of  the  theorem  by  the  induction  argument. 
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Abstract  Chapter  4  is  devoted  to  the  Perron- Wiener-Brelot  solution  of  the  Dirichlet 
problem  on  bounded  open  sets. 


Chapter  4  is  devoted  to  the  Perron- Wiener-Brelot  solution  of  the  Dirichlet  problem 
on  bounded  open  sets.  Remark  that  u  is  a  classical  solution  of  the  Laplace  equation 
with  the  boundary  condition/  if  u  e  C2(£2)PlC°(£2),  Au  =  0  in  £2,  and  w  =fondQ. 
Unfortunately,  there  exists  a  bounded  domain  Q  C  Rm  and  a  function/  e  C°(9£2) 
such  that  a  classical  solution  of  the  Dirichlet  problem  for  the  Laplace  equation 
on  Q  with  the  boundary  condition  /  does  not  exist.  In  this  chapter,  we  construct 
a  more  general  solution  of  the  Dirichlet  problem  for  some  space  of  functions  on 
the  boundary  that  contains  the  space  of  continuous  functions.  Moreover,  a  classical 
solution  of  the  Dirichlet  problem  is  also  a  solution  of  the  Dirichlet  problem  in  this 
sense.  In  the  next  chapters,  we  shall  study  solutions  of  the  Dirichlet  problem  for  the 
Laplace  equation  in  the  sense  of  nontangential  limit  and  also  in  the  sense  of  traces 
in  Sobolev  and  Besov  spaces.  We  shall  see  that  these  solutions  represent  special 
classes  of  Perron- Wiener-Brelot  solutions  of  the  Dirichlet  problem. 


4.1  Upper  Solutions  of  the  Dirichlet  Problem 

In  this  section,  we  define  the  upper  solution  of  the  Dirichlet  problem  for  the  Laplace 
equation  and  the  lower  solution  of  the  Dirichlet  problem  and  study  their  fundamental 
properties. 

Definition  4.1.1  Let  go  C  Rm  be  a  domain,  m  >  2.  An  extended  real- valued 
function  u  is  hyperharmonic  in  go  if  it  is  superharmonic  in  go  or  u  =  +oo.  If  £2  C  Rm 
is  an  open  set,  then  an  extended  real-valued  function  u  is  hyperharmonic  in  Q  if  it 
is  a  hyperharmonic  in  each  component  of  £2 .  An  extended  real-valued  function  u  is 
hypoharmonic  in  £2  if  —  u  is  hyperharmonic  in  Q . 
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Definition  4.1.2  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2,  and/  be  an  extended 
real- valued  function  on  3 £2.  Denote  Up  =  {u;  u  hyperharmonic  and  bounded  from 
below  on  £2, 


liminfw(y)  >f(x) 

Q  By^x 


for  all  x  G  3 £2}  the  upper  class  of  functions  corresponding  to  /  and  Cp  =  {u;  u 
hypoharmonic  and  bounded  from  above  on  £2, 

limsupw(y)  </(x) 

0,3y^x 


for  all  x  G  3  £2}  the  lower  class  of  functions  corresponding  to/.  The  PWB  (Perron- 
Wiener-Brelot)  upper  solution  of  the  Dirichlet  problem  for  the  Laplace  equation  in 
£2  with  the  boundary  condition/  is 

Hf  =  inf {u;  uelif2}. 

The  PWB  lower  solution  of  the  Dirichlet  problem  for  the  Laplace  equation  in  £2 
with  the  boundary  condition/  is 

Hp  =  sup{i/;  u  e  Cp}. 

Lemma  4.1.3  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2,  andf  be  an  extended 
real-valued  function  on  3£2.  Then  Hp_^  =  —Hj  .  If  go  is  a  component  ofi 2,  then 
Hj  =  WJ,  and  H®  =  H?  in  co. 

Proof  Clearly,  C^  =  {—v;v  G  Up}.  This  gives 


Hp  =  sup{— v;  v  g  Up}  =  —  inf{i;;  v  e  Up}  =  —  Hp . 

Since  3 co  C  3 £2,  the  extended  real-valued  function/  is  defined  on  dco.  If  u  G  Up , 
then  u  G  Up,  and  thus  H P  <  Hp  in  co.  If  u  G  Up,  define  u  =  -boo  on  £2  \  co. 
Then  u  G  Up.  Hence,  Hp  <  lip  in  co.  Therefore,  Hp  =  7fp  in  co.  Moreover, 
Hf  -  -H_f  -  -H_f  -  H_j  • 

Proposition  4.1.4  Let  £2  c  Rm  be  a  bounded  open  set,  m  >  2,  andf  be  an  extended 
real-valued  function  on  3  £2.  Then  Hp  <  Hj  . 

Proof  According  to  Lemma 4.1.3,  we  can  suppose  that  £2  is  connected.  Fix  u  G  Cp, 
v  G  Up.  We  show  that  u  <  v.  It  is  clear  if  u  =  — oo  or  v  =  -boo.  Suppose  now  that 
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u  is  a  subharmonic  function  and  v  is  a  superharmonic  function.  Then 

liminf(t;(y)  —  u(y))  >  liminft;(y)  —  limsupw(y)  >f(x)  —  fix)  =  0 

y^x 

yeti  yEQ  y 

for  each  x  G  Proposition  3.4.1  gives  that  u  <  v  in  £2.  Thus, 

u  <  inf{w;  w  e  Up}  =  Hp 

and 


Hp  =  sup{w;  w  G 

Lemma  4.1.5  Let  £2  C  <2  bounded  open  set,  m  >  2,  g  extended 

real-valued  functions  on  d£2.  Ifc  is  a  positive  constant,  then  Hcj  =  cH^  ,  andHp  = 
cHp .  Iff  +  g  makes  sense,  then  Hp+g  <  ^  provided  it  makes  a  sense,  and 

Hp+g  >  Up  +  Hg  provided  it  makes  a  sense.  Iff  <  g,  then  Hp  <  . 

Proof  Let  now  u  e  Up  and  v  G  Up .  Then  w  + i;  G  Thus,  <  w  + 1;.  Since 
w  G  Up  was  arbitrary,  we  have  +  v.  Since  v  e  Up  was  arbitrary,  we 

deduced  <  Hp  +5?.  Moreover  ,f$+g  =  -T?_f_g  >  ^  +£? 

by  Lemma  4. 1.3. 

The  rest  is  clear. 

Theorem  4.1.6  Let  Q  C  Rm  be  a  bounded  open  set,  m  >  2,  co  be  a  component 
of  £2  andf  be  an  extended  real-valued  function  on  9  £2.  Then  =  — oo  on  co  or 
Hp  =  -Too  on  co  or  Hp  G  H(co).  The  same  is  true  for  Hp. 

Proof  According  to  Lemma  4.1.3,  we  can  suppose  that  £2  is  connected.  If  Up  = 
{-poo},  then  Hp  =  oo.  Suppose  now  that  there  is  a  superharmonic  function  in  Up. 
If  u,  v  G  Up,  then  min(w,  v)  G  Up  by  Lemma  3.3.3.  If  u,  v  G  Up  and  B  =  B(z;  p ) 
is  a  ball  with  B  C  £2,  denote 


u(x),  x  G  £2  \  B, 


uB  (x)  = 


/  P(x,y)u(y)  dUm-i(y),  x  €  B, 

dB(z;p ) 


(4.1) 


where  P(x,  y)  is  the  Poisson  kernel  corresponding  to  the  ball  B.  Then  uB  e  Uj1  by 

— Q  — Q 

Proposition  3.6.2.  Lemma  3.6.3  forces  that  =  — oo  or  G  H(£2). 

Since  Hp  =  —Hp  by  Lemma  4.1.5,  we  obtain  the  same  proposition  for  Hp. 
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4.2  Resolutive  Functions 


u  is  a  classical  solution  of  the  Laplace  equation  with  boundary  condition  /  if 
u  e  C2(Q )  n  C°(£2),  A u  =  0  in  £2,  and  u  =  f  on  3 £2.  In  this  section,  we 
generalize  a  solution  of  the  Dirichlet  problem  in  the  following  way:  If  H ^  =  Hf 
is  a  harmonic  function,  we  say  that  it  is  a  solution  of  the  Dirichlet  problem  with 
boundary  condition  /.  We  show  that  a  classical  solution  of  the  Dirichlet  problem 
is  also  a  solution  of  the  Dirichlet  problem  in  this  sense.  We  prove  that  for  every 
continuous  function  on  the  boundary,  there  exists  a  solution  of  the  Dirichlet  problem 
in  this  generalized  sense. 

Definition  4.2.1  Let  Q  C  Rm,  m  >  2,  be  a  bounded  open  set.  An  extended  real¬ 
valued  function/  on  3 £2  is  called  resolutive  if  Hf  =  Hf  is  harmonic.  In  this  case, 

H^  =  =  Hj  is  called  the  Perron- Wiener-Brelot  solution  of  the  Dirichlet 

problem  with  the  boundary  condition  /.  We  write  shortly  PWB -solution  of  the 
Dirichlet  problem. 

Proposition  4.2.2  Let  £2  C  Rm,  m  >  2,  be  a  bounded  open  set.  Iff  e  C°( 3  £2)  and 
there  is  a  classical  solution  u  of  the  Dirichlet  problem  for  the  Laplace  equation  on 
£2  with  the  boundary  condition  f,  thenf  is  resolutive  and  Hp  =  u. 

Proof  Clearly  u  e  Uf  PI  Cf .  According  to  Proposition  4.1.4,  we  obtain  u  <  < 

Hf  <  u.  This  gives  Hj  =  H_f  =  ue  H(£2). 

Proposition  4.2.3  Let  £2  C  Rm,  m  >  2,  be  a  bounded  open  set.  The  set  of  resolutive 
extended  real-valued  functions  on  3  £2  forms  a  vector  space.  Iff  and  g  are  resolutive 
functions  on  dQ  and  c  is  a  real  number,  then  =  cH ^  and  Hf+g  =  Hf  +  Hf- 
Iff  is  a  sequence  of  resolutive  functions  on  dQ  andf  converges  uniformly  to  f  on 
3 £2,  thenf  is  resolutive  and  converges  uniformly  to  Hj2. 

Proof  Suppose  that  /  and  g  are  resolutive  functions  on  3  £2  and  c  is  a  real  number. 
According  to  Lemmas  4.1.5  and  Lemma  4. 1 .3,  we  have  =  cHp  and  Hp  < 

H?+,<Hfg<Hj>+Hf. 

Let  now/  be  a  sequence  of  resolutive  functions  on  3  £2  that  converges  uniformly 
to  /  on  3 £2.  Fix  e  >  0.  Then  there  is  n  e  N  such  that  for  each  j  >  n ,  we  have 
/  —/|  <  6.  According  to  Lemma  4.1.5  and  Proposition  4.2.2, 

Thus,  Hp  converges  uniformly  to  Hf  =  .  Proposition  2.11.1  gives  that  Hf  = 

— Q  J 

Hf  is  a  harmonic  function. 


4.2  Resolutive  Functions 


229 


Proposition  4.2.4  Let  £2  C  Rm  be  a  bounded  open  set,  m  >2,  f  /  f,  and  gj  \  g 
on  i)tt.  lfHh  >  -oo,  Hf  <  oo  on  Q  then 


Hf 


— Q 

=  lim  Hf  , 

j—>  OO  Jj 


//?  =  lim  H 


n 

gj' 


If,  in  addition, 


Hf 


Hsj 


H: 


(4.2) 


then  =  Hf,  f  =  Hf. 

Proof  According  to  Lemma  4.1.3,  we  can  suppose  that  Q  is  connected.  Since 


h  := 


- Q  - Q 

lim  Hr  <  Hr 

7— >-00  J 


by  Lemma  4.1.5,  we  can  suppose  that  there  is  xo  G  £2  such  that  h(x o)  <  oo.  Since 
— oo  <  Hf  (xo)  <  ( xo )  <  h(x o)  <  oo,  Theorem  4.1.6  gives  that  Hf  G  H(Q)  for 
each  j.  Since  h  is  a  limit  of  an  increasing  sequence  of  harmonic  functions,  we  have 
h  G  H(Q)  by  Proposition  2.11.3. 

Fix  6  ^  0,  z  ^  ^  •  For  each  j  g  N ,  choose  xjj  g  such  that 


Vj(z)  <  Hf  (z)  +  el  1 


and  define 


v  =  h 


wk  =  h  +  Y^(Pj~nf. 

7=1  7=1 


Then  Wk  is  an  increasing  sequence  of  superharmonic  functions  because  VJ  *  Hf. 
Since  Wk  /*  v.  Proposition  3.25.1  gives  that  v  =  oo  or  v  is  a  superharmonic 
function  in  Q .  Since 


oo 

v(z)  <  /l(z)  +  ^  62-;  =  h(z)  +  6  <  oo 
7=1 


we  infer  that  v  is  a  superharmonic  function  in  Q .  Since  h  >  //^  and  U7  >  ^  ,  we 
obtain 


—a 


11  >  Wt  >  h  +  (vk  -  Hfk)  >  vk 
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If  x  G  3£2,  then 


lim  inf  v  (y)  >  lim  inf  v  k  (y)  >fk  (x)  • 

Q  3y^x  Q  3y^x 


Hence, 


fix)  =  lim  fk(x)  <  lim  inf  v(y) 

k^o o  Q  3y^x 


and  v  e  Up .  This  forces 


h(z)  <  Hp (z)  <  v(z)  <  h(z)  +  €. 


Since  €  is  arbitrary,  we  obtain  h(z)  =  Hp  (z). 

Suppose  now  (4.2).  According  to  Lemma  4.1.5,  we  have 


Hp  >  Hp 


Therefore, 


H 9  >  lim  H?  =  h  =  . 

~J  j — >-OQ  Jj  1 


Since  Hp  <  Hp  by  Proposition  4.1.4,  we  deduce  Hp  =  Hp . 

The  rest  is  a  consequence  of  Lemma  4.1.3. 

Lemma  4.2.5  Let  Q  C  Rm  be  a  bounded  domain,  m  >  2,  and  ubea  superharmonic 
function  in  Q.  If  there  is  a  finite  limit 

f(x )  =  lim  u(x) 

£2  — >x 


at  eachx  G  3£2,  thenf  is  a  resolutive  function. 

Proof  Put  v(x)  =  u(x)  for  x  G  Q  and  v(x)  =  f(x)  for  x  G  3  £2.  Then  v  is  a 
lower  semicontinuous  function  on  £2.  Since  £2  is  a  compact  set  and  v(x)  >  —  oo, 
Lemma  3.2.2  gives  that  there  is  a  real  constant  c  such  that  v  >  c.  Since  u  G  Up, 

Theorem  4.1.6  forces  that  Hp  G  H(Q)  or  Hp  =  — oo.  Since/  >  c,  we  have 

Hp  >  Hp  =  c  by  Lemma  4.1.5  and  Proposition  4.2.2.  Therefore,  Hp  G  H(Q).  If 
x  G  3£2,  then 


lim  sup  Hf{y)  <  lim  sup  u(y)  =  f(x) . 

£2  3y — >x  £2  3y — >x 
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Hence,  Hp  e  Lj ?  and  thus  Hp  <  Since  Hf  <  //^  by  Proposition  4.1.4,  we 
infer  Hp  =  Hp . 

Lemma  4.2.6  Let  £2  C  Rm  be  a  bounded  open  set,  m  >2,  and  K  <Z  £2  be  a  compact 
set.  Iff  G  C®(K)  and  €  >  0,  then  there  are  continuous  superharmonic  functions  u, 
v  on  Q  such  that  \f  —  (u  —  v)  \  <  €  on  K. 

Proof  According  to  the  Stone-Weierstrass  theorem  (Theorem  1.16.2),  there  exists  a 
polynomial  P  such  that  \P—f\  <  6  on  K.  Since  Q  is  a  compact  set,  there  is  a  constant 
M  such  that  |AP|  <  M  on  £2  (see  Lemma  1.2.13).  Put  v(x)  =  —M\x\2/(2m)  and 
u(x)  =  P(x)  -\-v(x).  Then  Av  =  —M  <  0  and  A u{x)  =  A P(x)  —M  <  0.  So,  u  and  v 
are  superharmonic  functions  in  £2  by  Theorem  3. 19.4  and  \f—(u  —  v)  \  =  \f  —  P |  <6 
on  K. 

Theorem  4.2.7  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2.  Iff  e  C°( 3  £2),  thenf 
is  resolutive. 

Proof  Choose  r  >  0  such  that  £2  C  #(0;  r).  For  each  n  e  N,  there  are  continuous 
superharmonic  functions  un  and  vn  in  B( 0;  r)  such  that  we  have  \f—(un  —  vn)  \  <  1  /n 
on  3  £2  (see  Lemma  4.2.6).  Since  un  and  vn  are  resolutive  by  Lemma  4.2.5,  the 
function  un  —  vn  is  resolutive  by  Proposition  4.2.3.  Since  the  resolutive  functions 
un  —  vn  converge  uniformly  to/  on  3£2,  Proposition  4.2.3  forces  that /  is  resolutive. 

Proposition  4.2.8  Let  £2  c  Rm  be  a  bounded  open  set,  m  >  2.  Suppose  thatf  and  g 
are  extended  real-valued  functions  on  3  £2  such  thatf  =  g  on  3  £2  except  possibly  on 

_  — ^  — ^2  o  o 

a  polar  subset  ofoQ.  Then  H y  =  Hg  and  Hf  =  Hg  .  If ;  in  addition,  f  is  resolutive, 
then  g  is  also  resolutive  and  Hp  =  H p  in  £2. 

Proof  Let  z  G  £2  and  H p  (z)  <  /3.  Choose  u  G  Up  such  that  u(z :)  <  /3.  Put  A  = 
{x  G  3£2 ;f(x)  7^  g(v)}.  According  to  Theorem  3.26.3,  there  exists  a  superharmonic 
function  v  in  Rm  such  that  v  =  oo  on  A  and  v(z)  e  R.  Since  v  is  bounded  from 
below  on  £2  (see  Lemma  3.2.2),  there  exists  a  constant  C  such  that  v  +  C  >  0  on  £2. 
Choose  €  >  0  such  that  u(z)  +  c(v(z)  +  C)  <  ft.  Then  u  +  6(r>  +  C)  G  and  thus 

— £2  — £2  — Q  — Q  — Q 

Hg(z)  <  p.  We  have  proved  Hg  <  Hf  .  Similarly,  Hf  <  .  Lemma  4.1.3  gives 

Hf=-H-g  =  -H-f  =  Hf. 

Theorem  4.2.9  Let  £2  c  Rm  be  a  bounded  open  set,  m  >  2.  Suppose  that  f  is  an 
extended  real-valued  function  on  d  £2.  Let  F  be  defined  on  £2  by  F  =  f  on  3  £2  and 
F  =  Hf  on  £2.  If  co  is  an  open  subset  of  i 2,  then  Ft p  =  F  =  Hf  in  co.  Iff  is 
resolutive,  then  F  is  resolutive  ( with  respect  to  co)  and  Hf  =  m  &>. 

Proof  We  can  suppose  that  £2  and  co  are  connected  (see  Lemma  4.1.3).  Theo- 
rem  4.1.6  gives  that  HF  =  — oo  or  HF  =  oo  or  HF  G  H(f2).  If  u  G  Up,  then  clearly 
u  €  U§.  Hence,  77”  <  77“  on  w.  If  /  =  -oo,  then  77”  =  -oo.  If  77“  =  oo  then 
Up  =  {F}  and  thus  Hp  =  F  =  oo  in  co.  Let  now  F  =  P)  e  H{£1).  Let  u  e  Up  be 
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superharmonic.  Define 


{min  (u,  F ),  on  co, 

F,  on  £2  \  co 

Then  u  is  a  superharmonic  function  in  £2  by  Corollary  3.3.10.  Let  v  £  Up  be 
superharmonic.  Define  w  =  u  +  v  —  Hp.  Then  w  is  superharmonic  by  Lemma  3.3.3. 

If  x  e  Q\co  or  u(x )  >  Ftp (v),  then  w(x)  =  v(x).  If  x  e  co  and  u(x)  <  Hp (v),  then 
w(x)  >  u(x).  So,  w  is  bounded  below.  If  z  £  3£2  \  dco,  then 

liminf  w(x)  =  liminf  v(x)  >/(z). 

— >z 


If  z  £  3^  Pi  dco,  then 


lim  inf  w(x)  >  min(lim  inf  v (x) ,  lim  inf  u(x))  >  min (f(z) ,  F(z))  =  f(z) . 

(0Vw)9jc->-z  Qbx^z  coBx-^z 


o  — Q  — Q 

It  follows  that  w  £  Up.  So ,u  +  v=w  +  Hf  >  2 Hf  on  £2.  Since  this  holds  for 
all  v  G  Uf  ,  we  see  that  u  >  on  Q.  In  particular,  u  >  on  co.  Since  u  is  an 

arbitrary  element  of  Up,  we  have  H ^  >  Hp  on  a;,  as  required. 

Let  now /  be  resolutive.  Then  — f  is  resolutive  by  Proposition  4.2.3.  By  virtue  of 
Lemma  4. 1.3, 


77"  _  zjto  _  ~uQ  —  77"  —  uco 

tip  —  tij  —  ti  _/  —  ti  _p  —  tl  p 


and  F  is  resolutive  (with  respect  to  co). 


4.3  Approximation  of  Domains 

Theorem  4.3.1  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2,  andf  £  C°(£2).  IfQn 
is  an  increasing  sequence  of  open  sets  in  Rm  such  that  £2  =  U{£2n;w£iVr}  then 

H?(x)  =  lim  H?n(x),  xeQ. 

J  n-^o o  J 

Proof  Fix  x  e  Q,  e  >  0.  For  u  £  Up,  put  vu(y)  =  u(y)  —f(y)  on  £2  and 

vu(y)  =  lim  inf  14 (z) 


for  y  £  3  £2.  Since  vu  is  lower  semicontinuous  on  £2  and  vu  >  0  on  3£2,  the  set 
Ku  =  {y  e  i 2;  vu(y)  <  —  c}  is  a  closed  subset  of  £2.  The  set  {x}  U  Ku  is  compact,  so 
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there  are  n(l), . . . ,  n(k)  G  N  such  that 


k 

{x}  U  Ku  C  |J  S2„w. 
j=  i 

If  ft  >  no  =  max  (ft  (1), . . . ,  n(k )),  then  {x}  U  C  Qn.  This  means  that 

liminf  u(z)  >/(y)  -  6 

ft„3z-^;y 

for  each  y  G  9£2n  and  u  +  6  G  Z7^P\  Hence,  ft(x)  +  6  >  H^n(x).  Since/  is  resolutive 
in  £2  and  in  £2  „  by  Theorem  4.2.7  and  since  u  G  Z^P  is  arbitrary,  we  have 

Hf  (x)  >  (x) ,  Hf  (x)  >  lim  sup  //“"  (x) . 

n— >•  oo 

According  to  Lemma  4.1.3, 

H?(x)  =  —H%(x)  <  —  lim  sup //p?  (x)  =  lim  inf //?"  (x) . 

7  7  n-+  no  7  7 


4.4  Harmonic  Measures 

In  this  section,  we  prove  that  for  each  x  G  £2,  there  exists  a  probabilistic  measure 
p%  supported  on  3  £2  (so-called  harmonic  measure)  that  /  is  resolutive  if  and  only 
iff  G  Lx(pff)  and  u(x)  =  f  f  d/xp  gives  the  solution  of  the  Dirichlet  problem  with 
the  boundary  condition/. 

Theorem  4.4.1  Let  £2  C  Rm,  m  >  2,  be  a  bounded  open  set.  If  x  G  £2,  then  there 
exists  unique  Radon  measure  p%  on  3  £2  such  that 

Hf(x)  =  jfd/42  (4.3) 

for  each  f  G  C°(9£2).  This  measure  satisfies  /xp(9£2)  =  1. 

Proof  Fix  x  G  £2.  Then  /  i->  H^(x)  represents  a  linear  functional  on  C°(9£2)  by 
Theorem  4.2.7  and  Proposition  4.2.3.  Iff  >  0,  then  Hp  (x)  >  0  by  Proposition  4.2.2 
and  Lemma  4.1.5.  According  to  the  Riesz  representation  theorem  (Theorem  1.13.8), 
there  is  unique  Radon  measure  pf  on  9 £2  such  that  (4.3)  holds.  By  virtue  of 
Proposition  4.2.2,  we  have  /zp(9£2)  =  //p(x)  =  1. 

Definition  4.4.2  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2,  andx  G  £2.  The  Radon 
measure  /zp  from  Theorem  4.4.1  is  called  harmonic  measure  relative  to  £2  and  x. 
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Corollary  4.4.3  Let  £2  C  Rm  be  an  open  set,  m  >  2.  Iff  e  C°(9£2),  then  f  is 
resolutive  and 


min  f(y)  <  H?(x)  <  max/(y),  (4.4) 

y€3£2  J  ;y€3£2 

Proof  f  is  resolutive  by  Theorem  4.2.7.  Fix  x  e  Q.  Let  /z^2  be  the  harmonic  measure 
relative  to  Q  and  v.  Then  (x)  is  given  by  (4.3).  Since  /z^2  >  0  and  /z^2  (9 £2)  =  1 , 
we  obtain  (4.4). 

Lemma  4.4.4  Let  £2  C  Rm  he  a  bounded  open  set,  m  >2,  andf  :  9 £2  —>  (—00,00) 
be  a  lower  semicontinuous  extended  real-valued  function.  Ifx  e  £2,  then 

Hf(x)  =  Hfx)  =  jfd/P. 

dQ 

Proof  The  function  /  is  bounded  from  below  by  Lemma  3.2.2.  According  to 
Lemma  3.2.4,  there  exists  an  increasing  sequence  fa  of  continuous  functions 
on  9 £2  such  that  fa  /*  /.  The  functions  fa  are  resolutive  by  Theorem  4.2.7. 
Proposition  4.2.4,  Theorem  4.4.1,  and  Corollary  1.13.4  give 

lp(x)  =  Hj  (x)  =  lim  Hf  (x)  =  lim  f  fk  d/i?  =  l  f  d/i?. 

J  J  k — >00  JK  k—>oo  J  J 

dQ  dQ, 

Theorem  4.4.5  Let  Q  C  Rm  be  a  bounded  open  set,  m  >  2,  and  f  :  9  £2  —> 
(—00,  00)  be  an  extended  real-valued  function,  x  e  £2. 

•  Iff  e  L1  (/if),  then 


Kf  (x)  =  Hf  (x)  =  j  f  dji?  e  Rl.  (4.5) 

3ft 

•  IfHxpx)  =  f(x)  e  R\  thenf  €  Ll(n?). 

Proof  Suppose  first  that /  =  /m  is  the  characteristic  function  of  M  C  9 £2.  If  M  is 
closed  or  open  in  the  metric  space  9  £2,  then  — f  or  /  is  a  lower  semicontinuous 
function  and  Lemma  4.4.4  and  Lemma  4.1.3  give  (4.5).  Let  now  M  be  a  /zj2- 
measurable  set.  Fix  6  >  0.  Since  /z^2  is  a  Radon  measure,  there  are  an  open  set 
G  and  a  closed  set  K  such  that  K  C  M  C  G  and  p^  (G)  —  €<p^  (M)  <  /z^2  (K)  +  6. 
According  to  Lemma  4.1.5,  we  obtain 

Hf(x)  <  f  jx)  =  fi?(G)  <  n? (M)  +  e, 

H?(x)  >  H%:(x)  =  li? (K)  >  11? (M)  -  e. 
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Since  €  is  arbitrary,  we  infer  Hp  (x)  <  /JLp(x)  <  Hp{x).  Since  Hp(x)  <  //^  (x)  by 
Lemma  4.1.4,  we  obtain  (4.5). 

If  /  is  simple  (i.e.,  a  linear  combination  of  characteristic  functions  of  /im¬ 
measurable  sets),  then  we  obtain  (4.5)  using  Lemma  4.1.3  and  Lemma  4.1.5. 

Iff  e  L'(tf)  and  /  >  0,  then  there  is  an  increasing  sequence  of  simple  functions 
fj  such  that 7/  /  f  as 7  — >  oo.  According  to  Proposition  4.2.4  and  Theorem  1.13.3, 

Hf(x)  =  ifj  (x)  =  lim  H?  (x)  =  lim  f  f  d/if  =  I  f  d/42. 

J  J  OO  OO  J  J 

dQ  dn 

If f  e  m),  put /+  =  max(/, 0)  and/-  =  max(— /, 0).  Then  f+J~  G 
L1  (/x/2 )  -  According  to  Lemma  4.1.5  and  Lemma  4.1.3, 

Hf(x)  <  Hf+(x)  +  77/-,  (x)  =  Jf+  d/42  -  j  f~  d/42 

dQ  dQ 

=  Hf+  (x)  +  H?_r)(x)  <  Hf(x). 

Since  //^+  (x)  <  Hp+  (x)  by  Proposition  4.1.4,  we  obtain  (4.5). 

Suppose  now  that  Hp  (x)  =  Hp  (x)  G  Rl .  Fix  a  sequence  un  G  Up  such  that 

un{x)  <  Hp  (x)  +  \/n.  Since  min (u,  v)  e  Up  for  each  u,v  e  Up  (see  Lemma  3.3.3), 
we  can  suppose  that  un  is  a  decreasing  sequence.  Similarly,  we  can  find  an  increasing 
sequence  vn  G  Cp  such  that  vn(x)  >  Hp(x)  —  \/n.  Define  for  n  e  N  and  z  G  9  £2 

K  (z)  =  lim  inf  un  (y) ,  wn  (z)  =  lim  sup  vn  (y) . 

QBy^z 


Then  hn  is  a  decreasing  sequence  of  lower  semicontinuous  functions  on  9  £2,  wn  is 
an  increasing  sequence  of  upper  semicontinuous  functions  on  3  £2,  and  wn  <  /  <  hn. 
According  to  Lemma  4.4.4  and  Lemma  4.1.3, 

f  Wn  d/42  <  [  hn  d/42  =  H%  (x)  <  Unix)  <  7lf  (x)  + 

JdQ  JdQ  n 

[  wn  d/42  =  (x)  >  v„(x)  >  Hf  (x)-l=  Hf  (x)-l 

Jan  «  « 

Thus,  /i„,  w„  e  Ll(Hx)  and 


-  w„)  d/42 


<  2/n. 
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Put 


h(z)  =  lim  hn(z),  w(z)  =  lim  w„(z). 

n—>  oo  n—>  oo 

Then  h  and  w  are  Borel  measurable  functions  and  w  <f  <  h.  Since  w\  <w<h< 
h\  and  h\,  w\  G  Ll(pp),  we  infer  that  w,h  G  Ll(pp).  Corollary  1.13.4  gives 

f  (h-w)  dpp  =  lim  [  (hn  -  wn)  d pp  =  0. 

J  n^o o  J 

8Q  dQ 


w  <  h  forces  /x^({z; /z(z)  /  w(z)})  =  0.  Since  w  <  f  <  h  and  /z  G  L^/x^2),  we 
deduce  w  G  Ll(pp). 

Corollary  4.4.6  Let  £2  C  Rm  be  a  hounded  open  set,  m  >  2,  azzd/  :  3^2  — > 
(—oo,  -Too)  be  a  Borel  measurable  extended  real-valued  function.  If —oo  <  Hp  < 

<  oo  in  £2,  thenf  is  resolutive  and 


Proof  Put/+  =  max(/, 0),/-  =  max(— /, 0),  and//  =  min(/+,zz)  for  zz  G  TV. 
Then  //  is  Borel  measurable.  If  v  G  £2 ,  then //  G  L/yi/2),  because  0  <  //  <  zz 
and  0,  n  G  L^/x^2).  Since//  >  0,  we  obtain  by  Theorem  4.4.5 

0  <H%  =H%. 

~fn  In 

Since//  /*  /+ ,  Proposition  4.2.4  gives  that 

o  <Hf+  =Hf+. 

Fix  i  G  12.  Since  Hp (v)  <  oo,  there  is  u  G  Up  such  that  u(x)  <  oo.  Since  u  is 
bounded  from  below,  there  is  a  constant  c  >  0  such  that  u  +  c  >  0  in  £2 .  Since 
u  -f  c  G  Z// ,  we  have 


//j+  (x)  <  u(x)  +  c  <  oo. 

This  forces  that/+  is  resolutive  (compare  Theorem  4.1.6).  Similarly,/-  is  resolu¬ 
tive.  Proposition  4.2.3  gives  that /  =  /+  — f~  is  resolutive.  The  rest  is  a  consequence 
of  Theorem  4.4.5. 
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Corollary  4.4.7  Let  £2  C  Rm  be  a  bounded  domain,  m  >  2,  and  f  :  3^2  — > 
(—oo,  +oo)  be  an  extended  real-valued  function.  Then  the  following  are  equiva¬ 
lent: 

1.  f  is  resolutive. 

2.  f  e  C  (nf)  for  all  x  €  Q. 

3.  f  e  l}  (iif)  for  some  x  e  £2. 

Proof  1)  =>>  2):  This  implication  follows  from  Theorem  4.4.5. 

2  =>>  3):  This  implication  is  trivial. 

3)  =>  1):  Theorem  4.4.5  gives  that  H?(x)  =  fix)  e  R.  Thus,  H_f  e  H(S 2)  and 
hfj  e  H(Q)  by  Theorem  4.1.6.  Since  H_f  <  f  (see  Proposition  4.1.4),  Hj  —  Hj 
is  a  nonnegative  harmonic  function  in  £2.  Since  Hp  (x)  —  Hp  (x)  =  0,  Theorem  2.4.2 
gives  that  Hp  —  Hp  =  0  in  £2 . 

Proposition  4.4.8  Let  co  C  £2  be  bounded  open  subsets  of  Rm,  m  >  2,  and  x  G  co. 
IfB  C  dco  fl  3  £2  is  a  Borel  set,  then  pf(B)  <  p^  (B). 

Proof  Put /  =  xb •  Fix  u  G  Up.  Since  0  G  Cp,  Proposition  4.1.4  gives  that  0  < 
u.  Thus,  u  G  Up  and  Hf(x)  <  Hp(x).  Theorem  4.4.5  gives  pf(B)  =  Hj  (x)  < 
Hf(x)  =  /if(B). 

Proposition  4.4.9  Let  co  be  a  component  of  a  bounded  open  set  £2  C  Rm,  m  >  2.  If 
x  G  co,  then  pp( 3£2  \  dco )  =  0  and  pp  =  pf. 

Proof  Let  B  C  dco  be  a  Borel  set.  Then  pf(B)  <  pp (B)  by  Proposition  4.4.8.  On 
the  other  hand,  according  to  Theorem  4.4.1  and  Proposition  4.4.8,  we  have 

l4l(B)  =  tfidto  \B)<  1  -  \  B )  =  /£(*). 

Thus,  pp{B)  =  pf(B)  and  p^(dQ  \  dco)  =  1  —  p^(dco)  =  1  -  pf(dco)  =  0. 

Theorem  4.4.10  Let  co  be  a  component  of  a  bounded  open  set  £2  C  Rm,  m  >  2, 
and  B  C  3  £2  be  a  Borel  set.  Ifx,y  G  co,  then  pf(B)  =  0  if  and  only  if  pp(B)  =  0. 
Moreover,  there  exists  a  nonnegative  bounded  measurable  function  g  on  3  £2  such 
that  /if  =  g/if. 

Proof  Let  /  =  be  a  characteristic  function  of  B.  Then  /  is  resolutive  by 
Corollary  4.4.6.  Since  0  G  Cp ,  the  function  Hp  is  nonnegative.  If  Hp(x)  = 
pp{B)  =  0  (compare  Corollary  4.4.6),  then  Hp  =  0  on  a;  by  Theorem  2.4.2. 
According  to  Corollary  4.4.6,  we  have  0  =  Hp(y)  =  p^(B).  According  to 
Theorem  1.13.10,  there  exists  g  G  Ll(pp)  such  that  p^  =  gp p.  Since  p^(dQ  \ 
dco)  =  0  =  p^( 3£2  \  dco)  by  Proposition  4.4.9,  we  can  suppose  that  g  =  0  on 
3  £2  \  dco.  Since  p p  >  Owe  deduce  that  g  >  0.  According  to  Theorem  2.8.2  there 
exists  a  positive  constant  C\  such  that  h(y)  <  C\h{x)  for  each  nonnegative  harmonic 
function  h  on  co.  Fix  C2  >  C 1,  and  set  M  =  {x  G  3 co;g(x)  >  C2}.  Then /  =  /m 
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is  a  resolutive  function  by  Corollary  4.4.7.  Put  h  =  Hp.  Since  h  is  a  nonnegative 
harmonic  function,  we  have 


CuA  m  =  C\h(x)  >  h(y)  =  ,^(M) 


=  j  8  -  j  C2  d/2?  =  °2l4 


(M). 


M 


M 


This  gives  that  (M)  =  0. 


4.5  Regular  Sets 

In  this  section,  we  characterize  regular  boundary  points.  In  particular,  we  obtain 
that  for  £2  with  Lipschitz  boundary  and/  continuous  on  3 £2,  there  exists  a  classical 
solution  of  the  Dirichlet  problem  with  the  boundary  condition/. 

Definition  4.5.1  Let  Q  C  Rm  be  a  bounded  open  set,  m  >  2.  A  point  y  G  9  £2  is 
called  regular  (for  Q)  if 


lim  Hf(x)  =f(y ) 

Q  3x^y  J 

for  each /  G  C°(9£2).  Otherwise,  y  is  called  irregular.  We  say  that  the  set  £2  is  regular 
if  every  point  of  9  £2  is  regular. 

Definition  4.5.2  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2.  A  function  u  is  called 
a  barrier  (for  Q)  at  y  G  9  £2  if  u  is  positive  and  superharmonic  on  £2  PI  U  for  some 
open  neighborhood  U  of  y  and 


lim  u(x)  =  0.  (4.6) 

Q3x—>y 

Lemma  4.5.3  Let  £2  C  Rm  be  a  bounded  open  set ,  m  >  2,  and  y  G  9  £2.  If  there  is 
a  barrier  for  £2  y,  is  u  G  H(£2)  such  that  \x  —  y |2  <  u(x)  <  (diam  £2)2 

and  (4.6)  hold. 

Proof  Put  f(x)  =  \x  —  y|2.  Since  /  is  resolutive  by  Theorem  4.2.7,  the  function 
u(x)  :=  H ^  (x)  is  harmonic  in  Q.  Since  A/  =  2m  >  0,  the  function /  is  subharmonic 
in  £2  by  Theorem  3.19.4.  Since/  G  Cf ,  we  have  u(x)  =  H^(x)  >  f(x)  =  \x  —  y|2. 
Since  M  :=  (diamG)2  G  Up,  we  have  u  =  7/^  <  M. 

Fix  6  >  0.  We  shall  prove  that  there  is  r  >  0  such  that  u(x)  <  6  on  £2  fl 
7?(y;  r).  Let  r>  be  a  barrier  for  £2  at  y  and  ro  G  (0,  y/c/3)  be  such  that  v  is  a  positive 
superharmonic  function  on  £2  PI  B(y;  ro).  Remark  that  f(x)  <6/3  on  9^2  Pi  B(y;  ro). 
Since  y  G  9£2,  we  can  choose  r\  G  (0,  ro)  such  that  £2  D  97?(y,  r\)  0.  Put  U  = 

£2H7?(y;  ri).  Choose  a  compact  set  F  C  £2Pl97?(y;  n)  such  that  Hm-\ (dU \ 9£2 \F)  < 
6/(3 M).  Put  g(x)  =  M  for  x  G  (dU\ 9£2  \F)  and  g(v)  =  0  elsewhere.  Denote  by  Pg 
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the  Poisson  integral  corresponding  to  the  ball  B(y;  r\)  and  g.  Since  0  <  Pg,  Pg(y )  < 
6/3,  and  Pg  G  H(B(y ;  r\))  (see  Theorem  2.5.4),  there  is  p  G  (0;  n)  such  that  Pg  < 
6/3  on  B(y;  p).  Since  v  is  a  positive  superharmonic  function  on  Q  PI  B(y;  r0)  and  F 
is  a  compact  subset  of  £2  PI  B(y;  ro),  there  is  a  positive  constant  c  such  that  v  >  c 
on  F  (see  Lemma  3.2.2).  Since  v(x)  0  as  x  — >  y,  there  is  r  G  (0,  p)  such  that 
Mv(x)/c  <  6/3  on  Q  Pi  B(y;  r).  The  function  w(x)  =  Mv(x)/c  +  Pg(x)  +  6/3  is 
superharmonic  in  U  and  w(x)  <  6  in  Q  PI  B(y;  r).  Fix  cp  G  Cj? .  If  z  €  31/  P  3£2,  then 

liminf[w(v)  —  <p(x)]  >  6/3  —  limsup<^(v)  >6/3  —f(z)  >  0. 


If  z  G  F,  then 


liminf[w(v)  —  <p(x)]  >  fiminf[Mu(;r)/c  —  <p(x)] 

UBx^Z  UBx^Z 

>  — c  —  lim  sup  </9(v)  >  M  —  lim  sup  (jt)  >  M  —  M  >  0. 

If  z  G  3C7  \  3£2  \F,  then 

liminf[w(v)  —  <p(x)]  >  fiminf[Pg(v)  —  <p(x)] 

UBx^z  UBx^z 

=  M  —  lim  sup  cp(x)  >  M  —  lim  sup  F/P  (v)  >  M  —  M  >  0 

£2  Bx — >Z  £2  3 X — >Z 


by  Theorem  on  the  Poisson  integral  (Theorem  2.5.4).  According  to  Proposi¬ 
tion  3.4.1,  we  obtain  cp  <  w  in  U.  Since  w  <  6  on  B(y,r )  PI  £2,  we  infer  that 
(p  <  e  on  B(y,  r)  P  £2.  Since  cp  G  was  arbitrary,  we  deduce  that  w  =  <  6  on 

Z?(y,  r)  PI  £2. 

Proposition  4.5.4  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2,  and  y  G  3  £2. 
Suppose  thatf  and  g  are  extended  real-valued  functions  on  3  £2 ,  /  is  bounded  from 
above,  and  g  is  bounded  from  below.  If  there  is  a  barrier  for  £2  at  y,  then 

lim  sup  H?  (x)  <  limsup/(x),  lim  inf  H^(x)  >  liminf  g(x).  (4.7) 

ttBx^y  dQBx^y  SlBx^y  g  dQBx^y 

Proof  Suppose 


lim  sup/ (v)  <  M  <  oo. 

dtlBx^y 

Define/  =  /  on  3£2  \  {y}  and  f(y)  =  M.  Since  {y}  is  a  polar  set  by  Lemma  3.26.2, 
Proposition  4.2.8  gives  that  Hj  =  Hj  .  There  exists  r  >  0  such  that  /  <  M 
on  B(y;r)  PI  3£2.  Choose  a  constant  L  such  that  /  <  L  on  3£2.  According  to 
Lemma  4.5.3,  there  exists  u  G  H(Q)  such  that  \x  —  y\ 2  <  u(x)  <  (diam£2)2  and 
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u(x)  — >  0  as  x  — ►  y.  Put  v(x)  =  M  +  u(x)L/ r2.  Then  v  G  H(i2).  If  z  G  3£2  \  #(y;  r), 
then 


liminft;(x)  >liminf| x  —  y^L/r2  =  \ z  —  y^L/r2  >L>f(z). 

QBx^Z  QBx^Z 

If  z  g  B(y ;  r)  Pi  3£2,  then 


liminfr/v)  >  M  >/(z). 

Q  Bx^z 


Since  v  e  U? ,  we  have 


lim  sup  H rj  (x)  =  lim  sup  Hj  (x)  <  lim  sup  v(x)  —  M. 

£2  Bx-^-y  £2  Bx-^-y  £2  Bx— >y 


Since  M  was  arbitrary,  we  obtain  the  first  part  of  (4.7).  Since  —  g  is  bounded  from 
above,  Lemma  4.1.3  gives 


lim  inf  ifi  (x)  =  —  lim  sup  H?_  ,  (x)  >  —  lim  sup (~g(x))  =  lim  inf  g(x) . 

ttBx^y  QBx^y  8QBx  -+y  dQBx^y 

Theorem  4.5.5  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2.  A  point  y  e  3  £2  is 
regular  if  and  only  if  there  exists  a  barrier  for  £2  at  y. 

Proof  If  there  exists  a  barrier  at  y,  then  y  is  regular  by  Proposition  4.5.4. 

Conversely,  suppose  that  y  is  regular.  Put  f(x)  =  \x  —  y\2.  Since  /  is  resolutive 
by  Theorem  4.2.7,  the  function  H^(x)  is  harmonic  in  £2.  Since  A/  =  2m  >  0, 
the  function  /  is  subharmonic  in  £2  by  Theorem  3.19.4.  Since/  e  Cj?9  we  have 
Hp(x)  >  f{x)  =  \x  —  y\2.  Since  y  is  regular,  we  infer  that  H ^  (v)  —>  0  as  v  —>  y  in 
£2.  Thus,  Hj*  is  a  barrier  for  Q  at  y. 

Theorem  4.5.6  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2.  A  point  y  e  dQ  is 
irregular  for  £2  if  and  only  if  there  is  some  component  co  ofi 2  such  thaty  G  dco  and 
y  is  irregular  for  co.  In  particular,  y  is  regular  for  £2  if  y  is  not  in  the  boundary  of 
any  component  ofi 2. 

Proof  Fix  y  G  3  £2.  Suppose  first  that  y  is  a  regular  point  for  £2.  According  to 
Theorem  4.5.5,  there  is  a  barrier  v  for  £2  at  y.  If  co  is  a  component  of  £2  such  that 
y  G  dco  then  v  is  a  barrier  for  co  at  y.  Theorem  4.5.5  gives  that  y  is  a  regular  point 
for  co. 

Suppose  now  that  y  is  a  regular  point  for  each  component  co  of  £2  for  which 
y  G  dco.  Let  {copj  G  J}  be  all  component  of  £2.  The  set  J  is  finite  or  denumerable. 
Denote  J\  =  {j;y  $  3 coj)  and  J2  =  {j',y  G  3 coj}.  For  j  e  J\,  put  v(x)  =  dist(y,  coj) 
for  x  G  coj.  Let  now  j  G  J2.  According  to  Theorem  4.5.5,  there  is  a  barrier  for  coj  at  y. 
Lemma  4.5.3  gives  that  there  is  Vj  G  H(cOj)  such  that  Vj  >  0  and 

lim  Vj(x)  =  0. 

coj  Bx — >y 
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Put  v(x)  =  mm(vj(x),  l/j)  for  x  e  coj.  Then  v  is  a  superharmonic  function  in  coj  by 
Lemma  3.3.3.  Since  v  is  superharmonic  positive  function  in  Q  and 


lim  v(x)  =  0, 

QBx^-y 


v  is  a  barrier  for  £2  at  y.  Theorem  4.5.5  gives  that  y  is  a  regular  point  for  £2. 

Theorem  4.5.7  Let  £2  C  Rm  be  a  bounded  open  set,  y  G  3 £2.  If  there  exist  a 
coordinate  system  centered  at  y  and  p  >  0  such  that  £2  PI  {x  G  5( 0;  p);x \  <  0,  X2  = 
0}  =  0,  then  y  is  regular  for  £2.  In  particular,  if  £2  C  R2  and  y  is  an  end  point  of 
some  line  segment  lying  in  R2  \Q,  then  y  is  regular. 

Proof  Express  the  first  two  coordinates  in  the  polar  coordinates,  i.e.,  x\  =  r  cos  (p 
and^2  =  rsin<^.  Define  u(x)  =  ^/rcos(<^/2)  forx  G  £2  Pi  5(0;  p).  Since  — tt  <  cp  < 
tv,  we  have  u  >  0.  By  virtue  of  Lemma  2.1.6, 


3  2u  13  u  1  3  2u 
dr 2  +  r  dr  +  r2  dcp2 


cos(<^/2) 


+  ^r  3//2  cos(<^/2)  —  3//2  cos(^/2)  =  0. 


Since  i/(v)  — 0  as  v  — >►  y,  the  function  w  is  a  barrier.  The  point  y  is  regular  by 
Theorem  4.5.5. 

Theorem  4.5.8  ^2  C  Rm  be  a  bounded  open  set,  m  >  2  y  G  3^2.  Suppose 

that  there  exist  a  circular  cone  T  of  vertex  y  and  an  ( m  —  l)- dimensional  hyperplane 
M  containing  the  axis  of  T  such  that  T  PI  M  PI  5(y;  8)  C  Rm  \  £2  for  some  8  >  0. 
Then  y  is  regular. 

Proof  We  may  suppose  thaty  =  0.  Define  co  =  5(0;  1)  \  (T  PI  M).  Then  every  point 
of  3 co  \  {0}  is  a  regular  point  of  co  by  Theorem  4.5.7.  Put  f(x)  =  |v|2.  The  function 
/  is  resolutive  by  Theorem  4.2.7.  Define  F  =  f  on  dco  and  F  =  on  co.  Then  F 
is  continuous  on  cd\  {0}.  We  show  that  F  is  a  barrier  at  y  for  co.  The  function  F  is 
harmonic  in  co  by  Theorem  4.1.6.  Since  —  A/  <  0,  the  function/  is  subharmonic  by 
Corollary  3.19.3.  Thus,/  G  and  therefore  0  <  /  <  F  in  co.  We  now  show  that 
F{x)  ->  0  as  \x\  ->  0.  Since/  <  1  on  dco ,  we  infer  that  1  G  and  thus  F  <  1. 
Theorem  2.4.2  gives  that  F  =  1  or  F  <  1  in  co.  If  z  G  dco  and  0  <  |z|  <  1,  then 
F(x)  ->  f(z)  =  |z|2  <  1  as  v  ->►  z.  So,  F  ^  1,  and  therefore  F  <  1  in  co.  Define 
G  =  5(0;  1/2)  \  (T  Pi  M).  Then  =  F  by  Theorem  4.2.9.  Define 


a  =  swpF(x). 

xEG 


a  <  sup  F(x)  <  1 . 

xEdG 


Theorem  4.4.1  gives 
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On  the  other  hand, 


a  >  sup  F(x )  = 

xedGnda)  4 

Define  u(x)  =  F(x )  —  aF(2x).  Then  w  is  a  bounded  harmonic  function  in  G.  If 
z  e  dco  H  dG  \  {0},  then 


lim  u{x)  =  |z|2  —  a'4|z|2  <  0. 


IfzG  dG\dco,  then 


lim  u(x)  <  a  —  a  •  1  =0. 

GBx— >z 

Corollary  2.4.4  gives  that  u  <  0  in  G.  We  know 

ft  \=  limsupF(x)  >  lim  inf  F(x)  >  0. 

GBx^O  GBx^O 

Since  F(x)  <  aF( 2x),  we  have  /3  <  a /3.  Since  0  <  a  <  1  and  /3  >  0,  we  deduce 
that  =  0. 

Since  F  is  a  barrier  at  y  for  &>,  it  is  a  barrier  at  y  for  Q.  Theorem  4.5.5  gives  that 
y  is  a  regular  point. 


4.6  Regularity  and  the  Green  Function 

As  a  consequence  of  results  about  PWB -solutions  of  the  Dirichlet  problem,  we  are 
able  to  study  limits  of  the  Green  function  and  Green  potentials  at  boundary  points. 

Proposition  4.6.1  Let  Q  C  Rm  be  a  bounded  open  set,  m  >  2,  and  G(x,y )  = 
hm(x  —  y)  —  g^(x,y)  be  the  Green  function  of  £2.  For  a  fixed  y  e  £2,  put  f(x)  = 
hm(x  ~  y )  on  dQ.  Then  gn(-,y)  =  Hp. 

Proof  f  G  C°(3G)  is  resolutive  by  Theorem  4.2.7 ;  hence,  G  H(Q).  Since  hmf  — 

y)  is  a  superharmonic  function  (see  Example  3.3.9),  we  have  hm( •  —  y)  G  U Jp  and 
thus  H^{x)  <  hm(x  —  y).  According  to  the  definition  of  Green’s  function,  we  have 
Hp(x)  <  g^(x,y).  If  z  G  9£2,  then 

lim  sup  gQ (x,  y)  <  lim  sup  hm(x  -y)=  f(z) 

Q  Bx^z  £2  Bx^Z 

and  thus  gn(-,y)  e  Cf  because  gn(-,y)  e  H{Zl ).  Hence,  gQ (x,  y)  <  Haf. 
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Theorem  4.6.2  Let  £2  C  Rm  be  a  bounded  open  set  with  the  Green  function  Gq, 
m  >2,  andy  G  9£2.  The  following  are  equivalent: 

1.  y  is  regular  for  £2. 

2.  For  every  z  G  £2, 


lim  G^(x,z)=0.  (4.8) 

3.  Every  component  of  £2  contains  a  point  zfor  which  (4.8)  holds. 

Proof  1)  2):  Fix  z  G  £2.  Put  f(x)  =  hm(x  —  z).  Since  y  is  regular  for  £2,  we  have 

lim  H?(x)  =f(y )  =hm(y-z). 

£2  Bx — >y 

Proposition  4.6.1  gives  Gq(x,  z)  =  hm(x  —  z)  —  Hp(x).  This  forces  (4.8). 

3)  =4>  1):  Let  co  be  a  component  of  £2  such  that  y  G  dco.  Fix  z  G  to  such  that 
(4.8)  holds.  Then  G^  (•,  z)  is  a  barrier  for  co  at  y  by  Proposition  3.9.7.  According  to 
Theorem  4.5.5,  the  point  y  is  regular  for  co.  Theorem  4.5.6  gives  that  y  is  regular 
for  £2. 

Theorem  4.6.3  Let  £2  C  Rm  be  a  bounded  open  set  with  the  Green  function  Gq, 
m  >2,  and  pc  be  a  finite  real  Borel  measure  with  compact  support  in  £2,  f  G  LP(Q), 
andp  >  mj  2.  Ifz  G  9£2  is  regular  for  £2,  then 


lim  Gq/jl(x)  =  0,  lim  Gof(x)  =  0. 

Q  Bx^-z  £2  Bx^z 

Proof  We  can  suppose  that  p  <  oo.  Then  p'  =  p/(p—  1)  <  m/(m  —  2).  There  exists 
C  >  0  such  that  0  <  G^(x,y)  <  hm(x  —  y)  +  C  on  Q  x  £2  (see  Proposition  3.9.14 
and  Proposition  3.9.15).  If  y  G  £2,  then  G^(v,y)  0  as  v  — >►  z  by  Theorem  4.6.2. 

Lebesgue  lemma  (Lemma  1.13.2)  gives 


lim  G^/x(v)  =  0. 

Fix  6  >  0.  Since  hm(x)  +  C  G  Lploc(Rm ),  there  exists  p  >  0  such  that 
J  | hm(x)  +  C\p' d Km  <  ep’. 

B(0  ;p) 


Put/i  =  fxB(z;p/ 2)  and/2  =  /  —  f\.  If  v  G  £2  Pi  B(z\  p/2 )  then  we  obtain  by  Holder’s 
inequality  (Proposition  1.14.1) 


\Gofi(x)\  <  \\fi\\u>(Q) 


/ 


\hm(x-y)  +  C\p  d Hm(y) 


-\W 


<  f|[/'||l?(£2)- 


b(x;p ) 
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We  obtain  by  virtue  of  Lebesgue  lemma  (Lemma  1.13.2) 

lim  GQf2(x )  =  0. 

Thus,  there  is  0  <  r  <  p/4  such  that  |Gn/2(x)|  <  e  for  x  E  B(z,r )  D  £2.  Hence, 
l<W(x)|  <  \Gafi(x)\  +  \Gnf2(x)\  <  e[||/||z/>(fi)  +  1]  for*  e  B(z;r)  n  S2. 

Proposition  4.6.4  Lef  £2  C  Rm  be  an  open  set  with  the  Green  function  Gq,  m  >  2, 
and  z  £  Sl-We  extend  Gq  (•,  z)  by  0  on  Rm  \  £2  and  by 

Gq(x,  z)  =  lim  sup  Gn(y,  z),  x  G  3£2 . 

£23;y— 


Then  G^  (•,  z)  is  a  subharmonic  function  in  Rm  \  {z}.  There  exists  a  polar  subset  K 
of  3  £2  such  that  G^  (•,  z)  is  continuous  in  all  points  ofRm  \  K  and  Gq(x,  z)  =  0  for 
xedQ  \K. 

Proof  Gq  (• ,  z)  is  continuous  on  Rm  \  3  £2.  Fix  x  E  3  £2.  Let  c  >  G^(x,  z).  Then 
there  exists  8  >  0  such  that  G^(y,  z)  <  c  for  y  e  B(x;  8)  H  £2.  If  y  e  B(x;  8),  then 
Gn(y,z)  <  c.  So, 


Gq  (. x ,  z)  =  lim  sup  Gq  ( y ,  z) .  (4.9) 


According  to  Theorem  3.37.1,  there  exists  a  polar  set  K  C  3 £2  such  that  G^(-,  z)  = 
0  on  3£2  \  K.  Since  Gq  >  0,  the  relation  (4.9)  gives  that  G^(-,  z)  is  continuous  on 
Rm\K.  __ 

Suppose  now  that  £2  is  bounded.  Fix  r  >  0  such  that  £2  C  Biz;  r).  Fix  a  constant 
c  such  that  f(x)  =  hm(x  —  z)  +  c  >  0  in  Z?(0;2r).  According  to  Corollary  3.9.6 
and  Proposition  3.9.8,  there  exists  the  Green  function  of  7?(z;2r).  The  function/ 
is  superharmonic  in  Rm  by  Example  3.3.9.  Set  E  =  B(z',2r)  \  £2.  Let  Rj  be  the 
regularized  reduced  function  of/  relative  to  E  in  B(z\  2 r).  Then  R ^  is  a  nonnegative 
superharmonic  function  in  B(z\  2 r)  by  Theorem  3.27.3.  Theorem  3.28.1  gives  that 
Rf=Rje  H(Q).  Since  Rj(x)  —  c  <  hm{x—z ),  we  ha veRj/x)— c  <  (x,  z)  in  £2  by 
the  definition  of  the  Green  function.  If  h  is  a  nonnegative  superharmonic  function  on 
B{z\  2 r)  such  that  h  >/  on  E,  then  h  e  Up.  Hence,  R ^  >  Hp  in  £2.  Since  Hp(x)  = 
gn  (x,  z)  +c  by  Proposition  4.6. 1 ,  we  have  g^  (x,  z)  =  Rf(x)  —c  =  R^ (x)  —  c  in  £2 .  The 
function/  —  R ^  is  subharmonic  in  B(z\  2 r)  \  {z}  by  Remark  2.1.3  and  Lemma  3.3.3. 
We  have  proved  that /(x)  —  Rf(x)  =  G^(x,  z)  in  £2.  Theorem  3.28.1  gives  that 
f{x)  —  Rf(x)  =  0  =  Gq(x,  z)  on  B(z;  2 r)  \  £2  c  E.  According  to  Corollary  3.36.2, 
there  exists  a  polar  set  L  C  3£2  such  that /  —  R^  =  0  on  3£2  \  L.  Thus,/  —  R^ (x)  = 
G^(x,  z)  for  x  G  3  £2  \  (L  U  K).  Since  ELm(L  UK)  =  0  by  Lemma  3.26.2,  we  have 
Gq(x,  z)  =  f(x)  —  Rfix)  almost  everywhere  on  Biz;  2 r).  Fix  x  e  K  U  L.  Since 

lim  sup  [/(>■)  -  Rf(y)]  =  fix)  -  Rfix) 

y^x 
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by  Proposition  3.3.6,  we  have/(x)  —  R^(x)  >  Gq(x,  z).  If  0  <  p  <  r,  then 
Gq  (x,  z )  <  fix)  -  Rjfx)  <<£  [f  -  M]  d  nm  =  <£  Gq  (y,  z)  d'Hm(y). 

JB(x;p )  J  B(x;p) 

Thus,  Gq  (•,  z)  is  a  subharmonic  function  in  Rm  \  {z}  by  Proposition  3.3.7. 

Let  now  Q  be  unbounded.  According  to  Corollary  3.9.6  and  Proposition  3.9.8, 
there  exists  the  Green  function  of  £2  nB(0;  n).  Denote  by  Gn(x,  z)  the  extended  Green 
function  of  £2  PI  Proposition  3.9.5  gives  that  Gn  is  an  increasing  sequence 

and  Gn(x,  z)  <  Gq(x,  z).  Denote 


G  =  lim  Gn. 

n—>oo 

Since  G^(-,z)  is  locally  bounded  on  Rm  \  {z}  by  Proposition  3.9.16,  Proposi¬ 
tion  3.25. 1  gives  that  G(-,  z)  is  a  subharmonic  function  on  Rm  \  {z}.  Clearly  G(x,  z)  < 
Gq(x,z).  We  have  G(v, z)  =  Gq(x,z)  on  Rm  \  d£2  by  Theorem  3.9.13.  If  v  e  d£2, 
then 


Gq(x,z )  =  lim  sup  Gq (y,  z)  =  lim  sup  G(y,z)  <  lim  sup  G(y,z)  =  G(x,z ) 

^  Dy—>x  ^  3y—>x  y~>x 


by  Proposition  3.3.6.  Thus,  Gq(x,  z)  =  G(x,  z). 

Corollary  4.6.5  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary.  Let 
Gq  be  the  Green  function  corresponding  to  £2.  Fix  zG  Define  G^(-,z)  =  0  on 
Rm  \  £2.  Then  Gq( •,  z)  is  a  finite  continuous  subharmonic  function  on  Rm  \  {z}. 

Proof  Clearly,  Gq(-,z)  is  finite  and  continuous  on  Rm  \  3 £2  \  {z}.  The  set  £2  is 
regular  by  Theorem  4.5.7.  So,  Gq  (•,  z)  is  a  finite  continuous  function  on  Rm  \  {z}  by 
Theorem  4.6.2.  Proposition  4.6.4  gives  that  Gq( •,  z)  is  subharmonic  on  Rm  \  {z}. 


Chapter  5 

LP -Solutions  of  Boundary  Value  Problems 


Check  for 
updates 


Abstract  Chapter  5  studies  boundary  value  problems  for  the  Laplace  equation 
on  bounded  and  unbounded  domains  with  compact  Lipschitz  boundary,  where 
boundary  conditions  are  from  Lebesgue’s  spaces. 


Chapter  5  is  devoted  to  so-called  LP- solutions  of  boundary  value  problems  for  the 
Laplace  equation  on  bounded  and  unbounded  open  sets  with  compact  Lipschitz 
boundary:  the  Dirichlet  problem,  the  Neumann  problem,  the  Robin  problem,  the 
derivative  oblique  problem,  the  transmission  problem,  and  the  jump  problem  on 
cracks.  Boundary  conditions  are  /?-integrable  on  the  boundary,  and  they  are  fulfilled 
in  the  sense  of  a  nontangential  limit.  The  maximal  function  of  a  solution  is  p- 
integrable  on  the  boundary  for  the  Dirichlet  problem.  The  maximal  functions  of 
a  solution  and  its  derivatives  are  /?-integrable  on  the  boundary  in  other  cases.  If  u  is 
a  solution  of  the  Dirichlet  problem  with  a  boundary  condition  from  Wl,p( 3 £2),  then 
we  show  that  the  maximal  function  of  Wu  is  /?-integrable  on  the  boundary.  (Then 
u  e  Wl,p(Q)  for  Q  bounded.)  We  also  study  very  weak  //-solutions  of  the  Neumann 
problem  and  the  Robin  problem.  Here  boundary  conditions  are  from  W_1,i?(9£2). 
The  maximal  function  of  a  solution  u  is  /?-integrable  on  the  boundary,  there  exists 
a  nontangential  limit  of  u  at  almost  all  points  of  the  boundary,  and  the  boundary 
condition  is  fulfilled  in  the  sense  of  distributions.  We  are  also  interested  about  very 
weak  solutions  of  the  transmission  problem  and  the  jump  problem,  where  the  jump 
of  traces  is  in  LP(dQ)  and  the  jump  of  Neumann  conditions  is  from  W-1,i?(3£2). 

We  study  also  the  relations  between  LP- solutions  of  the  Dirichlet  problem  and 
PWB-solutions  of  the  Dirichlet  problem.  We  show  that  an  //-solution  of  the 
Dirichlet  problem  is  a  Perron- Wiener-Brelot  solution  of  the  Dirichlet  problem.  As  a 
consequence  we  obtain  that  the  harmonic  measure  and  the  surface  measure  on  the 
boundary  are  mutually  absolutely  continuous. 
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5  LP -Solutions  of  Boundary  Value  Problems 


Solutions  of  boundary  value  problems  are  looked  for  in  the  form  of  an  appro¬ 
priate  linear  combination  of  a  single  layer  potential  and  a  double  layer  potential. 
For  this  reason  we  define  a  single  layer  potential  SQf  and  a  double  layer  potential 
VQf  with  density  /  G  Lp(d£2)  and  study  their  properties.  We  show  that  SQf  is  a 
harmonic  function  in  £2,  SQf  is  the  nontangential  limit  of  SQf  at  almost  all  points 
of  dQ,  the  nontangential  maximal  functions  of  SQf  and  V<S^/  are  p-integrable 
on  the  boundary,  :  Lp(dQ)  ->  Whp(dQ),  :  W~hp(8Q)  ->  LP(3Q), 
SQ  :  Bp,q( 3£2)  ->  Bps+X( 3£2)  are  bounded  linear  operators  for  —1  <  s  <  0  and 
1  <  q  <  oo.  We  prove  that  VQf  has  a  nontangential  limit  at  almost  all  points  of 
the  boundary  and  the  nontangential  maximal  function  of  VQf  is  p-integrable  on  the 
boundary.  For  /  G  W1,/?(3£2),  we  obtain  that  there  exists  a  nontangential  limit  of 
WQf  at  almost  all  points  of  3  £2  and  the  nontangential  maximal  function  of 
is  p-integrable  on  the  boundary. 


5.1  The  Formulation  of  Problems 


Let  £2  C  Rm  be  a  domain  with  Lipschitz  boundary.  If  x  G  3 £2,  a  >  0  denote  the 
nontangential  approach  regions  of  opening  a  at  the  point  v  by 

ra(x)  =  r^(v)  =  {y  e  Q;  \x-y\  <  (1  +  a)dist(y,  3£2)}. 


We  fix  a  >  0  large  enough  such  that  v  G  ra(v)  for  every  v  G  3 £2.  If  now  v  is  a 
function  defined  in  £2,  we  denote  the  nontangential  maximal  function  of  v  on  3  £2  by 

M„(v)(x)  =  sup) | v (>') | ; y  e  ra(x)}. 


If  h  >  0,  denote 


Ma,h(v)(x)  =  sup) | v (y) | ; y  e  ra(x)  n  B(x;  h)}. 


If  v  G  3£2,  then 


v(x)  =  lim  v(y) 

ra(x)By^x 

is  the  nontangential  limit  of  v  with  respect  to  £2  at  v.  If  a  >  0  is  fixed,  we  shall  write 
T  (x)  instead  of  rfl(x). 

If  £2  is  fixed  and  v  is  defined  on  Rm  \  3  £2,  we  shall  write  by  u+  the  nontangential 
limit  of  v  with  respect  to  £2  and  by  V-  the  nontangential  limit  of  v  with  respect  to 
co  =Rm\Q. 

Definition  5.1.1  Let  £2  C  Rm  be  an  open  set  with  Lipschitz  boundary,  g  e  LP( 3£2), 
1  <  p  <  oo.  We  say  that  u  is  an  Lp -solution  of  the  first  (or  Dirichlet)  problem  for 
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the  Laplace  equation 


Au  =  0  in  £2,  u  =  g  on  3£2 


if  u  e  H(Q),M%u  e  LP(dn)  for  all  a  >  0  and  g(x )  is  the  nontangential  limit  of  u  at 
almost  all  x  G  3  £2. 

Definition  5.1.2  Let  £2  C  Rm  be  an  open  set  with  Lipschitz  boundary,  h  G  L°°(3£2), 
g  G  Lp( 3  £2),  1  <  p  <  oo.  We  say  that  u  is  an  LP- solution  of  the  third  (or  Robin) 
problem  for  the  Laplace  equation 

3  u 

Au  =  0  in  £2 ,  - — f-  hu  =  g  on  3£2 

on 

if  u  e  H(i 2),  M^u  +  M^iyu)  G  Lp(dQ)  for  all  a  >  0,  at  almost  all  x  G  3£2  there 
exist  nontangential  limits  of  u  and  Vw,  and  n(x)  •  Vu(x)  +  h(x)u(x)  =  g(x).lfh  =  0, 
we  say  about  the  second  (or  Neumann)  problem. 

Definition  5.1.3  Let  £2  C  Rm  be  an  open  set  with  Lipschitz  boundary,  0  G 
L°°(3£2,Rm),  h  G  L°°(di 2),  g  G  Lp( 3£2),  1  <  p  <  oo.  We  say  that  u  is  an  LP- 
solution  of  the  derivative  oblique  problem  for  the  Laplace  equation 


Au  =  0  in  £2,  0  •  Vm  +  hu  =  g  on  3£2 


if  u  G  H(i 2),  M^u  +  M^(Vw)  G  Lp(dQ)  for  all  a  >  0,  at  almost  all  v  G  3£2  there 
exist  nontangential  limits  of  u  and  Vw,  and  0(v)  •  Vu{x)  +  h(x)u(x)  =  g(x). 

Definition  5.1.4  Let  £2+  C  be  a  bounded  open  set  with  Lipschitz  boundary. 
Denote  £2_  =  Rm  \  £2+.  Let  a±,  b±  be  positive  constants,  h  G  L°°(3£2+),  g  e 
W1,p(3£2+),/  G  LP{ 3£2+),  1  <  p  <  oo.  We  say  that  m±  is  an  //-solution  of  the 
transmission  problem 


A u±  —  0  in  £2±, 


a+u+  —  ci-U-  =  g, 


3 du- 

b+— - b-— - 1-  hu+  =f 

on  on 


on  3£2  + 


if  u±  G  H(t 2±),  Ma±u±  +  Af^^Vwi)  G  Lp(dQ±)  for  all  a  >  0,  at  almost 
all  v  G  3  £2+  there  exist  nontangential  limits  of  u±  and  Vm±,  and  the  boundary 
conditions  on  3  £2+  are  fulfilled  in  the  sense  of  the  nontangential  limit. 


5.2  The  Single  Layer  Potential 

We  shall  look  for  solutions  of  boundary  value  problems  for  the  Laplace  equation 
in  the  form  of  a  single  layer  potential  or  a  double  layer  potential.  In  this  section, 
we  study  properties  of  a  single  layer  potential.  If  £2  C  Rm  is  a  bounded  open  set 
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with  Lipschitz  boundary  and /  e  Lp(dQ)  with  1  <  p  <  oo,  we  show  that  SQf  is 
a  harmonic  function  in  £2,  SQ  :  Lp(dQ)  ->  Wl,p(Q)  is  a  bounded  linear  operator, 
\\M%(SQf)  +  M%(VSQf) ||^(an)  <  C||/||^(an),  5n/  is  the  nontangential  limit  of 
SQf  at  almost  all  points  of  3  £2,  and  SQ  is  a  compact  operator  on  Lp(dQ). 
Remember  that 


hm(x)  — 


—  2^  In  |x|,  m  =  2, 

7 - oaov  1  /aP/n-iY>  |-X|2~m,  Hi  >  2, 


is  a  fundamental  solution  of  the  Laplace  equation  in  Rm.  If  £2  C  Rm  is  an  open  set 
with  compact  Lipschitz  boundary  or  a  graph  Lipschitz  domain  and  /  e  LP( 9 £2), 
1  <  /;  <  oc,  we  define 


5f2/(x)  =  f  f(y)hm(x  -  y)  dHm-i(y) 
an 

the  single  layer  potential  with  density  /.  If  £2  has  compact  boundary,  then  Snf  e 
H(Rm  \  3£2)  by  Propositions  3.10.2,  3.9.2,  and  3.11.2.  If  £2  is  a  graph  Lipschitz 
domain,  then  Snf  e  H(Rm  \  3  £2)  if  and  only  if  Snf(x)  is  finite  for  some  x.  To 
overcome  the  problem  that  Sf  is  not  defined  as  a  harmonic  function  on  £2,  we  define 
a  modified  single  layer  potential.  Fix  z  £  Rm  \  3£2.  For /  e  Lp( 3  £2),  define 

S?f(x)  =  f  f(y)[hm(x  -  v)  -  hjz  -  >’)]  dHm-iiy). 
dQ 

If  SQf(x )  is  finite  for  some x,  then  SQf(z )  is  finite  and S^f(y)  =  SQf(y)—SQf(z )  e 
H(Rm  \  3£2),  VS°/(y)  =  VSn/(y). 

If  £2  C  Rm  is  an  open  set  with  compact  Lipschitz  boundary  or  a  graph  Lipschitz 
domain  and /  e  Ljoc( 3  £2),  we  define  the  maximal  function  off 

=  sup  <£  \f(y)\  dHm-iiy),  xedtl.  (5.1) 

r>  0  J 

B(x;r)ndQ 


If  1  <  p  <  oo,  then  there  exists  a  constant  C  dependent  only  on  £2  and p  such  that 

||M3n/||maQ)  <  C\\f\\mdQ) 


(see  Lemma  1.14.11). 


5.2  The  Single  Layer  Potential 


251 


Lemma  5.2.1  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary  or 
graph  Lipschitz  domain,  m  >  2,  1  <  p  <  oo,  z  e  Rm  \  3  £2.  Iff  G  Lp( dQ),  then 
S?f  e  H(Rm  \  3£2). 

Proof  Fix  r  >  0.  Put/i  =  f  on  3 £2  Pi  B(z',2r),f\  =  0  elsewhere,  /2  =  f  —  f\. 
Then  SQf\  e  H(Rm  \  3£2)  by  Propositions  3.10.2,  3.9.2,  and  3.11.2.  Hence  S^f  e 
H(Rm\dQ).Ifx  G  B{z\  r), y  G  3£2 \B(z;  2r),  then  \hm(x-y)-hm{z-y)\  <  C\x—z\\z— 
y\l~m  by  Lemma  2.9.7 .  Holder’s  inequality  (Proposition  1.14.1)  yields  that  <S^/2(v) 
is  finite.  Theorem  on  differentiability  of  parametrized  integrals  (Theorem  1.13.7) 
gives  that  <S^/2  G  H{Rm  \  3£2). 

Proposition  5.2.2  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary,  1  < 
p  <  00.  Then  Sn  is  a  compact  bounded  linear  operator  on  LP{ 3 £2).  Iff  G  Lp(dQ), 
then  SQf(z)  is  the  nontangential  limit  of  SQf  for  almost  all  z  G  3£2.  If  a  >  0,  then 
there  exists  a  constant  C  dependent  on  £2,  p,  and  a  such  that 


\\M % (SQ AWir (dn)  <  C||/||LP(a^). 


(5.2) 


Proof  There  exists  a  constant  C\  such  that  \hm(x  —  y) |  <  L(x,  y)  :=  C\  \x  —  y |3/2-m 
for  x,y  G  £2.  There  are  zl, . . .  ,  G  3£2  and  p  >  0  such  that  3£2  C  B(zl ;  p )  U 
•  •  •  U  B(zk ;  p),  and  for  each  j  G  {1, . . . ,  k},  there  is  a  coordinate  system  centered 
at  zj  and  a  Lipschitz  continuous  function  iff  such  that  i?(0;  2p)  D  £2  =  {[x',xm]  G 
B(0;2p);xm  >  (ff{xr)}.  According  to  Lemma  1.18.1,  there  exist  otj  G  C™(B(z!\  p)) 

such  that  a\  H - \~  otk  =  1  on  3£2.  Choose  \jf  G  C%°(B( 0;  p))  such  that  f  =  1  on  a 

neighborhood  of  0.  Denote 


Then  Kq  is  a  compact  bounded  linear  operator  on  LP{ 3£2)  by  Proposition  1.26.2.  If 
j  G  {1, . . . ,  k},  then  Kj  can  be  studied  as  an  operator  on  Rm~l .  Proposition  1.26.6 
gives  that  Kj  is  a  compact  bounded  linear  operator  on  LP{ 3 £2).  Hence  SQ  = 
Ko  +  K\  +  •  •  •  +  Kk  is  a  compact  bounded  linear  operator  on  Lp(dQ)  (compare 
Theorem  1.7.4).  Denote 


By  the  same  way,  we  prove  that  L  is  a  bounded  linear  operator  on  LP(i 2),  i.e.,  there 
exists  a  constant  C2  such  that  \\Lf\\u>^)  <  C2|[/||zp(a^). 
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Let  z  e  3£2,  x  G  Tfl(z).  Then 

J  hm(x  -  >•)/(>’)  d74,_ i  (>•) 

S(z;2|jc— z|)n9^2 

r  fl+a\m~3/2 

<  J  Cl  —  j  l/'Cv)!  dHm-i(y). 

fi(z;2|x— z|)n3^ 

According  to  Corollary  1.17.6,  there  exists  a  constant  C3  dependent  only  on  Q  and 
a  such  that 


/ 


hm(x  -  y)f(y )  d?4,_i  (_y) 


Bfe2U-z|)n3n 


<  C3V|x-z|M3S2/(z).  (5.3) 


If  y  G  3£2  \  Z?(v;  2|v  —  z|),  then  \z  —  y|  <  |z  —  v|  +  |y  —  x\  <  2\x  —  y|  and  thus 
\hm(x  —  y)\  <  L(x,y)  <  2 mL(z,y).  This  forces 


J  h„,(x-  y)f  (v)  d%m_ j  (y) 

3^\5(z;2|x— z|) 


<  2mL|/|(z). 


(5.4) 


Equations  (5.3)  and  (5.4)  give 

<(«Sn/)  <  C,VdWQ[/WSQ/(,-)]  +  2mL|/|(z). 

According  to  Lemma  1.14.11,  there  exists  a  constant  C4  depending  only  on  Q  and 
p  such  that 


\\M3Qf\\w  <  C4||/||fl.oa). 

Thus  we  obtain  (5.2)  with  C  =  C4C3  V diam  $2  +  CZ^1- 

L\f\(z),  Manf(z)  are  finite  at  almost  all  z  €  3  £2.  Fix  such  z.  Fix  6  >  0.  For 
r  >  0,  put  fr  =  f  on  Z?(z;  r)  D  3£2,  fr  =  0  elsewhere.  Choose  r  >  0  such  that 
L\fr\(z)  <  6~m€.  Theorem  1.13.6  gives  that  SQ(f  —fr)  is  continuous  in  z.  So,  there 
existsO  <  8  <  62(l+3C3Ma^/(z))-2  such  that  \SQ(f—fr)(x)—SQ(f—fr)(z)\  <  e/3 
for  v  G  B(x;  8).  If  v  G  Ta(z)  D  B(z\  8),  then  (5.3)  and  (5.4)  give 

l«Sa/(*)  -S°f(z)\  <  \S°(f-fr)(x)-Sn(f-fr)(z)\  +  |5fi/r(z)|  +  |SQ/r(*)| 

<  -  +  L\fr\(z)  +  2mL\fr\(z)  +  C3V8M^f(z)  <  e. 
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Proposition  5.2.3  Let  £2  C  Rm  be  an  unbounded  open  set  with  compact  Lipschitz 
boundary,  1  <  p  <  oo,  a  >  0,  f  e  Lp(dQ).  Then  SQf(z)  is  the  nontangential 
limit  of  S^f  at  almost  all  z  £  3£2.  If  h  >  0,  then  M^h(SQf)  G  LP(dQ).  Set  X  = 
{f  e  Lp(dQ);  JdQf  &TLm-\  =  0}  for  m  =  2  and  X  =  Lp(d£2)form  >  2.  Then 
M^(SQf)  G  Lp(  3  £2)  if  and  only  iff  G  X.  Moreover,  there  exists  a  constant  C 
dependent  only  on  £1,  p,  and  a  such  that 

11^(5°/)  llff  on)  <  C||/||zp(as2)  V/  e  X.  (5.5) 

Proof  If/  G  Lp(dQ)  \  X ,  then  Lemma  3.12.2  gives  \SQf(x)\  ->  oo  as  \x\  ->  oo. 
Hence  M^f  =  oo. 

Fix  r  >  0  such  that  3£2  C  B( 0;  r).  Denote  co  =  £2  Pi  B( 0;  r  +  2 h).  Put /  =  0 
on  3 cd  \  dQ.  Then  SQf  =  SMf.  If  z  e  dQ,  x  e  T?(z)  n  B(z;h),  y  e  dco  \  8Q, 
then  (1  +  a)\x  —  y\  >  \y\  —  \x\  >  (r  +  2 h)  —  (r  +  h)  =  h  >  \x  —  z\.  Thus 
r“(z)  n  B(z;  h)  C  T"(z).  Proposition  5.2.2  gives  that  SQf(z)  is  the  nontangential 
limit  of  SQf  at  almost  all  z  G  3£2.  Moreover, 

Wa,hf\\^(dQ)  <  WKfWlPm  -  Cl\\f\\u>(dQ) 

where  C\  depends  only  on  co,  p,  and  a  (see  Proposition  5.2.2). 

According  to  Holder’s  inequality  (Proposition  1.14.1),  there  exists  a  constant  C2 
dependent  only  on  £2  and  p  such  that 

ll/llLi(an)  <  C2\\f\\ip(dny 

We  can  suppose  that  h  >  5r.  If  x  e  T^(z)  \  B(z;  h)  then  dist(v,  3£2)  >  3r.  If  m  >  2, 
then 


l«s°/(*)l  <  C2r2~m\\f\\u>(dn)- 

So,  (5.5)  holds  with  C  =  Q  +  C2r2~mnm-l(dQ)1/P.  Let  now  m  =  2  and /  e  X. 
According  to  Lemma  2.9.7,  there  exists  a  constant  C3  such  that  | h2(y  —  x)  —  h2(0  — 
x)\  <  C3\y\\x\~l  <  C3  for  2\y\  <  |x|.Then 


|5n/(x)| 


/ 

aft 


f(y)[h(y  -x)-h2( 0  -  x)\  dTLm-i (y) 


<  C2C3\\f\\if^Q). 


So,  (5.5)  holds  with  C  =  Ci  +  C2C3Hm- i(3£2)1//?. 

Corollary  5.2.4  Let  £2  C  Rm  be  a  graph  Lipschitz  domain,  z  G  Rm  \  3  £2,  1  <  p  < 
oo ,  /  g  Lp(dQ).  Then  f(x )  is  the  nontangential  limit  of  Sff  at  almost  all x  G  3£2. 

Proof  Fix  r  >  0.  Define  f\  =f  on  B(z;  2 r)  D  3£2,/i  =  0  elsewhere,  f2  =f  on  3£2  \ 
B(z ;  2 r),/2  =  0  elsewhere.  Then  Sff2{x)  is  the  limit  of  <S^/2  at  all  v  G  #(z;  r)  D  3  £2 
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by  the  theorem  on  continuity  of  parametrized  integrals  (Theorem  1.13.6).  Choose  a 
bounded  domain  co  with  Lipschitz  boundary  such  that  B(z\  2r)  P  3£2  =  B(z;  2 r)  PI 3 co . 
Then  Sff(x )  =  Sff(x)  is  the  nontangential  limit  of  S^f  =  Sff  at  almost  all 
x  e  B(z;  r)  Pi  3£2  by  Proposition  5.2.2. 

Lemma  5.2.5  Let  <p  be  a  Lipschitz  function  on  Rm~l,  Q  = 
Rm~1,xm  >  fix')},  m  >  2,  1  <  p  <  oo.  Forf  e  Lp(dQ),  j  e 
x  =  [x',xm]  G  Rm,  define 

{ [x  ,  Xm  ] ,  X  £ 
m},  e  >  0,  ant/ 

L?JW  =  J  |x'_  fmf(y)  &Hm~\  (y) , 

d  Q\B(x;e) 

(5.6) 

Lfj(x)=  J  fr_y{J<y)d  Um-iiy), 

{\y'  ,ym]^dQ;\x'-y'\>€} 

(5.7) 

Lf/(x)  =  lim  Lfj(x), 

J  cfO  J 

(5.8) 

m  m 

cif(x)  =  sup  1 rf/(x)  i ,  z*/(x)  =  sup  i^f/w  i  • 

(5.9) 

Then  the  limit  L?f  (x)  exists  for  almost  all  x  e  3  £2,  l3f  e  Lp(dFl),  and  there  exists 
a  constant  C  depending  only  on  £2  and  p  such  that 

m 

V  l|rf/||LP(aQ)  <  \\L*f\\u>(dn)  +  l|r*/||LP(aQ)  <  C||/I|lp(3S2). 

j=  i 


Proof  Fix  a  constant  M  such  that  \(/>(x')  —  <p(y')\  <  M\x’  —  / |,  V  </>  <  M.  Denote 
3>(x/)  =  ,  4>m(x')]  =  [x7,  <^(x')].  Define  forg  e  LP(Rm~l ) 


-  W) 


x',y  e 


|0(x/)  -<F(y,)lm’ 

Kj,eg(xf  =  J  kj(f,y')g(y')  dUm-iiy1), 

Kjg(x')  =  lim  Kjfg(x'),  K*  g(x')  =  sup \kj,,g(x)\. 

e|0  e>0 


Choose  Fj  e  C°°(Rm)  such  that  Fj(y)  =  yfy\  for  |j|  >  1.  We  have  <t>(Ay)  — 
OCyOI/lx7  —  y' |  >  1.  Theorem  1.27.3  gives  that 


kj(x',y') 


h^—iF{{<S>{x')-<S>(y'))/\k-y'\) 
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is  a  Calderon-Zygmund  kernel.  According  to  Propositions  1.27.4, 1.27.5,  and  1.27.6 
and  Lemma  1.14.11,  the  limit  Kjg(x')  exists  for  almost  all  x'  G  Rm~l ,  Kjg  G 
Lp(Rm~ i),  and  there  exists  a  constant  C\  depending  only  on  </>  and p  such  that 

\\Kjg\\u>(R>n-i)  <  11^/ g\\u>(R™-')  —  Cl  ll^llz^c^-1)- 

For /  G  LP( 9  £2),  denote 

gf(y')  =f(y',<P(y'))Vi  +  |v<£(y)|2. 

If  x  =  [xf,xm]  G  9  £2,  then  Ljt€f(x)  =  Kj^gf(x').  Therefore  the  limit  Lff(x)  exists 
for  almost  all  x  G  9£2,  L^f  e  Lp(dQ),  and 


F,  \\Lf fills —  V-^f^LP{Rm~l)  —  mC\(M  +  1) II /IIlp (/?«-!) • 

7=1 


For  x  =  [x',xm]  G  9£2  and  €  >  0,  denote  M.(x',e)  =  {/;  \y'  —  x'\  <  g,  \\y'  — 
x?,(f)(y')  —  0(V)]|  >  ^}.  Then 

\Lfj(x)  -  L%f(x)  I  <  J  \Kj(x' ,y')gf(y')  \  dUm-i  (/) 

<  J  \x' -y'\l-m\\gf(y')\dUm-X(y') 

{£/(M+l)<|/-X/|<€} 

<(^22)ml  /  i^ooid^ioo- 

(h'|<€} 


According  to  Corollary  1.17.6,  there  exists  a  constant  C2  such  that 
\Lfj(x)  -lj,egf{x')\  <  C2Mdnf(x). 

Hence 


L?/C*)  <  £?/(*)  +  mC2Mdnf(x). 

According  to  Lemma  1.14.11,  there  exists  a  constant  C3  dependent  only  on  £2  and 
p  such  that 
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Thus 


l|r-?/||ffOa)  <  [mCi(M  +  1)  +  mC2Ci\\\f\\u(m. 

Lemma  5.2.6  Let  £2  c  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  m  >2, 
1  <  p  <  oo.  Forf  e  Lp(dQ),j  e  {1, . . . ,  m),  e  >  0,  andx  e  9£2,  define  L^ef(x)  and 
L*f(x)  by  (5.6)  and  (5.9).  Then  there  exists  a  constant  C  depending  only  on  £2  and 
p  such  that 


\\L*f\\u>(dn)  <  C||/||^(an). 

Proof  There  exist  zl, ...  ,zk  and  8  >  0  such  that  9 £2  C  ^(z1;  8)  U  B(z2;  8)  U 
•  •  •  U  B(zk;  8),  and  for  each  j  e  {l, ... ,  m],  there  exist  a  coordinate  system  and 
a  graph  Lipschitz  domain  Qj  with  £2  Pi  B(z!\  28)  =  Qj  Pi  B(zj;  28).  According 
to  Lemma  1.18.1,  there  exist  otj  e  C^°(B(zj',  8))  with  0  <  otj  <  1  such  that 
ot\  +  ot2  +  •  •  •  +  otk  =  1  on  9£2.  According  to  Lemma  5.2.5,  there  exist  constants 
C\, ...  ,Ck  depending  on  £2  and  p  such  that 

\\^  (.ajf)\\u’(B(z>;28)ndQ)  —  Cj\\&jf\\LP(dQ)- 

Denote  c  =  81~mFLm-i(dQ)p^(j)~1\  If  x  e  9£2  \  B(zj;  28),  then 

lLfe («/)(•*) I  <  J  ^~m\f(y)\ d'Hm-lCv)  <  c||/||^(8£2) 

a^ 

by  Holder’s  inequality  (Proposition  1.14.1).  Therefore 

llL^(«/)llif(3i2)  <  (Cj  +  mc)\\f\\ip(^Q,), 
k  k 

\\L^f\\u>(dn)  <  ^2  \\L*(ajf)\\v’(dn)  -  y^(Q  +  mc) WfWu’idQ)- 

j=  1  7=1 

Lemma  5.2.7  Let  £2  C  Rm  be  open,  m  >  2,  1  <  /?  <  oo,  a  >  0,  j  e  {1, . . . ,  m}. 
Suppose  that  £2  has  compact  Lipschitz  boundary  or  £2  is  a  graph  Lipschitz  domain. 
Forf  e  LP(di 2),  x  e  £2,  denote 

Lff{x)  =  j  f^Lf(y)  mm-\(y).  (5.10) 

a^ 

Then  there  exists  a  constant  C  depending  on  £2,  p  and  a  such  that 

ll<(rf/)llw  <  cil/llw- 
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Proof  We  use  the  notation  from  Lemma  5.2.5.  Lemmas  5.2.5  and  5.2.6  give  that 
there  exists  a  constant  C\  such  that 

l|r*/||tP(3S2)  <  Ci||/l|LP(3fi)- 

Fix  z  e  9 Q.,x  e  .  Denoting  Lj(x,  y )  =  (xj  —  yj)  \x  —  y\~m, 

J  I  Lj(x,  y)  I  \f(y)  I  d'Hm-i  0) 

B(z;2\x-z\)ndQ 

//  i  .  \  m— 1 

B(z;2\x-z\)ndQ 


There  exists  a  constant  C2  such  that  PLm-\{Biy\  r)  (1  dQ)  <  C2rm  1  for  all  y  g  Rm 
and  r  >  0  (see  Corollary  1.17.6).  Thus 

J  \Lj(x,y)\\f(y)\  dHm-i(y )  <  C2(l  +  a)mMdaf(z).  (5.11) 

B(z’,2\x— z|)n3^ 


Since  Lj(y,y )  is  a  multiple  of  djhm(y  —  y),  Lemma  2.9.7  gives  that  there  exists  a 
constant  C3  dependent  only  on  m  such  that  if  \y  —  z\  >  2\x  —  y |,  then  \Lj(x,y)  — 
Lj(z,y) |  <  C3|v  —  z||z  -  y|_m.  Denote  /x  =  [/|/Hm-i|3£2.  Since  /z(£(z;r))  < 
C2rm_1Ma^/(z),  Lemma  1.26.1  gives 


J  Lj(x;y)f(y)  dHm-i 

< 

J  Lj(z;y)f(y)  dHm-i 

3^\fi(z;2|x— z|) 

3^\5(z;2|x— z|) 

+  J  \Lj(x ;  ?)  -  Lj(z,  y) 1 1/Cv)  |  dHm_i  Cy)  <  L*/(z) 

3^\fi(z;2|x— z|) 


+  J  C3\x-z\\z-y\  m  d/x(y)  <L%f(z) 

dQ\B(z',2\x—z\) 

+C3\x  -  z\C2[MdQf(z)](m  -  l)(2|x  — z|)_1. 

This  and  (5.11)  give  that  \Ljlf(x)\  <  T*/(z)  +  C2 [( 1  +  a)'"  +  C3m]Mmf(~).  Since 
there  exists  a  constant  C4  dependent  only  on  £2  such  that 
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(see  Lemma  1 . 14. 1 1),  we  have 

Wa(Ljf)\\^(dQ)  <  Ci\\f\\u>(d&)  +  C4C2[(1  +  a)m  +  C3m]||/||^(an). 


Proposition  5.2.8  Lef  Q  C  Rm  be  open,  m  >  2,  1  <  p  <  00,  a  >  0,  z  £  Rm  \  d£2. 
Suppose  that  £2  has  compact  Lipschitz  boundary  or  £2  is  a  graph  Lipschitz  domain. 
Iff  G  U(dQ),  then 


( y-x)f(y ) 

'Hm-i  (dB(0;  1)) \x  —  y\m 


dHm-iiy), 


xeRm\dQ, 


dQ 

ll^(an)  -  C\\f\\iJ>(dn) 


with  a  constant  C  depending  on  £1,  p,  and  a. 

Proof  Fix  x  G  Q  and  r  >  0.  Put  f\  =  fXB(x;r),  h  =  f  ~  f\-  Then 

S7S^fj(x)  =  Hm-i(B(0 ;  1  ))~l[Lffj(x), . .  .,L%fj(x)\,  where  Lff  is  given  by  (5.10). 
(See  Proposition  3.13.1  for  f\  and  Theorem  1.13.7  for  /2O  Thus  VS^f(x)  = 
Hm-\  (B( 0;  l))-1  [Lff(x), . . . ,  L%f(x)\.  The  rest  is  a  consequence  of  Lemma  5.2.7. 

Corollary  5.2.9  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary,  1  < 
p  <  00,  m  >  2.  77ze/t  <S^  fs1  a  bounded  linear  operator  from  Lp(dQ )  to  IV1,/?(£2). 

Proof  If/  G  27  (9  £2),  then  Ma(SQf),Ma(VSQf)  e  Z7(9£2)  by  Propositions  5.2.2 
and  5.2.8.  Thus  <S^  is  a  linear  operator  from  27  ( 9£2)  to  WT^(£2)  by  Lemma  1.28.1. 
If/*:  ->  /  in  27(9£2)  and  r  G  then  SQfk(x )  ->  SQf(x)  by  Holder’s  inequality 
(Proposition  1.14.1).  So,  SQ  is  a  closed  linear  operator  from  27( 9£2)  to  WliP(Q). 
The  closed-graph  theorem  (Theorem  1.4.15)  gives  that  SQ  is  a  bounded  linear 
operator  from  LP (9£2)  to  Wl,p(Q). 


5.3  The  Double  Layer  Potential 


In  this  section,  we  study  properties  of  a  double  layer  potential.  If  £2  C  Rm  is  a 
bounded  open  set  with  Lipschitz  boundary  and  /  e  27  (9  £2)  with  1  <  p  <  00, 
we  show  that  \\M^T>nf\\ip^n)  <  C\\f\\u>(dn)  and  that  VQf  has  a  nontangential  limit 
df+Kof  at  almost  all  points  of  the  boundary,  where  Kq  is  a  bounded  linear  operator 
on  27(9  £2). 

Let  £2  C  Rm  be  open,  m  >  2.  Suppose  that  £2  has  compact  Lipschitz  boundary 
or  £2  is  a  graph  Lipschitz  domain.  For  y  G  9£2  such  that  nn(y)  exists,  denote  for 

xeRm\  {y} 


Ka(x,y) 


-nQ(y)  •  S7yhm(x  —  y) 


n(y )  -(y-x) 
Hm-i(dB(0;l))\x-y\m' 
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nQ(y)  exists  at  almost  all  y  G  3£2  by  Remark  1.17.5,  and  £^(x,y)  is  defined  for 
almost  all  y  G  3  £2.  Iff  G  LP{ 3  £2),  we  define  the  double  layer  potential  with  density/ 

Vaf(x)  =  f  Kn(x,y)f(y )  dHm_i  (y),  xeRm\9Q. 

Then  VQf  e  H(Rm  \  3  £2)  by  theorem  on  differentiability  of  parametrized  integral 
(Theorem  1.13.7). 

For  x  G  3£2,  e  >  0  define 

KqJ(x)  =  J  Kq  ( x ,  y)f  (v)  d Km- 1  (y) . 

a^VB(x;0 

Holder’s  inequality  (Proposition  1.14.1)  gives  that  K^^ix)  is  well-defined  and 
finite.  Set 


Kaf(x)  =  lim  KqJ'(x) 
<40 


whenever  this  limit  exists. 

Proposition  5.3.1  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary, 
m  >  2.  Then 


= 


1  in  Q, 

0  in  Rm  \  Q. 


Proof  In  £2,  we  have  1  =  VI  by  theorem  on  three  potentials  (Theorem  2.2.4).  Fix 
x  e  Rm\Q.  Put  v(y )  =  hm(y—x).  Then,  v  is  a  harmonic  function  on  a  neighborhood 
of  £2,  and  Corollary  2.2.3  gives 

/3 

£  dum- 1  =  0. 

3ft 


Proposition  5.3.2  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary, 
m  >  2,  f  =  1.  If  x  G  3 £2  is  such  that  there  exists  n Q  (x),  then  Kof(x)  =  1/2. 

Proof  If  r  >  0  is  small  enough,  then  U(r)  =  i 2  \  B(x;  r)  is  a  domain  with  Lipschitz 
boundary.  According  to  Proposition  5.3.1, 

o  =  =  WM  -  / 

QHdB(x;r ) 
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Thus 


K  f(\=  f  »Cv)  •  (y  -  x)dnm-i  _  f  Mim-i 
QJ(X  ~  J  'Hm-i(dB(0;  l))rm  ~  J  Hm-i(5(0;  r))  ' 

^nas(x;r)  ^nas(x;r) 

Since  there  exists  (x),  we  have 

KqJ{x)  =  lim  Kq  rf  (x)  =  lim  [  — - /  dUm- 1  = 

rfo  rf o  J  rim-\ (5(0;  r))  2 

nndB(x;r) 


Proposition  5.3.3  Let  £2  C  Rm  be  open ,  m  >  2,  1  <  p  <  oo.  Suppose  that  £2  has 
compact  Lipschitz  boundary  or  £2  w  a  graph  Lipschitz  domain.  Iff  e  Lp(dQ),  then 
there  exists  the  limit  Kof(x)  at  almost  all  x  E  3£2.  If  we  denote 

Kn,*f(x)  =  sup  | Kq  zf  (x) | , 

€>0 


then 


WKsifWisida)  <  ll^n,*/ll^(an)  <  CII/Hlp^) 

where  a  constant  C  depends  only  on  £2  and  p. 

Proof  We  use  the  notation  of  Lemma  5.2.5.  If  6  >  0,  then 

1  m 

WW=«^.(3«(0;1))g^WW- 

Lemmas  5.2.5  and  5.2.6  give  that  there  exists  a  constant  C  dependent  only  on  £2  and 
p  such  that 


Il^n,*/Ili^(aa)  <  C\\f\\u>^). 

We  now  show  that  there  exists  the  limit  Kof(x)  at  almost  all  x  e  3  £2.  Suppose 
first  that  £2  is  bounded.  Then  there  exist  zl , . . . ,  zk  e  3  £2  and  r  >  0  such  that  3  £2  C 
B(zl ;  r)  U  B(z2',  r)  U  •  •  •  U  B(zk',  r),  and  for  each  j  e  {1, . . . ,  k},  there  exist  a  coordinate 
system  and  a  Lipschitz  function  cpj  on  Rm~l  such  that  £2  nB(zj‘,  2 r)  =  co(f)  P#(z7’;  2 r) 
with  co(j)  =  {[x',xm];x'  e  Rm~l,xm  >  (pj(x')}.  Fix  j  e  {1, . . . ,  k).  Choose  a  constant 
c  such  that  \(Pj{xf)  —  (Pj(y')\  <  c|x'  —  / 1  and  Hm-i (B(x;  p)  Pi  3 co(j))  <  cpm~l  for  all 
x  e  Rm  and  p  >  0  (see  Corollary  1.17.6).  Define/  =  /  on  3£2  Pi  B(zj;  2 r),f  =  0 
elsewhere.  Fix  x  E  3£2  P  B(z!',  r)  such  that  /(x)  is  finite, 

lim  (I)  [/(y)  -/(x)|  dHm-i(y)  =  0, 

p\ o  J 

a^ns(x;p) 
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and  there  exist  nQ(x)  and  the  limits  Lj [niXB(zf,2r)\ix)  f°r  l  = 

(These  conditions  are  fulfilled  for  almost  all  x  G  3  £2  PI  5(z7;r)  by 
Remark  1.17.5,  Proposition  1.13.9  and  Lemma  5.2.5.)  Denote  f\  =  /  —  fix)  on 
3  £2  D  5(z7;  2r),/i  =  0  elsewhere; /2  =  /  —fix)  on  3£2  \  B(zj ;  2r),/i  =  0  elsewhere; 
f$  =  f(x).  Fix  8  >  0.  Then  there  exists  po  £  (0,  r/ (1  +c))  such  that  for  all  p  G  (0,  po) 

(j)  \f(y )  -fix) |  d?4,_i  (>•)  <  5. 

9QnB(x;p) 


If  0  <  e  <  po/ (1  +  c),  denote  D(x,e)  =  9£2  D  B(x;  (1  +  c)e)  \  B(x;e).  Since 
KoJ]  (x)  =  K01ij)J\  (x),  we  have 


KqJ\(x) 


“  L%{nmx) 

^7fm_i(9B(0;  1)) 


<  J  \Kn{x,y)\\fiy)-f{x)\&'Hm-X(y)  <  J  dnm-i(y) 

D(x,e)  D(x,e) 


<{c  +  l)m  ^  1 fiy)  -fix) |  d7f,„-i(v)  <  ic  +  l)m8. 

a^ns(jc;(i+c)e) 


Since  8  was  arbitrary  and  Lf€ inf\ ) (x)  — Lf  inf\)ix),  we  deduce  that  there  exists 
the  limit  Kof\(x).  Since  there  exists  the  limit  KqJ^x)  by  Proposition  5.3.2  and 
Kq ,e(i)/^(x)  =  K^  ^yfii^)  for  0  <  6(1)  <  6(2)  <  r,  we  infer  that  there  exists 
the  limit  K$f(x)  =  Kofi  (x)  +  KqJ2  W  +  Knf3  (x) .  _ 

Let  now  3  £2  be  compact  and  £2  be  unbounded.  Put  co  =  Rm\Q.  We  have  proved 
that  there  exists  the  limit  KMfix)  at  almost  all  x  G  3 co  =  3  £2.  Since  /^(x,y)  = 
— KMix,y ),  we  deduce  that  there  exists  the  limit  K^fix)  =  —K0fix)  at  almost  all 
x  G  3 £2. 

Let  now  £2  be  a  graph  Lipschitz  domain.  For  k  G  N,  define =  /  on  3  £2  PI 
5(0;  2k), =  0  elsewhere.  There  exists  a  bounded  domain  coik)  with  Lipschitz 
boundary  such  that  5(0;  3k)  D  £2  =  Bi 0;  3k)  (1  coik).  We  have  proved  that  there  exist 
the  limits  K^krfkix)  for  x  G  3 coik)  \  Mk  with  Hm-i  iMk)  =  0.  If  x  G  3£2  Pi  5(0;  k), 
0  <  8  <  6  <  1,  we  have  K^Jkix)  =  K^^fkix),  KQ^\f  -fk]ix)  =  -/*](*). 

Therefore  there  exists  the  limit  Kofix)  =  Kofk (x)  +  Kn\f  —  fk] (x)  at  each  x  G 
3£2  fl  5(0;  k)  \  Mk.  Since  Hm-i(UM^)  =  0,  the  limit  Kofix)  exists  at  almost  all 
x  G  3 £2. 
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Lemma  5.3.4  Let  Q  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary  or  Q 
be  a  graph  Lipschitz  domain,  x  e  L°°(dQ ,  Rm),  1  <  p  <  oo,  /  e  Lp(dQ).  For 
x  e  Rm,  e  >  0  define 


d  Q\B(x;e) 


Tf(x)  =  lim  TJ(x). 


Ifz  e  3£2  is  a  Lebesgue’s  point  off  andf(z)  =  0,  then  the  following  assertions  are 
equivalent: 

1.  There  exists  the  finite  limit  Tf(z). 

2.  There  exists  a  finite  nontangential  limit  ofTf  at  z. 

3.  Tf(z )  is  the  finite  nontangential  limit  ofTf  at  z. 

Proof  Let  <5, a  >  0.  Fix  a  constant  C\  such  that  FLm-i(B(x;  r)  n  3£2)  <  C\rm~l  for 
all  x  G  Rm,  r  >  0  (compare  Corollary  1.17.6).  There  exists  a  constant  C2  such  that 
\(x-y)\x-y\~m  -  {z,  —  y)\z  —  y\~m\  <  C2\x  -  z\\z  -  y\~m  for  \y  —  z\  >  2\z  —  x\.  (See 
Lemma  2.9.7.)  Let  |r|  <  C3.  Fix  r\  >  0  such  that 


fi(z;r)na^ 


where  C4  =  [6w(2mCi  +  1)(C2  +  IXC3  +  l)]-1.  Put  n  =  \f\Hm-i\[B(z;  n)  n  3£2]. 
Then  ji{B(z;  r ))  <  C4SC1  r'"-1  for  each  r  >  0.  Fix  r2  €  (0;  n)  such  that 


/ 


r(j)  •  (j-x)  _  r(j)  •  (y-z) 


Lf(y)l  d'Hm-iCv)  <  ^ 


forx  e  B(z;  r2).  Let  0  <  c  <  r2.  If  x  e  Tp(z)  Pi  dB{z\  6/2),  then 


\TJ(z)  -  Tf  (x) |  <  J 


r(y)  •  (y-x) 


-/O')  (>>) 


Bfee)nat2 


+ 


at2\B(z;n) 


rpy)  •  (y-*)  _  r(y)  •  Q>  -  z) 
\x-y\m  \z-y\m 


\f(y)\  dUm-i(y) 


dar\B(z;ri)\B(z;e) 


5.3  The  Double  Layer  Potential 
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<2mlCi  ^  |/|(mm-i  +  -+  J  d^ty) 

fi(z;e)na^  /em\5(z;€) 

25  m 

<  — +  C2C3|*-z|C1C4 5-  <5 
3  € 

by  Lemma  1.26.1.  The  rest  is  trivial. 

Theorem  5.3.5  £2  C  Rm  be  open,  m  >  2,  1  <  p  <  oo.  Suppose  that  £2  has 

compact  Lipschitz  boundary  or  £2  A  a  graph  Lipschitz  domain.  Fix  a  >  0.  Let 
f  e  Lp(dQ).  If  x  e  3£2,  denote  by  [DQf(x)]+  the  nontangential  limit  ofVQf  at  x 
with  respect  to  £2  and  by  [Dnf(x)\-  the  nontangential  limit  ofVQf  at  x  with  respect 
to  co  =  Rm  \  £2.  Then 


[DQf(x))±  =  ±l-f(x)  +  Kof(x)  (5.12) 

at  almost  all  x  G  3£2.  Moreover, 

\K(V°f)\\mSQ)  <  Cll/lboo),  (5.13) 

where  C  depends  only  on  £2,  p  and  a. 

Proof  We  use  the  notation  from  Lemmas  5.2.5  and  5.2.7.  If/  e  Lp (3 £2),  then 

m 

VQf  = 

7=1 

According  to  Lemma  5.2.7,  there  exists  a  constant  C  such  that  (5.13)  holds. 

Now  we  prove  (5.12).  Suppose  first  that  £2  is  bounded.  At  almost  all  z  € 
3£2,  there  exists  nQ(z)  (see  Remark  1.17.5),  z  is  a  Lebesgue’s  point  off  (see 
Proposition  1.13.9),  and  there  exists  finite  Kof(z)  (see  Proposition  5.3.3).  Fix  such 
z-  Denote/,  (x)  =f(z),fi(x)  =  fix)  -f(z).  Then 

[DaMz)]±  =  ±1-Mz)  +  KM) 

by  Propositions  5.3.1  and  5.3.2.  Lemma  5.3.4  gives 

[• VQfi(z)\±  =  fijz)  +  Knf2(z). 


Adding,  we  obtain  (5.12). 
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Let  now  3 £2  be  compact,  £2  be  unbounded.  We  get  (5.12)  from  this  relation  for 
0)  and  the  fact  that  VQf  =  -V0Jf,  Kq/  =  -KJ. 

Let  now  £2  be  a  graph  Lipschitz  domain.  For  k  G  N,  define =  /  on  3  £2  fl 
5( 0;  2k),  fk  =  0  elsewhere.  Then  Kq  ( f—fk ) (z)  is  the  nontangential  limits  of  Tf1  (/— 
fk)  for  all  z  G  3£2  H  5( 0;/:)  (see  Theorem  1.13.6).  We  can  find  a  bounded  open 
set  £2(k)  with  Lipschitz  boundary  such  that  3  £2  PI  5(0;  2k)  =  3£2(k)  fl  5(0;  2k). 
We  have  proved  that  fk(z)/ 2  +  KQ(k)fk(z)  is  the  nontangential  limit  of  VQ(k)fk  for 
z  e  3£2(k)  H  5(0;  k)  \  Mk,  where  Hm-\{Mk)  =  0.  Since  Vnfk  =  VQ^fk,  Kofk  = 
Kn(k)fk ,  we  obtain  that /(z)/ 2  +  Kq/(z)  is  the  nontangential  limit  of  for  z  G 
3£2  H5(0;  k)\Mk.  Since  Hm- 1  (UAf^)  =  0,  we  have  this  relation  at  almost  all  z  G  3£2. 
The  second  relation  from  (5.12)  follows  from  Kq  (x,  y)  =  —KM  (x,  y),  KqJ  =  —K^f, 
VQf  =  -VMf. 


5.4  The  Trace  of  Derivatives  of  a  Single  Layer  Potential 


If  £2  C  Rm  is  a  bounded  open  set  with  Lipschitz  boundary  and /  e  LP{ 3  £2)  with  1  < 
p  <  oo,  we  prove  that  there  exists  a  finite  nontangential  limit  of  V<S^/  at  almost  all 
points  of  the  boundary.  Moreover,  the  normal  derivative  of  SQf  is  equal  to  ^f—K'^f. 
Further  we  study  behavior  of  the  single  layer  potential  on  the  boundary.  We  show 
that  :  LP( 3£2)  ->  W^(3£2),  :  W^1^(3S2)  ->  LP{dQ),  3£2)  -> 

(3  £2)  are  bounded  linear  operators  for  —1  <  s  <  0  and  1  <  q  <  oo. 

Let  £2  C  Rm  be  open,  m  >  2.  Suppose  that  £2  has  compact  Lipschitz  boundary 
or  £2  is  a  graph  Lipschitz  domain.  For  xjg  3  £2  such  that  rf1  (x)  exists,  denote 


K'Q(x,y)=KQ(y,x)  = 


n{x)  •  (x  -  y) 


'Hm-i  (35(0;  1))  |x  —  y  |” 


nn(x)  exists  at  almost  all  y  G  3  £2  by  Remark  1.17.5,  and  K'Q(x,y)  is  defined  for 
almost  all  x  G  3£2.  For /  G  LP(dQ),  1  <  p  <  oo,  6  >  0,  define 

Kn,J(x)  =  J  K'n(x,y)f(y)  AHm-xiy). 

dQ\B{x\e) 


Holder’s  inequality  (Proposition  1.14.1)  gives  that  KfQ  J(x)  is  well-defined  and 
finite  for  almost  all  x  G  3  £2.  Set 

K'J(x)  =  lim^  /(x)  (5.14) 


whenever  this  limit  exists. 
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Lemma  5.4.1  Let  Q  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary.  For 
j,k  G  {1, . . . ,  m},  denote  —  [8ynk  —  S^nj, . . . ,  8mjnk  —  8mknj\.  If  x  e  Q,  €  >0, 
then 

J  *jk(y)  ■  Vhm(y  -  x)  <XHm-\  (y)  =  0. 

dn\H(x;() 

Proof  Easy  calculation  yields  that  Xjkiy)  -Vhm(y  —  x)  =  0  on  dB (x;  e).  By  virtue  of 
the  Gauss-Green  theorem  (Theorem  1.19.1), 


J  TMy) 

a  a\B(x-,e) 


Vhm(y  -  x)  dHm-i(y ) 


■  / 


tjkiy)  ■  Vhm(y  -  x) 


3[£2\Bfee)] 


=  J  [djdkhm(y  -x)  -  dkdjhm(y  -  x)]  d Hm(y)  =  0. 

£l\B(x\€) 


Lemma  5.4.2  Let  f  be  a  Lipschitz  function  on  Rm~l,  £2  =  {[x',xm];x'  G 

Rm~l,xm  >  fix')},  m  >  2,  1  <  p  <  oo.  For  j  G  {1, . . . ,  m  —  1}  define  the 
vector  function  Vj(y'  ,ym)  =  [8y,  S2j,  •  •  • ,  W)]/V  1  +  WWW  on  dQ. 

For  c  >  0,/  G  Lp(dQ)  and x  G  Rm  define 

z>x)=  /  f(y)ndmo 

dQ\B( X\€) 

Z?f(x)  =  lim  Zf/{x). 

J  efO  h 


For  almost  all  z  G  3£2,  there  exists  the  finite  limit  Z^f(z),  and  it  is  the  nontangential 
limit  ofZj*f  at  z. 

Proof  Suppose  first  that  g{y')  =  f(y',f(y'))  G  C^°(Rm~l).  Put  ufiy' ,ym)  = 

[<\jg(y')\/  P  +  \y<P(y')\2-  For  x  e  Rm  \  dQ,  set  wx(y')  =  h,„(x  -  [y',0  (/)]).  We 
obtain  by  integration  per  partes 

zffix)  =  —  J  g(y')djWx(y')  dHm-i(y')  =  J  [djg(y')]wx(y') 

f>m — 1  ffm — 1 

=  /  Uj(y)hm(x-y)  <mm-i(y)  =  SQUj(x). 

The  nontangential  limit  [Z^/(z)]+  =  [SQUj(z)]+  =  SQuj(z)  at  almost  all  z  e  3  £2. 
(See  Proposition  5.2.3.) 
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Let  now /  be  general.  We  use  the  notation  from  Lemma  5.2.7.  Clearly 


zff  = 


L) 


— L 


-fM 


1  um-,{dB{o-\))^T+WW  mnm-l(dB(0\  i))vT+TWI 


According  to  Lemma  5.2.7,  there  exists  a  positive  constant  C\  depending  on  £2  and 
p  such  that 


ll<(Zf/)llw  <  Cill/lboo). 

We  can  choose G  C™(d£2)  such  that/^  ->  /  in  LP( 8Q)  (see  Propositions  1.14.6 
and  1.14.7).  Then 

lK(Zf  (/-/*))  Hzpcao)  <  Ci  H/V/t  11^(30)  ->  0. 

According  to  Proposition  1.14.8,  we  may  suppose  that  (Zj2  (/  —fk))(z)  —>  0  for 
z  G  3  £2  \  Ao  with  Hm-i  (Ao)  =  0.  Moreover,  we  can  suppose  that  each  z  e  3£2  \  Ao 
is  a  Lebesgue  point  off  (see  Proposition  1.13.9).  We  have  proved  that  [Zffk(z)\+  is 
finite  for  z  G  3  £2  \  Ak  with  l~Lm-\ (Af)  =  0.  Let  z  G  3  £2  \  UA^.  Fix  e  >  0.  Fix  k  G  N 
such  that  \Mq  (Zj2  (/  —fk))(z)  |  <e/3.Fix5  >  0  such  that \[Zffk{z)\+  -Zffk(x)\  < 
e/3  for  x  e  ra° (-)  n  B(z;  8) .  If  x,  y  e  (z)  n  B(z;  8) ,  then 

\Zff(x)  -Zff(y)\  <  | M?(Z*(f-fk))(z)\  +  \[Zffk(z)]+-Z?fk(x)\ 

+  | [Z°fk(z)]+  -Zffk(y)\  <  e. 


Therefore  there  exists  finite  [Zp/(z)]+>  the  nontangential  limits  of  Zp/  at  z.  Fix 
r  >  0.  Define  g\  =  f  on  3£2  \  B(z;  r ),  g\  =  0  on  3£2  PI  B(z\  r ),  g2  =  /(z)  on 
3 £2  fl  B{z\  r),  g2  =  0  on  3 £2  \  B(z\  r),  g2  =  f  —  g\  —  g2.  Then  there  exists  finite 
Zjg\{z)  and  it  is  the  nontangential  limit  of  Zjg\  at  z  (see  Lemma  5.3.4).  Choose  a 
bounded  domain  co  with  Lipschitz  boundary  such  that  B(z\  r)  fl  co  =  B(z\  r)  (1  Q. 
Denote  r  =  [Syn®, . . . ,  —  n*?].  Then  r  =  vj  on  3£2  fl  B(z\  r).  According 

to  Lemma  5.4.1, 


/ 


zj€ glix)  =f(z)  I  r  •  Vhm(x-y)  <XHm- 1 (>•) 


3  <j)\B(x’,€) 


-f(z)  J  x  ■  V/zm(x  -y)  =  -f(z)  J  x  ■  V/im(x  - y) 

3  co\B(x;r)  3  a)\B(x’,r) 


f 


Hence  Zj*g2(z)  is  finite,  and  it  is  the  limit  of  Z^g2  at  z.  (Compare  Theorem  1.13.6.) 
Since  there  exist  the  nontangential  limits  of  Z^f,  Z^g\  and  Z^g2  at  z  and  they  are 
finite,  there  exists  the  nontangential  limit  of  Z^g2  at  z,  and  it  is  finite.  According  to 
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Lemma  5.3.4,  there  exists  finite  Zfgi  (z),  and  it  is  the  nontangential  limit  of  ^fg?>  at 
z.  So,  Z^f{z)  is  finite,  and  it  is  the  nontangential  limit  of  Z^f  at  z. 

Lemma  5.4.3  Suppose  that  £2  =  {[x',xm];x'  e  Rm~l,xm  >  fix')}  where  <p  is  a 
Lip schitz  function  on  Rm~ 1 .  Define  the  normal  vector 


Vm(y',ym )  =  +  |V0(y)|2. 

For  j  e  {1, . . . ,  m  —  1}  the  tangential  vectors  Vj  are  defined  in  Lemma  5.4.2.  Fix  a 
vector  x  e  Rm.  Then  there  exist  gu  . . . , gm  £  L°°(dfi)  such  that  x  =  g\V\  +  •  •  •  + 
gmvm •  If  r  is  a  tangential  vector  to  3£2  at  some  y  e  3£2,  then  gm(y)  =  0. 

Proof  V\ (y), ...  ,vm(y)  forms  a  basis  of  Rm.  Denote  by  A(y)  =  (< a^iy ))  the  matrix 
formed  by  the  vectors  V\(y), . . . ,  vm(y).  For  k  =  l, ...  ,m—  1,  denote  Bk  =  (hf)  the 
matrix  of  the  type  (m  —  k  +  1)  x  (m  —  k  +  1)  with  bkj  =  ai+k-\j+k-\  and  by  Ck  its 
determinant.  Clearly  cm_i  =  —[1  +  (3m_i0)2]/([l  +  |V0|2].  Since 

ck  =  Ck+l/F  +  lw  -  (3^)2/(Vl  +  \W)k , 

the  induction  argument  gives  that  c\  =  —(1  +  |  V0|2)2_(m/2>.  Fix  a  constant  C\  such 
that  | V0|  <  Ci.  We  have  (1  +  Ci)_m  <  |ci(y)|  <  1.  Remember  that  c\(y)  is  the 
determinant  of  A(y).  The  formula  for  the  calculation  of  A~l  gives  that  all  entries  of 
the  inverse  matrix  A(y)~l  are  from L°°(3£2).  So,  there  exist  gu  . . . ,gm  £  L°°(d£2) 
such  that  x  =  g\V\  +  •  •  •  +  gmvm.  If  r  is  a  tangential  vector  to  3£2  at  some  y  e  3£2, 
then  gm(y )  =  0. 

Proposition  5.4.4  Let  £2  be  an  open  set  with  compact  Lipschitz  boundary  or  a 
graph  Lipschitz  domain,  m  >2,  l  <  p  <  oo,  f  e  Lp(dQ),  k  e  {l, ... ,  m}.  Define 

LkJV)  =  f 

Lff(x)  =  lim  iyj(x). 


Then  the  limit  L^f(x)  exists  for  almost  all  x  e  3  £2  and  L^f  e  Lp(d£2). 

Proof  Suppose  first  that  £2  =  {[x',xm];x'  e  Rm~l,xm  >  fix')}  where  0  is  a 
Lipschitz  function  on  Rm~l .  Let  Vj ,  Z^g,  Z^g  have  meaning  from  Lemmas  5.4.2 
and  5.4.3.  Denote  r  =  (8\k, . . . ,  8mk)-  According  to  Lemma  5.4.3,  there  exist 
gi, . . . ,  gm  £  L°°(3£2)  such  that  r  =  g\V\  H - +  gmvm.  Ifxe  3£2,  then 


m—  1 

Lfj(x)  =  1  ))Z%(fgj)(x)  +  H„-i(9B(0;  1  ))Ka(fgm)(x). 


268 


5  LP -Solutions  of  Boundary  Value  Problems 


Lemma  5.4.2  and  Proposition  5.3.3  give  that  the  limit  Lff(x)  exists  for  almost  all 
x  G  9£2.  Moreover,  Lff  g  Lp(dQ)  by  Lemma  5.2.5. 

Let  now  Q  have  compact  boundary.  Choose  z1 , . .  .zl  e  9  £2  and  8  >  0  such  that 
9 £2  C  B(z}  \  8)  U  •  •  •  U  B(z1',  8 ),  and  for  each  j  there  exists  a  coordinate  system  and 
<pj  G  C0,l(Rm~l)  with  9)  H  £2  =  B(z!\8)  fl  {[x',xm];xm  >  fifix')}.  Define^-  =f 
on  B(fi\  8)  H  dQ,fj  =  0  elsewhere.  If  v  G  B(z!\ 8)  fl  9£2,  then  Lf(f—fj)(x )  exists.  We 
have  proved  that  there  exists  Lffi(x)  at  almost  all  v  G  B(fi',  8)  fl  9  £2.  Therefore  the 
limit  L^f(x)  exists  for  almost  all  x  G  9£2.  Lemma  5.2.6  forces  that  L^f  G  Lp(di 2). 

Proposition  5.4.5  Let  £2  C  Rm  be  open,  m  >  2,  1  <  p  <  oo.  Suppose  that  £2  has 
compact  Lips chitz  boundary  or  £2  is  a  graph  Lipschitz  domain.  Iff  G  Lp(d£2),  then 
there  exists  the  limit  K'^f(x)  given  by  (5.14)  at  almost  all  x  G  9£2.  If  we  denote 

Kn,J(x)  =  sup  | K'Q  j{x) |, 

e>0 


then 


\\K'ttf\\u’(dn)  <  WKq  J'Wu’^q)  <  C\\f\\u>(dQ) 

where  a  constant  C  depends  only  on  £2  and  p. 

Proof 


K’Jix)  =  J2 


nf(x) 


k=\ 


Hm-i(95(0;  1)) 


Lkf(x) 


with  L^f  from  Proposition  5.4.4.  The  rest  is  a  consequence  of  Proposition  5.4.4  and 
Lemma  5.2.5. 

Lemma  5.4.6  Let  £2  c  Rm  be  open,  m  >  2,  1  <  p  <  oo ,  pf  =  p/(p  —  l).  Suppose 
that  £2  has  compact  Lipschitz  boundary  or  £2  is  a  graph  Lipschitz  domain.  Then  K'Q 
on  Lp  (9  £2)  is  the  adjoint  operator  of  the  operator  Kq  on  Lp(di 2). 

Proof  Let  /  G  LP(di 2),  g  G  z/(9£ 2).  By  virtue  of  Propositions  5.3.3  and  5.4.5, 
Lebesgue  lemma  (Lemma  1.13.2),  and  Fubini’s  theorem, 

/  =  lin.  /  =  lim  /  fK’a„g  =  /  fK’ag. 

do,  dQ  dn 


Theorem  5.4.7  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary  or  a 
graph  Lipschitz  domain,  w  e  Rm\di 2,  1  <  p  <  oo.  Iff  G  LP(Rm),  then  there  exist 
the  finite  nontangential  limits  [V<S^/(z)]+,  [V<S^/(z)]-  at  almost  all  z  £  9  £2  and 


[V«S^/(z)]±  =  ±\f(z)nQ(z)  +  lim  ( 

Z  efo  J 

dQ\B{z‘,e) 


(y-*V(y)  d?/ 

'Hm-i  (9B(0;  l))|z  —  y\m  ml 
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Proof  According  to  Proposition  5.4.4,  there  exists  the  limit  on  the  right  side,  and  it  is 
finite  at  almost  all  z  G  3  £2.  Suppose  first  that  £2  =  {[x',xm];x'  G  Rm~  ~\xm>  fix')} 
where  f  is  a  Lipschitz  function  on  Rm~l .  Fix  k  e  {l, ...  ,m}.  Put  r  =  (8\k, . . . ,  8mk). 
Let  v\, . . . ,  vm,  Zj1  have  the  sense  from  Lemmas  5.4.2  and  5.4.3.  According  to 
Lemma  5.4.3,  there  exist  g\,. . .  ,gm  e  L°°(d£i)  such  that  z  =  giVi  +  •  •  •  +  gm  v„, . 
Since  vm  =  nn  and  i>i, . . . ,  vm-\  are  orthogonal  to  vm,  we  have  gm  =  z  ■  vm  =  nf . 
If  v  e  Rm  \  3f2,  then 


7-Lm- 1 


t-(y-x) 
(3fi(0;  l))|x  — y| 


-/O’)  dH,n-i(y) 


in—  1 

=  ^ZjtfgjKx)  +  Vn(nff)(x). 

7=1 


According  to  Lemma  5.4.2  and  Theorem  5.3.5,  there  exist  finite 


m—  1  j 

[3 kS%f(z)]±  =  ZzMMx)  ±  -«*  0)/0)  +  Kn(n%f)(z) 


7=1 


=  ±-n^(z)f(z)  +  lim 


/ 


(yk-zk)f(y) 


<40  J  "Hm_i(3B(0;  l))|z- y\" 

8Q\B(z;€) 


dHm-iiy) 


at  almost  all  z  e  3£2. 

Suppose  now  that  £2  has  compact  boundary.  Then  there  exist  r  >  0  and 
z1, . . . ,  zk  G  3£2  such  that  3£2  c  B(z1’,  r)U-  •  -U B(zk;  r),  B{z!\ 2 r)H£2  =  B(zf  2r)ncOj , 
where  coj  is  a  graph  Lipschitz  domain.  Define^-  =  f  on  B{z!',2r)  Pi  dQ,f  =  0 
elsewhere,^-  =  /  on  3£2  \  B(zj;  2 r),fj  =  0  elsewhere.  We  have  proved 


[v4v/0)]±  =  ±Lj(z)na(z)  +  lim  f 

Z  <40  J 

dQ\B(z;€) 


(y  -  z)fj(y) 

Hm-i(35(0;  l))\z  —  y\m' 


VS^fj  is  continuous  on  B(~!\  r )  by  Theorems  1.13.7  and  1.13.6.  Thus 


[V«S“/(z)]  ±  =  ±  \f{z)nQ  (z)  +  lim  [ 

Z  <40  J 

d£l\B(z-,€) 


( y  -  z)/00 

Hm-i(dB(0;  l))|z-y|m" 


Theorem  5.4.8  Let  £2  C  Rm  be  open ,  m  >  2,  1  <  p  <  oo.  Suppose  that  £2  has 
compact  Lipschitz  boundary  or  £2  is  a  graph  Lipschitz  domain,  w  e  Rm  \  3  £2.  Let 
f  G  Lp( 3£2).  If  z  £  3£2,  denote  by  [3<S^/(z)/3ft^(z)]+  the  nontangential  limit  of 
dS^f(x) /  dnQ  (z)  at  z  with  respect  to  £2  and  by  [3 S^f(z) /  3 nQ  (z)]-  the  nontangential 
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limit  of  dS^f(x)/d,rl  (■)  at  z  with  respect  to  to  =  Rm  \  £2.  Then 


dn(z) 


Pf(z)  -  K'nfiz), 


dSpfiz) 

3  n(z) 


=  ~\fV)  ~  Kkf(z) 


at  almost  all  z  e  3£2. 

Proof  It  is  an  easy  consequence  of  Theorem  5.4.7  and  Proposition  5.4.5. 

Lemma  5.4.9  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  m  >2, 
1  <  p  <  oo.  Then  is  a  bounded  linear  operator  from  LP(  3£2)  into  W1,;?(3£2). 
Denote  VxSQ‘f  =  VSQ  —  (VS  •  nQ)nQ  the  nontangential  gradient  of  SQf.  Then 
there  exists  a  positive  constant  C  such  that 


C  1||<Sn/||wi^(an)  <  \\SQf\\if(dn)  +  \\VTSQf\\u>(dn)  5  C\\SQf\\wi,P^) 


for  all  f  elf  (  3  £2). 

Proof  Fix  z1, . . . ,  zk  e  3£2  and  r  >  0  such  that  3£2  C  B(zl ;  r)  U  •  •  •  U  B(zk;  r). 
Suppose  further  that  for  each  j  there  exist  a  coordinate  system  and  a  Lipschitz 
function  such  that  £2  Pi  5(z7;2r)  =  B(zj;2r)  Pi  {[x';xm\;xm  >  O^/C)}.  Choose 
ctj  G  C^°(B(zj;  r)),  0  <  ctj  <  1  such  that  ct\  +  •  •  •  +  ctk  =  on  a  neighborhood  of 
3 £2  (see  Lemma  1.18.1).  For  a  function  g  defined  on  3 £2,  put  g  =  0  outside  3 £2  and 
denote  gj(x ')  =  aj(x',  <§j(xr))g(x' ,  d>y(/)).  Since  Q  has  Lipschitz  boundary,  there 
exists  a  positive  constant  C\  such  that 


k 

Q  1 11^ llz^(a^)  <  ^2  \\Sj\\LP(Rm~l)  —  Ci  ll^llLP(an)- 

7=1 


Iff  G  Lp( 3£2),  then 

\\SQf\\u>(dn)  +  ||V5n/||i^(an)  <  C2\\f\\u{d^) 

with  C2  independent  on/  (see  Propositions  5.2.2  and  5.2.8).  We  shall  study  SQf  on 
B(zj;  r)  P  3  £2.  For  simplicity,  suppose  that  z7  =  0.  For  0  <  e  <  r,  define  \j/€  (xf)  = 
SQf(x ',  <S>j(x')  -  6).  Since  SQf  G  H(Q)  C  C°°(£2),  we  deduce  that  f€  G  Whp(U) 
where  U  =  {xr  G  5m_1;  |x'|  <  r}  (see  Proposition  1.21.14).  Moreover,  3 i\/s€(x')  = 
d[SQf  (x' ,  <4>y  (/) — 6)  +  dmSQf  (xr ,  <4>y  (/) — 6)  3/  Oy  (/) .  It  is  a  derivative  in  a  tangential 
direction.  So,  there  exists  a  constant  C3  independent  of  /  and  €  such  that 

C3 1  \\V\l/€\\u>{u)  <  || VrS^f(x',xm  —  g)||lp(v)  _  QH V^||LP(f/), 

where  V  =  {[v',  vm]  G  3£2  P  5(0;  r),  |x'|  <  r}.  Proposition  5.2.2  gives  SQf(x',xm  — 
c)  SQf(x'xm)  for  almost  all  x  e  V,  \Snf(x',xm  —  6)|  <  M^SQf(x',xm), 
M^SQf  G  Lp(dQ).  Proposition  5.2.8  and  Theorem  5.4.7  give  |  VxSQf(x',  xm  —  g)|  < 
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M%(VSQf)(x',xm),  M%(VSQf)  e  Lp(dQ),  VzS^f(x',xm-e)  ->  WzS^f(x'xm) 
for  almost  all  x  e  V.  Lebesgue  lemma  (Lemma  1.13.2)  gives  that  \jr€  is  a  Cauchy 
sequence  in  Wl,p(U )  which  converges  to  Snf.  Thus  SQf  e  W1, p(dQ). 

Corollary  5.4.10  Let  Q  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
1  <  p,q  <  co,  0  <  s  <  l,  he  L°°(  3£2).  Define  Tjfi  =  SQ(hf).  Then  Th  is  a 
compact  linear  operator  on  IT1,/?(3£2)  and  on  Bp,q( 3  £2). 

Proof  The  operator  SQ  is  a  bounded  linear  operator  from  LP  (dQ)  to  p (3  £2) 
by  Lemma  5.4.9.  Since  the  identity  operator  is  a  compact  linear  operator  from 
fr1,i?(3£2)  to  LP( 3£2)  by  Lemma  1.21.8,  the  operator  Th  is  compact  on  fT1,p(3£2) 
(see  Theorem  1.7.4). 

Fix  t,  x  such  that  0<r<ks,</L<l.  The  identity  is  a  compact  operator 
from  Bp,q(dQ)  to  Bp,p(dQ)  =  WT,p(dQ)  by  Theorems  1.23.14  and  1.23.3.  Since 
WT,p(dQ )  <->  LP  (dQ)  and  Th  :  Lp(dQ)  ->  fF1,/?(3£2)  is  bounded  by  Lemma  5.4.9, 
Theorem  1.7.4  gives  that  Th  :  Bp,q(dQ)  — >  fT1,/?(3£2)  is  compact.  Lemma  1.21.16, 
Theorems  1.23.3  and  1.23.14  give  W^(3£2)  Wpp( dQ)  =  Bppp( dQ)  ^ 

Bp,q(dQ).  Hence  Th  is  compact  on  Bpyq(dQ)  by  Theorem  1.7.4. 

Corollary  5.4.11  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
1  <  p  <  co,  p'  =  p/(p  —  1).  Then  SQ  can  be  extended  as  a  bounded  linear  operator 
from  W~l,p(dQ)  to  Lp(dQ),  which  is  the  adjoint  operator  of  SQ  :  Lp'  ( 3£2)  — > 
fT1,i?/(3£2).  Ifh  e  L°°(3£2),  then  hSQ  is  a  compact  linear  operator  on  W~l,p( dQ). 
If  —  1  <  s  <  0  and  1  <  p,q  <  co,  then  SQ  is  a  bounded  linear  operator  from 
Bp’q (dQ)  to  B^dQ). 

Proof  Denote  by  S  the  adjoint  operator  of  SQ  :  Lp'  (dQ)  ->  Wl,p'  (dQ).  Then  S 
is  a  bounded  linear  operator  from  TT_1’P(3£2)  to  Lp(dQ)  by  Proposition  1.5.11.  If 
/  e  LP( dQ),  g  e  Lp'  (dQ),  then  Fubini’s  theorem  gives 


Thus  Sf  =  SQf. 

hSQ  is  a  bounded  operator  from  fT-1,;?(3£2)  to  Lp(dQ)  C  IT_1,i?(3£2).  Denote 
Thf  =  SQ(hf).  Then  Th  is  a  compact  linear  operator  on  W1,p'  (dQ)  by  Corol¬ 
lary  5.4.10.  Since  hS^1  is  the  adjoint  operator  of  Th,  Theorem  1.7.5  gives  that  hSQ 
is  a  compact  linear  operator  on  fT_1’p(3£2). 

Let  now  —1  <  s  <  0  and  1  <  p,  q  <  oo.  An  interpolation  argument  gives  that 
SQ  is  a  bounded  linear  operator  from  Bp,q(dQ)  to  B^+^dQ)  (see  Proposition  1.10.3, 
Theorems  1.23.16, 1.23.5,  and  1.22.1). 
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5.5  Derivatives  of  a  Double  Layer  Potential 

We  show  for  an  open  set  £2  C  Rm  with  compact  Lipschitz  boundary  and  /  G 
W1,i?(3£2),  1  <  p  <  oo,  that  there  exists  a  nontangential  limit  of  WQf  at  almost 
all  points  of  3£2,  \\M^(yVQf)\\ip^)  <  C\\f\\wi,p^,  and  Kq  is  a  bounded  linear 
operator  on  W1,i?(3£2). 

Lemma  5.5.1  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary,  1  < 
p<oo,f  e  Wl,p(d£2).  Ifx  g  Q,  then 


dpQf(x)  =  YJhSQ(dTJ)(x), 

k=  1 


w/zere  3^  =  np  3^  -  nf  dj. 

Proof  Fix  x  G  £2.  Suppose  that /  G  C°°(Rm).  Choose  cp  G  C^°(Rm)  such  that  (p  =  1 
on  3  £2,  <p  =  0  on  a  neighborhood  of  x  and  put /  =  f<p. 


m  m  » 

E  dkSn(dTJkf)(x)  =  J2  I  [-3 khm(x  -  .)][njdj  -  nkdjf]  cMm-i 

k=i  k=iL 

m  „ 

=  I  [nkdj(fdkhm(x  ~  0)  -  rijdk(fdkhm(x  -  •))]  dPLm-i 

k=iL 

+  /  /  njAhm(x  -  •)  -  J ~2nkdkdjh(x  -  •) 


dl~im—  i 


djdk(fhm(x  -  0)  -  dkdj(fhm(x  -  •))]  d'Hm  +  djV^f  (x)  =  djVQf(x). 


Let  now/  G  W1,/?(3£2).  Choose  z\ . . .  ,zK  G  3£2  and  r  >  0  such  that  3£2  C 
B{z} ;  r)  U  •  •  •  U  B(zk\  r),  and  for  each  s  G  { 1 , ,K},  there  exist  a  coordinate  system 
and  a  Lipschitz  function  on  Rm~l  with  B(zs',r )  PI  £2  =  B{z?,r)  PI  {[x',xm];xm  > 
0*00}.  According  to  Lemma  1.18.1,  there  existed  G  C™(B(zs',  r))  such  that  ct\+. . . 
+  ctK  =  1  on  3£2.  Fix  s  and  denote  g(yf)  =  f(y',  <&j(y'))as(y' ,  <£(/)).  Then  g  G 
Wl,p(Rm).  So,  there  exist  gi  G  C™(Rm~x)  such  that  gi  g  in  Wl,p(Rm~x).  Putting 
gi(y',ym)  =  gliy we  have 


djVn  (aj)  =  lim  djVngl  =  lim  V  dkSn(drigi)  = 

/ — >-oo  / — >-oo  Z 7  J 

k=  1  fc=l 

Km  m 

a >yZ>°/ = =  EE9^M“/)]  =  E9^V)- 


^=1 


5=1  k=  1 


/c=l 
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Theorem  5.5.2  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  m  > 
2,  1  <  p  <  oo,  0  <  a  <  oo.  Iff  e  W1,i?(9£2),  then  there  exists  the  nontangential 
limit  of  V DQf  at  almost  all  points  ofd£2,  and 

lK(VPn/)||^on)  <  C||Vr/||w  <  CWfWw^)  (5.15) 

with  a  constant  C  dependent  only  on  £2,  p,  and  a.  ( Here  VT/  is  the  tangential 
gradient  off).  Denote  by  [  ]+  the  nontangential  limit  with  respect  to  £2  and  by  [  ]_ 
the  nontangential  limit  with  respect  to  Rm\Q.  Then  nQ  •  [VD^/]+  =  nQ  •  [VUQf]-. 
We  define  HQf  =  nQ  •  WQf.  Then  the  so-called  hypersingular  operator  Hn  is  a 
bounded  linear  operator  from  W1,/?(9£2)  to  Z//9£2). 

Proof  Suppose  first  that  £2  is  bounded.  According  to  Lemma  5.5.1, 

m 

djVQf(x)  =  3 kSa(dTjkf)(x).  (5.16) 

k=l 


Theorem  5.4.7  and  Proposition  5.2.8  give  that  there  exists  the  nontangential  limit  of 
WQf  at  almost  all  points  of  9 £2  and  (5.15)  holds  with  a  constant  C  dependent  only 
on  £2,/?,  and  a. 

Let  now  £2  be  unbounded.  Choose  r  >  0  such  that  9  £2  C  B(0’r)  and  put  co  = 
B( 0;  r)  D  £2.  Define/  =  0  on  dco  \  9£2.  Then  DQf  =  DMf.  So,  there  exists  the 
nontangential  limit  of  WQf  at  almost  all  points  of  9 £2  and  (5.15)  holds. 

We  now  we  prove  nQ  •  [VD^/]+  —  •  [WQf\-.  For  the  sake  of  definiteness, 

suppose  that  £2  is  bounded.  Choose  r  >  0  such  that  9 £2  C  B( 0;  r)  and  put  co  = 
B(0;  r)  \  £2.  Define/  =  0  on  dco  \  9£2.  Using  (5.16)  and  Theorem  5.4.7  for  £2  and 
co,  we  obtain 


nn  ■  [VPn/]+  -  nQ  ■  [WQf]-  =  J2nf  I>*  V  =  °- 

7=1  k=  1 

Corollary  5.5.3  Let  £2  C  R2  be  an  open  set  with  compact  Lipschitz  boundary,  1  < 
p  <  oo,  /  e  W1,p(9£2).  Denote  x  =  (—n^nf),  g  =  df/dr.  Then  d\VQf  =  82 SQg, 
diV^f  =  — 9i SQg,  and  the  nontangential  limits 

t  •  [VPfi/]±  =  -na  ■  [V<Sn£]±  =  t|  +  K'ng, 
na  ■  [VX>n/]±  =  r  •  [VSng]±. 

Proof  That  is  a  consequence  of  Lemma  5.5.1  and  Theorem  5.4.8. 

Lemma  5.5.4  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  m  >2, 
1  <  p  <  00.  Then  Kq  is  a  bounded  linear  operator  on  W1,/?(9£2). 


274 


5  LP -Solutions  of  Boundary  Value  Problems 


Proof  If  we  study  VQf  on  £2,  then  Theorems  5.3.5,  5.5.2  and  Lemma  5.5.1  give 
that  (^/  +  Kq)  is  a  bounded  linear  operator  on  Wl,p(dQ).  Consequently,  Kq  is  a 
bounded  linear  operator  on  Wl ,p  (3 £2). 


5.6  Integral  Representation 

In  this  section,  we  express  a  harmonic  function  as  the  sum  of  the  double  layer 
potential  corresponding  to  its  trace  on  the  boundary  and  the  single  layer  potential 
corresponding  to  the  Neumann  condition. 

Theorem  5.6.1  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary,  u  e 
H(£2),  M^(Vu)  e  Lp(dQ),  1  <  p  <  oo.  Then  M^(u)  e  Lp(dQ),  and  there  exist 
nontangential  limits  u(x),  Vm(x)  of  u,  and  Wu  at  almost  all  x  e  3  £2  .  Moreover, 
u ,  djU  e  Lp(d£2)  and  u  =  VQu  +  SQ(nn  •  Vm). 

Proof  Suppose  first  that  £2  is  connected.  Let  £2(/),  A j  and  coj  have  meaning  from 
Lemma  1.17.13.  According  to  Theorem  2.2.4, 

u  =  SmnQ(i)  •  Vm  +  VQ(i)u  (5.17) 

in  £2(/').  Fix  k  e  {1, . . . ,  m}.  By  virtue  of  Lemma  5.5.1, 

m 

3 ku  =  3 •  Vm)  +  diSQ®[nf®diu  —  nf®dku\. 

i=i 


So,  there  exist  constants  arst  such  that 

m  „ 

3 ku(x)  =  ^2  cirst  J  [drhm(x-y)]n®®(y)dtu(y) 

r’S’t=1  3Q(j) 

Using  notations  from  Lemma  1.17.13, 

m  „ 

dku(x)  =  arst  J  ojj  (y)  [d,-hm(x  —  A  j  (>’))]  nf  0)  (Aj(y))c>tu(^j  (  v) )  • 


r,s,t=l 


dQ 


Since  M f  (Vm)  e  27  (3 £2),  the  sequence  (3 tu)  o  A j  is  bounded  in  LP{ 3  £2).  According 
to  Theorem  1.5.10,  we  can  suppose  that  (dtu)oAj  converges  weakly  to  vt  e  27(3£2). 
Since  drhm(x  —  Aj(y))  converges  uniformly  to  drhm(x  —  y),  coj  1  pointwise  and  in 
all  27(3£2),  nQ(j\Aj(y))  ->  nQ(y)  pointwise  and  in  all  27(3£2),  we  obtain  by  virtue 
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of  Holder’s  inequality  (Proposition  1.14.1) 

in  (  r> 

3 ku(x)  =  a"t)  I  [drhm(x-(y))]nf(y)dtu(Aj(y)) 

1  *  an 

+  f  [nf(jHAj(y))o^(y)()rhm(x  -  A;(v))  -  nf(y)dthm(x  -  >>))]3,m(A;(v))  > 
an  ' 

m  „  m 

->  arst  I  [drhm(x-  (y))]nf(y)v,(y)  =  ^  arstdrSQ(nf  v,)(x). 

r,s,t=l  r.^=1 

Theorem  5.4.7  gives  that  there  exists  the  nontangential  limit  of  3 kU  at  almost  all 
points  of  3£2. 

Since  ft  has  Lipschitz  boundary,  there  exist  positive  constants  a ,  C\  such  that  if 
z  £  3ft,  v  G  Tp(z),  then  x,  z  can  be  connected  by  a  smooth  curve  in  Tp(z)  with 
the  length  at  most  C\.  So,  each  x,y  G  rp(z)  can  be  connected  by  a  smooth  curve 
in  Tp  (z)  with  the  length  at  most  C2,  where  C2  is  a  constant.  Fix  6  >  0  small.  Since 
the  set  K  =  {x  G  ft;  dist(x,  3ft)  >  6/(2  +  2a)}  is  compact,  there  exists  a  constant 
C3  such  that  \u\  <  C3  on  K.  Let  now  z  €  3ft,  v  G  Tp(z).  If  \x  —  z|  >  6/2,  then 
x  e  K  and  |m(jc)|  <  C3.  Let  now  v  G  B{z\  6/2).  Fix  y  G  Tp(z)  \  B(z’,  6/2).  Then  x,y 
can  be  connected  by  a  smooth  curve  y  in  Tp(z)  with  the  length  at  most  C2.  Since 
| Vm|  <  M^(Vw)(z)  on  y  C  Tp(z),  we  have 

|k(*)|  <  |w(y)|  +  |w(x)  -  w(y)|  <  C3  +  J  |  Vm|  dHi  <  C3  +  C2M^(Vw)(z). 

y 

Hence  M^(w)  <  C3  +  C2M^(Vw)  G  77  (3  ft). 

According  to  (5.17),  we  have 

m(x)  =  f  (Dj(y)hm(x  -  Aj(y))nQ(j)(Aj(y))  •  Vw(A/(y))  dHm-i  (y) 

+  f  o)j(y)Whm(x-  Aj(y))  •  nm  (Aj(y))u(Aj(y))  dHm-i(y). 
dn 

The  Lebesgue  lemma  (Lemma  1.13.2)  gives 

/a 

A;(y))nn(/)(Ay(y))  •  Vm(A;(v))  d"Hm_iG)  «5n  j£(x)- 
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Since  u  o  A j  is  a  bounded  sequence  in  77  (3  £2),  we  can  suppose  that  there  exists 
g  G  LP(dQ)  such  that  uo  Aj  ->  g  weakly  (see  Theorem  1.5.10).  Thus 

[  Vhm(x-y)-nQ(y)u(Aj(y))  &Um-\(y)  ->  VQu(x). 
dQ 

Since  C0j(y)Vhm(x  —  A j(y))  •  nQ^(Aj(y))  — >►  Vhm(x  —  y )  •  nn(y)  in  Lp' (dQ)  with 
p'  =  p/(p  —  1),  Holder’s  inequality  (Proposition  1.14.1)  gives 

f  [cOj(y)Vhm(x-  Aj(y))  ■  nn(/)(Aj(y))  -  Vhm(x-y)  ■  nn(y)]u(Aj(y))  ->  0. 
dn 

Hence 


u(x)  =  <S^(3a/3a)(v)  +  VQg(x). 

Proposition  5.2.2  and  Theorem  5.3.5  give  that  there  exists  the  nontangential  limit 
of  u  at  almost  all  points  of  3 £2.  If  cp  G  7/  (3 £2),  then  the  Lebesgue  lemma 
(Lemma  1.13.2)  gives 

/  g(p  dHm-i  =  lim  /  (p(u  o  Aj)  dHm-i  =  /  mp  dl~Lm-\. 

da  '  a^  a^ 

Thus  g  =  u  and  a  =  SQ(du/dn )  + 

Suppose  now  that  £2  is  not  connected.  Let  £2  (/') ,  Ay  and  have  meaning  from 
Lemma  1.17.13.  According  to  Theorem  2.2.4,  we  get  (5.17).  Lettingy  ->  oo,  we  get 
u  =  VQu  +  SQ(nQ  •  Va)  by  the  Lebesgue  lemma  (Lemma  1.13.2). 

Corollary  5.6.2  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
1  <  p  <  oo,  u  G  H(i 2),  M^(Vw)  G  77  ( 3£2).  7/* £2  A  unbounded,  suppose  moreover 
that  u(x)  —>  0  as  \x\  ->  cx).  are  nontangential  limits  ofu  and  Vu  at 

almost  all  points  of  3  £2  ami 


VQu(x)  +  <S^(a^  •  Va)(v) 


u(x),  x  G  £2 , 

0,  v  G  7?m  \  £2. 


Proof  Suppose  first  that  £2  is  bounded  and  connected.  Then  there  are  the  nontan¬ 
gential  limits  of  u  and  Va  at  almost  all  points  of  3  £2  and  VQu  +  SQ(nQ  •  Vm)  =  m 
in  £2.  (See  Theorem  5.6.1.)  Let  nowx  G  Rm\£ 2.  Choose  £2  (/')  from  Lemma  1.17.13. 
We  have  VQu^(x)  +  SQ^(nQ  •  Va)(x)  =  0  by  Corollary  2.2.5.  Lebesgue  lemma 
(Lemma  1.13.2)  forces  VQu(x)  +  <S^(a^  •  Vu)(x)  =  0. 

If  £2  is  bounded,  we  use  the  proposition  for  each  component  of  £2 . 
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Let  now  £2  is  unbounded.  We  use  the  proposition  for  £2(r)  =  Q  H  B( 0;  r).  Since 
u(y)  0  as  |y|  — >►  cx),  we  have  9 au(y)  =  0(|y|2_m_^)  as  |y|  — >►  oo  for  m  >  2; 
dau(y)  =  0(|;y|-1-^)  as  \y\  —>  oo  form  =  2.  (See  Proposition  2.17.3.)  If  v  G  £2, 


then 


u(x)  =  lim  [X>fi(r)w(x)  +  5n(r)(«Q  •  Vw)(x)]  =  VQu{x)  +  Sn(nn  •  Vm)(x). 

r— >  oo 

If  X  e  \  then 

0  =  lim  [. Dn{r)u(x )  +  Ss(r)(«s  •  Vm)(x)]  =  Vnu(x)  +  Sn(nn  ■  Vu)(x). 

r—>  oo 


Corollary  5.6.3  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary ; 
1  <  p  <  oo,  u  G  H(i 2),  M^(Vw)  G  Z/(9£ 2).  7/* £2  fs1  unbounded,  suppose  moreover 
that  u(x)  0  as  \x\  —>  oo.  exists  the  nontangential  limit  Wu(x)  ofVuat 

almost  all  x  G  9  £2.  If  a  >  0,  then  there  exists  a  constant  C  depending  only  on  £2,  p, 
and  a  such  that 


||Vw|| up(dn)  <  ||Affl(Vw)||i^(an)  <  CIIViiH^on). 


Proof  Corollary  5.6.2  gives  that  there  exist  the  nontangential  limits  of  u  and  Vu  at 
almost  all  points  of  9 £2  and  u  =  VQu(x)  +<S^  (^•Vm)(i).  The  rest  is  a  consequence 
of  Proposition  5.2.8  and  Theorem  5.5.2. 

Definition  5.6.4  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
1  <  p  <  oo.  If  F  is  a  distribution  supported  on  9 £2,  we  say  that  u  is  a  very  weak 
//-solution  of  the  Neumann  problem 


Au  =  0  in  £2,  —  =  F  on  9£2, 

on 


if  u  e  H(i 2),  M^(u)  G  Lp{di 2),  there  exists  the  nontangential  limit  u(x)  of  u  at 
almost  all  x  G  9  £2,  and 


Lemma  5.6.5  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  1  < 
p  <  oo,  F  be  a  distribution  supported  on  di 2.  Let  u  be  a  very  weak  LP -solution 
of  the  Neumann  problem  Au  =  0  in  £2,  du/dn  =  F  on  9£2.  Let  co  C  Rm  be  an 
open  set  with  compact  Lipschitz  boundary  such  that  dco  C  £2.  Define  F  =  F\co  + 
( du / dnM)FLm-\ |  dco,  £2  =  £2  Pi  co.  Then  u  is  a  very  weak  LP -solution  of  the  Neumann 
problem  Au  =  0  in  £2,  du/dn  =  F  on  9£2. 


Proof  Let  cp  G  Since  dco  c  £2,  there  exists  0  e  such  that  0  =  1 

on  a  neighborhood  of  co  and  0  =  0  on  a  neighborhood  of  9 £2  \cd.  Denote  cp  =  6 cp. 
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Choose  \js  e  C^°(Rm)  such  that  \js  =  1  on  a  neighborhood  of  dco,  =  0  on  a 
neighborhood  of  Rm  \  £2.  Choose  a  bounded  open  set  G  C  £2  \  £2  with  smooth 
boundary  such  that  (£2  \  £2)  PI  spt[<^(l  —  i/s)]  C  G.  By  virtue  of  the  Gauss-Green 
theorem  (Theorem  1.19.1), 

{F,  <p)  =  (F,  (1  -  +  J  d'Hm-i  =  J  m{-A[(1  -  \lr)(p}}  d Um 

dco  £2 

+  J  dHm-i  +  J  u[-A(\j/(p)]}  d Hm  +  J  d9im-t 

dQ  ^  dco 

=  J  u(—A<p)  d Hm  +  J  m{— A[(l  -  i l/)<p]}  d Hm  +  J  u ^  dHm-i 

Q  G  dQ 

=  J  u(—A{p)  dUm  +  dFLm—\ 

Q.  3  G 

+  J  d'Hm-i  =  J 

dn  q 


u{-Acp)  d  Hm 


/" 


3  cp 
3  n 


Proposition  5.6.6  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
1  <  p  <  oo,  /  be  a  distribution  supported  on  3  £2.  Let  u  be  a  very  weak  LP -solution 
of  the  Neumann  problem  A u  =  0  in  £2,  du/dn  =  f  on  3£2.  If  £2  is  unbounded, 
suppose  moreover  that  u(x)  0  as  |v|  oo.  Then 


VQu(x)  +  SQf(x) 


u(x),  x  e  Q, 

0,  x  g  Rm  \  Q. 


(5.18) 


Proof  Suppose  first  that  £2  is  bounded.  Choose  ^  e  C™(Rm)  such  that  \j/  =  1 
on  a  neighborhood  of  £2.  Fix  x  e  Rm  \  i 2  and  put  cp(y)  =  \fr  (y)hm(x  —  y) .  Then 
cp  G  H(i 2)  by  Remark  2.1.3.  By  the  definition  of  a  very  weak  //-solution  of  the 
Neumann  problem, 


Snf(x)  = 


(/» 


f 


u(—Acp)  d TLm  + 


L 


3  V  in, 
u—  dFLm-\ 
dn  °n 


—VQu(x). 


Let  now  i  e  12.  Fix  r  >  0  such  that  B(x;r)  C  £2.  Define  g  =  du/dnB^x;r\ 
Theorem  2.2.4  gives 


u(x)  =  VBix'r)u(x)  +  SB{x'r)g(x). 
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Put  oo  =  £2  \  B(x ;  r).  Lemma  5.6.5  gives  that  u  is  a  very  weak  //-solution  of  the 
Neumann  problem  A u  =  0  in  co,  du/dn  =  F  :=  /  —  gNm-\ |35(x;  r).  We  have 
proved 


2T  w(x)  +  =  0. 


Adding 

w(x)  =  VB(x;r)u(x)  +  SB(x;r)g(x)  +  1Tm(x)  +  5wF(x)  =  VQu(x)  +  Sn/(x). 

Let  £2  be  unbounded.  For  r  >  0,  define  Qr  =  Q  (1  B( 0;  r),  fr  =  /  + 
(3w/ dn)l~Lm-\  1 35(0;  r).  Then  w  is  a  very  weak  //-solution  of  the  Neumann  problem 
Aw  =  0  in  £2r,  du/dn  =  fr  on  3£2r  (see  Lemma  5.6.5).  We  have  proved  (5.18)  for 
£2r.  According  to  Proposition  2.17.3,  there  exists  a  constant  C  such  that 

•  form  >  2,  we  have  \u\  <  Cr2~m ,  |Vw|  <  Crl~m  on  35(0;  r); 

•  for  m  =  2,  we  have  \u\  <  Cr_1,  |Vw|  <  Cr~ 2  on  35(0;  r). 

Letting  r  ^  o o,  we  obtain  (5.18)  for  £2. 

Corollary  5.6.7  £2  =  £2+  C  Rm  be  a  bounded  open  set  with  Lipschitz 

boundary ;  1  <  p  <  oo ,  f+,  f-  be  distributions  supported  on  3 £2.  Denote  £2_  = 
5m  \  £2+.  Let  u±  be  an  LP  -solution  or  a  very  weak  LP  -solution  of  the  Neumann 
problem  A u±  =  0  in  £2±,  du±/dnQ  =  f±  on  3£2±.  Put  g  =  u+  —  u-  on  3£2.  If 
u-(x)  — >  0  as  \x\  ->  oo,  then 


U±  =  VQg  +  SQ(f+  -/_)  in  £2±.  (5.19) 


Proof  Corollary  5.6.2  and  Proposition  5.6.6  give 


±Vau±(x)  ±  SQf±(x) 


u±(x),  x  e  £2±, 
0,  x  G  £2=p . 


Adding,  we  obtain  (5.19). 


5.7  Identities  for  Integral  Operators 


In  this  section,  we  prove  two  useful  relations  between  integral  operators  on  the 
boundary. 

Proposition  5.7.1  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary  and 
1  <  p  <  oo.  Iff  e  //( 3£2),  then 

Q I-KfjSnf  =  Sn 
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Proof  Put  u  =  SQf.  Then  Ma(u )  +  Ma(Wu)  G  LP(d£2),  u  =  Snf  is  the 
nontangential  limit  of  u  and  du/dn  =  \f  —  K'^f.  (See  Propositions  5.2.2,  5.2.8 
and  Theorem  5.4.8.)  Theorem  5.6.1  gives  u  =  VQu  +  SQ  (du/dn).  According  to 
the  boundary  behavior  of  potentials  (Proposition  5.2.2  and  Theorem  5.3.5),  we  have 


u  =  \u  +  Kqu  +  Sn  (du/dn)  on  9£2.  Since  u  =  SQf,  du/dn  =  (^1  —  K'Q)f ,  we 
obtain  (\1  -  Kn)Snf  =  Sn (i /  -  ^)/. 

Proposition  5.7.2  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary, 

1  <  p  <  oo.  Iff  G  tV1,/?(9£2),  r/zen 


(5.20) 


Proof  Put  w  =  27^/  in  Q.  Then  u  =  f/2  +  Kof  is  the  nontangential  limits  of  u  by 
Theorem  5.3.5.  According  to  Theorem  5.5.2,  there  exists  the  nontangential  limit  of 
Vw  at  almost  all  point  of  boundary  and  Ma(S/u)  G  LP(dQ).  Theorem  5.6.1  gives  that 
u  =  VQu  +  SQ  (du/dn).  Using  boundary  behavior  of  potentials  (Proposition  5.2.2 
and  Theorem  5.3.5), 


u  —  u/  2  +  Kqu  +  SQ  (du/dn). 


Using  the  fact  that  u  =  [(1  /2)I  +  K^\f  on  9£2,  we  obtain  (5.20). 


5.8  Rellich  Inequality 


In  this  section,  we  prove  the  inequalities 


\\nQ  *  ^u\\ l2(8Q)  -  C(ll^r^llL2(a^)  +  INL2(a£2))> 

ll^r^ll L2(dQ)  <  C(\\ '^u\\ L2(dQ)  +  INIl2^)) 


for  a  harmonic  function  in  Q  with  M^(u)  +  M ^  (Vu)  G  L2(dQ).  These  inequalities 
will  play  a  crucial  role  in  the  proof  of  the  existence  of  an  L2-solution  of  the  Neumann 
problem. 

Lemma  5.8.1  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
u  G  H(i 2),  v  G  C!(£2),  1  <  p  <  oo,  p'  =  p/(p  —  1),  M^(u)  +  M//(Vu)  g  LP(di 2), 
M^(v)  G  Lp' (di 2).  Assume  that  M^(Vv)  G  Lp' (di 2)  or  u  =  v.  Suppose  that 
at  almost  all  x  G  9£2,  there  exist  the  nontangential  limits  of  Wu  and  v.  If  Q  is 
unbounded  and  m  >  2,  suppose  moreover  that  v(x)  0  as  |v|  oo.  Then 


(5.21) 
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Proof  Suppose  first  that  £2  is  bounded.  Lemma  1.28.1  gives  that  |  Vw|  G  Lp(£l).  If 
u  ^  v,  then  |Vi>|  G  LP  (£2)  and  Holder’s  inequality  (Proposition  1.14.1)  forces 
that  Vw  •  Vi?  G  L1^).  Let  Q(j)  be  an  increasing  sequence  of  open  sets  from 
Lemma  1.17.13.  According  to  the  Gauss-Green  theorem  (Theorem  1.19.1)  and  the 
Lebesgue  lemma  (Lemma  1.13.2),  we  have 


dQ(j)  &(j) 


Vw  •  Vu 


J  Vu  •  Vv. 

Q 


Let  now  Q  be  unbounded.  Since  u  is  bounded  in  a  neighborhood  of  the  infinity, 
there  exists  a  constant  c  such  that  u(x)  ->  c  as  \x\  —>  oo  (see  Proposition  2.17.1). 
Proposition  2.17.3  gives  that  Vu(x)  =  V[u(x)  —  c]  =  0(\x\l~m)  for  m  >  2  and 
Vu(x)  =  0{\x\~2)  for  m  =  2.  Similarly  for  v.  If  Q  is  unbounded  and  m  >  2,  then 
v(x)  =  0( \x\2~m)  by  Proposition  2.17.3.  If  r  >  0,  then 

J  v^-  dWm-\  =  J  ' S/u-S/v&l-Lm • 

a[^nfi(o;r)]  ^nfi(o;r) 


If  r  ^  oo  we  get  (5.21). 

Lemma  5.8.2  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  m  >  2. 
Let  h  G  Cl(Rm,Rm )  be  compactly  supported,  u  G  Suppose  that  there  exists 

the  nontangential  limit  ofWuat  almost  all  x  G  9 £2,  M^(|  Vw|)  G  L2(9£2).  Then 


[  \Wu\2(n-h)  dPLm-i 
do, 


dUm- 1 


+  J  I  Vm|2  ^  djhj  d'Hm  —  2  (djhk)(dju)(dku)  dTLm. 

Q  j=1  Q  pk=1 


Proof  Without  loss  of  generality,  we  can  suppose  that  £2  is  connected.  Suppose  that 
£2  is  bounded.  Suppose  first  that  £2  has  smooth  boundary  and  u  is  harmonic  on  a 
neighborhood  of  £2.  By  virtue  of  the  Gauss-Green  theorem  (Theorem  1.19.1), 


mm  mm 

2(dku)(djdku)  -  2(A u)(h  ■  Vm)  -  2  ^(3/0  y^(djhk)(dku) 
j=  1  *=i  j=i  *=i 
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rn  rn  „  rn 

■2  V(97-m)  V  hkidjdku)  dT-Lm  =  /  |  Vm|2  ^  djhj  d% 
J=  i  -I  n  /=' 


mm  „  m 


■m 


Let  now  Q(l)  be  domains  from  Lemma  1.17.13.  Since  |Vw|  G  L2(£2) 
(Lemma  1.28.1),  we  obtain  by  virtue  of  Lebesgue  lemma  (Lemma  1.13.2) 


+  J  I  v«|2  djhj  dHm  -  2  J  Y,  (Mk)(M)(hu)  dU,n 

Q  j= '  ft  j’k=1 


If  £2  is  unbounded,  choose  r  >  0  such  that  U  spt  h  C  B( 0;  r)  and  use  the 
proposition  for  5(0;  r)  (1  Q. 

Lemma  5.8.3  Let  0  <  a,  b,  c  <  oo.  If 


a2  <  b2  +  caZ?, 


a  <  (1  +  c)Z?. 


Proof  (a  -  bc/2)2  =  a2  -  cab  +  Z?2c2/4  <  Z?2  +  Z?2c2/4  <  b2{  1  +  c/2)2.  Thus 
a  —  be /I  <  Z?(l  +  c/2).  Hence  a  <  Z?(l  +  c). 

Proposition  5.8.4  Lc£  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
m  >  2.  Lc£  w  G  77(£2),  M^(u)  +  M^(Vu)  G  L2(d£2).  If  £2  is  unbounded  and  m  >  2, 
suppose  moreover  that  u(x)  ^  0  as  \x\  ^  oo.  TTzcft 


11^  •  Vw|| L2(9^)  <  C(||Vtm||L2(9j2)  +  IHIz^aft))* 
ll^r^||L2(a^)  <  C'CII^  ’^u\\L2(dQ)  +  INlL2(aft)) 


where  C  depends  only  on  £2. 
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Proof  At  almost  all  points  of  the  boundary,  there  exist  the  nontangential  limits  of  u 
and  Vu  by  Theorem  5.6.1.  According  to  Lemma  1.17.7,  there  exists  h  e 
and  Ci  e  (0, 1)  such  that  h  •  nQ  >  C i  on  3£2.  By  virtue  of  Lemma  5.8.2, 


/ 


(n  •  h )  &Hm-\ 


=2/M('"v'“) 


+h  •  n 


p  m  pm 

d'Hm-i  +  j  \Vu\2J2djhjdHm-2  J  £  OA)(djU)(dku)  dUm. 

n  j=l  n  J-k=  1 


Subtracting  J\lQ(h  ■  n)(du/dn)2  dT-Lm-i  from  both  sides, 


f  \S7ru\2(n-h)  d'Hffi—i 

dQ 


f{dn )  (n  '  k)  dKn~'  +  2  / 

an  an 


—  (/z  •  Vrw)  d%m_i 
on 


/m  pm 

iv«i2E  djlij  d1~Lm  —  2  J  Y,  ( djhk)(dju)(dku )  dTf  . 

n  f=1  n  ■/-*= 1 


Fix  a  constant  C2  >  1  such  that  |/;|  +  |  V//|  <  C2.  Since  Ci  <  n  ■  h  <  C2,  we  obtain 
by  Holder’s  inequality  (Proposition  1.14.1)  for  ||  ||  =  ||  \\lH,\Q) 

Ci||Vru||2  <  C2\\n  ■  Vw||2  +  2C2||  Vrw||  •  ||n  •  Vm||  +  C23ra2||  VM||22(fi), 

Ci\\n  •  Vw||2  <  C2||Vrw||2  +  2C2|| Vru||  •  ||n  •  Vw||  +  C23m2||  Vw||22(Q). 

According  to  Lemma  5.8.1  and  Holder’s  inequality,  (Proposition  1.14.1) 


C  du 

/  u—  dl-Lm-i  <  ||w||  •  II w  •  Vm||. 

an 


Therefore 

CiIIVjmH2  <  4C|m2(||n  •  Vw||  +  ||m||)2  +  2C2m(||w  ■  Vw||  +  ||w||)||VTw||, 
C?||n  •  V«||2  <  C2(||  VrM||  +  ||M||)2  +  3C2m2(||  Vr«||  +  |M|)||n  •  V«||. 

According  to  Lemma  5.8.3, 


Cl  II  Vtm||  <  (1  +  Cr1)2C2m(||n  •  V«||  +  ||u||), 
Ci  ||n  •  Vm||  <  (1  +  3m2CJ“1)C2(|| Vrw||  +  ||w||). 
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5.9  An  L2-Solution  of  the  Neumann  Problem 

In  this  section,  we  study  L2- solutions  of  the  Neumann  problem  on  a  domain  Q  C  Rm 
with  compact  Lipschitz  boundary.  We  look  for  a  solution  in  the  form  of  a  single  layer 
potential  with  density/  e  L2(9£2).  This  leads  to  the  integral  equation  =  g.. 

We  find  a  necessary  and  sufficient  condition  for  the  solvability  of  this  equation.  As 
a  consequence,  we  find  a  necessary  and  sufficient  condition  for  the  solvability  of  the 
Neumann  problem. 

Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,/, g  e  Lp( 9 £2), 
1  <  p  <  oo.lfm  =  2  and  Q  is  unbounded,  suppose  moreover  that  fdQf  Hm-\  =  0. 
Then  the  single  layer  potential  S^f  is  an  LP- -solution  of  the  Neumann  problem  for 
the  Laplace  equation 


A  u  =  0  in  Q, 


—  =  g  on  d£l 
on 


if  and  only  if 


\f-K'j  =  g. 

(See  Lemma  5.2.1,  Propositions  5.2.2,  5.2.3,  5.2.8,  Theorems  5.4.8  and  5.4.7.) 

Lemma  5.9.1  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  m  >  2, 
g  e  LP(d£2),  1  <  p  <  oo.  If  £2  is  unbounded,  suppose  moreover  that  m  =  2.  If  there 
exists  an  LP -solution  u  of  the  Neumann  problem  for  the  Laplace  equation  with  the 
boundary  condition  g,  then 


(  g  dNm-l  =  0. 

Proof  Put  v  =  1.  Lemma  5.8.1  gives 

J  g  d'Hm-i  =  J  v  ^  dHm-\  =  J  Vn  •  Vu  d Um  =  0. 

3ft  3ft  ft 

Lemma  5.9.2  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  m  >  2. 
If  u  is  an  L2 -solution  of  the  Neumann  problem  A u  =  0  in  £2,  du/dn  =  0  on  d£2, 
then  u  is  constant. 

Proof  If  £2  is  unbounded,  then  u  is  bounded  in  a  neighborhood  of  infinity  by 
Lemma  1.28.2.  According  to  Proposition  2.17.1,  there  exists  a  constant  c  such  that 
u(x)  c  as  v  oo.  Put  v  =  u  —  c.  If  £2  is  bounded,  put  v  =  u.  Then  v  is  an 
L2-solution  of  the  Neumann  problem  Av  =  0  in  Q,  dv/dn  =  0  on  3 £2.  According 
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to  Lemma  5.8.1, 


I  ^  rk  '  L'M—  1  I 

J  on  J 


Since  Vi?  =  0  in  £2,  the  function  v  is  constant  (see  Lemma  1.20.1). 

Lemma  5.9.3  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  f  G 
L2( 3 £2).  Ifm  =  2,  suppose  moreover  that  fd^f  dTLm-\  =  0.  If 


(5.22) 


thenf  =  0. 

Proof  Put  /x  =  /Hm-i|3^.  Since  <S^/  G  L2(3£2)  by  Proposition  5.2.2,  the  real 
measure  /z  has  finite  energy.  Theorem  3.39.3  and  Lemma  3.41.4  give  that  \i  =  0. 

Proposition  5.9.4  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary, 
f  G  L2(  3  £2).  Ifm  =  2  or  £2  is  bounded,  suppose  moreover  that  fdQf  dTLm-\  =  0.  If 
f/2  —  K'^f  =  0,  thenf  =  0. 

Proof  SQf  is  an  L2-  solution  of  the  Neumann  problem  for  the  Laplace  equation  with 
the  zero  boundary  condition.  Lemma  5.9.2  gives  that  there  exists  a  constant  c  such 
that  SQf  =  c  in  £2.  Propositions  5.2.2  and  5.2.3  force  that  Snf  =  c  on  3£2.  If  £2  is 
bounded,  then  (5.22)  holds  true  because  fdQf  dTim-\  =  0.  If  Q  is  unbounded,  then 
c  =  0  because  SQf(x)  0  as  \x\  oo  (see  Proposition  3.1.6).  Thus  (5.22)  holds 
too.  According  to  Lemma  5.9.3,  we  have/  =  0. 

Theorem  5.9.5  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  m  > 
2.  Ifm  >  2,  putX  =  L2(dQ),  for  m  =  2  putX  =  {/’  G  L2(d£2),  fdQf  dTim~\  —  0}. 
Then  there  exists  a  positive  constant  C  such  that 


II/*/ 2  —  Kaf\\L2(dn)  —  C(||  VT<S^/||L2(a^)  +  ll^/llz,2^))* 

W^rSnf\\L2(dn)  <  m/2-K'JW^  +  ||5B/||L2(8n))> 
CT'II/H^aoj  <  \\f/2-K'J\\L2(dn)  +  ||5Q/||L2(aQ)  <  C||/||L2(8n)> 

C  1  II/1Il2(9q)  <  ||//2  +  K'cif\\i2(;in)  +  ll'5n/||z,2(3n)  <  C||/llz,2<a^) 


for  all  f  G  X. 

Proof  Since  K'Q  and  SQ  are  bounded  linear  operators  on  L2(dQ)  (see  Proposi¬ 
tions  5.4.5  and  5.2.2),  there  exists  a  constant  C\  such  that 


\\f /^  -  Kaf\\L2(dQ)  +  II//2  +  K'nf\\L2(dn)  +  \\SQf\\L2(dQ)  <  Cl\\f\\L2(dQ) 
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for  all /  G  L2(9£2).  Set  go  =  Rm  \  £2.  Using  Proposition  5.8.4  for  u  =  SQf  and 
Theorem  5.4.8,  we  obtain  that  there  exists  a  constant  C2  such  that 

11/72  -  K'nf\\L2(dQ)  <  C2HI Vr<S^/||L2(a^)  +  ||5n/||tf(ao)], 

II  Vr<S^/||L2(3ft)  5  C2  [11/72  —  K'nf\\L2(dn)  +  H<S^/llL2(3ft)L 
II//2  -  ^C/llz2^)  <  C2  [||  Vt<S"/||L2(9^)  +  ||<5"/||l2(3^)]  > 
l|VTS"/||tf(ao)  <  C2  [||//2-</||L2(an)  +  ||S"/||L2(an)] 

for/  G  X.  Remember  that  the  nontangential  limits  of  the  tangential  part  of  V<S^/ 
with  respect  to  £2  and  go  are  the  same  (see  Theorem  5.4.7).  Easy  calculation  yields 
that  K’J  =  —K'of.  Therefore 

ll/llL2(3ft)  <  II//2  -  ^/llz2^)  +  ||//2  +  ^^/IL2(a^)  —  II//2  -  ^/llz2^) 

+  II//2  -  ^^/||l2(3^)  <  II//2  -  +  C2[||Vr50>/||L2(ao)  +  ||5n/||L2] 

<  \\f/2-K'^f\\L2(dQ)  +  C22\\f/2-K'J\\L2{dQ)  +  (C2  +  Cf)||5n/||L2(an). 

We  have  proved  that  there  exists  a  constant  C3  such  that 

ll/lltf OQ)  <  Cs  [II//2  -  Oll^OQ)  +  ll5n/lltfon)]  ’  V/  e  X. 

Since  K'^f  =  — K'J - ,  we  have 

ll/llL2(3ft)  -  C3II//2  +  ^/||L2(3ft)  +  ||^/||L2(a^),  V/  g  X. 

Lemma  5.9.6  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  1  < 
p  <  00,  X  =  {f  e  Lp(d£2);  fdQf  dHm-i  =  0}.  7/  ^2  is  bounded,  then  [(1/2)7  — 
X^](77(9£2))  C  X.  If  £2  is  unbounded  and  f  G  LP(d£2),  then  [(1/2)7  —  K'Q]f  gX/J 
and  only  iff  G  X. 

Proof  Suppose  first  that  £2  is  bounded.  If/  G  X,  then  SQf  is  an  7/-solution  of 
the  Neumann  problem  with  the  boundary  condition// 2  —  K'^f  (see  Theorem  5.4.8, 
Proposition  5.2.2,  Theorem  5.4.7  and  Proposition  5.2.8).  Lemma  5.9.1  gives  that 
(f/2  —  K'of)  G  X. 

Let  now  £2  is  unbounded.  Then  go  =  Rm  \  £2  is  bounded.  Since// 2  +  K'^f  = 
//  2  —  K'J"  G  X,  we  have 

J f  <mm-x  =  J  [if/ 2  -  +  (f/2  +  /^f)]  =  J  [(f/2  -  X'nf) 

3ft  3ft  3ft 


Theorem  5.9.7  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  m  >  2. 
If  £2  zs  unbounded  and  m  >  2,  put  X  =  L2(£2).  If  £2  is  bounded  or  m  =  2,  put 
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X  =  {f  e  L2(9£2);  fdQf  dPLm~\  =  0}.  Then  there  exists  a  positive  constant  C  such 
that 


C-1  ||/||L2(8n)  <  Wf/2  -  K'J ||*0O)  <  C||/||*0O),  fex. 

Proof  SQ  is  a  compact  linear  operator  on  L2( dQ)  by  Proposition  5.2.2.  Theo¬ 
rem  5.9.5  gives  that  ||//2  -  KfJ\\Li{dQi)  +  ||Sn/||i2(an)  is  an  equivalent  norm  on 
L2(9£2).  If  £2  is  unbounded  and  m  >  2,  set  Mf  =  0.  If  £2  is  bounded  or  m  =  2, 
define 


Mf  = 


ffdHm-1. 

dQ 


If  f  e  L2(9£2),//2  —  K’of  =  0  and  Mf  =  0,  then /  =  0  by  Proposition  5.9.4. 
Lemma  1.7.9  forces  that  \\f/2-K'Qf\\L2^^-\-\Mf\  is  an  equivalent  norm  on  L2  (9 £2). 
Hence  \\f/2  —  K'^f  ||L2(9^)  is  an  equivalent  norm  on  X. 

Lemma  5.9.8  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary,  h  G 
C™(Rm,Rm),  h  •  nQ  >  a  >  0  on  9£2,  1/2  <  A  <  oo.  Forf  G  L2(9£2),  define 


Hf(x) 


-f 

dn 


1 


(x  ~  y)  ■  (h(x)  -  h(y )) 


Um-x{dB{0- 1)) 


I  x-y\” 


■/Cy) 


Then  there  exists  a  positive  constant  C  such  that 

11/11/2(9^)  -  C\\\(^I  -  Kn)f\\L2(dQ)  +  \\SQf\\L2(dQ)  +  \\W\\L2(dQ)] 
for  all  f  G  L2(9£2). 

Proof  Fix/  G  L2(9£2).  According  to  Lemma  5.8.2  and  Theorem  5.4.8, 

o  <  f  \'VSnf\2(n  ■  h)  d  um-,  =2 1  (1/  -  K'af)(h  ■  VSnf)  dHm-, 

dQ  dQ 

P  m  pm 

+  I  I  V5n/|2  J2  9A  dUm  -  2  J  J2(dJhk)(djSQf)(dkSQf)dHm. 
n  i=l  a  i’k=l 


Fix  a  constant  C\  such  that  |  V/?|  <  C\.  Denote 

Hz)  ■  (y  ~  z)f(y ) 


Kkf(z)  =  lim 

e|0 


/ 


aa\B(z;e) 


Hm-i(dB(0;  1))  |z  y\r‘ 


dTLm-\  (}’)■ 
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According  to  Theorem  5.4.7  and  Lemma  5.2.7, 

1 


0<2  J 


+  J  Ci3m2|V5n/|2, 

ft 


3ft 


11(1/2 )(h-nQ)f  +  Khf  ||l2(3^)  <  C2\\f\\L2(dQ)’ 
where  C2  does  not  depend  on/.  Since 

f  \VSnf\2dHm  =  J  (  l-f  -  K'^Saf  dHm-t 


ft  3ft 

by  Lemma  5.8.1  and  Theorem  5.4.8,  we  have 

I  (a  -  !)(//  •  nQ)f-  d'Hm~\  <1(1-  2X)fKkfdHm-l  +  /  (A f 


3ft 


/« 

3ft 


/* 

aft 


dl-Lm-i  +  3Cim^ 


i  (k-M 

3ft 


<S^/dHm_!. 


By  virtue  of  Holder’s  inequality  (Proposition  1.14.1), 

«(a  -  1)  ||/||^(aa)  <  (1  -  2A)  J  fKhf  d'Htn—i 

3ft 

+C2IIA/  -  ^^/||L2(a^)ll/llL2(a^)  +  3Cim2||-/  -  ^^/||L2(a^)ll^^/llL2(a^)- 

The  adjoint  operator  K'h  of  Kh  is  given  by 


K'Jix)  =  lim  f 
ef  0  J 


aa\B(z;e) 


h(y)  •  (x-y)f(y) 
nm-i(dB(0;l))\x-y\m 


dHm-iiy). 


Thus 

fm  =  f„  =  ffBL±SL  =  jf"-L. 

aft  aft  aft  aft 


Hence 


« (2  -  Ijll/lllon)  <  (1  -  2A)  f  d'Hm—\ 

3ft 

+C2||A/-^||L2(3fi)||/||L2(3fi)+3C1m2||l/-Jfi:^||L2(afi)||5fi/||L2(3fi). 
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According  to  Proposition  5.4.5,  there  exists  a  constant  C3  independent  off  such  that 
||  \f  —  K'af\\L2  <  C3  ||/||L2.  Using  Holder’s  inequality  (Proposition  1.14.1), 

a(h  ~  -  M\f\\L2(dQ)\\W\\L2(dQ) 

+QHA/ —  ^^/||L2(9^)||/||L2(9^)  +  3Cim2C3||/||L2(9^)||5^/||L2(9^). 

Now  we  divide  this  inequality  by  \\f\\L2(dQ)- 

Proposition  5.9.9  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
A  E  R,  |  A  |  >  1/2.  Then  A I  —  K'n  is  a  Fredholm  operator  with  index  0  in  L2(3£2). 

Proof  Suppose  first  that  A  >  1/2  and  £2  is  a  bounded  domain.  Put  X  =  {f  e 
L2(3£2);  fdQf  dFLm-i  =  0}.  Then  A I  —  K'Q  is  a  bounded  linear  operator  on  X  by 
Proposition  5.4.5  and  Lemma  5.9.6.  The  operator  (1  / 2)1  —  K'Q  is  bounded  below  on 
X  by  Theorem  5.9.7.  The  range  [(1/2)7  —  K'Q](X)  is  closed  by  Proposition  1.4.13. 
Denote  g  =  1.  Since  (1/2)7  —  K'Q  is  one-to-one  on  X  and  L2(3£2)  =  X  0 
{ag\a  e  R },  we  have  dimKer[(l/2)7  —  K'n\  <  1.  Since  [(1/2)7  —  7f^](L2(3£2))  = 
[(1/2)7  —  K'n\(X)  +  {<z[(l/2)7  —  K^]g;a  e  R},  Proposition  1.3.7  gives  that 
[(1/2)7  —  7f^](L2(£2))  is  closed.  Thus  [(1/2)7  —  K'Q\  is  an  upper  semi-Fredholm 
operator  in  L2(dQ).  Let  now  1/2  <  A.  According  to  Lemma  1.17.7,  there  exist 
h  e  C™(Rm,  Rm )  and  a  positive  constant  a  such  that  h-nQ  >  a  on  3  £2.  Let  77  be  the 
integral  operator  from  Lemma  5.9.8.  Then  ||  [(1/2)7  —  K'Q]f\\L2  +  \\SQf\\L2  +  ||77/||L2 
is  an  equivalent  norm  on  L2(dQ)  by  Lemma  5.9.8.  The  operator  SQ  is  compact  on 
L2(3£2)  by  Proposition  5.2.2.  Since  h  e  C°°(Rm ),  there  exists  a  constant  C\  such 
that \(x— y)  •  (h(x)  —  h(y))\/\x— y\m  <  C\\x—y\2~m  for x,y  e  3^2.  Thus  the  operator 
77  is  compact  on  L2(3£2)  by  Proposition  1.26.6.  Lemma  1.7.9  gives  that  A7  —  K'Q 
is  an  upper  semi-Fredholm  operator  on  L2(3£2).  If  A  >  ll^ll’then  A/  -  K'q  is  an 
isomorphism  by  Proposition  1.6.7,  and  therefore,  i(Xl  —  K'Q)  =  0.  By  the  continuity 
of  the  index  (Proposition  1.8.5),  we  infer  that  i(Xl  —  K'Q)  =  0  for  all  1/2  <  A  <00. 
So,  XI  —  K'q  is  a  Fredholm  operator  on  L2(dQ)  for  all  1/2  <  A  <  00. 

Let  now  Q  be  an  unbounded  domain  and  1/2  <  A  <  00.  Fix  r  >  0  such  that 
3£2  C  B( 0;  r)  and  denote  co  =  7?( 0;  r)  H  Q.  We  have  proved  that  XI  —  is  a 
Fredholm  operator  with  index  0  on  L2(dco).  For  /  e  L2( 3^2),  g  e  L2(dB(0;r )), 
denote  T(f,  g)  =  [(XI  -  K'Q)f,  (XI  -  K'Bm)g].  Then  T  —  (XI  —  K'J  is  an  integral 
operator  with  a  bounded  continuous  kernel  and  therefore  a  compact  operator  on 
L2( 3£2)  (see  Proposition  1.26.2).  Theorem  1.8.3  gives  that  T  is  a  Fredholm  operator 
with  index  0  on  L2(dco).  Since  XI  —  is  a  Fredholm  operator  with  index  0 

on  L2(37?(0;  r)),  we  deduce  that  XI  —  K'Q  is  a  Fredholm  operator  with  index  0  on 
L2(3£2). 

Let  now  £2  be  open  and  1/2  <  A  <  00.  Denote  by  £2(1), . . . ,  £2(£)  components 
of  £2.  For/J  e  L2(3£27-),  denote 


m,...  ,fk)  =  [(A7  -  K'm]fu  . . . ,  (A7  -  K'n(k))fk]. 
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Then  T  —  (A I  ~  K'Q)  is  an  integral  operator  with  a  bounded  continuous  kernel 
and  therefore  a  compact  operator  on  L2(3£2)  (see  Proposition  1.26.2).  Since  T  is 
a  Fredholm  operator  with  index  0  on  L2(9£2),  Theorem  1.8.3  gives  that  XI  —  K'Q  is 
a  Fredholm  operator  with  index  0  on  L2(3£2). 

Let  now  — oo  <  A  <  — 1/2.  Denote  co  =  Rm\  £2.  Since  —A I  —  K'M  is  a  Fredholm 
operator  with  index  0  on  L2{dco)  =  L2(  9  £2),  the  operator  A I  —  K'n  =  XI  +  K'M  is  a 
Fredholm  operator  with  index  0  on  L2( 3 £2). 

Theorem  5.9.10  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary. 

Denote  by  T  the  restriction  of  (1/ 2)1  —  K'Q  onto  X  =  {f  e  L2( 3£2);  fdQf  dTim-\  — 
0}.  Then  T  is  an  isomorphism.  If  g  e  L2(dQ),  then  there  exists  an  L2 -solution  of  the 
Neumann  problem 


A u  =  0  in  Q,  3 u/ dn  =  g  on  3£2 


if  and  only  if 


f  g  dHm-i  =  0. 

The  general  form  of  a  solution  of  this  problem  is  u  =  SQ(T~lg )  +  c  where  c  is  an 
arbitrary  constant.  If  u  is  an  L2 -solution  of  the  problem,  then 

l|M«(Vw)||L2(a^<C||g||L2(a^;  (5.23) 


if  moreover 


then 


J  u  d TLm  =  0, 

a 


\\Ma(u)\\LH8Q)  +  \\Ma(yu)\\L2m  <  C\\g\\LHdQ).  (5.24) 

Here  a  constant  C  does  not  depend  on  g. 

Proof  [(1/2)7  —  K'q](X)  C  [(1/2)7  —  7f^](L2(3£2))  C  X  by  Lemma  5.9.6. 
Hence  j8 ((1/2)7  —  K'Q)  >  1.  If  f  e  L2(3£2),  then  SQf  is  an  L2-solution  of  the 
Neumann  problem  A u  =  0  in  Q,  du/dn  =  f/2  —  K'^f  on  3£2  by  Lemma  5.2.1, 
Propositions  5.2.2,  5.2.3,  5.2.8,  Theorems  5.4.8  and  5.4.7.  If  u  is  an  L2-solution 
of  the  Neumann  problem  with  the  boundary  condition  g  =  0,  then  u  is  constant 
by  Lemma  5.9.2.  So,  if  f  e  Ker((l/2)7  —  K'Q),  then  SQf  is  constant  in  Q. 
Proposition  5.2.2  gives  that  SQf  is  constant  on  Q.  If  moreover/  e  X ,  then 

I  fSQf  dum-,  =  0. 
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Lemma  5.9.3  gives  that /  =  0.  Thus  a((l/2)I  —  K'Q)  <  1.  Since  (1/2)7  —  K'Q 
is  a  Fredholm  operator  with  index  0  (see  Proposition  5.9.9),  we  deduce  that 
a((l/2)7  —  K'q)  =  /3  ((1/2)1  —  K'n)  =  1.  Therefore  there  exists  cp  e  L2(d£2)  \  X 
such  that  Ker((l /2)7  —  K'Q)  =  {acp\ a  e  R }.  Hence  ((1  /2)7  —  7f^)(A)  =  ((1  /2)7  — 
K^)(L2(dfi))  =  X.  Thus  T  is  an  isomorphism  by  Theorem  1.6.3.  If  g  e  X  and  c 
is  a  constant,  then  <S^(r-1g)  +  c  is  an  L2-solution  of  the  Neumann  problem  with 
the  boundary  condition  g.  On  the  other  hand,  if  there  exists  an  L2- solution  of  the 
Neumann  problem  with  the  boundary  condition  g ,  then  g  e  X  by  Lemma  5.9.1. 

Let  g  e  X.  Then  u  =  SQ(T~lg )  —  <^SQ(T~lg)  dTLm  is  a  unique  L2- 
solution  of  the  Neumann  problem  A u  =  0  in  £2,  du/dn  =  g  on  3  £2  such  that 
^  u  dTLm  =  0.  Since/  i->  SQf  dTLm  is  a  bounded  linear  functional  on  L2(d£2) 
(see  Corollary  5.2.9  and  Proposition  1.14.1),  Propositions  5.2.2  and  5.2.8  give  that 
there  exists  a  constant  C  such  that  (5.24)  holds.  If  v  is  another  solution  of  the 
problem,  then  v  —  u  is  constant.  Therefore  \\Ma(Xv)\\L2^Q^  <  C||g||L2(a^). 

Theorem  5.9.11  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  Lipschitz 
boundary.  The  operator  (1  / 2)1— is  an  isomorphism  on  L2( 3£2).  Fix  g  e  L2(9£2). 
Ifm>2,  then  there  exists  an  L2 -solution  of  the  Neumann  problem  Xu  =  0  in  £2, 
du/dn  =  g  on  d£2.  If  m  =  2 ,  then  there  exists  an  L2 -solution  of  this  problem  if 
and  only  if  fdQ  g  dTLm-\  =  0.  If  u  is  a  solution  of  this  problem,  then  there  exists 
a  constant  u0 0  such  that  u(x)  ->  Uoq  as  \x\  —>  oo.  On  the  other  hand,  if  Uoq  is 
given  then  u  =  SQ  [(1/  2)7  —  K'Q]~lg  +  Uqq  is  a  unique  L2 -solution  of  the  Neumann 
problem  Xu  =  0  in  £2,  du/dn  =  g  on  such  that  u(x)  —>  Uqq  as  |v|  oo.  This 
solution  satisfies 

\\Ma(u)\\L2(d^  +  \\Ma(Xu)\\L2(dQ)  <  C||g||L2(a^)  +  I  Moo  I  (5.25) 

where  a  constant  C  depends  only  on  £2  and  a. 

Proof  Let  /  e  L2(dQ ),  [(1/2)7  -  K'Q]f  =  0.  Then  fmf  dTLm-i  =  0  by 
Lemma  5.9.6.  Theorem  5.4.8  gives  that  SQf  is  an  L2-solution  of  the  Neumann 
problem  with  zero  boundary  condition.  Thus  SQf  is  constant  by  Lemma  5.9.2. 
Since  SQf(x)  — >  0  as  \x\  ->  oo,  we  infer  that  SQf  =  0  on  Q.  Proposition  5.2.3 
gives  that  SQf  =  0  on  £2.  Lemma  5.9.3  gives  that  /  =  0.  Since  (1/2)7  —  K'n 
is  a  Fredholm  operator  with  index  0  (see  Proposition  5.9.9),  we  deduce  that 
[(1/2)7  —  K'q\(L2( 3 £2))  =  L2(9£2).  Thus  (1/2)7  —  K'Q  is  an  isomorphism  by 
Theorem  1.6.3.  Lemma  5.9.6  gives  that  (1/2)7  —  K'Q  is  an  isomorphism  on  {f  e 
L2(d£2);  fdQf  dTLm-i  =  0}. 

Let  g  e  L2 (dQ) .  If  m  =  2,  suppose  moreover  fdQ  g  dTLm~\  =  0.  If  Uqq  e  R ,  then 
u  =  SQ[(  1/ 2)7  —  K'Q]~lg  +  Uoq  is  an  L2 -solution  of  the  Neumann  problem  Xu  =  0 
in  £2,  du/dn  =  g  on  9£2  such  that  u(x)  ->  Uqq  as  \x\  oo.  (See  Theorem  5.4.8.) 
If  v  is  an  L2-solution  of  the  Neumann  problem  with  the  boundary  condition  g ,  then 
there  exists  a  constant  c  such  that  v  =  u  +  c  by  Lemma  5.9.2.  Hence  there  exists 
the  limit  r>oo  of  v  at  infinity.  If  Vqq  =  Woo,  then  v  =  u. 
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Let  now  m  =  2  and  u  be  an  L2-  solution  of  the  Neumann  problem  with  the 
boundary  condition  g  e  L2( dQ).  Then  fdn  g  dTLm-\  =  0  by  Lemma  5.9.1. 

Propositions  5.2.3  and  5.2.8  give  that  there  exists  a  constant  C  such  that  (5.25) 
holds. 


5.10  An  L2-Solution  of  the  Robin  Problem 

In  this  section,  we  study  L2-solutions  of  the  Robin  problem  A u  =  0  in  Q,  du/dn  + 
hu  =  g  on  3  £2  for  a  domain  Q  C  Rm  with  compact  Lipschitz  boundary.  We  assume 
that  h  G  L°°( dQ),  h  >  0,  fdQ  h  dTLm-\  ^  0.  We  prove  the  existence  of  a  solution 
for  arbitrary  g  e  L2( dQ).  We  discuss  also  the  uniqueness  of  a  solution. 

Let  Q  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  h  G  L°°(3£2), 
/,  g  e  Lp( 3 £2),  1  <  p  <  oo.  If  m  =  2  and  Q  is  unbounded,  suppose  moreover  that 
fdQf  T~Lm- 1  =  0.  Then  the  single  layer  potential  Snf  is  an  L^-solution  of  the  Robin 
problem  for  the  Laplace  equation 


A  u  =  0  in  Q , 


- — b  hu  =  g  on  3£2 
on 


if  and  only  if 


l-f  -  K'J  +  hSQf  =  g. 

(See  Lemma  5.2.1,  Propositions  5.2.2,  5.2.3,  5.2.8,  Theorems  5.4.8  and  5.4.7.) 

Ifm  =  2,/  G  Lp(dQ),  then  the  problem  might  be  a  behavior  of  a  single  layer 
potential  at  infinity.  So,  we  look  for  a  solution  of  the  problem  in  a  bit  modified  form 

with  an  unknown  density  /  G  Lp( dQ).  This  modified  single  layer  potential  is  a 
solution  of  the  problem  if  and  only  if 

Proposition  5.10.1  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary, 
m  >  2,  h  G  L°°(3£2),  h  >  0,  l~Lm- i({v  G  3 £2;h(x)  >  0})  >  0.  Let  u  be  an  L2- 
solution  of  the  Robin  problem  A u  =  0  in  Q,  du/dn  +  hu  =  0  on  3£2.  If  £2  is 
unbounded  and  m  >  2,  suppose  moreover  that  u(x)  ^  0  as  \x\  ^  oo.  Then  u  =  0. 
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Proof  According  to  Lemma  5.8.1, 

o=/"[S 

aft  ft  aft 

Thus  Vm  =  0  in  £2,  Am 2  =  0  on  9  £2.  Since  Vm  =  0  in  £2,  there  exists  a  constant  c 
such  that  u  =  c  (see  Lemma  1.20.1).  Hence  he 2  =  0  what  forces  c  =  0. 

Proposition  5.10.2  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary, 
m  >  2,  h  g  L°°(3£2),  A  >  0,  fdQ  h  dUm-x  >  0.  Iff  G  L2(3£2)  and fl 2  -  K'J  + 
hSj  =  0,  thenf  =  0. 

Proof  u  =  SQf  is  an  //-solution  of  the  Robin  problem  A u  =  0  in  £2,  du/dn  + 
hu  =  0  on  3 £2.  Moreover,  SQf(x)  0  as  \x\  ->  oo.  Proposition  5.10.1  gives  that 
SQf  =  0  in  £2.  Propositions  5.2.2  and  5.2.3  force  that  SQf  =  0  on  3£2.  According 
to  Lemma  5.9.3,  we  have/  =  0. 

Proposition  5.10.3  Let  £2  C  R2  be  a  domain  with  compact  Lipschitz  boundary, 
h  G  L°°(dQ),  A  >  0,  fdQ  h  dUm-x  >  0  ,f  e  L\  3£2).  If(l/2)(f  -  $f)  -  K^(f  - 
$f)  +  h[SQ(f-  $f)  +  <fif\  =  0,  thenf  =  0. 

Proof  u  =  SQ(f  —  <fif)  +  is  an  L2-solution  of  the  Robin  problem  A u  =  0  in 
£2,  du/dn  +  hu  =  0  on  3£2.  Proposition  5.10.1  gives  that  SQ(f  —  <fif)  +  $)/  =  0 
in  £2.  Propositions  5.2.2  and  5.2.3  force  that  SQ(f  —  <$f)  +  $f  =  0  on  3£2.  Hence 
(1/2 )(f—<fif)—K'Q(f—<fif)  =  0.  Proposition  5.9.4  gives  that/— $)/  =  0.  Therefore 
we  have  in  £2  that  0  =  SQ  (f  —  <ff)  +  <fif  =  $f  and  thus /  =  (f  —  <fif)  +  <$f  =  0. 

Theorem  5.10.4  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  h  e 

L°°(3£2),  h  >  0,/an  A  dftw_i  >  0.  If  m  >  2,  put  Tf  =  f/2  -  K'J  +  &Sn/.  For 
m  —  2,  Tf  =  (1/2) (f  -§f)-K'Q(f-  §f)  +  A[<S^ (f  -  §f)  +  $/].  TAen  T 
is  an  isomorphism  on  L2(  3£2).  7/g  G  L2(3£2),  £A^m  ^Aere  exists  an  L2 -solution  of  the 
Robin  problem  Au  =  0  in  £2,  du/dn  +  hu  =  g  on  d£2. 

•  If  £2  A  bounded  and  m  >  2,  then  u  =  SQ(T~xg)  is  a  unique  solution  of  the 
problem.  Moreover,  there  exists  a  constant  C  dependent  only  on  £2,  A,  a  such 
that  the  estimate  (5.24)  holds. 

•  Ifm  =  2,f  =  T~lg,  then  SQ(f  —  <fif)  +  (fif  is  a  unique  solution  of  the  problem. 
Moreover,  there  exists  a  constant  C  dependent  only  on  £2,  h,  and  a  such  that  the 
estimate  (5.24)  holds. 

•  If  £2  is  unbounded,  m  >  2,  and  u  is  a  solution  of  the  problem,  then  there  exists 
Uoq  G  R  such  that  u(x)  u ^  as  \x\  oo.  On  the  other  hand,  if  Uoq  is  given, 
then  u  =  SQT~l(g  —  hu J)  +  Uqq  is  a  unique  solution  of  the  problem  such  that 
u(x)  — >  Mqo  as  \x\  ->  oo.  Moreover,  there  exists  a  constant  C  dependent  only  on 
£2,  A,  and  a  such  that  the  estimate  (5.25)  holds. 


+  hu 


dPLm-x  —  J  |V  m|2  dPim  +  /Am2  dHm-l. 
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Proof  T  is  a  Fredholm  operator  with  index  0  by  Propositions  5.9.9,  5.2.2  and 
Theorem  1.8.3.  Since  T  is  one-to-one  by  Propositions  5.10.2  and  5.10.3,  it  is  onto. 
Hence  T  is  an  isomorphism  by  Theorem  1.6.3. 

Let  now  g  E  L2(3£2),/  =  T~lg.  If  £2  is  bounded  and  m  >  2,  then  SQf  is  a 
unique  solution  of  the  Robin  problem  A u  =  0  in  £2,  du/dn  +  hu  =  g  on  3  £2  by 
Theorem  5.4.7  and  Proposition  5. 10. 1 .  If  m  =  2,  then  SQ(f  —  <fif)  +  is  a  unique 
solution  of  the  problem  by  Theorem  5.4.7  and  Proposition  5.10.1.  Let  now  £2  be 
unbounded,  m  >  2.  If  Uoq  e  R  is  given,  then  u  =  SQT~l(g  —  huoo)  +  ^oo  is  an 
L2-solution  of  the  problem  such  that  u(x )  ->  as  \x\  —>  oo.  Let  now  v  be  an  L2- 
solution  of  the  Robin  problem  with  the  boundary  condition  g.  Since  v  is  bounded  in 
a  neighborhood  of  infinity,  there  exists  a  constant  Uqo  such  that  v(x)  ->  Uqo  as  \x\  —> 
oo  (see  Proposition  2.17.1).  If  Vqq  =  Woo,  then  u  —  v  =  0  by  Proposition  5.10.1. 

The  estimates  (5.24),  (5.25)  are  consequence  of  Propositions  5.2.2,  5.2.3,  and 
5.2.8. 


5.11  //-Solution  of  the  Neumann  and  Robin  Problems 

In  this  section,  we  study  an  //-solution  of  the  Robin  problem  under  assumption 
that  £2  C  Rm  is  a  domain  with  compact  Ljapunov  boundary  (i.e.,  of  class  C1,a  with 
0  <  a  <  1.)  Example  5.11.6  shows  that  this  problem  is  not  solvable  for  domains 
with  Lipschitz  boundary. 

Proposition  5.11.1  Let  £2  C  Rm  be  an  open  set  with  compact  boundary  of  class 
C1’01,  0  <  a  <  l,  l  <  p  <  oo.  Then  Kq,  K'q  are  compact  linear  operators  in 
3«). 

Proof  According  to  Lemma  1.17.9,  there  exists  a  constant  C  such  that  \Kn(x,y)\  < 
C\x  —  y|a_m+1  for  x,y  e  3£2.  Proposition  1.26.6  gives  that  Kq,  K'q  are  compact 
linear  operators  in  Lp(dQ). 

Lemma  5.11.2  Let  £2  C  Rm  be  a  domain  with  compact  boundary  of  class  Cl,a, 
0  <  a  <  1,  l  <  p  <  q  <  oo,  he  L°°(  3  £2).  Let  u  be  an  LP -solution  of  the  Robin 
problem  A u  =  0  in  £2,  du/dn  +  hu  =  g  on  dQ.  Then  u  e  Lq(dQ)  if  and  only  if 
SQgeLq(  dQ). 

Proof  Suppose  first  that  £2  is  bounded.  Then  u  =  VQu  +  SQ  (du/dn)  =  VQu  + 
SQ  (g  —  hu)  by  Theorem  5.6.1.  Using  boundary  properties  of  a  single  layer  potential 
and  a  double  layer  potential  (Proposition  5.2.2  and  Theorem  5.3.5),  we  obtain  u  = 
\u  +  Kqu  +  <S^(g  —  hu)  on  3 £2.  The  operator  u  \->  —Kqu  +  SQhu  is  compact 
in  LP(dQ)  and  in  Lq(d£2)  by  Propositions  5.11.1,  5.2.2  and  Theorem  1.7.4.  Since 
\u  —  Kqu  +  SQhu  =  SQg  and  the  operator  u  i->  \u  —  Kqu  +  SQhu  is  a  Fredholm 
operator  with  index  0  in  LP (d£2)  and  in  Lq(d£2)  by  Theorem  1.8.3,  Lemma  1.8.4 
gives  that  u  E  Lq(d£2)  if  and  only  if  SQg  e  Lq(dQ). 

Let  now  £2  be  unbounded.  Choose  r  >  0  such  that  3£2  C  Z?(0;r).  Put  co  = 
^  0  5(0;  r),  g  =  du/dnM  +  hu  on  3 co  \  3^2.  Then  u,  g  e  L°°(d(D  \  3^2).  Moreover,  u 
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is  an  Lp -solution  of  the  Robin  problem  A u  =  0  in  &>,  du/dn  +  hu  =  g  on  dco.  Thus 
u  G  Lq(d£2)  if  and  only  if  u  G  Lq(dco );  u  e  Lq(dco)  if  and  only  if  SM g  G  Lq{ dco); 
SMg  G  Lq(dco)  if  and  only  if  SQg  G  Lq(dQ). 

Theorem  5.11.3  Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  Cl,a, 
0<oi<\,  \  <p<  oo.  Denote  by  Tp  the  restriction  of  (1/2)7  —  onto  Xp  =  {f  G 
LP(dQ);  fdQf  dl-Lm-i  =  0}.  Then  T  is  an  isomorphism  on  Xp.  If  g  G  LP(d£2),  then 
there  exists  an  LP -solution  of  the  Neumann  problem  Xu  =  0  in  £2,  du/dn  =  g  on 
3  £2  if  and  only  if  fd^  g  &TLm-\  =  0.  The  general  form  of  a  solution  of  this  problem 
is  u  =  Sn(Tflg)  +  c  where  c  is  an  arbitrary  constant.  Ifu  is  an  LP -solution  of  the 
problem,  then 


l|Afa(Vw)||#(an)  <  C\\g\\u>(dny,  (5.26) 


if  moreover 


then 


J  u  d TLm  =  0. 

Q 


\\Ma(u)\\mdQ)  +  \\Ma(Wu)\\mdn)  <  C\\g\\LP(dQ)  (5.27) 

Here  a  constant  C  does  not  depend  on  g. 

Proof  Lemma  5.9.6  gives  that  Tp{Xp)  C  Xp.  The  operator  K'Q  is  a  compact  operator 
on  Lp(d£2)  by  Proposition  5.11.1.  Therefore  Tp  is  a  Fredholm  operator  with  index 
0  by  Theorem  1.8.3.  The  operator  T2  is  an  isomorphism  by  Theorem  5.9.10. 
Lemma  1.8.4  gives  that  Tp  is  an  isomorphism. 

If  there  exists  an  LP- solution  of  the  Neumann  problem  with  the  boundary 

condition  g ,  then  g  G  Xp  by  Lemma  5.9.1.  If  g  G  Xp  and  c  is  a  constant, 

then  Sn(T~lg)  +  c  is  an  LP -solution  of  the  Neumann  problem  with  the  boundary 
condition  g. 

Let  now  u  be  an  LP- solution  of  the  Neumann  problem  with  the  boundary 

condition  g  =  0.  Theorem  5.6.1  gives  that  u  =  VQu  +  SQg  =  VQu.  Put 

p'  —  P/iP  ~  !)•  Since  SQ (du/dn)  =  0  G  Lp\ 3£2),  we  have  u  G  Lp' (d£2)  by 
Lemma  5.11.2.  Since  u  =  VQu,  we  have  M^{u)  G  Lp' (d£2)  (see  Theorem  5.3.5). 
Lemma  5.8.1  gives 


0=  /  U^dUm-l  =  J  |Vm|2  dT-Lm- 

dn 


Since  Xu  =  0  in  £2,  the  function  u  is  constant. 

Let  g  G  Xp.  Then  u  =  SQ(Tflg)  —  (^^(T"1#)  is  a  unique  LP- 
solution  of  the  Neumann  problem  A u  =  0  in  £2,  du/dn  =  g  on  3 £2  such  that 
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u  dFLm  =  0.  Since/  i->  <fiQ  SQf  d FLm  is  a  bounded  linear  functional  on  Lp(d£2) 
(see  Corollary  5.2.9  and  Proposition  1.14.1),  Propositions  5.2.2  and  5.2.8  give  that 
there  exists  a  constant  C  such  that  (5.27)  holds.  Let  now  v  be  another  LP- solution  of 
the  problem.  Then  v  —  u  is  constant.  Thus  ||7L/^(V i;)  ||z^(a^)  <  C\\g\\LP(dQ). 

Theorem  5.11.4  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary  of 
class  C1,a,  0<ot<i<p<  oo.  Then  (1/2)7  —  K'^  is  an  isomorphism  on  LP{  9£2). 
Fix  g  e  LP  (d£2).  Ifm  >  2,  then  there  exists  an  LP -solution  of  the  Neumann  problem 
A u  =  0  in  £2,  du/dn  =  g  on  d£2.  If  m  =  2,  then  there  exists  an  LP -solution  of  this 
problem  if  and  only  if  fdn  g  dPim-\  —  0.  Suppose  that  the  Neumann  problem  with 
the  boundary  condition  g  is  solvable.  If  u  is  a  solution  of  this  problem,  then  there 
exists  a  constant  u0 0  such  that  u(x)  — >  Uqo  as  \x\  —>  oo.  On  the  other  hand,  if  Uqq  is 
given,  then  u  =  SQ  [(1  /  2)7  —  K'Q]~lg  +  Uqo  is  a  unique  LP -solution  of  the  Neumann 
problem  A u  =  0  in  £2,  du/dn  =  g  on  d£2  such  that  u(x)  Uqq  as  \x\  — >  oo.  This 
solution  satisfies 

\\Ma(u)\\u>(dn)  +  \\Ma(Vu)\\zp(3n)  <  C(||g||z/>(an)  +  I  w<x>l)  (5.28) 

where  a  constant  C  depends  only  on  £2,  p,  and  a. 

Proof  Proposition  5.11.1  gives  that  K'Q  is  a  compact  operator  on  LP  (dQ).  Therefore 
(1/2)7  —  K'q  is  a  Fredholm  operator  with  index  0  by  Theorem  1.8.3.  The  operator 
(1/2)7  —  K'q  is  an  isomorphism  on  L2(dQ)  by  Theorem  5.9.11.  Lemma  1.8.4  gives 
that  (1/ 2)7  —  K'q  is  an  isomorphism  on  LP(d£2). 

If  m  =  2  and  there  exists  an  LP- -solution  of  the  Neumann  problem  with  the 
boundary  condition  g ,  then  fdQ  g  dFLm-\  =  0  by  Lemma  5.9.1. 

Let  now  g  e  LP (d£2).  If  m  =  2,  suppose  moreover  that  fdQ  g  dFLm-\  =  0.  If 
Uqq  e  R  then  u  =  Sn  [(1/2)7  —  K'Q]~lg  +  u^  is  an  L^-solution  of  the  Neumann 
problem  Au  =  0  in  £2,  du/dn  =  g  on  such  that  u{x)  — >  Uqq  as  \x\  oo.  (See 
Theorem  5.4.8.) 

Let  now  u  be  an  LP- solution  of  the  Neumann  problem  with  the  boundary 
condition  g.  Lemma  1 .28.2  and  Proposition  2. 17. 1  give  that  there  exists  Uqo  such  that 
u(x)  —>  Uoq  as  \x\  ->  oo.  Suppose  now  that  g  =  0,  u0 0  =  0.  Corollary  5.6.2  gives 
that  u  =  VQu+SQg  =  VQu.  Put p'  =  p/(p—  1).  Since  SQ(du/dn)  =  0  e  Lp' (dQ), 
we  have  u  e  Lp' (dQ)  by  Lemma  5. 11.2.  Since  u  =  VQu,  we  haveM^(w)  e  Lp' (d£2) 
(see  Theorem  5.3.5).  Lemma  5.8.1  gives 


Since  Vw  =  0  in  £2,  the  function  u  is  constant.  Since  u(x)  0  as  \x\  oo,  we 
deduce  that  u  =  0. 
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Propositions  5.2.3  and  5.2.8  give  that  there  exists  a  constant  C  such  that  (5.28) 
holds. 

Theorem  5.11.5  Let  £2  C  Rm  be  a  domain  with  compact  boundary  of  class  C  , 
0  <  ot  <  1,1  <  p  <  oo,  h  E  L°°(3£2),  h  >  h  dTLm~\  >  0.  If  m  >  2, 

Tf  =// 2  -  K'af  +  hSnf.  For  m  =  2,  define  Tf  =  (1/2 )(/  -$f)-K'a(f-  $f)  + 
h[SQ(f  —  <fif)  +  <£/].  Then  T  is  an  isomorphism  on  Lp (3  £2).  If  g  e  LP(d£2),  then 
there  exists  an  LP -solution  of  the  Robin  problem  A  u  =  0  in  £2,  3 u/ dn  +  hu  =  g  on 
3ft. 

•  If  £2  is  bounded  and  m  >  2,  then  u  =  SQ(T~lg )  is  a  unique  solution  of  the 
problem.  This  solution  satisfies  (5.27)  with  a  constant  C  depending  only  on  £2,  h, 
p,  and  a. 

•  Ifm  =  2,  f  =  T~lg,  then  SQ(f  —  <fif)  +  <fif  is  a  unique  solution  of  the  problem. 
This  solution  satisfies  (5.27)  with  a  constant  C  depending  only  on  £2,  h,  p,  and  a. 

•  If  £2  is  unbounded,  m  >  2,  and  u  is  a  solution  of  the  problem,  then  there  exists 
Uoq  e  R  such  that  u(x)  — >  Uoq  as  \x\  —>  oo.  On  the  other  hand,  if  Uoq  is  given, 
then  u  =  SQT~l(g  —  hu0 c)  +  ^oo  is  a  unique  solution  of  the  problem  such 
that  u(x)  —>  Uoq  as  \x\  oo.  This  solution  satisfies  (5.28)  with  a  constant  C 
depending  only  on  Q,  h,  p,  and  a. 

Proof  T  —  ^1  is  a  compact  operator  on  LP( 3£2)  by  Propositions  5.11.1,  5.2.2  and 
Theorem  1.7.4.  Thus  T  is  a  Fredholm  operator  with  index  0  by  Theorem  1.8.3. 
Since  T  is  an  isomorphism  in  L2( 3£2)  by  Theorem  5.10.4,  it  is  an  isomorphism  on 
Lp(dQ)  by  Lemma  1.8.4. 

Let  now  g  e  LP(d£2),f  =  T~lg.  If  £2  is  bounded  and  m  >  2,  then  SQf  is 
an  L2-solution  of  the  Robin  problem  A u  =  0  in  £2,  du/dn  +  hu  =  g  on  3£2  by 
Theorem  5.4.7.  If  m  =  2,  then  SQ(f  —  <fif)  +  <fif  is  an  L^-solution  of  the  problem 
by  Theorem  5.4.7.  Let  now  £2  be  unbounded,  m  >  2.  If  Uqq  e  R  is  given,  then 
u  =  S^T-1  ( g  —  huoo)  +  u0 o  is  an  //-solution  of  the  problem  such  that  u(x)  ->  u0 0 
as  \x\  —>  oo. 

Let  now  u  be  an  LP- solution  of  the  Robin  problem  with  the  boundary  condition 
g.  If  £2  is  unbounded,  then  there  exists  a  constant  Uqq  such  that  u(x)  Uqo  by 
Lemma  1.28.2  and  Proposition  2.17.1.  Let  now  g  =  0.  If  £2  is  unbounded  and 
m  >  2,  suppose  moreover  that  Uqq  =  0.  Lemma  5.11.2  gives  that  u  e  Lp  (3 £2)  with 
pr  =  p/ (p  —  T).  Since  du/dn-\-hu  =  0,  we  have  du/dn  =  —hu  e  Lp' (d£2).  Fix  r  >  0 
such  that  3^2  C  B( 0;  r)  and  put  to  =  ^2  Pi  B( 0;  r).  Then  u  =  VMu  +  SM (du/dn60) 
in  co  by  Theorem  5.6.1.  Since  u,  du/dn  e  LP  (dco),  we  have  M^u  e  Lp  (3 co)  by 
Proposition  5.2.2  and  Theorem  5.3.5.  If  £2  is  unbounded,  then  u  is  bounded  at 
infinity  and  thus  M^u  e  Z/  (3£2).  Lemma  5.8.1  gives 


0  = 


—  +  hu^  dTLm-i 


dQ 


J \Vu\2dUm  +  J 
q  dn 


hu2  dTLm-\  • 
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Thus  Wu  =  0  in  £2,  hu  =  0  on  3  £2.  Hence  there  exists  a  constant  c  such  that 
u(x )  =  c.  Since 


and 


J  h  dTLm~\  >  0, 


we  infer  that  c  =  0. 

The  estimates  (5.27),  (5.28)  follow  from  Propositions  5.2.3  and  5.2.8. 

Example  5.11.6  Fix  2  <  p  <  oo.  Choose  a  G  (jtp/ip  —  Denote  Ga  = 

{x  =  [x\,X2]',xi  =  rcoscp,X2  =  r  sirup,  r  >  0,0  <  (p  <  a}.  Define  u(x)  = 
[u\(x) ,  U2(x)\  =  [r7*/01  cosicpn /a),  r71^  sini^pn  /  ct)]  for  x  =  [r  cos  (p ,  r  sin  cp]  .Easy 
calculation  yields  that  u\  +  iu2  is  a  holomorphic  function  in  Ga-  If  z  G  dGa ,  then 
there  exists  a  finite  limit  u{z)  of  u  and  U2  (z)  =  0.  So,  the  tangential  derivative 
dii2(z)/dr  =  0.  Choose  a  bounded  open  set  £2  such  that  £2  05(0;  p)  =  Ga  05(0;  p) 
for  some  p  >  0  and  3£2  is  of  class  C°°  away  from  0.  Put  v  =  u\  on  £2.  Then 
v  e  77(£ 2)  by  Proposition  2.20.2.  If  z  G  3 £2  \  {0},  then  there  exist  finite  limits  of 
v  and  Vu  in  z.  Denote/  =  dv/dn  on  3£2  \  {0}.  Clearly,/  G  L°°(3£2  \  5(0;  p))  C 
LP{ 3£2  \  5(0;  p)).  Proposition  2.20.1  gives  that/  =  dv/dn  =  du2/dr  =  0  on  3£2  O 
5(0;  p)  \  {0}.  Therefore/  G  Lp(dQ).  Fix  a  >  0;  then  there  exist  positive  constants 
Cl,  C2  such  that  Ci|z|*/“  <  <  C2\z\nla,  Cx\z\nla~X  <  M%(Vv)(z)  < 

C2\z\n,0l~x.  Therefore  M%(u)  €  LP(dQ)  n  L2(9Q),  At?(Vu)  e  L2(dQ.)  \  LP(dti). 
Thus  v  is  an  //-solution  of  the  Neumann  problem  At;  =  0  in  dv/dn  =  f.  But  it 
is  not  an  //-solution  of  the  problem  in  spite/  e  U’CdQ.). 

Lemma  5.11.7  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary,  1  < 
p  <  oo.  If  p  ^  2,  suppose  moreover  that  3  £2  is  of  class  Cl,a  with  0  <  a  <  1.  Then 
there  exists  f  G  Lp( 3 £2)  with  fdQf  dTLm-\  =  1  such  that  SQf  is  constant  on  £2  and 
Ker  C2I-K'S2)  =  {cf;ceRi}. 

Proof  jI—K'q  is  a  Fredholm  operator  with  index  0  on  Lp  (3 £2)  by  Propositions  5.9.9, 
5.11.1  and  Theorem  1.8.3.  Since  (^7  —  K'Q)(LP  (d£2))  ^  LP( 3£2)  by  Lemma  5.9.6, 
Ker(^/-^)  is  nontrivial.  Since  Ker(^/-^)n{g  G  LP( dQ);  fdQg  dHm-i  =  0}  = 
{0}  by  Theorems  5.9.10  and  5.11.3,  there  exists  a  unique/  e  Ker(^7— K'Q)  HLp(dQ) 
with  fdQf  dTLm-\  =  1  and  Ker(^7  —  K'^)  =  {cf;c  G  R1}.  Since  SQf  is  an  Lp- 
solution  of  the  Neumann  problem  Au  =  0  in  £2,  du/dn  =  0,  there  exists  a  constant 
c  such  that  SQf  =  c  on  £2  (see  Lemma  5.9.2  and  Theorem  5.11.3).  So,  S^f  =  c  on 
3£2  by  Proposition  5.2.2. 


5.12  //-Solution  of  the  Transmission  Problem 


299 


5.12  LP -Solution  of  the  Transmission  Problem 


This  section  is  devoted  to  LP -solutions  of  the  transmission  problem.  The  Euclidean 
space  is  divided  into  two  open  sets  £2+,  £2_  with  Lipschitz  boundary,  where  £2  + 
is  bounded.  If  p  ^  2,  we  suppose  that  3£2±  is  Ljapunov.  We  find  a  necessary  and 
sufficient  condition  for  the  solvability  of  the  problem  A u±  =  0  in  Q±,  a+u+  — 
a~u-  =  g ,  —  b~^£=-  Hb  hu+  =  f  on  3 £2  and  discuss  the  uniqueness. 

Let  £2  =  £2+  c  Rm  be  a  bounded  open  set  with  Lipschitz  boundary.  Set  £2_  = 
Rm  \  £2  +  .  Denote  by  n±  the  exterior  unit  normal  of  Q±,  n  =  n+.  Let  a±,  b±  be 
positive  constants,  h  e  L°°( 3£2+),  g  e  W1,p(d£l+),f  e  Z/(3£2+),  1  <  p  <  oo.  We 
shall  study  the  transmission  problem 


A u±  —  0  in  Q±, 


(5.29) 


du+  3 U- 

a+u+ —  a-U- =  g ,  b+  — - b~— - b  hu+  =  / 

on  on 


on  3£2 . 


(5.30) 


If  u±  =  a±u±,  b±  =  b±/a±,  h  =  h/a+,  then  u±  is  an  L^-solution  of  the 
transmission  problem  (5.29),  (5.30)  if  and  only  if  u±  is  an  //-solution  of  the 
transmission  problem 


A u±  =  0  in  Q±, 


u+ 


~  du+  ~  3 U- 

b+— - b-— - \-hu+ 

on  on 


-f  on  3^2. 


(5.31) 

(5.32) 


If  u±  =  v±  +  VQg,  then  u±  is  an  //-solution  of  the  transmission  problem  (5.31), 
(5.32)  if  and  only  if  v±  is  an  //-solution  of  the  transmission  problem 


Av±  —  0  in  £2±,  (5.33) 

~  3i;_l  ~  dv~ 

v+  —  V-  =  0,  b+— - b-— - b  hv+  =  F,  on  3£2  (5.34) 

on  on 

where 

F=f-(b+-  b-)Hag -SQ/  +  Ab)*6  Lp(3^)  (5.35) 

(see  Theorems  5.3.5  and  5.5.2). 

Lor  m  >  2,  we  shall  look  for  a  solution  of  the  problem  (5.33),  (5.34)  in  the  form 
of  a  single  layer  potential  SQ(p  with  an  unknown  density  <p  e  LP( 3 £2).  The  function 
v±  =  SQ(p  is  an  //-solution  of  the  problem  (5.33),  (5.34)  if  and  only  if 

—  -  <P+  -  b-)K'a(p  +  hSQ<p  =  F 


(see  Propositions  5.2.2,  5.2.3,  5.2.8,  Theorems  5.4.7  and  5.4.8). 
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If  m  =  2,  we  shall  look  for  a  solution  of  the  problem  (5.33),  (5.34)  in  the  modified 
form 


with  <p  e  LP( dQ).  Then  v±  is  an  //-solution  of  the  problem  (5.33),  (5.34)  if  and 
only  if 


(see  Propositions  5.2.2,  5.2.3,  5.2.8,  Theorems  5.4.7  and  5.4.8). 

Lemma  5.12.1  Let  Q  =  £2+  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary, 
m  >  2,  1  <  p  <  oo.  Denote  Q-  =  Rm  \  £2+.  Let  b+,  b-  be  positive  constants, 
h  =  0,  F  =  0.  Suppose  that  one  of  the  following  conditions  is  fulfilled: 

1.  p  =  2; 

2.  b+  =  b-; 

3.  £2  has  boundary  of  class  Cl,a  with  0  <  a  <  1. 

Ifv±  is  an  LP -solution  of  the  transmission  problem  (5.33),  (5.34)  such  that  V-(x )  — > 
0  as  \x\  ->  oo,  then  v±  =  0. 

Proof  Define  v  =  v±  on  Q±.  Since  on  312,  the  function  v  can  be 

continuously  extended  onto  Rm.  Denote  f±  =  du±/dn±.  Then  ^+/+  +  b-f-  =  0. 
Lemma  5.9.1  gives  fdaf+  d Hm-i  =  0.  So ,  fdnf-  &Hm-\  =  0. 

Suppose  first  that  p  =  2.  Lemma  5.8.1  gives 


Since  Vu  =  0  on  Rm  \  d £2 ,  the  function  v  is  constant  on  each  component  of  Rm  \d£2. 
Since  v  e  C°(Rm )  and  v  is  constant  on  each  component  of  Rm  \  9  £2,  we  deduce  that 
v  is  constant.  Since  v(x)  ^0  as  \x\  —>  oo,  we  infer  that  v  =  0. 

Let  now  p  be  general.  Corollary  5.6.2  gives 


T>n±v  +S^f±  = 


v±,  in  Q±, 
0,  in  £2=p. 


Since  VQ~  v  =  —VQ+  v,  we  get  adding 


v  =  Sn (/++/-)  in  Rm  \  . 
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If  b+  =  b _,  then /+  +/_  =  0  and  v  =  0.  Let  now  £2  has  boundary  of  class  C1,01, 
0  <  a  <  1 .  Then 

b+2b~V+  +f~)  ~  {h+  ~  h-)K'^+  +/-)  =  °- 

The  operator  (b+/ 2  +  b-/2)I  —  (b+  —  b-)K'Q  is  a  Fredholm  operator  with  index 
0  in  Z/(9£2)  and  in  L2(9£2)  by  Proposition  5.11.1  and  Theorem  1.8.3.  Thus/+  + 
/_  G  L2( 9£2)  by  Lemma  1.8.4.  So,  v  =  <S^(/+  +/-)  is  an  L2-solution  of  the 
problem  (5.33),  (5.34)  by  Propositions  5.2.2,  5.2.3,  and  5.2.8.  We  have  proved  that 
v  =  0. 

Proposition  5.12.2  Let  £2  =  £2+  c  Rm  be  a  bounded  open  set  with  Lipschitz 
boundary,  m  >  2,  1  <  p  <  oo.  Denote  £2_  =  Rm  \  £2+.  Let  b+,  b-  be  positive 
constants.  Suppose  that  one  of  the  following  conditions  is  fulfilled: 

L  p  =  2; 

2.  b+  =  b-; 

3.  £2  has  boundary  of  class  C1,a  with  0  <  a  <  1. 

Then  the  operator  T  =  [(b+-\-b-)/2]I— (b+  — b-)K'n  is  an  isomorphism  on  Lp (9 £2). 
Let  h  =  0,  F  G  Z/(  9  £2).  Then  there  exists  an  LP -solution  of  the  transmission  problem 

(5.33) ,  (5.34).  If  u±  is  an  LP -solution  of  this  problem,  then  there  exists  a  constant 
Uoq  such  thatu-(x )  — >  Uoq  as  \x\  —>  oo.  On  the  other  hand,  ifu^  G  Rl  is  given,  then 
u±  =  SQT~lF  +  Uoq  is  a  unique  LP  -solution  of  the  transmission  problem  (5.33), 

(5.34)  such  that  u-(x )  — >  Woo  as  \x\  — >  oo.  Moreover, 

\\Ma(u±)\\u>(da)  +  \\Ma(Vu±)\\u>(dn)  <  C(||/||^(an)  +  \uqo\)  (5.36) 

where  C  depends  only  on  £2,  b±,  p,  and  a. 

Proof  The  operator  T  is  a  Fredholm  operator  with  index  0  in  LP(di 2)  (see 
Propositions  5.9.9,  5.11.1  and  Theorem  1.8.3).  Let  cp  G  Z/(9£2),  Tcp  =  0.  Then 
u±  =  SQ(p  is  an  Lp- solution  of  the  transmission  problem  (5.33),  (5.34)  with  F  =  0. 
Lemma  5. 12.1  gives  that  u±  =  0.  So,  cp  =  du+ / dn—du- / dn  =  0  by  Theorem  5.4.8. 
Since  the  index  i(T)  =  0,  the  operator  T  is  onto.  Hence  T  is  an  isomorphism  on 
Z/(9£2)  by  Theorem  1.6.3. 

If  F  G  LP(di 2)  and  Woo  e  R1,  then  u±  =  SQT~lF  +  Uqo  is  an  //-solution  of 
the  transmission  problem  (5.33),  (5.34)  such  that  u-(x )  Woo  as  \x\  oo.  Let 

now  u±  be  an  //-solution  of  the  transmission  problem  (5.33),  (5.34).  According  to 
Lemma  1 .28.2  and  Proposition  2.17.1,  there  exists  a  constant  Woo  such  that  u- (v)  -> 
Woo  as  \x\  oo.  If  F  =  0  and  u^  =  0,  then  u±  =  0  by  Lemma  5.12.1. 
Propositions  5.2.2,  5.2.3,  and  5.2.8  force  (5.36). 

Proposition  5.12.3  Let  £2  =  £2+  C  R2  be  a  bounded  open  set  with  Lipschitz 
boundary,  1  <  p  <  oo.  Denote  £2_  =  R2  \  £2+.  Let  b+,  b-  be  positive  constants. 
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5  LP -Solutions  of  Boundary  Value  Problems 


Suppose  that  one  of  the  following  conditions  is  fulfilled: 

1.  p  =  2; 

2.  b+  =  b-; 

3.  £2  has  boundary  of  class  C1,01  with  0  <  a  <  1. 

Let  h  =  0,  F  G  //(9£2).  Then  there  exists  an  LP -solution  of  the  transmission  problem 
( 5. 33 ),  (5.34)  if  and  only  if 


(5.37) 


Denote  by  Xp  the  set  of  all  F  G  //(9£2)  satisfying  (5.37).  Then  the  operator  T  = 
[(/?+  +  b-)/2\I  —  (b+  —  b-)K'Q  is  an  isomorphism  on  Xp.  Ifu±  is  an  LP -solution  of 
the  problem  (5.33),  (5.34),  then  there  exists  a  constant  u0 Q  such  that  u-(x )  — >  Uoo  as 
\x\  —>  oo.  On  the  other  hand,  ifF  G  Xp,  Uoo  g  Rl  are  given,  then  u±  =  SQT~lF  + 
Uqq  is  a  unique  LP -solution  of  the  transmission  problem  (5.33),  (5.34)  such  that 
u-(x)  ->  Uoq  as  \x\  ->  cx).  Moreover,  (5.36)  holds  with  a  constant  C  depending  only 
on  £2,  b±,  p,  and  a. 

Proof  Let  u±  be  an  LP- solution  of  the  problem  (5.33),  (5.34).  Then  u±  is  an 
//-solution  of  the  Neumann  problem  for  the  Laplace  equation  on  Q±  with  the 
boundary  condition  du±/dn±.  Lemma  5.9.1  gives  that  du±/dn±  G  Xp.  Thus 
F  =  b+du+/dn+  +  b-du-/ dn-  G  Xp. 

The  operator  [(b+  -\-b~) / 2 \I—(b+—b-)K'n  is  a  Fredholm  operator  with  index  0  in 
LP(3Q)  (see  Propositions  5.9.9, 5.11.1  and  Theorem  1.8.3).  Lemmas  5.9.6  and  1.8.8 
give  that  T  is  a  Fredholm  operator  with  index  0  in  Xp.  Let  cp  G  Xp,  Tcp  =  0.  Then 
u±  =  SQ(p  is  an  LP- solution  of  the  transmission  problem  (5.33),  (5.34)  with  F  =  0. 
Lemma  5. 12.1  gives  that  u±  =  0.  Theorem  5.4.8  gives  cp  =  du+/dn  —  du-/dn  =  0. 
Since  the  index  i(T)  =  0,  the  operator  T  is  onto.  So,  T  is  an  isomorphism  on  Xp  by 
Theorem  1.6.3. 

If  F  G  Xp  and  Uqq  G  Rl,  then  u±  =  SQT~lF  +  Uqo  is  an  //-solution  of  the 
transmission  problem  (5.33),  (5.34)  such  that  u-(x)  ->  Uqo  as  \x\  ->  oo.  Let 
now  u±  be  an  Lp-solution  of  the  transmission  problem  (5.33),  (5.34).  According 
to  Lemma  1.28.2  and  Proposition  2.17.1,  there  exists  a  constant  Uqq  such  that 
u-(x)  Uoq  as  \x\  — >  oo.  If  F  =  0  and  Uoq  =  0,  then  u±  =  0  by  Lemma  5.12.1. 

Equation  (5.36)  is  a  consequence  of  Propositions  5.2.2,  5.2.3,  and  5.2.8. 

Proposition  5.12.4  Let  £2  =  £2+  c  Rm  be  a  bounded  open  set  with  Lipschitz 
boundary,  m  >  2,  1  <  p  <  oo.  Denote  £2-  =  Rm  \  £2+.  Let  b+,  b-  be  positive 
constants.  Suppose  that  one  of  the  following  conditions  is  fulfilled: 


1.  p  =  2; 

2.  b+  =  b-; 

3.  £2  has  boundary  of  class  C1,01  with  0  <  a  <  1. 
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Leth  G  L°°(3£2),  h  >  0,  fdQ  hdPHm-\  >  0.  Then  the  operator  T  =  [(b+  -\-b-)/2]I— 
( b+  —  b-)K'Q  +  /z<S^  A  aft  isomorphism  on  Z/(3£2).  Let  F  e  //(3£2).  Then  there 
exists  an  LP -solution  of  the  transmission  problem  (5.33),  (5.34).  If  u±  is  an  LP- 
solution  of  this  problem,  then  there  exists  a  constant  u^q  such  that  u-(x)  u0 0  as 

\x\  oo.  On  the  other  hand,  ifu^  e  R 1  is  given,  thenu±  =  SQT~l(F-hu00)-\-u00 
is  a  unique  LP -solution  of  the  transmission  problem  (5.33),  (5.34)  such  that  u-(x)  — > 
Uqq  as  \x\  —>  oo.  Moreover,  (5.36)  holds  with  a  constant  C  depending  only  on  £2, 
b±,  h,  p,  and  a. 

Proof  Suppose  first  that  v±  is  an  L2-solution  of  the  problem  (5.33),  (5.34)  with 
F  =  0  such  that  v-(x )  0  as  \x\  oo.  Since  u+  =  v~  on  3£2,  Lemma  5.8.1  gives 


Denote  v  =  v±  on  £2±.  Since  Vu  =  0  on  Rm  \  3  £2,  the  function  v  is  constant 
on  each  component  of  Rm  \  3£2.  Since  u+  =  v~  on  3  £2  and  v  is  constant  on  each 
component  of  Rm\dQ,  we  deduce  that  v  is  constant.  Since  v(x)  — ►  0  as  \x\  ->  oo, 
we  infer  that  v  =  0. 

The  operator  T  —  hSQ  is  a  Fredholm  operator  with  index  0  in  LP( 3  £2)  by  Propo¬ 
sition  5.12.2.  Since  hSQ  is  a  compact  operator  on  Lp( 3£2)  (see  Proposition  5.2.2 
and  Theorem  1.7.4),  Theorem  1.8.3  gives  that  T  is  a  Fredholm  operator  with  index 
0  in  LP( 3£2).  Let  <p  e  LP( 3£2),  T<p  =  0.  Then  <p  G  L2(3£2)  by  Lemma  1.8.4  and 
u±  =  SQ(p  is  an  L2- solution  of  the  transmission  problem  (5.33),  (5.34)  with  F  =  0. 
We  have  proved  that  u±  =  0.  Theorem  5.4.8  gives  cp  =  du+/dn  —  du-/dn  =  0. 
Since  the  index  i(T)  =  0,  the  operator  T  is  onto.  So,  T  is  an  isomorphism  on  Lp( 3  £2) 
by  Theorem  1.6.3. 

If  F  G  Z/(3£2)  andzzoo  G  T^thenz/i  =  SQ‘T~x(F—huoo)-\-u00  is  an  LP -solution 
of  the  transmission  problem  (5.33),  (5.34)  such  that  u-(x)  Uqq  as  \x\  — >  oo.  Let 
now  u±  be  an  //-solution  of  the  transmission  problem  (5.33),  (5.34).  According  to 
Lemma  1.28.2  and  Proposition  2. 17. 1,  there  exists  a  constant  Uoq  such  that  u-(x)  -> 
Uoq  as  \x\  ->  oo.  Let  F  =  0  and  u^q  =  0.  Since  u±  is  an  //-solution  of  the 
transmission  problem  A u±  =  0  in  Q±,  u+  —  u-  =  0,  b+du+/dn  —  b-du-/dn  = 
— hu+  on  3£2,  Proposition  5.12.2  gives  that  there  exists  cp  G  LP( 3£2)  such  that  u±  = 
SQ(p.  Since  T(p  =  0,  and  T  is  an  isomorphism,  we  deduce  that  cp  =  0.  Hence 
u±  =  SQ(p  =  0. 

Propositions  5.2.2,  5.2.3,  and  5.2.8  force  (5.36). 

Proposition  5.12.5  Let  £2  =  £2+  C  R2  be  a  bounded  open  set  with  Lipschitz 
boundary,  1  <  p  <  oo.  Denote  £2_  =  R2  \  £2+.  Let  b+,  b-  be  positive  constants. 
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5  LP -Solutions  of  Boundary  Value  Problems 


Suppose  that  one  of  the  following  conditions  is  fulfilled: 

1.  p  =  2; 

2.  b+  =  b-; 

3.  £2  has  boundary  of  class  C1,01  with  0  <  a  <  1. 

Let  h  G  L°°(3£2),  h  >  0,  fdQ  h  dFL\  >  0.  Denote  Tp  =  (b+  +  b-)(p  —  <fip)/2  — 
(b+  —  b-)K'Q(p  —  <fip)  +  h[SQ‘(p  —  <$p)  +  <$p\-  Then  T  is  an  isomorphism  on 
LP(dQ).  Let  F  G  LP(dQ).  Put  p  =  T~lF.  Then  u±  =  SQ(p  —  p)  +  <^>  (p  is  a 
unique  Lp -solution  of  the  transmission  problem  (5.33),  (5.34).  Moreover, 

\\Ma(u±)\\Lp(dn)  +  ||Mfl(Vtt±)||^on)  <  C\\F\\Lp(dQ)  (5.38) 

where  C  depends  only  on  Q,  p,  b±,  h,  and  a. 

Proof  Suppose  first  that  v±  is  an  L2-solution  of  the  problem  (5.33),  (5.34)  with 
F  =  0  .  Since  i?+  =  v~  on  9£2,  Lemma  5.8.1  gives 

f  (~  9i;+  ~  dv-  ~  \ 

o  =  J  V +  lb+-^y+b-—+hv+)  dHi 

dQ 

=  b+  J  |Vu+|2d U2+b-  J  |Vu_|2d U2  +  J  hv\  AHi. 

+  Q-  do, 

This  gives  Vi>±  =  0  in  £2±,  hv+  =  0  on  3£2.  Denote  v  =  v±  on  £2±.  Since 
Vv  =  0  on  Rm  \  dQ,  the  function  v  is  constant  on  each  component  of  Rm  \  3£2. 
Since  u+  =  V-  on  3£2  and  v  is  constant  on  each  component  of  Rm  \  3£2,  we  deduce 
that  v  is  constant.  Since  hv  =  0  on  3  £2  and  h  ^  0,  we  deduce  that  v  =  0. 

The  operator  r  =  [( b+  +  b~)/2]I  —  (£>+  —  b-)K'Q  is  a  Fredholm  operator 
with  index  0  in  LP( dQ)  (see  Propositions  5.9.9,  5.11.1  and  Theorem  1.8.3).  Since 
T  —  x  is  a  compact  operator  on  Z/(3£2)  (see  Proposition  5.2.2  and  Theorem  1.7.4), 
Theorem  1.8.3  gives  that  T  is  a  Fredholm  operator  with  index  0  in  Z/(3£2).  Let  <p  G 
LP( 3£2),  Ttp  =  0.  Then  p  G  L2(3£2)  by  Lemma  1.8.4  and  u±  =  SQ(p  —  p)  +  (ft  p 
is  an  L2- solution  of  the  transmission  problem  (5.33),  (5.34)  with  F  =  0.  We  have 
proved  that  u±  =  0.  Theorem  5.4.8  gives  p  =  du+/dn  —  du-/dn  =  0.  Since  the 
index  i(T)  =  0,  the  operator  T  is  onto.  So,  T  is  an  isomorphism  on  Lp(dQ )  by 
Theorem  1.6.3. 

LetF  G  LP (dQ).  Put  p  =  T~lF.T\\onu±  =  SQ(p  —  <fip)-\-(fip  is  an  LP- -solution 
of  the  transmission  problem  (5.33),  (5.34). 

Let  now  v±  be  an  //-solution  of  the  transmission  problem  (5.33),  (5.34)  with 
F  =  0.  Since  v±  is  an  //-solution  of  the  transmission  problem  Av±  =  0  in  Q±, 
—  v-  =  0,  b+dv+/dn  —  b-dv-/dn  =  —hv+  on  3£2,  Proposition  5.12.3  gives 
that  there  exist  a  constant  c  and  G  LP(dQ)  with  fdQ  Fim-\  =  0  such  that  v±  = 
+  c.  Put  p  =  \)r  +  c.  Then  v±  =  (p  —  (f)  p)  +  $  p  and  therefore  Tp  =  0. 
Since  T  is  an  isomorphisms,  we  obtain  p  =  0.  Thus  v±  =  SQ  (p  —  (fi  p)  +  (fi  p  =  0. 
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Propositions  5.2.2,  5.2.3,  and  5.2.8  force  (5.38). 

Corollary  5.12.6  Let  £2  =  £2+  C  Rm  be  a  bounded  open  set  with  Lipschitz 
boundary ;  1  <  p  <  oo.  Denote  £2_  =  Rm  \  £2+.  Let  b+,  b-  be  positive  constants. 
Suppose  that  one  of  the  following  conditions  is  fulfilled: 

1.  p  =  2; 

2.  b+  =  b-; 

3.  £2  has  boundary  of  class  C1,01  with  0  <  a  <  1. 

Let  h  G  L°°(9£2),  h  >  0,  r  G  L°°  (9£2 ,  Rm)  be  a  tangential  vector  function  on  9£2, 
F  e  LP(f 2),  Uoo  e  Rl. 

•  If  m  >  2,  then  there  exists  a  unique  LP -solution  of  the  transmission  problem 
(5.33), 


u+  —u-  =  0,  (b+n  +  r)  •  Vu+  —  ( b-n  +  r)  •  S7u-  +  =  F  (5.39) 

9  £2  such  that  u-(x )  ->  Wqo  |x|  — >  oo.  Moreover,  (5.36)  holds  with  a 
constant  C  dependent  only  on  £2,  p,  b+,  b-,  h,  and  a. 

•  If  m  =  2  and  JdQh  dH\  >  0,  then  there  exists  a  unique  LP -solution  of  the 
transmission  problem  (5.33),  (5.39).  Moreover,  (5.38)  holds  with  a  constant  C 
dependent  only  on  £2,  p,  b+,  b-,  h,  and  a. 

•  Ifm  =  2  and  h  =  0,  then  there  exists  an  LP -solution  of  the  transmission  problem 
(5.33),  (5.39)  if  and  only  if  fdQ  F  dFL\  =  0.  If  this  condition  is  fulfilled,  then  there 
exists  a  unique  LP -solution  of  the  transmission  problem  (5.33),  (5.39)  such  that 
u-(x)  —>  Uoq  as  \x\  ->  oo.  Moreover,  the  estimate  (5.36)  holds  with  a  constant  C 
dependent  only  on  £2,  p,  b+,  b-,  h,  and  a. 

Proof  If  u±  is  an  L^-solution  of  the  problem  (5.33),  (5.39)  or  (5.33),  (5.34),  then 
b+n  •  Wu+  —  b-n  •  S7u-  =  G  on  9 £2  for  some  G  e  Lp(di 2).  According  to 
Propositions  5.12.2  and  5.12.3,  there  exists  cp  e  LP(di 2)  and  c  e  Rl  such  that 
u±  =  SQ(p  +  c.  Since  the  tangential  derivative  of  a  single  layer  has  no  skip  on 
the  boundary  (see  Theorem  5.4.7),  u±  is  an  //-solution  of  the  problem  (5.33), 
(5.34)  if  and  only  if  it  is  an  //-solution  of  the  problem  (5.33),  (5.39).  The  rest  is 
a  consequence  of  Propositions  5.12.2,  5.12.3,  5.12.4,  and  5.12.5. 

Theorem  5.12.7  Let  £2  =  £2+  c  Rm  be  a  bounded  open  set  with  Lipschitz 
boundary,  1  <  p  <  oo.  Denote  £2_  =  Rm  \i 2+.  Let  a±,  b±  be  positive  constants, 
h  G  L°°(9£2),  h  >  0.  Suppose  that  one  of  the  following  conditions  is  fulfilled: 

1.  p  =  2; 

2.  b+/a+  =  b-/a-; 

3.  £2  has  boundary  of  class  Cl,a  with  0  <  a  <  1. 

Letf  G  LP(di 2),  g  G  ^^(9^2). 
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•  If  m  >  2,  then  there  exists  an  LP  solution  of  the  transmission  problem  (5.29), 
(5.30).  If  u±  is  an  LP -solution  of  this  problem,  then  there  exists  a  constant  Uoq 
such  that  u-(x)  ->  u^q  as  \x\  ->  oo.  On  the  other  hand,  ifuoo  e  Rl  is  given,  then 
there  exists  a  unique  LP -solution  u±  of  the  transmission  problem  (5.29),  (5.30) 
such  that  u-(x )  ->  Uqq  as  \x\  ->  oo.  Moreover, 

\\Ma(u±)\\ij>  +  \\Ma(Vu±)\\LP  <  C(||/||#>  +  llgllw1’/?  +  | Wool)  (5.40) 

with  a  constant  C  dependent  only  on  £2,  <z+,  a-,  b+,  b-,  h,  p,  and  a. 

•  If  m  =  2  and  h  ^  0,  then  there  exists  a  unique  LP -solution  of  the  transmission 
problem  (5.29),  (5.30).  Moreover 

II^(w±)||lp(9C2)  +  \\Ma(Vu±)\\u>(dn)  <  C(||/||^(an)  +  llgllw^caft)) 

with  a  constant  C  dependent  only  on  £2,  a+,  a-,  b+,  b-,  h,  p,  and  a. 

•  Let  m  =  2  and  h  =  0.  Then  there  exists  an  LP  solution  of  the  transmission 
problem  (5.29),  (5.30)  if  and  only  if 

( fdUm-x  =  0.  (5.41) 

aft 

If  u±  is  an  LP -solution  of  the  transmission  problem  (5.29),  (5.30),  then  there 
exists  a  constant  u0 0  such  that  u-(x)  —>  Uqq  as  \x\  — >  oo.  On  the  other  hand,  if 
(5.41 )  is  satisfied  and  u ^  e  Rl  is  given,  then  there  exists  a  unique  LP -solution  u± 
of  the  transmission  problem  (5.29),  (5.30)  such  that  u-(x )  ->  u^  as  \x\  ->  oo. 
Moreover,  the  estimate  (5.40)  holds  with  a  constant  C  dependent  only  on  £2, 
a-,  b+,  b-,  p,  and  a. 

Proof  The  theorem  is  a  consequence  of  Corollary  5.12.6  and  reasoning  at  the 
beginning  of  the  section. 


5.13  //-Solution  of  the  Jump  Problem 

In  this  section,  we  study  Z^-solutions  of  the  jump  problem  on  cracks  Au  =  0  in 
Rm\  T,  [w]+  —  [u]-  =  g ,  [3  u/dn\+  —  [du/dn]-  -\-h[u]+  =fonT.  Here  T  is  a  closed 
subset  of  a  bounded  Lipschitz  surface.  We  find  a  necessary  and  sufficient  condition 
for  the  solvability  of  the  problem  and  discuss  the  uniqueness. 

Let  Q  =  £2+  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary.  Set  £2-  = 
Rm  \  +  .  If  v  is  a  function  defined  on  Rm  \  9 £2,  denote  by  [v]±  the  nontangential 

limit  of  v  with  respect  to  £2±  and  Mfv  the  nontangential  maximal  function  of  v 
with  respect  to  Q±.  Denote  by  n±  the  exterior  unit  normal  of  £2±,  n  =  n+.  Let  T 
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be  a  closed  subset  of  3£2,  g  G  Wl,p(dQ),f  e  Z/(3£2),  1  <  p  <  oo.  The  problem 

Au  =  0  in  Rm\T, 

=  f  onT 

is  so-called  jump  problem.  We  shall  study  a  generalized  jump  problem.  Let  h  G 
L°°(3£2).  We  say  that  u  is  an  LP -solution  of  the  generalized  jump  problem 

Aw  =  0  inRm\T,  (5.42) 

+  M«]+=/  onr  (5.43) 

if  u  e  H(Rm  \  T),  M+u  +  Mfu  +  M+\Vu\  +  M~\Vu\  G  Z/(3£2),  there  exist 
nontangential  limits  of  u  and  Vu  with  respect  to  Q+  and  with  respect  to  £2_  at 
almost  all  points  of  3  £2,  and  the  jump  conditions  (5.43)  on  the  crack  T  are  satisfied 
in  the  sense  of  nontangential  limits  at  TLm-\-almost  all  points  of  T. 

Lemma  5.13.1  Let  £2  =  £2  +  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary. 
Set  £2_  =  Rm  \  Let  T  be  a  closed  subset  of  3£2,  h  e  L°°(3£2),  g  e  W1,/?(3£2), 
/  g  Lp(  3£2),  1  <  p  <  oo.  Define  h  =  h/r,  g  =  gXvJ  =fx  r- 

•  Suppose  that  there  exists  an  Lp -solution  u  of  the  generalized  jump  problem  ( 5.42 ), 
(5.43).  Define  u±  =  u  on  Q±.  Then  u±  is  an  LP -solution  of  the  transmission 
problem 


[u]+  -  [u\-  =  g, 


"3  u 

3  u 

3  n 

+ 

3  n_ 

[u]+  -  [«]  =  g, 


"3  u 

"3  u 

3  n 

+ 

3  n 

A u±  =  0  in  Q±,  (5.44) 

3  u+  3  u-  ~~ 

u-\-—u-=g,  — - - - \- hu+ =  f  onoQ.  (5.45) 

on  on 

•  Let  u±  be  an  LP -solution  of  the  transmission  problem  (5.44),  (5.45).  Then  there 
exist  the  nontangential  limits  u+(x)  =  u-(x )  at  all  x  G  3^2  \  T.  Define  u  =  u± 
in  £l±,  u  =  u+  on  3^2  \  T.  Then  u  is  an  LP -solution  of  the  generalized  jump 
problem  (5.42),  (5.43). 

Proof  Suppose  first  that  u  is  an  Lp -solution  of  the  generalized  jump  problem  (5.42), 
(5.43).  Clearly,  u±  is  an  //-solution  of  the  transmission  problem  (5.44),  (5.45). 

Let  now  u±  be  an  //-solution  of  the  transmission  problem  (5.44),  (5.45).  It  is 
enough  to  prove  that  u  G  H(Rm  \  T).  Fix  r  >  0  such  that  3 £2  C  B( 0;  r).  Denote 
co  =  £2_  PI  Z?(0;  r).  Corollary  5.6.2  gives 


VQu+  +  SQ‘(nQ  -Vw+) 


u  in  £2 , 

0  in  Rm\  Q, 


!u  in  co, 

0  in  Rm\  oo. 


Vwu~  +  Sw(nm  ■  Vm_)  = 
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Adding 


u  =  Vng  +  Sn(f-  hu+ )  +  vmr)u-  +  Sm’r)(nm’r}  •  Vw_) 

in  5(0;  r)  \  3  £2.  Since  the  densities  of  these  potentials  are  supported  on  T  U  35(0;  r), 
these  potentials  are  harmonic  in  5(0;  r)  \  T.  So,  u  e  #(5(0;  r)\T). 

Theorem  5.13.2  Let  £2  =  £2+  C  Rm  be  a  bounded  open  set  with  Lipschitz 
boundary.  Set  £2-  =  Rm  \  £2+.  Let  T  be  a  closed  subset  of  d£2.  Let  1  <  p  <  oo, 
g  e  Wl'P(dQ),f  e  LP( 8Q),  h  e  L°°( dQ),  h>  0.  Suppose  thatf  =  0,  g  =  0,  h  =  0 
on  d£2  \  T. 

•  Ifm  >  2,  then  there  exists  an  LP  solution  of  the  generalized  jump  problem  (5.42), 
(5.43).  Ifu  is  an  LP -solution  of  this  problem,  then  there  exists  a  constant  Woo  such 
that  u(x)  ->  Uoq  as  \x\  — >  oo.  On  the  other  hand,  ifu^  e  Rl  is  given,  then  there 
exists  a  unique  LP -solution  u  of  the  generalized  jump  problem  (5.42),  (5.43)  such 
that  u(x)  Wqo  as  |x|  — >  oo.  Moreover, 

\\Ma(u)\\u>  +  \\Ma(y u)\\u>  <  C(\\f\\u>  +  +  |moo|)  (5.46) 

with  a  constant  C  dependent  only  on  £2,  p,  h,  and  a.  If  h  =  0,  then  u  =  VQg  + 
SQf  is  a  unique  Lp -solution  of  the  generalized  jump  problem  (5.42),  (5.43)  such 
that  u(x)  —>  0  as  \x\  —>  0. 

•  Ifm  =  2  and  h  ^  0,  then  there  exists  a  unique  LP -solution  of  the  generalized 
jump  problem  (5.42),  (5.43).  Moreover, 

||M*(w)||lp(9^)  +  ||Ma(VM)||LP(9fi)  <  C(\\f\\u>(Bn)  +  Il«^llw1-P(a^)) 

with  a  constant  C  dependent  only  on  Q,  h,  p,  and  a. 

•  Let  m  =  2  and  h  =  0.  Then  there  exists  an  LP -solution  of  the  generalized  jump 
problem  (5.42),  (5.43)  if  and  only  if 

f  fdHm-i  =0.  (5.47) 

aft 

Ifu  is  an  LP  -solution  of  the  generalized  jump  problem  (5.42),  (5.43),  then  there 
exists  a  constant  u oo  such  that  u(x)  — >  u oo  as  \x\  —>  oo.  On  the  other  hand,  if 
(5.47)  is  satisfied  and  u oo  €  51  is  given,  then  there  exists  a  unique  LP  -solution  u 
of  the  generalized  jump  problem  (5.42),  (5.43)  such  that  u(x)  — >  u oo  as  \x\  — >  oo. 
Moreover,  the  estimate  (5.46)  holds  with  a  constant  C  dependent  only  on  £2,  p, 
and  a.  The  function  u  =  VQg  +  SQf  is  a  unique  LP -solution  of  the  generalized 
jump  problem  (5.42),  (5.43)  such  that  u(x)  0  as  \x\  —>  0. 

Proof  The  theorem  is  an  easy  consequence  of  Lemma  5.13.1,  Theorem  5.12.7, 
Propositions  5.2.2,  5.2.3,  5.2.8,  Theorems  5.3.5,  5.4.8,  and  5.5.2. 
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5.14  Regular  Solutions  of  the  Dirichlet  Problem 

In  this  section,  we  study  the  Dirichlet  problem  for  the  Laplace  equation  with  a 
boundary  condition  g  e  Wl,p( 9 £2),  where  Q  C  Rm  is  an  open  set  with  compact 
Lipschitz  boundary.  If  p  ^  2,  we  suppose  that  3^2  is  Ljapunov.  We  prove  the 
existence  of  such  //-solution  u  of  the  problem  that  Ma(Vu)  G  Lp(dQ). 

Let  Q  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  m  >  2,  1  <  p  < 
oo,  g  G  W1,p(3£2).  In  this  section,  we  shall  look  for  an  //-solution  of  the  Dirichlet 
problem 


A  u  =  0  in  Q, 
u  =  g  ondQ 


such  that  Ma(yu)  G  Z/(3£2). 

Proposition  5.14.1  Let  Q  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary. 
Let  u  be  an  L2 -solution  of  the  Dirichlet  problem  A u  =  0  in  £2,  u  =  0  on  d£2  such 
that  Ma(Wu)  G  L2(3£2).  If  £2  is  unbounded  and  m  >  2,  suppose  moreover  that 
u(x)  0  as  \x\  ->  oo.  Then  u  =  0. 

Proof  Without  loss  of  generality,  we  can  suppose  that  Q  is  connected.  According  to 
Theorem  5.6.1,  there  exists  a  nontangential  limit  of  Vw  at  almost  all  points  of  9 £2. 
Lemma  5.8.1  gives 


Since  Wu  =  0  in  Q,  the  function  u  is  constant.  Since  u  =  0  on  3  £2,  we  infer  that 
u  =  0. 

Proposition  5.14.2  Let  £2  C  Rm  be  an  open  set  with  compact  boundary  of  class 
C1,a,  0  <  a  <  l,  l  <  p  <  oo.  Let  u  be  an  LP -solution  of  the  Dirichlet  problem 
A u  =  0  in  £2,  u  =  0  on  such  that  Ma(V u)  G  Lp(dQ).  IfQ  is  unbounded  and 
m  >  2,  suppose  moreover  that  u(x)  ^  0  as  \x\  ^  oo.  Then  u  =  0. 

Proof  Fix  r  >  0  such  that  3£2  C  #(0;  r)  and  put  co  =  £2  PI  #(0;  r),  G  =  Rm  \cb. 
According  to  Corollary  5.6.2,  there  exists  a  nontangential  limit  of  Vw  at  almost  all 
points  of  3^  and  0  =  VMu  +  SMf  in  G,  where/  =  du/drf0.  The  fact  Ma(Vu)  G 
LP{ 3ft)  forces/  G  LP(dco).  Since  SGf  =  VGu  in  G  and  u  G  WU(3G)  (T  Wl'p(dG), 
Theorems  5.4.8  and  5.5.2  give  that//2  —  K'^  =  dSGf/dnG  =  dVGu/dnG  G 
L2(3G)  fl  Lp(dG).  The  operator  KfG  is  a  compact  operator  in  LP(dG)  and  in  L2(3G) 
by  Proposition  5.11.1.  Thus/  G  L2(3G)  by  Lemma  1.8.4  and  Theorem  1.8.3.  Since 
u  =  VMu  4-  SMf  in  co  by  Corollary  5.6.2,  we  have  Ma(u),Ma(Vu )  G  L2(dco)  (see 
Propositions  5.2.2,  5.2.8,  Theorems  5.5.2  and  5.3.5).  If  Q  is  unbounded,  then  u 
and  Vm  are  bounded  at  infinity.  Thus  Ma(u),Ma(Vu )  G  L2( 3 £2).  Proposition  5.14.1 
gives  u  =  0. 
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Proposition  5.14.3  Let  Q  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
m  >  2,  A  e  R,  | A |  >  1/2.  Then  XI  +  Kq  is  an  isomorphism  on  W1,2(3£2). 

Proof  Suppose  first  that  A  >  1/2.  The  operator  Kq  is  bounded  on  W1,2(3£2)  by 
Lemma  5.5.4.  Put  =  Q,  Q-  =  Rm  \  Q,  a+  =  (2A  +  l)/2,  a-  =  (2A  -  l)/2. 
Fix  g  e  W1,2(3£2).  According  to  Theorem  5.12.7,  there  exists  a  unique  Absolution 
of  the  transmission  problem 


A u±  =  0  in  Q±,  a+u+  —  a -it-  —  g  on  3£2 , 


3  u+ 
3  n 


— —  =  0  on  dfi 
on 


such  that  u±(x )  0  as  \x\  oo.  According  to  Corollary  5.6.7, 


u±  =  (w+  —  U-)  +  SQ 


3  u- 
3  n 


VQ(u+—u-)  in  Q±. 


Theorem  5.3.5  gives  u±  =  =b^(w+  —  u _)  +  Kq(u+  —  u-)  on  3£2.  Clearly  /  = 
u+-u-e  Wl'2(dto).  We  have 


g  =  -  a-u-  =  a+^f  +  a-(-f/ 2  +  =  A/  +  ATq/. 

Thus  the  operator  A/  +  is  lower  semi-Fredholm  in  W1,2(3£2).  If  A  >  ||  II ,  then 
A I  +  Kq  is  an  isomorphism  by  Proposition  1.6.7  and  therefore  Fredholm  with  index 
0.  The  continuity  of  the  index  (Proposition  1.8.5)  gives  that  i(Xl  +  Kq)  =  0  for  all 
A  >  1/2  and  the  operator  A I  +  Kq  is  Fredholm.  Since  it  is  onto,  it  is  one-to-one. 
Theorem  1.6.3  gives  that  A I  +  Kq  is  an  isomorphism  on  W1,2  (3  £2). 

Let  now  A  <  —1/2.  Put  co  =  Rm  \Q.  We  have  proved  that  —A I  +  KM  = 
—(A I  +  Kq)  is  an  isomorphism  on  W1,2(3^). 

Proposition  5.14.4  Let  Q  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
m  >  2.  Then  ^1  +  Kq,  —  Kq  are  Fredholm  operators  with  index  0  on  W1,2(3£2). 

Proof  The  operator  Kq  is  bounded  on  W1,2(3£2)  by  Lemma  5.5.4.  Denote  co  = 
Rm  \  Q.  Fix/  e  Wh2( 3£2)  and  put  u  =  VQf.  Then  u  e  H(Q)  n  H(co),  M%(u)  + 
(V u)  +  M" (u)  +  M" (V u)  e  L2(dQ),  u(x)  0  as  \x\  oo.  (See  Remark  2.1.5, 
Theorems  5.3.5  and  5.5.2.)  The  nontangential  limits  of  u  are  given  by  [u]q  =  f/2  + 
Kof,  [ u]a ,  =  — // 2  +  AT^/  (see  Theorem  5.3.5).  According  to  Proposition  5.8.4, 
there  exists  a  constant  C\  e  (1,  oo)  depending  only  on  Q  such  that 

II nQ  ■  [W^fh lb(3fi)  <  Ci{||Vr(f/2  +  Kof) Ibon)  +  ||(f/2  +  Kof)\y{aa)}, 
l|Vr(f/2  +  A'si/,)||L2(3Q)  <  Ci{||nfi  •  [V22fi/]s2 ||£2(9jj)  +  ||(/'/2  +  A'n/)||Z2(3S2)}, 
ll"a  •  \yvafU\\L2iao)  <  Ci{|| VT(f/2 - +  |Kr/2-Jfnf)||£2(aQ)}, 

|| VM/2-Ktif)  11^(30)  <  C!{||nn  •  [V^/l^ll^oQ)  +  \\(f/2-Kvf)\\L2{da)}. 
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According  to  Proposition  5.3.3,  there  exists  a  positive  constant  C2  depending  only 
on  £2  such  that  ||^a/||L2(3fi)  <  ||/||L2(3S2).  Since  rC  ■  [VVnf]Q  =  nQ  ■  [VV^f]^  by 
Theorem  5.5.2,  we  have 


Wf\\wl’2(dQ)  ~  ll/llz2^)  +  ll^r/||L2(a^)  —  II/IIl2(9£2)  +  II  (f  /  2  +  Kq/) \\L2 

+  ll^7r(/’/2  -  Kof)\\L2(d^  <  11/11^2(9^)  +  II  Vr(//2  +  Knf)\\L2(dfy 
+C\{\\nQ  •  [VVQfUL2(m  +  \\(f/2  -  Kof) ||l2(9^)}  5  (1  +  ^i)ll/llL2(a^) 
+Ci\\(f/2  +  ^z/ZIIl2^)}  +  1 1  (f  f  2  +  ^//IL2^)  +  Cj{||//2  +  J^q/IIl2 

+  l|Vr(f/2  +  Kof) \\Li}  <  (1  +  Ci)||/||L2(a^)  +  2Cj ||(//2  +  Kof)\\Wh2^Qy 

The  identity  operator  is  a  compact  operator  from  Wl ,2  (dQ)  to  L2(dQ)  by 
Lemma  1.21.8.  Since  ||  (^/  +  K^fWw^HdQ)  +  II/IIl2(3£2)  is  an  equivalent  norm 
on  W1,2(3£2),  Lemma  1.7.9  gives  that  \ I  +  Kq  is  an  upper  semi-Fredholm  operator 
on  W1,2(3£2).  If  X  >  1/2,  then  XI  +  Kq  is  an  isomorphism  on  W1,2(3£2)  (see 
Proposition  5.14.3).  Theorem  on  the  continuity  of  the  index  (Proposition  1.8.5) 
gives  that  i(^I  +  Kq)  =  0.  Hence  \ I  +  Kq  is  Fredholm. 

We  have  proved  that  +  K0J  =  jl  —  Kq  is  a  Fredholm  operator  with  index  0  in 
Wl’2(dQ). 

Lemma  5.14.5  Let  £2  C  Rm  be  an  open  set  with  compact  boundary  of  class  C1,01, 
m>2,  0  <  a  <  1,  l  <  p  <  oo.  For  j,k  e  { 1 , . . . ,  m)  denote  dTjk  =  n P  dk  —  nf  3 y, 


Tjkfiz)  =  lim  f 

<4o  J 

dQ\B(z;e) 


(yj-Zj)(nk(y)-"k®) 

(3^(0;  1))  |z  —  y  |m 


■f(y)  d n 


m—  1  • 


Then  Tjk  is  a  compact  linear  operator  on  LP(dQ).  Iff  e  W1,i?(3£2),  then 

m 

3rjkKf(z)  =  y][^3r/(z)  -  TijdrJiz)]  +  KndTjkf(z). 

i=  1 

Proof  Since  there  exists  a  constant  C\  such  that  |  (yj — zf)  (nf  (y)  —  nf  (z))  |  / 1  z — y  \ m  < 
C\  | y  —  z\ 1-m+a  for  y,  z  €  3 £2,  the  operator  Tjk  is  a  compact  operator  on  Lp(dQ)  (see 
Proposition  1.26.3). 

If  /  e  Cl(Rm),  then  we  have  for  almost  all  z  G  3£2  by  Theorem  5.3.5, 
Lemma  5.5.1,  Theorems  5.5.2  and  5.4.7 


drjMz)/ 2  +  Kfiz)]  =  yt[VDnf(z)h  =  nj(z)  £>Sn(a,J)(z)]n 

i=  1 

m  m  . 

-nk(z)  ^[3,-<Sn(3r/)(z)]n  =  L  -  nk(z)dZj,f(z)] 

i=  1  i=l  Z 


312 


5  LP -Solutions  of  Boundary  Value  Problems 


P  m 

J  ^  Hm-\  ( 


yt  -  Zi 


S?  J  Pr!  Km- 1  (95(0;  1)) |z  -  y\r‘ 

3  n\B(z;e) 


-  n*(z)9r/(v)] 


-  m 

=  ^9r./(z)  +  ^[riVt9r/(z)  -  7^t/(z)] 


i=l 


+  lim 

40 


f  V - < 

J  jr[  Km-\ 


(yi-Zi)nf(y) 


(95(0;  l))|z-  j|' 


;9rj/(y)  d^m_i  (y). 


Since  C1(/?m)  is  a  dense  subset  of  lV1,/?(3£2),  we  have 


9^/fe)  =  -  ^/(z)]  +  *n  V® 


i=l 


for  all/ e  W^(9f2). 

Proposition  5.14.6  £2  C  set  with  compact  boundary  of  class 

C1,01,  m  >  2,  0  <  a  <  1,1  <  p  <  o o.  ^  w  a  compact  linear  operator  on 

Wl’p(  3£2). 

Proof  Kq  is  a  compact  operator  on  Lp(dQ)  by  Proposition  5.11.1.  ^  is  a  bounded 
linear  operator  on  fVlp(3£2)  by  Lemma  5.5.4. 

For 7,  k  e  {1, . . . ,  m}  and/  e  denote  3T;.fc  =  n^3jt  —  37-, 


Wfe)  =  f 

<4o  J 
dQ\B(z',€ ) 


(Jr  ~  zy)(«°(y)  -  wf  (z)) 

'Hm-1(95(0;  l))|z  — y|m 


/(>’)  dH 


m— 1  • 


Then 


drjkKf(z)  =  J2lT‘kdrAz)  -  TydrJiz)]  +  ^9r./(z) 

i=l 

by  Lemma  5.14.5.  Since  /•/  and  ^  are  compact  operators  on  1/(3  £2)  by 
Lemma  5.14.5,  the  operator  Kq  is  a  compact  operator  on  W1,p(dQ). 

Proposition  5.14.7  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
m  >  2,  1  <  p  <  oo.  Suppose  that  p  =  2  or  3£2  is  of  class  C1,a  with  0  <  a  <  1. 
Then  +  Kq  +  SQ  is  an  isomorphism  on  1/(3  £2)  and  on  W1, p(d£2). 

Proof  Denote  co  =  Rm  \  Q.  Let  co(l), ...  ,co(k)  be  all  components  of  to.  Then 
\ I  —  KfM^  +  SM(j^  is  a  Fredholm  operator  with  index  0  on  L2(dco(j)).  (See 
Theorem  5.10.4.)  Define  Tf  =  [^1  —  +  S ^WXcoQ))  on  3 co(j).  Clearly,  T 

is  a  Fredholm  operator  with  index  0  on  L2( 3 £2).  The  operator  \l  —  +  S™  —  T 
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is  an  integral  operator  with  continuous  kernel  and  therefore  a  compact  operator  on 
L2(3£2).  (See  Proposition  1.26.2.)  So,  \l  —  K'^  +  SM  is  a  Fredholm  operator  with 
index  0  on  L2(dQ)  by  Theorem  1.8.3.  Iff  E  L2(dQ)  and  I  —  K'M  +  SM]f  =  0, 
then  SMf  is  an  L2-solution  of  the  Robin  problem  Au  =  0  in  co,  du/dn  +  u  =  0  on 
3 co,  u(x)  — >  0  as  \x\  oo.  (See  Theorems  5.4.8,  5.4.7,  Propositions  5.2.2,  5.2.3, 
and  5.2.8.)  The  uniqueness  of  a  solution  of  the  Robin  problem  forces  SMf  =  0  on 
co.  (See  Proposition  5.10.1.)  According  to  the  continuity  of  a  single  layer  potential 
(Propositions  5.2.2  and  5.2.3),  we  have  SMf  =  0  on  3 co.  Lemma  5.9.3  gives  that 
/  =  0.  Since  the  operator  —  K'M  +  <S"  =  jl  +  K'n  +  SQ  is  a  Fredholm  operator 
with  index  0,  it  is  an  isomorphism  on  L2  (3  £2)  (see  Theorem  1.6.3).  Since  Kq  and  KrQ 
are  adjoint  operators  (see  Lemma  5.4.6),  Proposition  1.6.4  gives  that  \l  +  Kq  +  SQ 
is  an  isomorphism  on  L2  (3  £2). 

The  operator  ^ I  +  Kq  is  a  Fredholm  operator  with  index  0  in  W1,/?(3£2) 
and  in  Lp(dQ)  (see  Propositions  5.14.4,  5.14.6,  5.11.1  and  Theorem  1.8.3).  The 
operator  S n  is  compact  on  Wl,p(dQ)  and  on  Lp(dQ)  by  Corollary  5.4.10  and 
Proposition  5.2.2.  Theorem  1.8.3  gives  that  the  operator  ^1  +  Kq  +  SQ  is  a 
Fredholm  operator  with  index  0  in  Wl,p(dQ)  and  in  Lp(dQ).  We  have  proved  that 
this  operator  is  an  isomorphism  in  L2(dQ).  Lemma  1.8.4  gives  that  ^1  +  Kq  + 
is  an  isomorphism  on  W1,/?(3£2)  and  on  Lp(d£l). 

Proposition  5.14.8  Let  Q  C  R2  be  an  open  set  with  compact  Lipschitz  boundary, 
1  <  p  <  oo.  Suppose  that  p  =  2  or  dQ  is  of  class  Cl,a  with  0  <  a  <  1.  Denote 
Pf  =  <fyQf  dTL\.  Then  (^/  +  Kq)(I  —  P)  +  (/  —  P)  +  P  is  an  isomorphism  on 

Lp(dQ)  and  on  Wl,p(dQ). 

Proof  Denote  co  =  Rm\Q.  Let  co ( 1 ),...,  co{k)  be  all  components  of  co.  Then  — 
K'coij)  +  <5^  is  a  Fredholm  operator  with  index  0  on  L2(dco(j ))  by  Theorems  5.10.4 
and  1.8.3.  Define  Tf  =  [^I—K^  +SM^](fXa)(j))  on  3 co(j).  Clearly,  T  is  a  Fredholm 
operator  with  index  0  on  L2(3£2).  The  operator  jl  —  +  S®  —  T  is  a  compact 

operator  on  L2(dQ)  by  Proposition  1.26.2  and  Theorem  1.7.4.  So,  (/  —  P)[\l  — 
K'oj  +  SM]  +  P  is  a  Fredholm  operator  with  index  0  on  L2(dQ)  by  Theorem  1.8.3. 

Let  now /  E  L2( 3£2),  (7-P)[±/-^  +  <S"]/*  +  P/  =  O.ThenO  =  P{{l-P)[\l- 
K  +  +  pf)  =  pf  •  Lemma  5.9.6  gives  7>(±7  -  /Q/  =  0.  Denote  c  =  PSMf. 

According  to  Lemma  5.8.1,  Theorem  5.4.8,  Propositions  5.2.2,  5.2.3,  and  5.2.8, 


0  =  1  [57]  [(/  -  P) (1/  -  <)/  +  (/  -  p)5“/]  d«m-i 

3(w 

= f  [<5“/](b  -  + y  k/  -  p)57]2  d^m_i 

3  ft)  3ft) 

+C  j  (I  —  P)S°’f  =  I  \VS"Jf\2  dH„,  +  I  [(/  -  P)S0Jf}2  AUm-X 
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Thus  0  =  (/  —  P)SMf  =  SMf  —  c  on  d co.  Since  dFLm-\  =  Pf  =  0  we  have 
f  =  I  cf&Um-X  =  0. 

dco  dco 


Lemma  5.9.3  gives  that /  =  0.  Since  the  operator  (I  —  P)[\l  —  +  <SW]  +  P  = 

(I—P)[^I  +  K'q  +<S^]  +  P  is  a  Fredholm  operator  with  index  0,  it  is  an  isomorphism 
on  L2 (dQ)  (see  Theorem  1.6.3).  The  operator  +  P)  +P  is  the  adjoint 

operator  of  the  operator  (I  —  P)[^I  +  K'Q  +  SQ]  +P  (see  Lemmas  5.4.6  and  1.5.12). 
Proposition  1.6.4  gives  that  it  is  an  isomorphism  on  L2( 3 £2). 

The  operator  jl  +  Kq  is  a  Fredholm  operator  with  index  0  in  Wl,p( dQ)  and  in 
LP( dQ)  (Propositions  5.14.4,  5.14.6,  5.11.1  and  Theorem  1.8.3).  The  operator  SQ 
is  compact  on  Wl,p(dQ)  and  on  LP( dQ)  by  Corollary  5.4.10  and  Proposition  5.2.2. 
Theorem  1.8.3  gives  that  the  operator  [^/  +  Kq  +  SQ](I  —  P)  +  P  is  a  Fredholm 
operator  with  index  0  in  Wl,p(dQ)  and  in  LP( dQ).  We  have  proved  that  this  operator 
is  an  isomorphism  in  L2( dQ).  Lemma  1.8.4  gives  that  [\l  +  Kq  +  SQ](I  —  P)  +  P 
is  an  isomorphism  on  Wl,p(dQ)  and  on  LP( dQ). 

Theorem  5.14.9  Let  Q  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary,  m  > 
2,  1  <  p  <  oo.  Suppose  that  p  =  2  or  dQ  is  of  class  Cl,a  with  0  <  a  <  1.  For 
a  fixed  g  e  Wl,p(dQ),  put  f  =  (|/  +  Kq  +  <S^)-1g.  Then  u  =  VQf  +  Snf  is  a 
unique  LP -solution  of  the  Dirichlet  problem  A u  =  0  in  Q,  u  =  g  on  3£2  such  that 
M^(Vu)  e  LP  (dQ).  Moreover, 

||^(w)||lp(3£2)  +  \\M^(Vu)\\lp^q)  <  C||g||wi,P(a^)  (5.48) 

with  a  constant  C  dependent  only  on  Q,  p,  and  a. 

Proof  According  to  Proposition  5.14.7,  there  exists  continuous  (^/  +  Kq  +  SQ)~l 
on  W1,/?(3£2).  The  function  u  is  an  //-solution  of  the  problem  by  Proposition  5.2.2 
and  Theorem  5.3.5.  Moreover,  M^(Vw)  e  LP  (dQ)  by  Proposition  5.2.8  and  Theo¬ 
rem  5.5.2.  This  solution  is  unique  by  Propositions  5.14.1  and  5.14.2.  The  relation 
(5.48)  is  a  consequence  of  Proposition  5.2.2,  Theorem  5.3.5,  Proposition  5.2.8,  and 
Theorem  5.5.2. 

Theorem  5.14.10  Let  £2  C  R2  be  an  open  set  with  compact  Lipschitz  boundary, 
1  <  p  <  oo.  Suppose  that  p  =  2  or  dQ  is  of  class  Cl,a  with  0  <  a  <  1.  Define 
Pep  =  dL  <p  dHm-i,  T  =[\I  +  Kn+  SQ](I  -  P)  +  P.  Fix  g  e  Wlj,(dQ).  Then 
u  =  VQ(I  —  P)T~lg  +  SQ  (/  —  P)T~lg  +  PT~lg  is  a  unique  LP -solution  of  the 
Dirichlet  problem  A u  =  0  in  Q,  u  =  g  on  dQ  such  that  M^ifJu)  e  LP  (dQ). 
Moreover,  the  relation  (5.48)  holds  with  a  constant  C  dependent  only  on  Q,  p,  and  a. 

Proof  According  to  Proposition  5.14.8,  there  exists  a  continuous  T~l  on  Wl,p(dQ). 
The  function  u  is  an  //-solution  of  the  problem  by  Proposition  5.2.2  and  Theo¬ 
rem  5.3.5.  Moreover,  M^(Vw)  e  LP  (dQ)  by  Proposition  5.2.8  and  Theorem  5.5.2. 
This  solution  is  unique  by  Propositions  5.14.1  and  5.14.2.  The  relation  (5.48)  is 
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a  consequence  of  Propositions  5.2.2,  5.2.3,  Theorem  5.3.5,  Proposition  5.2.8,  and 
Theorem  5.5.2. 

Theorem  5.14.11  Let  Q  C  Rm  be  an  unbounded  open  set  with  compact  Lipschitz 
boundary,  m  >  2,  1  <  p  <  oo.  Suppose  that  p  =  2  or  3 £2  is  of  class  Cl,a  with 
0  <  a  <  1.  Put  T  =  ^1  +  Kq  +  SQ.  Fix  g  G  IT1,i?(3£2).  If  u  is  an  LP -solution 
of  the  Dirichlet  problem  A  u  =  0  in  £2,  u  =  g  on  3  £2,  then  there  exists  a  constant 
^oo  such  that  u(x)  ->  w^  as  \x\  oo.  On  the  other  hand,  if  Woo  £  Rl  is  given 
then  u  =  DQT~l  (g  —  Woo)  +  SQT~1  (g  —  Wqo)  +  w^  is  a  unique  Lp -solution  of  the 
Dirichlet  problem  A u  =  0  in  Q,  u  =  g  on  3£2  such  that  M^(Vw)  G  LP(dQ)  and 
u(x)  —>  Woo  as  \x\  —>  oo.  Moreover, 

ll^?(w)|| zp(a^)  +  ||M^(Vw)||LP(a^)  <  Cfllgllw^ca^)  +  |wqo|]  (5.49) 

with  a  constant  C  dependent  only  on  Q,  p,  and  a. 

Proof  If  w  is  an  //-solution  of  the  Dirichlet  problem  Aw  =  0  in  £2,  w  =  g  on  3 £2, 
then  w  is  bounded  at  infinity  by  Lemma  1.28.2,  and  therefore  there  exists  a  constant 
Woo  such  that  u(x)  —>  Woo  as  \x\  —>  oo  (see  Proposition  2.17.1). 

Let  now  Woo  be  given.  According  to  Proposition  5.14.7,  there  exists  continuous 
T~l  on  Wl,p(dQ).  The  function  w  =  VQT~l(g  —  Woo)  +  SQT~l(g  —  Woo)  +  u0 0 
is  an  Lp -solution  of  the  Dirichlet  problem  Aw  =  0  in  £2,  w  =  g  on  3 £2  such 
thatM^(Vw)  G  LP(dQ)  and  u(x)  ->  Woo  as  |x|  ->  oo  (see  Proposition  5.2.3, 
Theorem  5.3.5,  Proposition  5.2.8,  Theorem  5.5.2).  This  solution  is  unique  by  Propo¬ 
sitions  5.14.1  and  5.14.2.  The  relation  (5.49)  is  a  consequence  of  Proposition  5.2.3, 
Theorem  5.3.5,  Proposition  5.2.8,  and  Theorem  5.5.2. 

Proposition  5.14.12  Let  Q  C  Rm  be  a  domain  with  compact  Lipschitz  boundary, 
1  <  p  <  oo.  Suppose  that  p  =  2  or  3£2  is  of  class  Cl,a  with  0  <  a  <  1.  Let 
h  G  L°°(3£2),  h>  0.  Fixg  G  Wl,p(dQ).  Denote  by  ug  an  LP- solution  of  the  Dirichlet 
problem  A ug  =  0  in  Q,  ug  =  g  on  3£2  such  that  M^(Vug)  G  Lp(dQ).  If  Q  is 
unbounded  and  m  >  2,  suppose  moreover  that  ug(x)  —>  0  as  \x\  —>  oo.  Then  ug 
is  determined  uniquely,  and  there  exists  the  nontangential  limit  ofWug  at  almost 
all  points  of  the  boundary.  Define  the  Dirichlet-Robin  operator  DR \  by  DRhg  = 
n^1  •  V  ug  -p  hg.  Then  DRh  is  a  bounded  linear  operator  from  Wl,p(dQ)  to  Lp(dQ). 

•  If  fdQ  h  dPLm-i  >  0,  then  DRh  :  IT1,/?(3£2)  LP(dQ)  is  an  isomorphism. 

•  If  £2  is  unbounded  and  m  >  2,  then  DRq  :  fT1,p(3£2)  —>  LP(d£2)  is  an 
isomorphism. 

•  If  £2  is  bounded  or  m  =  2,  then  DRq  :  Wl,p(d£2)  — >  LP(d£2)  is  a  Fredholm 
operator  with  index  0,  D7?0(lT1,/?(3^))  =  {f  G  LP(d£2);  fdQf  =  0},  and  the 
kernel  of  DRq  is  formed  by  constant  functions. 

Proof  There  exists  unique  ug  by  Theorems  5.14.9,  5.14.10,  and  5.14.11.  According 
to  Theorem  5.6.1,  there  exists  the  nontangential  limit  of  Wug  at  almost  all  points 
of  the  boundary.  Using  the  integral  representation  of  ug  (Theorems  5.14.9,  5.14.10, 
and  5.14.11)  and  properties  of  a  single  layer  potential  and  a  double  layer  potential 
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(Proposition  5.2.8  and  Theorem  5.5.2),  we  infer  that  DRh  is  a  bounded  linear 
operator  from  Wl,p(d£2)  to  LP  (d£2). 

If  DRhg  =  0,  then  ug  is  an  //-solution  of  the  Robin  problem  A ug  =  0  in  Q, 
dug/dn  +  hug  =  0  on  dQ.  If  fdQ  h  dHm-\  >  0,  then  ug  =  0  by  Proposition  5.10.1 
and  Theorem  5.11.5,  and  therefore  g  =  0.  Let  now  h  =  0.  Then  ug  is  constant  (see 
Theorems  5.9.10, 5.9.11, 5.11.3,  and  5.11.4).  Hence  g  is  constant.  If  £2  is  unbounded 
and  m  >  2,  then  the  condition  ug(x )  — >  0  as  \x\  ->  oo  forces  ug  =  0.  Hence  g  =  0. 
On  the  other  hand,  if  £2  is  bounded  or  m  =  2,  and  g  is  constant,  then  ug  is  constant 
and  DR0g  =  0. 

Let  now  £2  be  unbounded  and  m  >  2.  If  /  e  Z/(9£2),  then  there  exists  <p  e 
LP  (dQ)  such  that  v  =  SQ(p  is  an  //-solution  of  the  Robin  problem  Av  =  0  in  Q, 
dv/dn  +  hv  =  f  on  dQ  such  that  v(x)  —>  0  as  \x\  —>  oo  (see  Theorems  5.9.11, 
5.11.4,  5.10.4,  and  5.11.5).  Denote  by  g  the  nontangential  limit  of  v.  Then  g  e 
Wl,p(dQ)  by  Lemma  5.4.9.  Clearly,  ug  =  v.  Thus  DRhg  =  /.  Theorem  1.6.3  gives 
that  DRh  :  W1,i?(9£2)  — >  Lp(dQ)  is  an  isomorphism. 

Suppose  now  that  fdQ  h  dl~Lm-\  >  0.  Let  Q  be  bounded  or  m  =  2.  Iff  e  Lp(dQ), 
then  there  exist  cp  e  Lp(dQ)  and  a  constant  c  such  that  v  =  SQ(p  +  c  is  an 
//-solution  of  the  Robin  problem  Av  =  0  in  £2,  dv/dn  +  hv  =  f  on  9£2  (see 
Theorems  5.10.4  and  5.11.5).  Denote  by  g  the  nontangential  limit  of  v.  Then 
g  e  fV1,i?(9£2)  by  Lemma  5.4.9.  Clearly,  ug  =  v.  Thus  DRhg  =  /.  Theorem  1.6.3 
gives  that  DRh  :  1T1,;?(9£2)  ->  Lp(d£2)  is  an  isomorphism. 

Let  now  £2  be  bounded  or  m  =  2.  If  g  e  Wl,p(d£2),f  =  DRog,  then  ug  is  an 
//-solution  of  the  Neumann  problem  A ug  =  0  in  Q,  dug/ dn  =  f  on  9 £2.  According 
to  Lemma  5.9.1,  we  have  fdQf  dHm-\  =  0.  Suppose  now  that  /  e  Lp(dQ), 
fdQf  dl-Lm-i  =  0.  According  to  Theorems  5.9.10,  5.9.11,  5.11.3,  and  5.11.4,  there 
exist  cp  e  Lp(d£2)  with  fdQ  cp  dPHm-\  =  0  such  that  v  =  SQ(p  is  an  L^-solution  of  the 
Neumann  problem  Av  =  Oin  £2,  dv/dn  =  f  on  9 £2.  Denote  by  g  the  nontangential 
limit  of  v.  Then  g  e  lT1’/?(9^)  by  Lemma  5.4.9.  Clearly,  ug  =  v.  Thus  DR0g  =  /. 


5.15  LP  -Solution  of  the  Dirichlet  Problem 

In  this  section,  we  study  //- solutions  of  the  Dirichlet  problem  on  an  open  set  £2  with 
compact  Lipschitz  boundary.  If  p  2,  we  suppose  that  9^2  is  Ljapunov.  We  prove 
the  existence  of  a  solution  and  discuss  the  uniqueness. 

Proposition  5.15.1  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary, 
m  >  2,  1  <  p  <  oo.  Suppose  thatp  =  2  or  dQ  is  of  class  Cl,a  with  0  <  a  <  1.  Ifu 
is  an  LP -solution  of  the  Dirichlet  problem  A  u  =  0  in  £2,  u  =  0  on  d£2,  then  u  =  0. 

Proof  Put  p'  =  p/ip  —  1).  Fix  x  e  £2.  Let  Q(j)  be  a  sequence  of  domains  from 
Lemma  1.17.13.  We  can  suppose  that  B(x;  r)  C  Q(j)  for  some  r  >  0.  Fix  b  >  a  >  0. 
According  to  Theorems  5.14.9  and  5.14.10,  there  exists  an  LP  -solution  vx  of  the 
problem  Avx  =  0  in  £2,  vx  =  hx  on  9£2,  such  that  Mb(\Vvx\)  e  Lp' (d£2).  Put 
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wx(y)  =  hm(y  —  x)  —  vx(y).  Theorem  on  three  potentials  (Theorem  2.2.4)  gives 


u  =  S +  V^u. 
3  n 


According  to  Corollary  2.2.2,  we  have 


Adding 


(5.50) 


Put  Q  =  Q  \  B(x;r).  Since  M^(u)  E  Lp(dQ)  and  Mf(\Wvx\)  E  Lp'(dQ), 
Holder’s  inequality  (Proposition  1.14.1)  gives  that  (u)M^(\Vwx\)  E  Ll(d£2). 
If  y  E  dQ,  then  A;(y)  e  T^(y),  A j(y)  —>  y  as 7  —>  00.  Thus  \  [u(dwx/ dn)](Aj(y))\  < 
M^{u)iy)Mf{\Vwx\)(y),  [u(dwx/ dn)\(Aj(y))  —>  0  as  j  —>  00  for  almost  all  y  E  dQ. 
Lebesgue  lemma  (Lemma  1.13.2)  gives 

f  3wjc  f  3wx(A,(y)) 

hrn  /  u—  dV-m-i  =  lim  /  m(A;(v)) - - - — <u,-(y)  dUm-\  =  0. 

j-*oo  J  dn  oo  J  dn 

dQ(j)  3£2 

Fixy  e  d£2  such  that  (u)  (y)  <  oo,M^(|Vwx|)(y)  <  oo,Oisthenontangential 
limit  of  u  at  y,  and  0  is  the  nontangential  limits  of  w*  at  y.  (Almost  all  y  E  d£2  satisfy 
this  condition.)  Fix  €  >  0.  Let  z  e  Tp(y).  Then  B(z’,  \y  —  z|/(l  +  b))  C  T^(y). 
Since  \u\  <  Mf(u)(y ),  Theorem  2.9.2  gives  |Vw(z)|  <  [M^(w)(y)]m(l  +  Z?)/|y  — 
z|.  There  exists  8  >  0  such  that  \u\  <  6  on  B(y;8 )  Pi  T^(y).  If  \y  —  z\  <  8/2, 
then  \u\  <  6  on  B(z\  \y  —  z\/(a  +  1))  and  Theorem  2.9.2  gives  |  Vw(z)|  <  1  + 

b)/\y  —  z\-  Now  there  exists  a  constant  c  independent  on  y  and  a  curve  C  in  T f  (y) 
connecting  y  and  z  such  that  the  length  of  C  is  at  most  c\y  —  z\.  Since  u(y)  =  0  and 
|Vw*|  <  M%(\Vwx\)(y)  on  C,  we  deduce  that  \wx(z)\  <  [M^(|Vw^|)(y)]c|y  -  z|. 
Thus  K(z)Vm(z)|  <]M^(|Vw^|)(»]c|y-z|[Mf  (m)(j)]ot(1  +*)/b-z|  =  cm(fc  + 
1 )  [Mf  ( |  V vvA  | ) (y) ]  [Mf  ( u) (y) ]  and  |h’a(A;(v))Vm(A;(v))  0|  as  j  oo.  Lebesgue 
lemma  (Lemma  1.13.2)  gives 

lim  f  wx^-  <XHm-\  =  lim  f  wx(Aj(y))^A^-coj(y)  d"Hm-i  =  0. 

7->oo  J  dn  j^o o  J  dn 

dQ(j)  dn 


Using  (5.50),  we  get  u(x)  =  0. 
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Theorem  5.15.2  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary,  m  > 
2,  1  <  p  <  oo.  Suppose  that  p  =  2  or  d£2  is  of  class  C1,01  with  0  <  a  <  1.  For  a 
fixed  g  e  LP(d£2),  putf  =  (\l  +  Kq  +  <S^)-1g.  Then  u  =  VQf  +  Snf  is  a  unique 
LP -solution  of  the  Dirichlet  problem  Au  =  0  in  £2,  u  =  g  on  d£2.  Moreover, 

\\Ma(u)\\u>(dsi)  <  C\\g\\u>(dn)  (5.51) 

with  a  constant  C  dependent  only  on  £2,  p,  and  a. 

Proof  According  to  Proposition  5.14.7,  there  exists  continuous  (^/  +  Kq  +  SQ)~l 
on  //( 3 £2).  The  function  u  is  an  //-solution  of  the  problem  by  Proposition  5.2.2  and 
Theorem  5.3.5.  This  solution  is  unique  by  Proposition  5.15.1.  The  relation  (5.51)  is 
a  consequence  of  Proposition  5.2.2  and  Theorem  5.3.5. 

Theorem  5.15.3  Let  £2  C  R2  be  an  open  set  with  compact  Lipschitz  boundary, 
1  <  p  <  oo.  Suppose  that  p  =  2  or  d£2  is  of  class  Cl,a  with  0  <  a  <  1.  Define 
P(P  =  fan  <P  T  =  [U  +  Kn  +  SQ](I  -P)  +  P.  Fix  g  e  LP(dQ).  Then 
u  =  VQ(I  —  P)T~lg  +  S®(I  —  P)T~lg  +  PT~lg  is  a  unique  LP -solution  of  the 
Dirichlet  problem  Au  =  0  in  £2,  u  =  g  on  d£2.  Moreover,  the  estimate  (5.51)  holds 
with  a  constant  C  dependent  only  on  £2,  p,  and  a. 

Proof  According  to  Proposition  5.14.8,  there  exists  continuous  T~l  on  Lp(d£2). 
The  function  u  is  an  //-solution  of  the  problem  by  Propositions  5.2.2,  5.2.3  and 
Theorem  5.3.5. 

Let  now  u  be  an  LP- solution  of  the  problem  and  g  =  0.  If  £2  is  bounded,  then 
u  =  0  by  Proposition  5.15.1.  Suppose  now  that  £2  is  unbounded.  Choose  r  >  0 
such  that  3 £2  C  5(0;  r)  and  put  co  =  £2  Pi  #(0;  r).  Define  g  =  0  on  3 £2  and  g  = 
u  on  35(0;  r).  Then  g  e  Wl'p(da)).  According  to  Theorem  5.14.10,  there  exists 
an  LP- solution  u  of  the  Dirichlet  problem  Au  =  0  in  to,  u  =  g  on  dco  such  that 
Ma(Vfi)  e  Lp (dco).  According  to  Proposition  5.15.1,  we  have  u  —  u  =  0  in  &>.  Since 
u  is  bounded  at  infinity,  Proposition  2.12.1  forces  that  S7u(x)  — >  0  as  \x\  oo. 
Therefore  Ma(Vu)  e  LP(d£2).  Theorem  5.14.10  gives  that  u  =  0. 

Equation  (5.51)  is  a  consequence  of  Propositions  5.2.2,  5.2.3  and  Theorem  5.3.5. 

Theorem  5.15.4  Let  £2  C  Rm  be  an  unbounded  open  set  with  compact  Lipschitz 
boundary,  m  >  2,  1  <  p  <  oo.  Suppose  that  p  =  2  or  dQ  is  of  class  Cl,a  with 
0  <  a  <  1.  Put  T  =  |/  +  Kq  +  SQ.  Fix  g  e  LP(dQ).  If  u  is  an  LP -solution  of 
the  Dirichlet  problem  Au  =  0  in  F2,  u  =  g  on  d£2,  then  there  exists  a  constant 
Uoq  such  that  u(x)  —>  u0 c  as  \x\  —>  oo.  On  the  other  hand,  if  Uoq  e  Rl  is  given, 
then  u  =  VQT~l(g  —  u^)  +  SQT~l(g  —  u^)  +  Wqo  is  a  unique  LP -solution  of  the 
Dirichlet  problem  Au  =  0  in  £2,  u  =  g  on  3 £2  such  that  u(x)  —>  u0 Q  as  \x\  — >  oo. 
Moreover, 


\\Ma(u)\\Lp(dn)  <  C[||g||^(an)  +  | Wqo |]  (5.52) 


with  a  constant  C  dependent  only  on  £2,  p,  and  a. 
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Proof  If  u  is  an  //-solution  of  the  Dirichlet  problem  A u  =  0  in  Q,  u  =  g  on  3 £2, 
then  u  is  bounded  at  infinity  by  Lemma  1.28.2,  and  therefore  there  exists  a  constant 
Uoq  such  that  u(x )  —>  Uoq  as  \x\  —>  oo  (see  Proposition  2.17.1). 

Let  now  u ^  be  given.  According  to  Proposition  5.14.7,  there  exists  continuous 
T~l  on//(3£2).  The  functions  =  VQT~l(g— Uoq) -\- SQ  T~l  (g — m^  +  Mqo  isan//- 
solution  of  the  Dirichlet  problem  A u  =  0  in  Q,  u  =  g  on  3£2  such  that  u(x)  ->  u0 0 
as  \x\  ->  oo  (see  Proposition  5.2.3  and  Theorem  5.3.5). 

Let  now  g  =  0  and  u  be  an  LP- -solution  of  the  problem  such  that  u(x )  0 

as  \x\  oo.  Choose  r  >  0  such  that  3£2  C  B( 0;  r)  and  put  co  =  £2  Pi  #(0;  r). 
Define  g  =  0  on  3 £2  and  g  =  u  on  3/?(0;  r).  Then  g  e  Wl,p(dco).  According  to 
Theorem  5.14.9,  there  exists  an  //-solution  u  of  the  Dirichlet  problem  Au  =  0  in 
co,  u  =  g  on  dco  such  that  Ma(Vu )  G  Lp(dco).  According  to  Proposition  5.15.1,  we 
have  u  —  u  =  0  in  co.  Since  u  is  bounded  at  infinity,  Proposition  2.12.1  forces  that 
Wu(x)  0  as  \x\  ->  oo.  Therefore  Ma(Vu)  G  Lp(d£l).  Theorem  5.14.11  gives  that 
u  =  0. 

The  relation  (5.52)  is  a  consequence  of  Proposition  5.2.3  and  Theorem  5.3.5. 

Proposition  5.15.5  Let  £2  C  Rm  be  a  bounded  domain  with  connected  Lipschitz 
boundary,  l  <  p  <  oo.  If  p  ^  2,  suppose  that  3  £2  is  of  class  Cl,a  with  0  <  a  <  1. 
Then  the  operator  f/  +  Kq  is  an  isomorphism  on  LP(d£2)  and  on  W1,p(3£2).  If 
g  G  LP(Q),  then 


u  =  VQ[(\/2)I  +  Kn]-lg 

is  a  unique  LP -solution  of  the  Dirichlet  problem  Au  =  0  in  £2,  u  =  g  on  3£2.  If 
g  G  Wl,p(dQ),  then  Ma(Wu)  G  U>{dG). 

Proof  Denote  co  =  Rm  \  Q.  The  operator  (1/2)/  —  K'M  =  (1/2)/  +  K'Q  is  an 
isomorphism  on  L2( 3 £2)  by  Theorem  5.9. 1 1 .  So,  the  operator  (1  / 2)1  +  Kq  is  an  iso¬ 
morphism  on  L2( 3 £2)  by  Proposition  1.6.4.  The  operator  (1  / 2 )I  +  Kq  is  a  Fredholm 
operator  with  index  0  on  LP(d£2)  and  on  W1,/?(3£2)  by  Propositions  5.14.4,  5.11.1, 
5.14.6,  5.9.9,  Theorems  1.8.3  and  1.8.2.  Since  (1/2)/  +  Kq  is  an  isomorphism  on 
L2( 3 £2),  Lemma  1.8.4  gives  that  f/  +  Kq  is  an  isomorphism  on  //( 3 £2)  and  on 
Wl,p(dQ).  If  g  G  LP(Q),  then  u  is  an  //-solution  of  the  Dirichlet  problem  Au  =  0 
in  Q,  u  =  g  on  3 £2  by  Theorem  5.3.5.  This  solution  is  unique  by  Theorems  5.15.2 
and  5.15.3.  If  g  e  Whp( 3£2),  then  [(1/2)/  +  KQ]~lg  e  Whp( dQ).  Theorem  5.5.2 
gives  Ma(yu)  G  LP(dQ). 


5.16  Harmonic  Measure  and  the  Normal  Derivative 
of  Green’s  Function 

In  this  section,  we  compare  //-solutions  of  the  Dirichlet  problem  and  PWB- 
solutions  of  the  Dirichlet  problem.  We  suppose  that  1  <  p  <  oo  and  Q  C  Rm 
is  a  bounded  open  set  with  Lipschitz  boundary.  If  p  ^  2,  we  suppose  that 
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3 £2  is  Ljapunov.  We  prove  that  every  LP- -solution  of  the  Dirichlet  problem  is 
also  a  PWB- solution  of  the  problem.  We  show  that  the  harmonic  measure 
and  the  surface  measure  on  3  £2  are  mutually  absolutely  continuous,  and  ptf  = 
(—3 Gq(x,  -)/dn)l-Lm- 1|3£2  where  Gq  is  Green’s  function  of  £2.  As  a  consequence, 
we  obtain  that  for  every  bounded  open  set  £2  with  Lipschitz  boundary  and  /  e 
L°°( 3 £2),  there  exists  a  unique  L°°-solution  of  the  Dirichlet  problem  with  the 
boundary  condition/  and  this  solution  is  bounded. 

Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary,  m  >  2.  If  g  e 
C°(3£2),  then  there  exists  a  unique  e  H(i 2)  PI  C°(£2)  such  that  H ^  =  g  on 
3£2  (see  Theorems  4.2.7,  4.5.7,  and  4.5.8).  If  x  e  £2,  then  there  exists  a  unique 
nonnegative  Radon  measure  ptf  on  3  £2  such  that 


(5.53) 


The  measure  pff  is  called  harmonic  measure  relative  to  £2  and  x.  If  z  e  £2, 
then  Lx(pff)  =  L!(/x^)  (see  Corollary  4.4.7).  The  functions  g  from  L1  (/x^)  are 
so-called  resolutive  functions  (Corollary  4.4.7),  and  given  by  (5.53)  is  the  so- 
called  PWB -solution  of  the  Dirichlet  problem  with  the  boundary  condition  g  (see 
Theorem  4.4.5). 

Proposition  5.16.1  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary, 
m  >  2,  1  <  p  <  oo,  p'  =  p/(p  —  1).  Suppose  that  p  =  2  or  3£2  is  of  class  C1,a  with 
0  <  a  <  1.  Let  G^(x,y)  =  hm{x  —  y)  —  gn(x  —  y)  be  Green's  function  of  i 2.  Fix 
x  G  £2.  Ifz  €  3£2,  then 


lim  G^(y,x)  =  lim  Gn(x,y)  =  0. 


(5.54) 


There  exists  a  nontangential  limit  of  VG^(x,  •)  =  VG^(-,x)  at  almost  all  z  E  3  £2 
and 


l|Afa(^n(-,A:))||fl>(3n)  +  ||Mfl(VgQ(-,x))||^(3Q)  <  Cdist(x,  3S2)1  m, 


where  a  constant  C  depends  only  on  £2,  p,  and  a. 

Proof  Gn(x,y)  =  Gn(y,x)  by  Proposition  3.9.12. 

Equation  (5.54)  is  a  consequence  of  Corollary  4.6.5. 

Define  g(y)  =  hm(x  —  y).  The  function  g  is  resolutive  by  Theorem  4.2.7.  Since 
£2  has  Lipschitz  boundary,  it  is  regular  by  Theorems  4.5.7  and  4.5.8.  Thus  e 
C°(£2).  So,  gn(-,x)  =  H ^  by  Lemma  3.9.9.  Easy  calculation  yields  g  e  W1,p( 3£2) 


and 


kll^(3£2)  <  Cl  dist(x,  3^)'  m, 
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where  C\  depends  only  on  £2  and  p.  Since  is  an  LP-  solution  of  the  Dirichlet 
problem  with  the  boundary  condition  g ,  is  a  regular  LP- solution  of  this  problem 

(see  Theorems  5.14.9  and  5.14.10).  Moreover  there  exists  a  constant  C2  depending 
only  on  £2  and  p  such  that 

l|Mfl(/^)||w  +  ||Afa(Vfl?) ||i,(i)n)  <  C2||«||^0O). 

Since  gQ  (•,  x)  =  ,  we  have 

\\Ma(g^(-,x))\\ip(3Q)  +  ||A/a(Vgfi(-,x))||^(a«)  <  C2C1  dist(x,  3£2)1_m. 


Theorem  5.16.2  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary ;  m  > 
2,  1  <p  <  00,  p'=p/(p  —  1).  Suppose  that  p  =  2  or  dQ  is  of  class  C1,cx  with 
0  <  a  <  1.  Let  G^(x,y)  =  hm(x  —  y)  —  ga(x  —  y)  be  Green's  function  ofQ.  Fix 
X  E  £2. 

•  Iff  E  1/(3  £2),  then  the  unique  LP  -solution  of  the  Dirichlet  problem  A  u  =  0  in 
£2,  u  =  f  on  3  £2  can  be  expressed  as 

u(x)  =  -  J  9G^(^y)/(y)  d^m-iCv),  X  e  (5.55) 

aft 

•  Iff  e  LP  (3  £2),  thenf  is  resolutive  and  Hp  is  a  unique  LP -solution  of  the  Dirichlet 
problem  A u  =  0  in  Q,  u  =  f  on  dQ. 

•  The  harmonic  measure  and  the  surface  measure  FLm-\\dQ  are  mutually 
absolutely  continuous, 

Ip  =  1 90),  (5.56) 


and  (—8Gq(x,  -)/3 n)  e  Lp'(dQ)). 

•  3  Gq  (v,  y)  /  dn(y )  A  /zmte  negative  for  almost  all  y  E  3£2, 

f  dGQ(x,y)  Aaj  /  /c 

J  dn(y)  ^~^m~  iCv)  —  1-  (5.57) 

aft 

Proof  Suppose  first  that  /  E  Wl,p( 3  £2).  Then  Ma(S7u )  E  1/(3  £2)  by  Theo¬ 
rems  5.14.9,  5.14.10  and  Proposition  5.15.1.  Let  £2(&)  be  a  sequence  of  domains 
from  Lemma  1.17.13.  Since  u,gn(-,x)  E  H(Q)  fl  Cl(Q(k)),  we  have  by  second 
Green  formula  (Theorem  2.2.1) 
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If  x  e  £2(k),  then  Theorem  on  three  potentials  (Theorem  2.2.4)  gives 


u(x)  =  SQ(k)^-(x)  +  V^k)u(x). 
on 


Adding,  we  get 


f  du  C  9G^(-,x) 

u(x)  =  J  Gn(-,x)—  d Um  -  J  U - g-— - 


dn(k) 


dn(k) 


We  have  Ma(gQ(-,x)),Ma(Vgn(-,x)  G  z/(9£2),  where  p'  =  p/(p  —  1)  (see  Propo¬ 
sition  5.16.1).  The  limit  of  G^  (*,x)  =  G^(x,  •)  is  zero  on  9 £2  by  Proposition  5.16.1. 
Letting  k  — >  oo,  we  get  (5.55)  by  virtue  of  Lebesgue  lemma  (Lemma  1.13.2). 

Let  now /  be  general.  Choose /^  g  W1,p(9£2)  such  that  fk  — >  /  in  LP(dQ).  Then 
there  exists  a  unique  //-solution  Uk  of  the  Dirichlet  problem  A Uk  =  0  in  £2,  Uk  =  fk 
on  9 C2 ,  and  it  holds  Uk(x)  —>  u{x).  (See  Theorems  5.15.2  and  5.15.3.)  By  virtue  of 
Theorem  1.14.3, 


,  ^  r  f  9G^(v,y) 

(x)  =  lim  / -  fkiy)  dHm-i 

k  ^oo  J  on(y) 


w 


Let  now  /  G  C°(9£2).  The  function  /  is  resolutive  by  Theorem  4.2.7.  Since 
£2  has  Lipschitz  boundary,  it  is  regular  by  Theorems  4.5.7  and  4.5.8.  Thus  u  = 
Hp  g  C°(£2).  We  have  proved  (5.55).  This  gives  (5.56).  The  measure  p^  is 
nonnegative  with  /z^(9£2)  =  1  by  Theorem  4.4.1.  Thus  —dG^(x,y)/dn(y)  is  finite 
and  nonnegative  for  almost  all  y  G  9£2  and  (5.57)  holds.  Moreover,  pf  is  absolutely 
continuous  with  respect  to  the  surface  measure  %m-\  |9£2).  Proposition  5.16.1  gives 
that  dGQ  (jc,  -)/dn  elf'  (9£2). 

If  /  G  LP(dQ),  then /[9G^ (x, -)9n]  G  Lx(9^2)  by  Holder’s  inequality  (Proposi¬ 
tion  1.14.1).  Since/  G  Ll(p^),  Corollary  4.4.7  gives  that /  is  resolutive.  According 
to  Theorems  5.15.2  and  5.15.3,  there  exists  a  unique  LP- solution  u  of  the  Dirichlet 
problem  A u  =  0  in  £2,  u  =  f  on  9 £2.  We  have  proved  that  u  is  given  by  (5.55). 
Theorem  4.4.5  gives  that  =  u. 

We  now  show  that  the  surface  measure  %m-\  |9£2)  is  absolutely  continuous  with 
respect  to  the  harmonic  measure  pf .  Let  now  B  be  a  Borel  subset  of  9  £2  such  that 
p^  (B)  =  0.  We  have  proved  that  /b  is  resolutive,  and  u(y)  =  f  /gd/z^  is  an  L2- 
solution  of  the  Dirichlet  problem  A u  =  0  in  £2,  u  =  /b  on  9  £2.  Since  pf(B)  =  0, 
we  have  Py(B)  =  0  for  all  y  G  9£2  by  Theorem  4.4.10.  Thus  u(y )  =  p^(B)  =  0. 
Since  u  =  0  converges  non-tangentially  to  Xb(z)  for  almost  all  z  G  9 £2,  we  deduce 
that  T-Lm-\{B)  =  0. 

Since  p ^  and  l~Lm-\  are  mutually  absolutely  continuous,  we  infer  that 
8Gq (x,  y) / dn(y )  is  negative  at  almost  all  y  G  9  £2. 


5.17  //-Solution  of  the  Dirichlet  Problem  on  a  Lipschitz  Domain 


323 


Corollary  5.16.3  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  m  > 
2,  1  <  p  <  oo.  Suppose  that  p  =  2  or  9£2  is  of  class  Cl,a  with  0  <  a  <  1.  Let 
g  G  L°°(9£2)  and  u  be  an  LP -solution  of  the  Dirichlet  problem  A  u  =  0  in  £2,  u  =  g 
on  9£2.  If  £2  is  unbounded  and  m  >  2,  suppose  that  u(x)  —>  0  as  \x\  —>  oo.  Then 


Slip  |i/(x)|  <  ||g||Loo(8£2). 


(5.58) 


Proof  Suppose  first  that  £2  is  bounded.  Theorem  5.16.2  gives  that  u  is  a  PWB- 
solution  of  the  problem.  If  x  e  co,  then 


by  Corollary  4.4.6.  Since  is  absolutely  continuous  with  respect  to  the  surface 
measure  on  9£2  by  Theorem  5.16.2,  and  /z^(9£2)  =  1  by  Theorem  4.4.1,  we  obtain 


(5.58). 


Let  now  £2  be  unbounded.  We  can  suppose  that  £2  is  connected.  Suppose  that 
M  :=  sup{|w(v)|;v  G  £2}  >  ||g||io°(an)-  Fix  r  >  0  such  that  9£2  C  B(0;  r)  and 
denote  K  =  sup{|w(x)  :  \x\  =  r}.  If  K  =  M,  then  there  exists  x  G  95(0;  r)  such 
that  \u(x)\  =  M.  Theorem  2.4.2  gives  that  u  is  constant.  Thus  \u\  =  IlgHz,00^)-  Let 
now  K  <  M.  Define  g  =  u  in  Q  and  to  =  ^2  PI  5(0;  r).  Since  u  is  an  Lp- solution  of 
A  u  =  Oinu;,  u  =  g  on  dco ,  we  infer  that  \u\  <  ma  x(K,  ||g||Lo°(9^))  <  Min  ox  Since 
Ma(u)  G  Z/(9£2),  u  is  bounded  in  a  neighborhood  of  infinity.  Thus  u  is  bounded  in 
£2  \  co.  Corollary  2.4.3  and  Proposition  2.4.7  give  that  \u\  <  K  <  M  in  £2  \  co.  Thus 
M  =  sup{|i/(v)|;  v  e  £2}  <  M,  what  is  a  contradiction. 


5.17  LP  -Solution  of  the  Dirichlet  Problem 
on  a  Lipschitz  Domain 

In  this  section,  we  show  that  for  a  bounded  open  set  Q  C  Rm  with  Lipschitz 
boundary  and  /  G  Lp(d£2)  with  2  <  p  <  oo,  there  exists  a  unique  //-solution 
of  the  Dirichlet  problem  with  the  boundary  condition/. 

Theorem  5.17.1  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  2  < 
p  <  oo.  Suppose  that  £2  is  bounded  or  m  =  2.  If  g  G  Lp(di 2),  then  there  exists  a 
unique  LP -solution  u  of  the  Dirichlet  problem  A  u  =  0  in  £2,  u  =  g  on  9£2.  Moreover, 


WaiujWrj’tdQ)  <  C\\g\\if(dQ) 


where  a  constant  C  does  not  depend  on  g. 
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Proof  For  g  e  L2(3£2),  there  exists  a  unique  L2-solution  Tg  of  the  Dirichlet  problem 
Au  =  0  in  £2,  u  =  g  on  3£2.  Moreover, 

\\Ma(Tg)\\L2(d^  <  C'i ||<^||z.2(a^) 

where  a  constant  C\  does  not  depend  on  g.  (See  Theorems  5.15.2  and  5.15.3.)  Since 
\Ma(Tg)-Ma(Tf)\  <Ma(Tg-Tf)  =Ma(T(f-g)), 

one  has 


\\Ma(Tg)-Ma(Tf)\\L2{dQ)  <  Ci\\g-f \\L2idQy 
If  g  e  L°°( 3  £2),  then 


||^(7^)||loo(9^)  <  ||g||z°o(an) 


by  Corollary  5.16.3. 

Let  now  2  <  p  <  oo.  For  0  =  1  —  2/p,  we  have 

Lp{  dQ)  =  (L2(dQ),L°°(dQ))o,p 
by  Proposition  1.14.5.  According  to  Lemma  1.10.6, 

Lp( dQ)  =  (L°°(dQ),  L2(d £2)) i-0'P. 

By  virtue  of  Proposition  1.10.5  for  Eo  =  Fo  =  L°°( 3£2),  E\  =  F\  =  L2( 3£2),  and 
Ag  =  Ma(Tg ),  we  obtain 


where  a  constant  C  does  not  depend  on  g. 

Theorem  5.17.2  Let  £2  C  Rm  be  an  unbounded  open  set  with  compact  Lipschitz 
boundary,  m  >  2,  2  <  p  <  oo.  Fix  g  e  Lp(dQ).  If  u  is  an  LP -solution  of  the 
Dirichlet  problem  Au  =  0  in  £2,  u  =  g  on  3  £2,  then  there  exists  a  constant  u0 0  such 
that  u{x)  —>  u0 o  as  \x\  —>  oo.  On  the  other  hand,  if  u0 Q  e  Rl  is  given,  then  there 
exists  a  unique  Lp -solution  of  the  Dirichlet  problem  Au  =  0  in  £2,  u  =  g  on  3£2 
such  that  u(x)  —>  u0 0  as  \x\  —>  oo.  Moreover, 

\\Ma(u)\\u>(»si)  <  C[||g||^(3£2)  +  I  Woo  l] 
with  a  constant  C  dependent  only  on  £2,  p,  and  a. 


5.17  //-Solution  of  the  Dirichlet  Problem  on  a  Lipschitz  Domain 
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Proof  Let  u  be  an  If-  solution  of  the  Dirichlet  problem  A  u  =  0  in  Q,  u  =  g  on  9  £2. 
Then  u  is  an  L2-solution  of  the  problem.  According  to  Theorem  5.15.4,  there  exists 
a  constant  Uoq  such  that  u{x)  ->  Uoq  as  \x\  — >  oo.  Moreover,  if  g  =  0,  Uoq  =  0,  then 
u  =  0. 

For  g  e  L2(dQ),  there  exists  a  unique  L2-solution  Tg  of  the  Dirichlet  problem 
A u  =  0  in  Q,  u  =  g  on  3£2,  u(x )  0  as  \x\  ->  oo.  Moreover, 

\\Ma(Tg)\\L2m)  <  Ci||g||L2(a^) 

where  a  constant  Ci  does  not  depend  on  g.  (See  Theorem  5.15.4.)  Since 
\Ma(Tg)  -  Ma{Tf) I  <  Mfl(7g  -  37)  =  -  g)), 


one  has 


\\Ma(Tg)  -Ma(1f)\\L2(8Q)  <  Cx\\g-f\\L2{m). 
If  g  e  L°°(9£2),  then 


\\Ma(Tg)\\Loo^  <  ||g||z°°(an) 


by  Corollary  5.16.3. 

Let  now  2  <  p  <  oo.  For  0  =  1  —  2//?,  we  have 

z/(9£2)  =  (L2(a^),L°°(a^))„>p 
by  Proposition  1.14.5.  According  to  Lemma  1.10.6, 

Lp(3^)  =  (L°°(a^),L2(aQ))1_()jP. 

By  virtue  of  Proposition  1.10.5  for  Eq  =  Fq  =  L°°{dQ),  E\  =  F\  =  L2(9£2)  and 
Ag  =  Ma(Tg ),  we  obtain 


||^(7g)||^(a^)  <  C2||g||^(an) 

where  a  constant  C2  does  not  depend  on  g. 

Let  now  g  e  Lp(dQ)  and  G  3?1  be  given.  Then  w  =  T(g  —  Uoq)  +  is 
a  unique  Lp  solution  of  the  problem  A u  =  0  in  £2,  w  =  g  on  9£2,  w(v)  ->  w^as 
|v|  ->  00.  Moreover, 


IIM.(«)llfl’(aa)  <  Czllgllfl-oo)  +  |Moo|(l  +  C2'Hm-l(dQ,)1/p). 
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5.18  Dirichlet  Problem  and  a  Single  Layer  Potential 

In  this  section,  we  show  that  under  certain  conditions  SQ  :  W_1,i?(3£2)  —>  //(3£2), 
SQ  :  //( d£2)  W1,p( d£2)  are  isomorphisms.  As  a  consequence,  we  express  an  LP- 
solution  of  the  Dirichlet  problem  in  the  form  of  a  single  layer  potential  with  density 
from  W~l,‘ p(d£2). 

Proposition  5.18.1  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
m  >  2,  1  <  p  <  oo.  If  p  ^  2,  suppose  moreover  that  3£2  is  of  class  Cl,a  with 
0  <  a  <  1.  Define  Pf  =  (f,  T  =  Sn(I-P)+P. 

•  If  m  >  2  or  8Q  C  5(0;  1),  then  SQ  :  //(3ft)  ->  W^(3ft)  and  SQ  : 

W_1,p(3ft)  //(3  ft)  are  isomorphisms. 

•  If  m  =  2,  then  T  :  //(3ft)  -*  W^(3ft)  and  T  :  W~hp(dQ)  ->  //(3ft)  are 
isomorphisms. 

Proof  Without  loss  of  generality,  we  can  suppose  that  ft  is  bounded.  SQ  : 
//( 3ft)  ->  Wl,p(d£2),  SQ  :  W~l'p(dQ)  ->  //(3ft)  are  bounded  operators  by 
Lemma  5.4.9  and  Corollary  5.4.11. 

Let  <p  e  //(3ft).  If  m  >  2,  define  u v  =  SQ(p.  If  m  =  2,  define  u ^  —  SQ(I  — 
P)(p  +  Pep.  Put  co  =  Rm\  £2.  Suppose  that  u ^  =  0  on  3ft.  Then  u ^  is  an  //-solution 
of  the  Dirichlet  problem  A u  =  0  in  Q,  u  =  0  on  3 £2,  and  the  Dirichlet  problem 
Au  =  0  in  co,  u  =  0  on  3 co.  (See  Propositions  5.2.2  and  5.2.3.)  If  m  >  2,  then 
U(p{x)  0  as  \x\  ->  cx).  Proposition  5.15.1,  Theorems  5.15.3  and  5.15.4  give  that 
U(p  =  0.  According  to  Theorem  5.4.8, 

0  =  [duy/dn^  -  [duy/dn]-  =  (<p/2-K'a(p)  -  {-<p / 2  -  K'a<p)  =  <p. 

Fix  g  e  W1,p(3£2).  According  to  Theorems  5.14.9  and  5.14.10,  there  exists  an 
Lp- solution  u  of  the  Dirichlet  problem  A u  =  0  in  ft,  w  =  g  on  3ft  such  that 
Ma (V u)  e  //(ft).  According  to  Theorem  5.6.1,  there  exists  the  nontangential  limit 
of  Vu  at  almost  all  points  of  3ft.  Denote  by  /  the  nontangential  limit  [nQ  -Vu  +  u]q. 
Then  u  is  an  //-solution  of  the  Robin  problem  A u  =  0  in  £2,  du/dn  +  u  =  f 
on  3ft.  Theorems  5.10.4  and  5.11.5  show  that  there  exists  cp  e  //(3  ft)  such  that 
u  =  Uy.  If  m  >  2  then  SQ  is  an  injective  operator  from  //(3  ft)  onto  W1,p(3ft);  if 
m  =  2,  then  T  is  an  injective  operator  from  //(3ft)  onto  W1,i?(3ft).  These  operators 
are  isomorphisms  by  Theorem  1.6.3.  The  operator  SQ  :  W_1,i?(3ft)  //(3ft)  is 

the  adjoint  operator  of  SQ  :  LP\ 3ft)  ->  W1,;?/(3ft)  by  Corollary  5.4.11.  If  m  >  2 
then  SQ  :  W~l,p( 3ft)  //(3ft)  is  an  isomorphism  by  Proposition  1.6.4.  Let  now 
m  =  2.  Then  T  =  (/  —  P)SQ  +  P  is  an  isomorphism  form  W~l,p(dQ)  to  //(3ft) 
by  Proposition  1.6.4.  The  operator  T  —  T  is  an  operator  of  finite  rank  and  therefore 
compact.  So,  T  :  W~l,p( 3  ft)  //( 3  ft)  is  a  Fredholm  operator  with  index  0  by 
Theorem  1.8.3.  Since  T  :  //( 3ft)  Wl,p(d£2)  is  an  isomorphism,  Lemma  1.8.4 
gives  that  T  :  W~l,p( 3  ft)  //(3ft)  is  an  isomorphism. 

Let  now  m  =  2  and  £2  C  5(0;  1).  Since  SQ  —  T  is  an  operator  of  finite  rank 
and  therefore  compact,  Theorem  1.8.3  gives  that  :  //( 3ft)  W1,;?(3ft), 
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SQ  :  ->  LP( 9  £2)  are  Fredholm  operators  with  index  0.  Let  now 

<p  G  W~l,p( 9£2),  SQ(p  =  0  on  9£2.  Then  (p  G  L2(9£2)  by  Lemma  1.8.4.  Since 
S^\(p\  G  L2(9£2)  by  Proposition  5.2.2,  the  Holder  inequality  gives  that  the  measure 
/x  =  (p'Hm-i\dQ  has  finite  energy  (see  Proposition  1.14.1).  Since 


Proposition  3.41.5  and  Theorem  3.39.3  give  that  (p  =  0.  Since  SQ  :  LP(dQ)  -> 
IT1,P(9£2),  SQ  :  IT_1,/?(9£2)  — >  Z/(9£2)  are  one-to-one  Fredholm  operators  with 
index  0,  they  are  onto.  They  are  isomorphisms  by  Theorem  1.6.3. 

Proposition  5.18.2  Let  £2  c  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
m  >  2,  1  <  p  <  oo.  If  p  ^  2,  suppose  moreover  that  9£2  is  of  class  C1,a  with 
0<a  <  1 .  Fix  g  e  Lp(dQ). 

•  Let  £2  be  bounded.  If  m  =  2,  suppose  moreover  that  £2  C  #(0;  1).  Then  there 
exists  a  unique  f  G  W~l,p(dQ)  such  that  u  =  SQf  is  a  unique  Lp -solution  of 
the  Dirichlet  problem  A u  =  0  in  Q,  u  =  g  on  9£2.  If  g  G  Wl,p(dQ),  then 
f  e  Lp(dQ). 

•  Let  £2  be  unbounded,  m  >  2.  Then  there  exists  a  unique  f  G  W~l,p(dQ)  such  that 
u  =  SQf  is  a  unique  LP -solution  of  the  Dirichlet  problem  A  u  =  0  in  £2,  u  =  g 
on  dQ,  u(x)  ->  0  as  |x|  ->  oc.  If  g  G  W^(9£2),  thenf  G  Lp(di 2). 

Proof  Choose  gk  G  fF1,i?(9£2)  such  that  gk  —>  g  in  LP(dQ).  According  to 
Proposition  5.18.1,  there  exist  unique/  G  W~l ,p(d£2)  and  fk  G  Lp(di 2)  such  that 
SQf  =  g ,  SQfk  =  gk  on  9£2.  Moreover, — >  /  in  W~1,p(d£ 2).  Then  Uk  =  SQfk 
is  an  //-solution  of  the  Dirichlet  problem  A  Uk  =  0  in  £2,  Uk  =  gk  on  9£2  by 
Propositions  5.2.2  and  5.2.3.  If  £2  is  unbounded,  then  Uk(x)  —>  0  as  \x\  —>  oo 
by  Proposition  3.1.6.  If  ^2  is  bounded,  then  there  exists  a  unique  //-solution  u  of  the 
Dirichlet  problem  A u  =  0  in  £2,  u  =  g  on  9£2  (see  Theorems  5.15.2  and  5.15.3). 
If  £2  is  unbounded,  then  there  exists  a  unique  Lp- solution  u  of  the  Dirichlet  problem 
Au  =  0  in  £2,  u  =  g  on  9£2,  u(x)  — >  0  as  \x\  —>  oo  (see  Theorem  5.15.4).  Integral 
representations  of  these  solutions  give  that  Uk  u.  Since  Uk  =  SQfk  Sf ,  we 

infer  that  u  =  Snf. 

Proposition  5.18.3  Let  £2  c  R2  be  an  open  set  with  compact  Lipschitz  boundary, 
1  <  p  <  oo.  If  p  ^  2,  suppose  moreover  that  9  £2  is  of  class  C1,01  with  0  <  a  <  1. 
Define  Pf  =  if,  l)/TLm-i(dQ),  T  =  SQ(I-P)+P.  ThenT  :  Z/(9f 2)  -*  W^(9£2) 
and  T  :  W~x,p(di 2)  ->  Lp(di 2)  are  isomorphisms.  Fix  g  G  Lp(di 2).  Putf  =  T~xg, 
u  =  SQ(I  -  P)f  +  Pf.  Then  u  is  a  unique  LP -solution  of  the  Dirichlet  problem 
Au  =  0  in  £2,  u  =  g  on  9£2. 

Proof  T  :  Z/(9£ 2)  ->  Wl'p(dt 2)  and  T  :  W~l,p{di 2)  ->  LP(dQ)  are  isomorphisms 
by  Proposition  5.18.1. 
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Choose  gk  G  IT1,/7(3£2)  such  that  gk  g  in  LP(dQ).  Put  fk  =  T~lg k.  Then 
fk  G  Lp(dQ)  and  =  5n(/  —  P)/^  +  P/&  is  an  //-solution  of  the  Dirichlet  problem 
A Uk  =  0  in  Q,  Uk  =  gk  on  d£2  by  Propositions  5.2.2  and  5.2.3.  According  to 
Theorem  5.15.3,  there  exists  a  unique  LP- -solution  u  of  the  Dirichlet  problem  Au  =  0 
in  Q,  u  =  g  on  dQ.  Integral  representations  of  these  solutions  give  that  Uk  u. 
Since  uk  =  SQ(I-P)fk  +Pfk  ->  S(I-P)f +  Pf,  we  infer  that  u  =  SQ  (I  -  P)f  +  Pf . 

Corollary  5.18.4  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  1  < 
p  <  oo.  If  p  7^  2,  suppose  moreover  that  3£2  is  of  class  Cl,a  with  0  <  a  <  1.  If 
f  G  IV_1,/?(3£2),  then  SQf(x)  is  the  nontangential  limit  ofSQf  at  almost  all  x  G  3£2. 
If  £2  is  bounded  or  m  >  2,  put  Xp  =  IV_1,/7(3£2).  If  £2  C  R2  is  unbounded,  put 
Xp  =  {f  e  1V-1,P(3£2);  If,  1)  =  0}.  Then  there  exists  a  constant  C  such  that 

lK(«5°/)lbon)  <  C||/||^i,on)  V/  e  Xp. 

Proof  Suppose  that  m  >  2  or  If,  1)  =0.  Define  u  =  SQf  in  £2,  g  =  SQf  on  3£2. 
Then  g  G  LP(d£2)  and 


llgll^can)  5  Ci\\f\\w-ij>(dn), 

where  C\  does  not  depend  on/  (see  Proposition  5.18.1).  Propositions  5. 18.1, 5.18.2, 
and  5.18.3  give  that  u  is  an  LP- -solution  of  the  Dirichlet  problem  A u  =  0  in  Q, 
u  =  g  on  3£2.  If  m  >  2  and  £2  is  unbounded,  then  u(x)  —>  0  as  \x\  ->  oo. 
Therefore  SQf(x)  is  the  nontangential  limit  of  Snf  at  almost  all  x  G  dQ.  According 
to  Theorems  5.15.2,  5.15.3,  and  5.15.4,  there  exists  a  constant  C2  independent  off 
such  that 


\\M%u\\u>(Bn)  <  C2||g||LP(a^). 


Hence 


ll«?(5a/)lboo)  <  CiCiWfWw-^m- 

Let  now  £2  C  R2  be  bounded.  According  to  Lemma  5.11.7,  there  exist  g  G 
LP(dQ)  C  IV_1’P(3£2)  and  a  constant  c  such  that  fdQ  g  dTLm-i  =  1  and  =  c 
on  Q.  Put  fi  =  f  -  If ,  1  )g.  Then  fx  G  W~hp(dQ)  and  (ful)  =  0.  Since/  = 
/1  +  {f ,  1  )g,  <SQf(x)  is  the  nontangential  limit  of  SQf  at  almost  all  v  G  3£2.  (See 
Proposition  5.2.2.)  There  exists  a  constant  C3  independent  off  such  that  |  (/,  1)  |  < 
C\\f\\w~l’P(dn)-  Thus 


<  \\M% (SQfi)\\ij>(dn)  +  11  if,  l)A^(Sng)l|i*(an) 

<  CiC2(l  +  C3 II^H w-i^(afi)) Wf\\w~l’P(dQ)  +  C3c'Hm-i(dQ)1/p \\f\\w-\,p(Sny 
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5.19  Bounded  Harmonic  Functions  and  Nontangential 
Limits 

Proposition  5.19.1  Let  £2  C  Rm  be  an  open  set  with  compact  Lips chitz  boundary.  If 
u  G  H (£2)  is  bounded,  then  there  exists  a  nontangential  limit  g(x)  of  u  at  almost  all 
points  x  of  3£2.  IfQ  is  bounded,  then  u  is  a  PWB-solution  of  the  Dirichlet  problem 
A u  =  0  in  £2,  u  =  g  on  3£2. 

Proof  Suppose  first  that  £2  is  starshaped.  We  can  suppose  that  £2  is  starshaped 
with  respect  to  0  and  £2  C  #(0;  1).  For  r  G  (0, 1),  define  ur(x)  =  u(rx).  Then 
ur  is  a  classical  solution  of  the  Dirichlet  problem  for  the  Laplace  equation  with  the 
boundary  condition  ur.  The  operator  SQ  :  W_1,2(3£2)  L2( 3£2)  is  an  isomorphism 

by  Proposition  5.18.1.  Put/r  =  [SQ]~lur.  Then  ur  =  SQfr  by  Proposition  5.18.2. 
Since  {ur}  is  a  bounded  subset  of  L2( 3  £2),  the  set  {fr}  is  also  bounded  in  W~ 1,2  (3  £2). 
According  to  Theorem  1.5.9,  there  exists  a  sequence  r(j)  t  1  and /  G  W_1,2(3£2) 
such  that  frQ)  ->/  weakly  in  W_1,2(3£2).  If  v  G  £2,  then 

u(x)  =  lim  ur(j)(x )  =  lim  SQf-(j) (x)  =  SQf(x). 
j-><> o  j->o o 

Corollary  5. 18.4  gives  that  there  exists  a  nontangential  limit  of  u  at  almost  all  points 
of  3£2. 

Let  now  £2  be  general.  Choose  r  >  0  such  that  3  £2  C  B(0;r).  Put  go  =  £2  n 
/?(0;  r).  According  to  Lemma  1.17.17,  there  exist  starshaped  domains  £2i, . . . ,  £2^ 
with  Lipschitz  boundary  such  that  go  =  £2 1 U  •  •  •  U  £2^.  Since  there  exist  nontangential 
limits  of  u  with  respect  to  £2 j  at  almost  all  points  of  3  £2 f  there  exists  a  nontangential 
limit  of  u  with  respect  to  £2  at  almost  all  points  of  3  £2. 

If  £2  is  bounded,  then  u  is  an  //-solution  of  the  Dirichlet  problem  Au  =  0  in  £2, 
u  =  g  on  3£2.  Theorem  5.16.2  gives  that  u  is  a  PWB-solution  of  this  problem. 


5.20  Very  Weak  LP  -Solution  of  the  Neumann  Problem 
and  the  Robin  Problem 

In  this  section,  we  define  and  study  a  very  weak  Lp -solution  of  the  Neumann 
problem  and  the  Robin  problem  for  the  Laplace  equation.  For  a  boundary  condition 
from  W~l,p( 3 £2),  we  prove  similar  results  like  for  a  boundary  condition  from 
Lp( 3  £2)  and  //-solutions  of  the  problems. 

Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  1  <  p  <  oo, 
h  G  L°°( 3 £2).  If  F  is  a  distribution  supported  on  3 £2,  we  say  that  u  is  a  very  weak 
LP -solution  of  the  Robin  problem 


Au  =  0  in  £2 , 


- — b  hu  =  F  on  3£2, 
on 


(5.59) 
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if  u  G  H(£2),  Mq(u)  g  LP( d£2),  there  exists  a  nontangential  limit  u(x)  of  u  at  almost 
all x  G  3£2,  and 

J  u(-Acp)  d nm  +  J  hfj  dHm-i  =  (F,  <p)  W<p  e  C?(Rm).  (5.60) 


If  h  =  0  we  call  it  a  very  weak  LP -solution  of  the  Neumann  problem. 

Lemma  5.20.1  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  1  < 
p  <  oo,  h  G  L°°(3£2),  /  g  Lp(d£2).  Put  F  =  fPLm-\  |3£2.  Ifu  is  an  LP -solution  of 
the  Robin  problem  A u  =  0  in  £2,  du/dn  +  hu  =  f  on  3£2,  then  u  is  a  very  weak 
LP -solution  of  the  Robin  problem  (5.59). 

Proof  Let  £2  be  bounded.  Then  u  G  Wl,p(£2)  by  Lemma  1.28.1.  The  trace  of  u  is 
equal  to  the  nontangential  limit  of  u.  Fix  cp  G  C?°(5m).  According  to  Lemma  5.8.1 
and  the  Gauss-Green  formula  for  Sobolev  spaces  (Proposition  1.24.4), 


(F,  (p)  =  j  Nu  •  Ncp  +  J  hucp  =  J 


dn 


u(—A(p)  + 


Let  now  £2  be  unbounded.  Fix  cp  G  C^°  ( Rm ) .  Choose  r  >  0  such  that  3  £2  U  spt  cp  C 
B( 0;  r).  Put  oo  =  £2  PI  5(0;  r),  h  =  0  and /  =  du/dn  on  35(0;  r),  F  =  fFim-\\doo. 
Then  u  is  an  //-solution  of  the  Robin  problem  Au  =  0  in  oo,  3 u/ 3 n  hu  =  f  on 
3 oo.  Thus 


<*» 


u(—A<p)  d FLm  + 


dHm-l 


d  FLm  + 


dFLm- 1. 


Lemma  5.20.2  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  1  < 
p  <  oo,  p'  =  p/(p  —  1).  Then  K'Q  can  be  extended  as  a  bounded  linear  operator  on 
W~l,p(d£2).  This  operator  is  the  adjoint  operator  of  Kq  :  Wl,p' (d£2)  —>  fV1,p/(3£2). 

Proof  Kq  is  a  bounded  linear  operator  on  Wl,p  (3 £2)  by  Lemma  5.5.4.  Denote  by  T 
the  adjoint  operator  of  Kq  :  Wl,p' (d£2)  —>  lT1,p/(3^).  Then  T  is  a  bounded  linear 
operator  on  fV_1,/?(3£2)  by  Proposition  1.5.11.  If/  G  LP(dF2),  g  G  Wl,p' (d £2),  then 


(Tf,g)  =  (f,KQg)  =  (K'nf,g) 


by  Lemma  5.4.6.  So,  T  is  an  extension  of  K'Q. 
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Lemma  5.20.3  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary,  1  < 
p  <  oo.  If  p  ^  2,  suppose  moreover  that  3  £2  is  of  class  Cl,a  with  0  <  a  <  1.  Then 
SQ  is  a  bounded  linear  operator  from  W_1,/?(3£2)  to  Lp(£2). 

Proof  Corollary  5.18.4  and  Proposition  5.2.2  give 

lK(5n/)lboo)  <  C\\f\\w- 

where  C  depends  only  on  £2  and  p.  So,  SQ  maps  W_1,p(3£2)  to  LP(Q)  by 
Lemma  1.28.1.  If  v  G  Q,fk  — >  /  in  W_1,/?(3£2),  then  SQfk(x)  —>  SQf(x).  Since 
SQ  :  W_1,p(3£2)  — >  Lp(f2)  is  closed,  it  is  bounded  by  Theorem  1.4.15. 

Lemma  5.20.4  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  1  < 
p  <  oo.  Ifp  7^  2,  suppose  moreover  that  3£2  is  of  class  Cl,a  with  0  <  a  <  1.  Let 
h  G  L°°(3£2),  /  G  W~1,p( 3£2).  If  Q  C  R2  is  unbounded,  suppose  moreover  that 
If,  1)  =  0.  Denote  F  =  f/2  —  K'^f  +  hSQf.  Then  SQf  is  a  very  weak  solution  of 
the  Robin  problem  (5.59). 

Proof  SQf  e  H(Q)  by  Theorem  3.1.5.  SQf(x )  is  the  nontangential  limit  of  SQf  at 
almost  all  v  G  3£2  and  M^(SQf)  G  Lp(dQ)  by  Corollary  5.18.4.  So,  it  is  enough  to 
prove  (5.60).  Clearly,  we  can  suppose  that  h  =  0.  Fix  cp  G  C^°(Rm). 

Choose  r  >  0  such  that  3£2  U  spt<p  C  B( 0;  r).  Denote  oo  =  £2  PI  B( 0;  r).  We  can 
choose G  Lp(dQ)  such  that  fk  — >  /  in  W_1,i?(£2).  (See  Theorems  1.23.1,  1.23.5, 
and  1.22.1.)  Define /*  =  0  on  do  \  3£2.  Put  Fk  =  fk/2  -  K'Jk,  Fk  =  fk/2  -  K'Jk. 
Then  SQfk  is  a  very  weak  solution  of  the  problem  A u  =  0  in  oo,  du/dn  =  Fk  on  doo. 
(See  Lemma  5.20.1,  Theorems  5.4.7,  5.4.8,  Propositions  5.2.2  and  5.2.8.)  Clearly, 
Fk  =  Fk  on  3£2.  Corollary  5.4.11  and  Lemma  5.20.3  give  that  SQfk  ->  Snf  in 
LP(dQ)  and  in  Lp(oo).  Lemma  5.20.2  forces  Fk  F  in  W_1,i?(3£2).  According  to 
Theorem  1.14.3, 

J  d  um  +  J  (Snf)^  d  nm  =  J  (SQM-A<p)  d  nm 

Q  dQ  co 

+  f  (Sn/)^  =  ton  [  J (SQfk)(-Acp)  d'Hm  +  j (<S%)^  d Hm] 

d  co  co  dco 

=  lim  (Fk,<p)  =  lim  (Fk,<p)  =  ( F,<p ). 

oo  oo 

Proposition  5.20.5  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
1  <  p  <  oo.Ifp  2,  suppose  moreover  that  3  £2  is  of  class  Cl,a  with  0  <  a  <  1.  If 
h  G  L°°(3£2),  then  +  KfQ  +  hSQ,  ^1  —  K'Q  +  hSQ  are  Fredholm  operators  with 
index  0  on  W~ l,p (3  £2). 

Proof  Denote  p'  =  p/(p  —  1).  Then  +  Kq,  \l  —  Kq  are  Fredholm  operators 
with  index  0  on  W1,i?/(3£2)  by  Propositions  5.14.4,  5.14.7,  Corollary  5.4.10,  and 
Theorem  1.8.3.  Lemma  5.20.2  gives  that  ^I+K'n  (the  operator  ^I—K'Q)  is  the  adjoint 
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operator  of  ^I+Kq  (of  \I—Kq),  respectively.  Thus  ^I  +  K'Q,  ^I—K'Q  are  Fredholm 
operators  with  index  0  on  fV_1,i?(3£2)  by  Theorem  1.8.2.  Corollary  5.4.10  gives  that 
hSQ  is  a  compact  operator  on  W~l,p  (3£2).  Therefore  jI+K'Q+hSQ9  ^I-K'Q-\-hSQ 
are  Fredholm  operators  with  index  0  on  lT_1,i?(3£2)  by  Theorem  1.8.3. 

Theorem  5.20.6  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary,  1  < 
p  <  o o.  Ifp  ^  2,  suppose  moreover  that  3£2  is  of  class  C1,01  with  0  <  a  <  1.  Denote 
by  T  the  restriction  of  (1/2)7  —  K'Q  onto  X  =  {f  e  tV_1,i?(3£2);  if,  1)  =  0}. 

•  Then  T  is  an  isomorphism. 

•  If  F  is  a  distribution  supported  on  3  £2,  then  there  exists  a  very  weak  LP -solution 
of  the  Neumann  problem 

Au  =  0  in  Q,  du/dn  =  Fond£2  (5.61) 

if  and  only  if  F  e  W~l,p(dQ)  and  (F,  1)  =  0.  The  general  form  of  a  solution  of 
the  problem  (5.61)  is  SQ  ( T~XF )  +  c  where  c  is  an  arbitrary  constant.  Moreover, 
there  exists  a  unique  solution  u  of  the  problem  (5.61)  such  that 

J  u  dHm  =  0. 


This  solution  satisfies 


\\Ma(u)\\mdQ)  <  C\\F\\w-i,P(dn)  (5.62) 

where  a  constant  C  depends  only  on  £2,  p,  and  a. 

Proof  Let  F  be  a  distribution  supported  on  3  £2  and  u  be  a  very  weak  LP- -solution 
of  the  problem  (5.61).  According  to  Propositions  5.18.2  and  5.18.3,  there  exist 
cp  e  W~l,p( 3£2)  and  a  constant  c  such  that  u  =  SQ(p  +  c.  The  constant  c  is  a 
very  weak  solution  of  the  Neumann  problem  Au  =  0  in  £2,  dv/dn  =  0  on  3 £2 
by  Lemma  5.20.1.  Lemma  5.20.4  gives  F  =  \<p  —  K'Q(p.  So,  F  e  TV_1,i7(3£2)  by 
Lemma  5.20.2.  Choose  (p  e  C^°(Rm)  such  that  cp  =  1  on  a  neighborhood  of  £2. 
Then 


<*U> 


/ 


u(—A(p)  d FLm  + 


r  dip 

j“Tn 

dQ 


d  % 


m—  1 


0. 


Hence  F  e  X. 

I—K'q  is  a  Fredholm  operator  with  index  0  on  W~l,p( 3  £2)  by  Proposition  5.20.5. 
Iff  e  W~l,p( 3£2),  then  SQf  is  a  very  weak  solution  of  the  problem  Au  =  0  in  £2, 
du/dn  =  \f-K'J  by  Lemma  5.20.4.  Hence  \f-Kof  e  X.  Since  (\f-K'Q)(X)  C  X, 
Lemma  1.8.8  gives  that  T  is  a  Fredholm  operator  with  index  0.  T  is  an  isomorphism 
on  {f  e  Lp(dQ);  fdQf  dPLm-\  =  0}  by  Theorems  5.9.10  and  5.11.3.  So,  T  is  an 
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isomorphism  on  X  by  Lemma  1.8.4.  If  F  e  X  and  c  is  a  constant,  then  SQT~lF  +  c 
is  a  very  weak  solution  of  the  Neumann  problem  (5.61). 

Suppose  now  that  u  is  a  very  weak  Lp- solution  of  the  Neumann  problem  Xu  =  0 
in  £2,  du/dn  =  0  on  9£2.  Then  there  exist/  e  W~l,p(dQ)  and  a  constant  c  such 
that  u  =  SQf  +  c.  We  have  \f  —  K'^f  =  0.  The  operator  \ I  —  K'Q  is  a  Fredholm 
operator  with  index  0  on  LP  (dQ)  by  Propositions  5.9.9,  5.11.1,  and  Theorem  1.8.3. 
Since  \ I  —  K'Q  is  a  Fredholm  operator  with  index  0  on  W~l,p(dQ),  Lemma  1.8.4 
gives  that/  e  7/ (9  £2).  Thus  u  is  an  Lp- solution  of  the  Neumann  problem  A u  =  0  in 
£2,  du/dn  =  0  on  9£2  (see  Lemma  5.2.1,  Propositions  5.2.2,  5.2.8,  Theorems  5.4.8 
and  5.4.7).  Theorems  5.9.10  and  5.11.3  give  that  u  is  constant. 

/  SQf  dPLm  is  a  bounded  linear  functional  on  W_1,/?(9£2)  by  Lemma5.20.3 
and  Theorem  1.14.3.  If  F  e  X,  then  u  =  SQ(T~lF)—^SQ(T~1F)  d FLm  is  a  unique 
very  weak  LP- solution  of  the  Neumann  problem  (5.61)  such  that  u  d FLm  =  0. 
Corollary  5.18.4  gives  that  there  exists  a  constant  C  such  that  (5.62)  holds. 

Theorem  5.20.7  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  Lipschitz 
boundary,  1  <  p  <  oo.  If  p  ^  2,  suppose  moreover  that  9£2  is  of  class  Cl,a  with 
0  <  a  <  1. 

1.  Then  (1/2)7  —  K'Q  is  an  isomorphism  on  W_1,i?(9£2). 

2.  Let  F  be  a  distribution  supported  on  9  £2. 

•  If  m  >  2,  then  there  exists  a  very  weak  LP -solution  of  the  Neumann  problem 

(5.61)  if  and  only  ifF  e  W“^(9£2). 

•  If  m  =  2,  then  there  exists  a  very  weak  LP -solution  of  the  problem  (5.61)  if 
and  only  ifF  e  W-1,p(9£2)  and  (F,l)  =  0. 

•  Suppose  that  the  Neumann  problem  (5.61)  is  solvable.  If  u  is  a  solution  of 

(5.61) ,  then  there  exists  a  constant  u0 Q  such  that  u(x)  ->  Uoo  as  \x\  —>  oo. 
On  the  other  hand,  if  u^  is  given,  then  u  =  SQ  [(1/2)7  —  K'Q]~lF  +  Uoq  is 
a  unique  very  weak  LP -solution  of  (5.61)  such  that  u(x)  — >  Uoq  as  \x\  —>  oo. 
This  solution  satisfies 

\\Ma(u)\\u>{citt)  <  C(||F||^(an)  +  |woo|)  (5.63) 

where  a  constant  C  depends  only  on  ^2,  p,  and  a. 

Proof  Let  F  be  a  distribution  supported  on  9  £2  and  u  be  a  very  weak  LP- solution  of 
(5.61).  According  to  Propositions  5.18.2  and  5.18.3,  there  exist  cp  e  W-1’p(9£2)  and 
a  constant  c  such  that  u  =  SQ(p  +  c.  If  m  =  2,  then  (cp,  1)  =  0.  So,  u(x)  —>  c  as 
\x\  —>  oo.  The  constant  c  is  a  very  weak  solution  of  the  Neumann  problem  Av  =  0 
in  £2 ,  dv/dn  =  0  on  9£2  by  Lemma  5.20.1.  Lemma  5.20.4  gives  F  =  j(p  —  K'Q(p. 
So,  F  e  W“^(9S2)  by  Lemma  5.20.2.  Denote  X  =  {f  e  W-1^(9£2;  (f,  1)  =  0}. 
Iff  e  X,  then  Snf  is  a  very  weak  solution  of  the  Neumann  problem  Av  =  0  in 
Rm  \  £2,  dv/dn  =  f/2  +  K'^f  on  9^2  by  Lemma  5.20.4.  Theorem  5.20.6  gives  that 
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{f/2  +  K'J,  1)  =  0.  Thus 

VI2-K'a'p,\)  =  lf,l)~{f/2  +  K'af,l)  =  0. 

If  m  =  2,  then  cp  e  X  and  thus  (F,  1)  =  {(p/2  —  K'^cp,  1)  =  0. 

jI—K'q  is  a  Fredholm  operator  with  index  0  on  W_1,p(3£2)  by  Proposition  5.20.5. 
The  operator  jl  —  K'Q  is  an  isomorphism  on  LP (d£2)  by  Theorems  5.9. 1 1  and  5. 1 1 .4. 
Lemma  1.8.4  gives  that  \l  —  K'Q  is  an  isomorphism  on  W~l,p( dQ).  Since  (|/  — 
^)(V)  C  X ,  we  infer  that  —  K'Q  is  an  isomorphism  on  X. 

Let  now  F  =  0  and  u  be  a  very  weak  solution  of  the  problem  (5.61),  u(x)  — >  0 
as  |;t|  ->  cx).  Then  there  exists  <p  G  W_1,i?(3£2)  such  that  u  =  SQ(p.  If  m  =  2,  then 
(cp,  1 )  =  0.  We  have  cp/ 2  —  K'Q(p  =  0.  Since  |  /  —  K'Q  is  an  isomorphism,  we  deduce 
that  cp  =  0.  Thus  u  =  0. 

Let  now  F  e  W_1,i?(3£2).  If  m  =  2,  suppose  moreover  that  (F,  1)  =  0.  Then 
u  =  Sn[(l/ 2)I-K'Q]~lF-\-u00  is  a  unique  very  weak  Lp- solution  of  (5.61)  such  that 
u(x)  ->  Uoq  as  |*|  ->  oo.  (See  Lemma  5.20.4.)  The  relation  (5.63)  is  a  consequence 
of  Corollary  5.18.4. 

Theorem  5.20.8  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  1  < 
p  <  oo,  h  G  L°°(3£2),  h  >  h  >  0.  Ifp  ^  2,  suppose  moreover  that  3 £2 

is  of  class  Cl,a  with  0  <  a  <  1. 

1.  Define  Pf  =  (f, \) /Um-X(dQ.).  Ifm  >  2,  put  Tf  =  f/2  -  K’J  +  hS°f.  For 
m  =  2,  define  Tf  =  [(1  /2 )/  -  ^](/  -  P)f  +  h[Sn(I  -  P)f  +  Pf}.  Then  T  is  an 
isomorphism  on  IT_1,P(3Q). 

2.  If  F  is  a  distribution  supported  on  3  £2,  then  there  exists  a  very  weak  LP -solution 
of  the  Robin  problem 


Au  =  0  in  £2,  - — Yhu  —  F  on  dQ  (5.64) 

on 

if  and  only  iff  G  W-1,i?(3£2).  Suppose  that  F  G  W-1,;?(3£2). 

•  If  £2  is  bounded  and  m  >  2,  then  u  =  S^{T~lF)  is  a  unique  solution  of 
(5.64).  Moreover,  there  exists  a  constant  C  dependent  only  on  £2,  h,  p,  and  a 
such  that  the  estimate  (5.62)  holds. 

•  If  m  =  2,  f  =  T~lF,  then  SQ(I  —  P)f  +  Pf  is  a  unique  solution  of  (5.64). 
Moreover,  there  exists  a  constant  C  dependent  only  on  £2,  h,  p,  and  a  such  that 
the  estimate  (5.62)  holds. 

•  If  £2  is  unbounded,  m  >  2,  and  u  is  a  solution  of  (5.64),  then  there  exists 
u0 o  G  R  such  that  u(x)  u^  as  |x|  oo.  On  the  other  hand,  ifu^  is  given, 
then  u  =  SQT~l(F  —  hu0 c)  +  ^oo  is  a  unique  solution  of  (5.64)  such  that 
u(x)  — >  Uoq  as  |*|  —>  oo.  Moreover,  there  exists  a  constant  C  dependent  only 
on  £2,  h,  p,  and  a  such  that  the  estimate  (5.63)  holds. 
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Proof  Let  F  be  a  distribution  supported  on  3  £2  and  u  be  a  very  weak  Lp-  solution  of 
the  Robin  problem  (5.64).  According  to  Propositions  5.18.2  and  5.18.3,  there  exist 
(p  G  W_1,p(3£2)  and  a  constant  c  such  that  u  =  SQ(p  +  c.  If  m  =  2,  then  (<p,  1)  =  0. 
So,  if  £2  is  unbounded,  then  u(x)  c  as  \x\  oo.  According  to  Lemmas  5.20.1  and 
5.20.4,  we  have  F  =  \q>— K^(p-\-h(SQf+c).  So,  F  e  W~l,p (3£2)  by  Lemma  5.20.2 
and  Corollary  5.4. 1 1. 

Proposition  5.20.5,  Corollary  5.4.1 1  and  Theorem  1.8.3  give  that  T  is  a  Fredholm 
operator  with  index  0  on  W~l,p(fl).  Since  T  is  an  isomorphism  on  Z7( 3 £2)  by 
Theorems  5.10.4  and  5.11.5,  T  is  an  isomorphism  on  W_1,p(3£2)  by  Lemma  1.8.4. 

Fix  F  G  W~l,p(dQ).  If  £2  is  bounded  and  m  >  2,  then  u  =  SQ(T~lF)  is  a 
very  weak  /7-solution  of  (5.64).  If  m  =  2,/  =  T~lF ,  then  SQ(I  —  P)f  +  Pf  is  a 
very  weak  /7-solution  of  (5.64).  If  £2  is  unbounded,  m  >  2,  Uoq  g  Rl,  then  u  = 
(7  —  /z^oo)  +  Woo  is  a  very  weak  /7-solution  of  (5.64)  such  that  u(x)  ->  ^oo 
as  |v|  ->  cx).  (See  Lemmas  5.20.1  and  5.20.4.) 

Let  now  u  be  a  very  weak  Lp- solution  of  (5.64)  with  F  =  0.  If  Q  is  unbounded 
and  m  >  2  suppose,  moreover  that  w(v)  ->  0  as  \x\  ->  cx).  Then  there  exists/  G 
W_1,p(^)  such  that  w  =  for  m  >  2,  w  =  <Sn(/  —  7)/  +  Pf  for  m  =  2.  (See 
Propositions  5.18.2  and  5.18.3.)  Lemmas  5.20.1  and  5.20.4  give  that  Tf  =  0.  Since 
T  is  an  isomorphism,  we  obtain/  =  0.  Hence  u  =  0. 

The  estimates  (5.63)  and  (5.62)  are  consequences  of  Corollary  5.18.4. 


5.21  Very  Weak  If  -Solutions  of  a  Transmission  Problem 

In  this  section,  we  define  and  study  a  very  weak  FP -solution  of  the  transmission 
problem  for  the  Laplace  equation.  For  a  boundary  condition  from  /7(3£2+)  x 
W~l,p( 3£2+),  we  prove  similar  results  like  for  a  boundary  condition  from 
W1,p(3^+)  x  Z7(3£2+)  and /7-solutions  of  the  problem. 

Let  £2+  cr  bea  bounded  open  set  with  Lipschitz  boundary.  Denote  = 
Rm  \  £2  +  .  Let  a±,  b±  be  positive  constants,  h  G  L°°(3£2+),  g  G  /7(3£2+),  1  <  p  < 
oo,  F  be  a  distribution  supported  on  3 £2.  We  say  that  u±  is  a  very  weak  LP- -solution 
of  the  transmission  problem 


a+u+  —  ci-ii-  =  g, 


A u±  —  0  in  £2±, 

du-L  3  U- 

b+— - b-— - \-hu+=F  on  3£2  + 

on  on 


(5.65) 

(5.66) 


if  u±  G  H(Q±),Ma±u±  G  LP (3^2 ±)  for  all  a  >  0,  at  almost  all  v  G  3  £2+  there  exist 
nontangential  limits  of  u± ,  u±  in  the  boundary  conditions  means  the  nontangential 
limit  of  u±  and  3 u±/  3 n  in  the  boundary  condition  means  the  very  weak  LP  normal 
derivative  of  u±  in  the  sense  of  a  very  weak  /7-solution  of  the  Neumann  problem. 

If  u±  is  a  very  weak  /7-solution  of  the  transmission  problem  (5.65),  (5.66),  then 
F  g  W~hp( 3£2)  by  Theorems  5.20.6  and  5.20.7. 
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If  u±  =  a±u±,b±  =  b±/a±,h  =  h/a+,  then  u±  is  a  very  weak  //-solution  of 
the  transmission  problem  (5.65),  (5.66)  if  and  only  if  u±  is  a  very  weak  //-solution 
of  the  transmission  problem 


A u±  —  0  in  Q±, 


u+  —  U-  =  g, 


~  3  u+  ~  du-  ~  .  _ 

b+— - b-— - b  hu+  =  F  on  3£2. 

on  on 


Suppose  now  that  a±  =  1 .  If  u±  =  v±+VQg,  then  u±  is  a  very  weak  //-solution 
of  the  transmission  problem  (5.65),  (5.66)  if  and  only  if  v±  is  an  LP- solution  of  the 
transmission  problem 

Av±  —  0  in  Q±, 
dv+  dv- 

v+  —  V-  =  0,  b+  — - b-  — - b  hv+  =  F,  on  3^ 

3  n  3  n 


where 


1 

II 

"9PV 

+  b- 

~dVng~ 

dn 

+ 

dn 

h[D°g]+. 


Suppose  now  that  a±  =  1,  g  =  0.  For  m  >  2,  we  shall  look  for  a  solution  of  the 
problem  (5.65),  (5.66)  in  the  form  of  a  single  layer  potential  SQ(p  with  an  unknown 
density  ip  e  W~1,p(dQ).  The  function  u±  =  SQ(p  is  a  very  weak  //-solution  of  the 
problem  (5.65),  (5.66)  if  and  only  if 


- <p-(b+-  b-)K'a<p  +  hS^ep  =  F 

(see  Corollary  5.18.4  and  Lemma  5.20.4). 

If  m  =  2,  define  Pf  =  (f,  l) /'Hm-i(dQ).  We  shall  look  for  a  solution  of  the 
problem  (5.65),  (5.66)  in  the  modified  form 

M±  =  ~  P)<p  +  P<p 

with  (p  e  W~ 1  ,p (9  £2) .  Then  u±  is  a  very  weak  //’-solution  of  the  problem  (5.65), 
(5.66)  if  and  only  if 


—  \b  (I  -  P)<P  -  (b+  -  b-)K'Q(I  -  P)cp  +  h[Sa(I  -  P)<p  +  Pep]  =  F 
(see  Corollary  5.18.4,  Lemmas  5.20.1  and  5.20.4). 

Lemma  5.21.1  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary,  1  < 
p  <  oo.  If  p  ^  2,  suppose  moreover  that  3  £2  is  of  class  C1,a  with  0  <  a  <  1.  Define 
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Pf  =  Let  X  eR\  |  A  |  >  1/2,  h  e  L°°(d£2).  Then  Xl  —  K'Q+hSn, 

X(I  —  P)  —  K'Q  (I  —  P)  +  h[SQ  (I  —  P)  +  P]  are  Fredholm  operators  with  index  0  on 
W~hp(dQ). 

Proof  Put  p'  =  p/(p  —  1).  The  operator  XI  —  Kq  is  Fredholm  with  index  0  on 
Wl,p'  (d£2)  by  Propositions  5.14.3,  5.14.4,  5.14.6  and  Theorem  1.8.3.  Theorem  1.8.2 
gives  that  XI—K'Q  is  a  Fredholm  operator  with  index  0  on  W_1,/?(3£2).  So,  XI—K'Q  + 
hSQ ,  X (/  —  P)  —  K'q  (/  —  P)  +  h[SQ  (/  —  P)  +  P]  are  Fredholm  operators  with  index 
0  on  W_1,i?(3£2).  (See  Theorem  1.8.3  and  Corollary  5.4.11.) 

Theorem  5.21.2  Let  £2  =  £2  +  C  Rm  be  a  bounded  open  set  with  Lipschitz 
boundary,  m  >  2,  1  <  p  <  oo.  Denote  £2_  =  Rm  \  £2+.  Let  a±,  b±  be  positive 
constants,  h  G  L°°(3£2),  h  >  0.  Suppose  that  one  of  the  following  conditions  is 
fulfilled: 

1.  p  =  2; 

2.  b+/a+  =  b-/a-; 

3.  £2  has  boundary  of  class  C1,a  with  0  <  a  <  1. 

Let  F  G  W_1,i?(3£2),  g  G  Z/(3£2).  Then  there  exists  a  very  weak  LP -solution  of  the 
transmission  problem  (5.65),  (5.66).  Ifu±  is  a  very  weak  Lp -solution  of  this  problem, 
then  there  exists  a  constant  u ^  such  that  u-(x )  ->  u0 0  as  |v|  ->  oo.  On  the  other 
hand,  ifu ^  G  Rl  is  given,  then  there  exists  a  unique  very  weak  LP -solution  u±  of  the 
transmission  problem  (5.65),  (5.66)  such  that  u-(x )  —>  Uqq  as  |v|  ->  oo.  Moreover, 

\\Ma(u±)\\u>(dQ.)  <  C[\\g\\u>(dQ)  +  ||F||w-i,P(a^)  +  |moo|],  (5.67) 

where  a  constant  C  depends  only  on  £2,  a+,  a-,  b+,  b-,  h,  and  a. 

Proof  According  to  the  reasoning  at  the  beginning  of  this  section  and  Theo¬ 
rem  5.3.5,  we  can  suppose  that  a+  =  a-  =  1  and  g  =  0. 

Let  u±  be  a  very  weak  //-solution  of  the  transmission  problem  (5.65),  (5.66). 
Since  Ma(u-)  G  Z/(3£2),  there  exists  r  >  0  such  that  u-  is  bounded  on  Rm  \ 
5(0;  r).  (See  Lemma  1.28.2.)  Proposition  2.17.1  gives  that  there  exists  Uoq  g  R 
such  that  u-(x)  Uoq  as  \x\  oo.  Suppose  now  that  Uoq  =  0,  F  =  0.  Denote 
/  =  du+/dn?  -  du-/8nQ.  Then /  e  W“^(3£2)  by  Theorems  5.20.6  and  5.20.7. 
Corollary  5.6.7  gives  u±  =  VQg+SQf  =  SQf.  Since  u±  is  a  very  weak  LP- solution 
of  the  transmission  problem  (5.65),  (5.66),  we  have  Tf  =  F  =  0,  where 

Tf  =  -  (i>+  -  !>-)*>  + 

If  b+  7^  b _,  then  T  is  a  Fredholm  operator  on  W_1,i?(3£2)  with  index  0  by 
Lemma  5.21.1.  If  b+  =  b _,  then  T  is  a  Fredholm  operator  on  W_1,i?(3£2)  with 
index  0  by  Theorem  1.8.3  and  Corollary  5.4.11.  T  is  an  isomorphism  on  Z/(3£2) 
by  Propositions  5.12.2  and  5.12.4.  Lemma  1.8.4  gives  that  T  is  an  isomorphism  on 
W_1^(3£2).  Since  Tf  =  0,  we  have/  =  0.  Thus  u±  =  SQf  =  0. 
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Let  now  Woo  e  R,  F  e  fF_1,/?(3£2)  be  given.  Then  u±  =  SnT~l(F— /zwoo)+^oo  is 
a  unique  very  weak  //-solution  of  the  transmission  problem  (5.65),  (5.66)  such  that 
u-(x)  —>  Woo  as  \x\  oo.  The  estimate  (5.67)  is  a  consequence  of  Corollary  5.18.4. 

Theorem  5.21.3  Let  Q  =  £2+  C  R2  be  a  bounded  open  set  with  Lipschitz 
boundary,  1  <  p  <  oo.  Denote  =  R2  \  £2+.  Let  a±,  b±  be  positive  constants, 
h  G  L°°(3ft),  h>  0,  >  0.  Suppose  that  one  of  the  following  conditions 

is  fulfilled: 

1.  p  =  2; 

2.  &+/w+  =  b-/a-; 

3.  £2  has  boundary  of  class  Cl,a  with  0  <  a  <  1. 

Let  F  G  IV_1,;?(3£2),  g  G  LP(dQ).  Then  there  exists  a  unique  very  weak  LP -solution 
of  the  transmission  problem  (5.65),  (5.66).  Moreover, 

\\Ma(u±)\\u>(dn)  <  C[||g||LP(3Q)  +  l|r’llw-i.0(3fi)]>  (5.68) 

where  a  constant  C  depends  only  on  Q,  a+,  a-,  b+,  b-,  h,  and  a. 

Proof  According  to  the  reasoning  at  the  beginning  of  this  section  and  Theo¬ 
rem  5.3.5,  we  can  suppose  that  =  a-  =  1  and  g  =  0. 

For /  G  W~hp( 3£2),  define  Pf  =  If,  l)/FLm-i(dQ), 

Tf  =  b+  +2  b~  (/  -  P)f  ~  (b+  ~  b-)K'a(I  -  P)f  +  h[SQ(l  -  P)f  +  Pf]. 

If  ^  b-,  then  T  is  a  Fredholm  operator  on  VF-1,/?(3£2)  with  index  0  by 
Lemma  5.21.1.  If  b+  =  b-,  then  T  is  a  Fredholm  operator  on  IV-1,i?(3£2)  with 
index  0  by  Theorem  1.8.3  and  Corollary  5.4.11.  The  operator  T  is  an  isomorphism 
on  Lp(d£l)  by  Proposition  5.12.5.  So,  Lemma  1.8.4  gives  that  T  is  an  isomorphism 
on  W~l,p(dQ). 

Let  u±  be  a  very  weak  //-solution  of  the  transmission  problem  (5.65),  (5.66) 
with  F  =  0.  Since  Ma(u-)  G  Lp(dQ ),  there  exists  r  >  0  such  that  w_  is  bounded  on 
Rm\B( 0;  r).  (See  Lemma  1.28.2.)  Proposition  2.17.1  gives  that  there  exists  Wqq  g  R 
such  that  u-(x)  Uqq  as  \x\  oo.  Put  v±  =  u±  —  u^.  Denote/  =  dv+/dnQ  — 
dv-/8nQ.  Then /  G  W_1^(3n)  by  Theorems  5.20.6  and  5.20.7.  Corollary  5.6.7 
gives  v±  =  VQg  +  SQf  =  SQf.  Since  v-(x)  — >  0  as  \x\  oo,  we  infer  that 
If,  1)  =  0.  Set  cp  =  f  +  Woq.  Then  P(p  =  Woo,  (7  —  P)<p  =  /,  and  thus  u±  = 
SQ  (/  —  P)(p  +  P(p.  Since  u±  is  a  very  weak  //-solution  of  the  transmission  problem 
(5.65),  (5.66),  we  have  Tcp  =  F  =  0.  Since  T  is  an  isomorphism,  we  have  cp  =  0. 
Thus  w±  =  SQ(I  —  P)(p  +  P(p  =  0. 

Let  now  F  G  IT_1’P(3^)  be  given.  Then  w±  =  SQ (/  —  P)T~lF  +  PT~lF  is 
a  unique  very  weak  L^-solution  of  the  transmission  problem  (5.65),  (5.66).  The 
estimate  (5.68)  is  a  consequence  of  Corollary  5.18.4. 
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Theorem  5.21.4  Let  £2  =  £2+  C  R2  be  a  bounded  open  set  with  Lipschitz 
boundary,  1  <  p  <  oo.  Denote  £2_  =  R2  \  £2+.  Let  a±,  b±  be  positive  constants, 
h  =  0.  Suppose  that  one  of  the  following  conditions  is  fulfilled: 

1.  p  =  2; 

2.  b+/a+  =  b-/a-; 

3.  £2  has  boundary  of  class  Cl,a  with  0  <  a  <  1. 

Let  F  e  W_1,i?(3£2),  g  e  //(3£2).  Then  there  exists  a  very  weak  LP -solution  of  the 
transmission  problem  ( 5. 65 ),  (5.66)  if  and  only  if  (F,  1 )  =  0.  If  u±  is  a  very  weak  Lp  - 
solution  of  the  transmission  problem  (5.65),  (5.66)  then  there  exists  a  constant  Uqq 
such  that  u-(x)  —>  Uqo  as  \x\  —>  oo.  On  the  other  hand,  if  {F,  1)  =0  and  Uqo  g  Rl 
is  given,  then  there  exists  a  unique  very  weak  LP -solution  u±  of  the  transmission 
problem  (5.65),  (5.66)  such  that  u-(x)  —>  Uqo  as  \x\  —>  oo.  Moreover,  the  estimate 
(5.67)  holds  with  a  constant  C  dependent  only  on  £2,  a+,  a-,  b+,  b-,  and  a. 

Proof  According  to  the  reasoning  at  the  beginning  of  this  section  and  Theo¬ 
rem  5.3.5,  we  can  suppose  that  a+  =  a-  =  1  and  g  =  0. 

For /  G  W_1,i?(3£2),  define 


Tf  =  b-±ff  f  -  (b+  -  b-)K'J. 

Denote  X  =  {f  e  W~l,p(dQ);  If,  1)  =  0}.  The  operator  T  is  an  isomorphism  on 
X  D  LP(d£2)  by  Proposition  5.12.3.  Since  X  PI  Lp( 3£2)  is  a  dense  subset  of  X ,  we 
infer  that  T(X)  C  X.  The  operator  T  is  Fredholm  with  index  0  on  W_1,i?(3£2)  (see 
Lemma  5.21.1).  Hence,  Lemma  1.8.8  gives  that  T  is  a  Fredholm  operator  with  index 
0  on  X.  So,  T  is  an  isomorphism  on  X  by  Lemma  1.8.4. 

Let  u±  be  a  very  weak  //-solution  of  the  transmission  problem  (5.65),  (5.66). 
Since  Ma(u-)  e  //( 3£2),  there  exists  r  >  0  such  that  u-  is  bounded  on  Rm\B( 0;  r). 
(See  Lemma  1.28.2.)  Proposition  2.17.1  gives  that  there  exists  u0 Q  e  R  such  that 
u-(x )  ->  Uoq  as  \x\  ->  oo.  Put  v±  =  u±  —  Uqq.  Then  v±  is  a  very  weak  //-solution 
of  the  transmission  problem  (5.65),  (5.66)  and  V-(x )  ->  0  as  \x\  ->  oo.  Denote 
f  =  dv+/dnQ  —  dv-/dnQ.  Then /  G  W~1,p(d£2)  by  Theorems  5.20.6  and  5.20.7. 
Corollary  5.6.7  gives  v±  =  VQg  +  Snf  =  SQf.  Since  SQf(x)  =  v-(x)  ->  0 
as  \x\  —>  oo,  we  infer  that  /  G  X.  Since  v±  is  a  very  weak  //-solution  of  the 
transmission  problem  (5.65),  (5.66),  we  have  Tf  =  F.  Since  T{X)  C  X  we  deduce 
F  G  X.  Suppose  now  that  F  =  0.  Since  T  is  an  isomorphism  on  X ,  we  have/  =  0. 
Thus  v±  =  SQf  =  0. 

Let  now  Uqq  e  R,  F  e  X  be  given.  Denote  by  T  the  restriction  of  T  onto  X. 
Then  u±  =  SQT~lF  +  Uqq  is  a  unique  very  weak  //-solution  of  the  transmission 
problem  (5.65),  (5.66)  such  that  u-(x)  Uoo  as  \x\  ->  oo.  The  estimate  (5.67)  is  a 
consequence  of  Corollary  5.18.4. 
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5.22  Very  Weak  //-Solution  of  the  Jump  Problem  on  Cracks 

In  this  section,  we  define  and  study  a  very  weak  //-solution  of  the  jump  problem  on 
cracks.  For  a  boundary  condition  from  LP(T)  x  we  prove  similar  results 

like  for  a  boundary  condition  from  W1,p  ( T)xLP  (T)  and  Lp -solutions  of  the  problem. 

Let  £2  =  £2+  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary.  Set  £2_  = 
Rm  \  £2  +  .  If  v  is  a  function  defined  on  Rm  \  3  £2,  denote  by  [v]±  the  nontangential 
limit  of  v  with  respect  to  Q±  and  M±v  the  nontangential  maximal  function  of  v 
with  respect  to  Q±.  Denote  by  n±  the  exterior  unit  normal  of  £2±,  n  =  n+.  Let  T 
be  a  closed  subset  of  3£2,  h  G  L°°(d£2),  g  G  Z/(3£2),/  G  W_1,/?(3£2),  1  <  p  <  oo. 
We  suppose  that  h  =  0,  g  =  0  on  dQ  \T  and /  is  supported  on  T.  We  say  that  u  is 
a  very  weak  Lp -solution  of  the  generalized  jump  problem 

Au  =  0  in  Rm\  T,  (5.69) 

+  /i[m]+=/  on  T  (5.70) 

if  u  G  H(Rm  \  T),  M+u  +  M~ u  G  LP(dQ),  there  exist  nontangential  limits  of  u  with 
respect  to  £2+  and  with  respect  to  Q-  at  almost  all  points  of  3  £2,  the  jump  condition 
[w]+  —  [u\~  =  g  on  the  crack  T  is  satisfied  in  the  sense  of  a  nontangential  limit  at 
Hm-i-almost  all  points  of  T,  and 

J  u(-A(p )  d %m  +  J 

Rm\T  r 

Lemma  5.22.1  Let  ^2  =  £2+  c  Rm  be  a  bounded  open  set  with  Lipschitz  boundary. 
Set  £2_  =  Rm  \i 2+.  Let  T  be  a  closed  subset  of  3 £2,  h  G  L°°(dQ),  g  G  Lp(d£l), 
f  G  W~l,p(dQ),  1  <  p  <  oo.  Suppose  that  h  =  0,  g  =  0  on  3£2  \  T,  and  f  is 
supported  in  T. 

•  Suppose  that  there  exists  a  very  weak  LP -solution  u  of  the  generalized  jump 
problem  (5.69),  (5.70).  Define  u±  =  u  on  i 2±.  Then  u±  is  a  very  weak  LP- 
solution  of  the  transmission  problem 


+  h<p[u]+  dTLm-i  =  (f,  <p)  V(p  e  C™(Rm). 


m+  -  M-  =  g. 


"3  u 

’  3  u 

3  n 

+ 

_  3  n_ 

A u±  =  0  in  Q±,  (5.71) 

du-L  3  U- 

u+  —  u-=g,  — - - - \- hu+ =  f  on  3^2.  (5.72) 

on  on 

•  Let  u±  be  a  very  weak  LP -solution  of  the  transmission  problem  (5.71),  (5.72). 
Then  there  exist  the  nontangential  limits  u+(x)  =  u-(x)  at  all  x  G  3 £2  \  T. 
Define  u  =  u±  in  £2±,  u  =  u+  on  3^2  \  T.  Then  u  is  a  very  weak  Lp -solution  of 
the  generalized  jump  problem  (5.69),  (5.70). 
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Proof  Suppose  first  that  u  is  a  very  weak  //-solution  of  the  generalized  jump 
problem  (5.69),  (5.70).  If  ^  e  Cc°°(5m),  then 


1 3 

\  3  n 


^ —  +  hu+,  yj  =  J  u+(-A<p)  d  Um  +  J  u+  +  hfj 

n+  an 


dHm-l 


:  J  u{—Acp)  dPHm 

Rm\  r 


+ 


—  +  hu+(p 
on 


dTim-l 


(/»• 


Thus  u±  is  a  very  weak  LP- solution  of  the  transmission  problem  (5.71),  (5.72). 

Let  now  u±  be  a  very  weak  //-solution  of  the  transmission  problem  (5.71), 
(5.72).  First  we  prove  that  u  e  H(Rm  \  T).  Fix  r  >  0  such  that  3£2  C  5(0;  r). 
Denote  co  =  Q-  Pi  5(0;  r).  Proposition  5.6.6  gives 


Vnu+  +  Sn(du+/dnQ) 


u  in  £2 , 

0  in  Rm\  Q, 


TTu-  +  Sm (du- / dnw) 


u  in  co, 

0  in  Rm  \  oo. 


Adding 


u  =  Vng  +  SQ(f  —  hu+)  +  Vmr)u-  +  Smr\nm’r)  ■  Vm_) 


in  5(0;  r)  \  3  £2.  Since  the  densities  of  these  potentials  are  supported  on  T  U  35(0;  r), 
these  potentials  are  harmonic  in  5(0;  r)  \  T.  So,  u  e  //(5( 0;  r)  \  T). 

Fix  cp  G  C^°(Rm).  Then 


/  3  u+  3  u-  \  C 

{f,<P =  \~dn - dn  +  hU+,<PJ  =  / 

w+  +  h<p^  dl-Lm-i  +  J  u-(-Acp )  d Tim  -  J  u-j^  dUm-\ 

an  an 


J  u{—A(p)  dUm  + 

Rm\r 


/  (*£  +  hu*'f) 
T 


d'H,n-\. 


So,  u  is  a  very  weak  //-solution  of  the  generalized  jump  problem  (5.69),  (5.70). 
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Theorem  5.22.2  Let  £2  =  £2+  C  Rm  be  a  bounded  open  set  with  Lipschitz 
boundary.  Set  £2-  =  Rm  \  £2+.  Let  T  be  a  closed  subset  of  dQ.  Let  1  <  p  <  oo, 
g  e  LP(d£2),f  e  h  e  L°°(d£2),  h  >  0.  Suppose  that  g  =  0,  h  =  0  on 

d£2  \  r,  /  is  supported  on  T. 

•  If  m  >  2,  then  there  exists  a  very  weak  LP  solution  of  the  generalized  jump 
problem  (5.69),  (5.70).  Ifu  is  a  very  weak  LP -solution  of  this  problem,  then  there 
exists  a  constant  u0 Q  such  that  u(x)  ->  Uoo  as  \x\  —>  oo.  On  the  other  hand, 
if  Wqo  £  Rl  is  given,  then  there  exists  a  unique  very  weak  LP -solution  u  of  the 
generalized  jump  problem  (5.69),  (5.70)  such  that  u(x)  — >  Uoo  as  \x\  —>  oo. 
Moreover, 


\\Ma(u)\\u>  <  C(\\f\\w-i,p(dQ)  +  ||g||z^(a«)  +  I  Wool)  (5.73) 

with  a  constant  C  dependent  only  on  £2,  p,  h,  and  a.  If  h  =  0,  then  u  =  VQg  + 
SQf  is  a  unique  LP  -solution  of  the  generalized  jump  problem  (5.69),  (5.70)  such 
that  u(x)  0  as  |jc|  —>  0. 

•  If  m  =  2  and  h  ^  0  then  there  exists  a  unique  very  weak  LP -solution  of  the 
generalized  jump  problem  (5.69),  (5.70).  Moreover, 

\Wa(u)\\u>^Q)  <  C(\\f\\w-rP(dQ)  +  ||^||LP(a^)) 

with  a  constant  C  dependent  only  on  £2,  h,  p,  and  a. 

•  Let  m  =  2  and  h  =  0.  Then  there  exists  a  very  weak  LP  -solution  of  the 

generalized  jump  problem  (5.69),  (5.70)  if  and  only  if  If,  1)  =  0.  If  u  is  a  very 
weak  LP -solution  of  the  generalized  jump  problem  (5.69),  (5. 70),  then  there  exists 
a  constant  u^  such  that  u(x)  ->  Uqq  as  \x\  ->  oo.  On  the  other  hand,  if  If,  1)  =  0 
and  Uoq  €  Rl  is  given,  then  there  exists  a  unique  very  weak  Lp -solution  u  of  the 
generalized  jump  problem  (5.69),  (5.70)  such  that  u-(x )  Uoo  as  \x\  oo. 

Moreover,  the  estimate  (5.73)  holds  with  a  constant  C  dependent  only  on  £2,  p, 
and  a.  The  function  u  =  VQg  +  SQf  is  a  unique  very  weak  LP -solution  of  the 
generalized  jump  problem  (5.69),  (5.70)  such  that  u(x)  0  as  \x\  — >  0. 

Proof  The  theorem  is  an  easy  consequence  of  Lemma  5.13.1,  Theorems  5.21.2, 
5.21.3,  5.21.4,  and  Corollary  5.6.7. 


5.23  An  L2-Solution  of  the  Oblique  Derivative  Problem 

In  this  section,  we  study  L2- solutions  of  the  derivative  oblique  problem 


A  u  =  0  in  £2 , 


©  •  Vw  +  hu  =  g  on 


(5.74) 
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where  £2  C  Rm  is  a  domain  with  compact  Lipschitz  boundary.  We  look  for  a  solution 
in  the  form  of  a  single  layer  potential.  We  find  a  necessary  and  sufficient  condition 
for  the  existence  of  a  solution  and  discuss  the  uniqueness. 

Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  /  G  Lp( 3  £2), 
1  <  p  <  oo,  0  G  L°°(3£2, 7?m),  /z  g  L°°(3£2).  If  m  =  2,  suppose  moreover  that 
fdQf  dl-Lm-i  =  0.  If  c  is  a  constant,  then  <Sn/  +  c  is  an  Lp -solution  of  the  problem 
(5.74)  if  and  only  if 


T%f  +  h(SQf  +  c)  =  g. 


where 


Tif=&-[VSnfh.  (5.75) 

Lemma  5.23.1  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
v  G  Cl(Rm,Rm).  If  m  >  2,  put  X  =  L2(dQ);  for  m  =  2,  denote  X  = 
{f  G  L2( 3 £2);  fdQf  dTLm~\  =  0}.  a  and  a  be  nonnegative  numbers  such  that 
a  +  a  >  0.  Suppose  that  v  •  nQ  >  a  on  3 £2.  FW  0  =  +  v.  Then  there  exists  a 

positive  constant  C  such  that 

II/IIl2(9^)  5  C  [||L©/||L2(a^)  +  \\S^f\\L2(dQ)] 


for  all  f  G  X. 

Proof  Without  loss  of  generality,  we  can  suppose  that  v  has  compact  support.  Fix 
a  constant  C\  such  that  |Vu|  <  C\.  According  to  Theorem  5.9.5,  there  exists  a 
constant  C2  such  that 


ll/lboti)  <  C2[\[f/2  -  Rtf  |b (8n)  +  ||5a/||tfo0)],  feX.  (5.76) 


Fix/  G  X  and  put  u  =  5^/  in  £2.  According  to  Lemma  5.8.2,  Theorem  5.4.7, 
Proposition  5.2.8,  and  Lemma  5.8.1, 

a  ~  1  f  0  f  du 

-\\du/dn\\2L2(dn)  <  -  I  | Vm|2(m  •  u)  d"Hm-i  =  /  —  (i;  •  Vm)  d77m_i 

a^  a^ 


+ 


1 

2 


3 jVj  d Tim 


/Wl  n  C\ 

<  I  £(v-Vu) 

q  pk= i  a^ 


H-Ci  3  m2 


3w  o  F  du 

—  (v  •  Vw)  dHm_i  +  3Cim2  /  u—~  dTLm-\. 
on  J  on 
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Adding  a\\du/dn\\2L2(^Q)  to  the  both  sides,  we  obtain 

o  C  du  ~  f  du 

(a  +  u/2)\\du/dn\\2Ll{dQi)  -  /  t^(©  '  v«)  d^m-i  +  3Cim2  /  w—  dT^-i- 

as  as 

By  virtue  of  Holder’s  inequality  (Proposition  1.14.1), 

( a  +  a/2) || 3m/ 3w <  l|9^/9^llL2(a^)  [ll^a/llzAa^)  +  3Cim2||w||L2(a^)] . 

Put  C3  =  (1  +  3Cim2)/(a  +  a/2).  Then 

||3M/3^||L2(a^)  <  C3  [\\Tef\\L2(dQ)  +  ||ii||L2(an)] . 

Since  du/dn  =// 2  —  by  Theorem  5.4.8,  (5.76)  gives 

II/IIl’(3B)  <  C2C3||7^||L2(an)  +  C2(l  +  C3)||5fi/||i2(aQ). 

Proposition  5.23.2  Let  Q  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
v  e  Cl(Rm,  Rm).  Let  a  and  a  be  nonnegative  numbers  such  that  a  +  a  >  0.  Suppose 
that  v-nQ  >  a  on  d£2.  Put  0  =  anQ+v.  Leth  e  L°°(d£2).  Define  Pf  =  &Hm-\ 

forf  e  L2( 3£2).  TTzerc  T0+/z5^,  r©(/-P)+A[5n(/-P)+P]  are  Fredholm  operators 
with  index  0  in  L?(d£l). 

Proof  If  m  >  2,  put  X  =  L2(d£l).  If  m  =  2,  denote  X  =  {f  e 

L2(dQ);  fdQf  (LUm-i  =  0}.  According  to  Lemma  5.23.1,  there  exists  a  constant  C 
such  that 


ll/llz2^)  5  C|l7©/llz2(a^)  +  C||5n/||L2(an)  V/  e  X. 

Since  SQ  is  a  compact  operator  on  L2(dQ)  by  Proposition  5.2.2,  Lemma  1.7.9  gives 
that  7©  is  an  upper  semi-Fredholm  from  X  to  L2(3£2).  If  m  =  2,  then  7©  (7  —  P) 
in  an  upper  semi-Fredholm  operator  on  L2(dQ).  The  operator  7©  in  an  upper  semi- 
Fredholm  operator  on  L2 (3 £2)  by  Theorem  1.8.3. 

For  a  =  1,  v  =  0,  we  have  Tn  —  \l  —  K'Q  by  Theorem  5.4.8.  The  operator  Tn  is 
a  Fredholm  operator  with  index  0  by  Proposition  5.9.9.  Theorem  on  the  continuity 
of  the  index  (Proposition  1.8.5)  gives  that  z(Ti©+(W)n)  =  0  for  0  <  t  <  1.  Thus  7© 
is  a  Fredholm  operator  with  index  0. 

Since  7©  +  hSQ  —  7© ,  7© (7  —  P)  +  h[SQ  (7  —  P)  +  P]  —  7©  are  compact  operators 
on  L2(3£2),  the  operators  7©  +  hSQ,  T@(I  —  P)  +  h[SQ(I  —  P)  +  P]  are  Fredholm 
with  index  0  by  Theorem  1.8.3. 

Lemma  5.23.3  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  v  e 
Cl(Rm,Rm),  m  >  2.  Let  a,  a  be  nonnegative  numbers.  Suppose  that  v  •  nQ  >  a 
on  dQ.  Put  0  =  anQ  +  v.  Then  there  exists  a  nonnegative  number  Co  such  that 
the  following  assertion  holds:  Let  h  be  a  constant,  h  >  cq,  u  be  an  L2 -solution  of 
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the  derivative  oblique  problem  (5.74)  with  g  =  0.  If  £2  is  unbounded  and  m  >  2, 
suppose  moreover  that  u(x)  —>  0  as  \x\  —>  oo.  Then  u  =  0. 

Proof  Without  loss  of  generality,  we  can  suppose  that  v  has  a  compact  support.  Fix 
a  constant  C\  such  that  |Vu|  <  C\.  Put  Co  =  3C\m2.  Let  h  be  constant,  h  >  cq. 
Let  u  be  an  L2- solution  of  the  derivative  oblique  problem  (5.74)  with  g  =  0.  If  £2  is 
unbounded  and  m  >  2,  suppose  moreover  that  u(x)  —>  oo  as  \x\  — >  oo.  According 
to  Lemmas  5.8.2  and  5.8.1, 


0  <  a\\du/dn\\2Ll{m  +  1  J  \Vu\2(n  ■  v) 


&Hm-\ 


aft 


r  du 

'  J  ~dn 

3ft 


(0  •  57 u  +  hu )  dTLm-i  ~  h 


1 J  U^n  d^m_1  +  \  J  I  VmI2  X! 

an  n  j=1 


djVj  d'Um 


J  y^  (djVk)(dju)(dku)  <  -h  J  |Vm|2  d"Hm  +  c0  J  |Vw|2cTH„ 

Q  Q  Q 


<  0. 


Thus  (h  —  cf)\Wu\2  =  0  in  £2.  Therefore  w  is  constant  on  each  component  of  £2. 
Hence  0  =  ©  •  S7u  +  hu  =  hu  on  9£2.  Since  h  >  0,  we  deduce  that  u  =  0. 

Theorem  5.23.4  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
v  e  Cl(Rm ,Rm),  m  >  2.  Let  a,  a  be  nonnegative  numbers,  a  +  a  >  0.  Suppose  that 
v -nQ  >  a  on  9£2.  Put  0  =  anQ  +  v.  Then  there  exists  a  nonnegative  number  Co  such 
that  the  following  assertion  holds:  Fix  a  constant  h  such  that  h  >  Co.  Then  7@  +hSQ 
is  an  isomorphism  on  L2(  9£2).  If  g  e  L2(9£2),  then  there  exists  an  L2 -solution  of  the 
derivative  oblique  problem  (5.74). 

•  If  Q  is  bounded,  then  u  =  S^1  [7©  +  hS^]~lg  is  a  unique  solution  of  the  problem. 
Moreover, 


\\Mb(u)\\LH9n)  +  \\Mb(yu)\\L2{dQ)  <  C\\g\\L2idQ)  (5.77) 

with  a  constant  C  that  does  not  depend  on  g. 

•  If  Q  is  unbounded  and  u  is  a  solution  of  the  problem,  then  there  exists  u0 Q  e  R 
such  that  u(x)  —>  u0 Q  as  \x\  ->  oo.  On  the  other  hand,  if  Uqq  is  given,  then 
u  =  <S^[7@  +  hS^]  1  (g  —  huoo)  +  Uqq  is  a  unique  solution  of  the  problem  such 
that  u(x)  Uqq  as  \x\  ->  oo.  Moreover, 

ll^(w)IL2(aft)  +  \\Mb(Vu)\\L2(dQ)  <  C[||s||*(a0)  +  lMool]  (5.78) 

with  a  constant  C  that  does  not  depend  on  g  and  Uqq. 

Proof  Let  Co  be  a  constant  from  Lemma  5.23.3.  Fix  a  constant  h  such  that 
h  >  Co.  Then  T ©  +  hSQ  is  a  Fredholm  operator  with  index  0  in  L2( 3 £2)  by 


346 


5  LP -Solutions  of  Boundary  Value  Problems 


Propositions  5.23.2  and  5.2.3.  Fix  cp  e  Ker[7©  +  hSQ].  Then  u  =  SQcp  is  a  solution 
of  the  derivative  oblique  problem  (5.74)  with  g  =  0.  If  Q  is  unbounded,  then 
u(x )  — >  0  as  \x\  — >  oo.  Lemma  5.23.3  gives  that  u  =  0  in  Q.  Continuity  of  a  single 
layer  potential  (Proposition  5.2.2)  gives  that  SQ(p  =  0  on  dQ.  Lemma  5.9.3  gives 
that  (p  =  0.  Since  7@  +  hSQ  is  a  Fredholm  operator  with  index  0,  it  is  surjective. 
Theorem  1.6.3  gives  that  T ©  +  hSQ  is  an  isomorphism. 

Let  now  g  e  L2(dQ)  be  given.  If  Q  is  bounded,  then  <S^[7@  +  hSQ]~lg 
is  an  L2- solution  of  the  problem  (5.74).  Lemma  5.23.3  gives  that  this  solution 
is  unique.  Suppose  now  that  Q  is  unbounded.  If  Uqq  e  R  is  given,  then  u  = 
Sq[T ©  +  hSQ]~l(g  —  hu^)  +  Uoq  is  an  L2-solution  of  the  problem  such  that 
u(x)  ->  Uoq  as  | x\  — >  oo.  Let  now  v  be  an  L2- solution  of  the  problem  (5.74). 
Lemma  1.28.2  gives  that  v  is  bounded  in  a  neighborhood  of  infinity.  Hence  there 
exists  a  constant  Vqq  such  that  v(x)  Vqq  as  \x\  ->  oo  by  Proposition  2.17.1.  If 
Vqq  =  Uoq,  then  u  —  v  =  0  by  Lemma  5.23.3. 

The  estimates  (5.77),  (5.78)  are  consequences  of  Propositions  5.2.2,  5.2.3,  and 
5.2.8. 

Theorem  5.23.5  Let  £2  C  R2  be  an  open  set  with  compact  Lipschitz  boundary, 
v  e  Cl(Rm,Rm).  Let  a,  a  be  nonnegative  numbers,  a-\-a  >  0.  Suppose  that  v-nQ  >  a 
on  d£2.  Put  ©  =  anQ  +  v.  Define  Pf  =  dPLiforf  e  L2(dQ).  Then  there  exists 
a  nonnegative  number  Co  such  that  the  following  assertion  holds :  Fix  a  constant  h 
such  that  h  >  cq.  Then  T  =  T@(I  —  P)  +  h[S^(I  —  P)  +  P]  is  an  isomorphism  on 
L2(dQ).IfgeL2(dQ),then 

u  =  SQ(I-  P)T~lg  +  PT~xg 

is  a  unique  L2 -solution  of  the  derivative  oblique  problem  (5.74).  Moreover,  the 
estimate  (5.77)  holds  with  a  constant  C  that  does  not  depend  on  g. 

Proof  Let  Co  be  a  constant  from  Lemma  5.23.3.  Fix  a  constant  h  such  that  h  >  cq. 
Then  T  is  a  Fredholm  operator  with  index  0  in  L2(3^)  by  Proposition  5.23.2.  Fix 
cp  G  KerT.  Then  u  =  SQ(I  —  P)cp  +  P(p  is  a  solution  of  the  derivative  oblique 
problem  (5.74)  with  g  =  0.  Lemma  5.23.3  gives  that  u  =  0  in  Q.  Thus  u  is  an 
L2-solution  of  the  Robin  problem  A u  =  0  in  Q,  du/dn  +  hu  =  0  on  Thus 
[(1/2)/  —  Kn](I  —  P)(p  -\-P(p  =  0  (see  Propositions  5.2.2,  5.2.3  and  Theorem  5.4.8). 
Proposition  5.10.3  gives  that  cp  =  0.  Since  T  is  a  Fredholm  operator  with  index  0,  it 
is  surjective.  Theorem  1.6.3  gives  that  T  is  an  isomorphism. 

Let  now  g  e  L2( 3£2)  be  given.  Clearly,  u  =  SQ(I  —  P)T~lg  +  PT~lg  is 
an  L2- solution  of  the  derivative  oblique  problem  (5.74).  The  estimate  (5.77)  is  a 
consequence  of  Propositions  5.2.2,  5.2.3,  and  5.2.8. 

Lemma  5.23.6  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  1  < 
p  <  oo,  p'  =  p/(p  —  1).  Let  A  =  (aif)  be  a  matrix  function  of  the  type  mxm  that  is 
antisymmetric  ( i.e .,  a y  =  —ajt),  andatj  e  Cl(Rm )  have  compact  support.  Define  the 
tangential  vector  function  r(x)  =  A(x)nQ(x)  on  dQ,  and  put  @(v)  =  nQ(x)  +  r(x). 
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Lethe  L°°(3£2).  Put 


i'll 

h  =  h+  -  ^2  nfididy). 
iJ= 1 

Let  u  be  an  LP -solution  of  the  derivative  oblique  problem  (5. 74).  Let  cp  e  C°°(£2)  be 
such  that  Mb{(p )  e  LP  (3  £2),  and  there  exists  the  nontangential  limit  ofcp  at  almost 
all  points  of  3£2.  If  £2  is  unbounded,  suppose  moreover  that  u(x)  =  0( \x\2~m), 
cp(x)  =  0( \x\2~m),  \W(p(x)\  =  0(\x\l~m)  as  \x\  oo.  Then 


r  r  m  l 

/  (pg  dHm-i  =  /  {V99  •  Wu  +  Yfa^u  +  -{djaij)(pdiU 
dn  n  ^=l 

— ~(djaij)udi(p]}  dPLm  +  J  <phu  dTLm-\ . 

dn 


If  Mb(u)  e  Lp  (3£2),  then 


J  UgdUm-l  =  J  |  Vw|2 


/ 


dUm  +  /  huz  &TLm-\. 

dQ 


Proof  We  can  suppose  that  h  =  0.  If  £2  is  unbounded,  then  |  Vw(x)|  =  0(|x|1-m)  as 
|x|  — >>  00  by  Lemma  1.28.2  and  Proposition  2.17.3.  If  £2  is  unbounded  and  m  =  2, 
then  \Wu(x)\  =  0( \x\~2)  as  \x\  ->  cx)  by  Proposition  2.17.3. 

Suppose  first  that  atj  e  C2(Rm).  Let  £2(&)  be  an  increasing  sequence  of  open  sets 
from  Lemma  1.17.13.  According  to  the  Gauss-Green  theorem  (Theorem  1.19.1)  and 
the  Lebesgue  lemma  (Lemma  1.13.2), 


/  (pg  dHm-l 
dQ 


m  1  ! 

+  Y  nAaifiiU  +  -udidijl  > 

iJ=  1  J 


dpi  m—  1 


=  lim  /  {Vw-V^-b  >  [aijdjcpdiU  +  OijcpdidjU -\- (djaif)(pdiU 
k—>oo  J  “ — ' 

£2(Jt)  ?J=1 

H”  ^ ^PiAi^ij) djU  +  -u(diOij)dj(p  +  — ^w3y3^y]}  dl~im. 

Since  0,7  =  —  ay,  we  have 

m  m 

( djdjajj)u(p  =  0,  aijcpdidjU  =  0. 

0=1  0=1 
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Thus 


^(p{djdij)diU  ^ u(djCiij)di(p ]}  &Hm 


•  Va 


"T  ^  ^ ^ (djdij)(pdiU  ^(djdij)udi(p]}  dLLm. 
ij=  i 


Let  G  C1^™).  Choose  a  nonnegative  function  0  e  C°°{Rm)  supported  in 
Z?(0;  1)  such  that 


/ 


00)  dl-Lm{x)  =  1. 


For  €  >  0,  put  0^0)  —  0  (^c/^) /^m,  fl-  =  fly  *  0€.  Then  a^-  g  C^°(Rm)  and  a|-  ->  fly- 
in  C1,0(£2).  (See  Sect.  1.15.)  We  have 

C  f  idu  1  I 

I  g(p  dUm-i  =  Urn  I  y  <  —  +  V  rijlaydiU  +  - ud ,n|]  >  dH„,-i 


a^ 


(dja-j)(pdiU  -  ^(djd^udicp]} 


r  m  l 

=  lim  /  {V<^  •  Va  +  ^^[fl^S^S/fl  -| — 

J  -i  2 

a  lJ=1 

r  m  i  i 

=  J  {V<p  •  Vm  +  V  +  -(djay)(pdjU  -  -(^>9, •<£>]}  d'H,, 


n  'V=1 

If  cp  =  u ,  then  fl^  =  —Ay  gives 


J  ugd1-Lm-i  =  J  \Vu\2dT-L„, 

dn  n 


Proposition  5.23.7  Let  Q  C  Rm  be  dn  open  set  with  compdct  Lipschitz  bounddry, 
1  <  p  <  oo,  p'  =  p/(p—  1).  Let  A  =  ( fly )  a  mdtrix  function  of  the  type  mxmthdt 
is  dntisymmetric  (i.e.,  dfj  =  —dji),  dnd  dij  G  Cl(Rm).  Define  the  tdngentidl  vector 
function  r(x)  =  A(x)nQ(x)  on  dQ,  dnd  put  0(v)  =  nQ(x)  +  r(x).  Let  h  G  L°°(9£2), 
h  >  0.  Put 


j  m 

h  +  - 


ij=  1 
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Let  u  be  an  LP -solution  of  the  derivative  oblique  problem  (5. 74)  with  g  =  0.  Suppose 
thatMb(u)  G  LP  (3£2).  IfQ  is  unbounded  and  m  >  2,  suppose  moreover  that  u(x)  -> 
0  as  \x\  ->  oo.  Then  u  is  constant. 

•  V /a^[  W  +  W\  >  0,  then  u  =  0. 

•  If  £2  is  unbounded  and  m  >  2,  then  u  =  0. 

Proof  We  can  suppose  that  «y  have  compact  support.  If  £2  is  unbounded,  then 
w(x)  =  0(\x\2~m)  as  \x\  — >  cx)  by  Lemma  1.28.2  and  Proposition  2.17.3.  According 
to  Lemma  5.23.6, 

0  =  J  wgdHm_i=  j  \Vu\2dTLm-\-  I  hu2  dTLm-i. 

80,  O  80 

Thus  Wu  =  0  in  £2,  hu2  =  0  on  3  £2.  Since  £2  is  connected,  there  exists  a  constant 
c  such  that  u  =  c  (see  Lemma  1.20.1).  If  fdQ  h  dTLm-\  >  0,  then  c  =  0,  because 
he 2  =  0  on  3£2.  If  fdQ  \h\  dTLm~\  >  0,  then  c  =  0,  because  0  =  0-  Wu  +  hu  =  he 
a.e.  on  3£2.  If  £2  is  unbounded  and  m  >  2,  then  c  =  0,  because  u(x)  0  as 
\x\  — >  oo. 

Lemma  5.23.8  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  1  < 
p  <  oo.  Let  A  =  (a,ij)  be  a  matrix  function  of  the  type  m  x  m.  Let  a y  e  Cl(Rm )  be 
functions  with  compact  support  such  that  a^  =  —ay.  Ifve  Wl,p(f  2),  then 


(5.79) 


Proof  Suppose  first  that  ay  G  C2(Rm).  According  to  the  Gauss-Green  formula  for 
Sobolev  spaces  (Proposition  1.24.4),  we  have 


/m  pm 

v  ^  '  njidjaij)  —  /  ^  '  (djaij)djV  -P 
a^  v=1  o  *v=i 


p  m 

J  v^ididjaij). 

a  ‘J=i 


Since  a^  =  — a y,  we  obtain  (5.79). 

Let  atj  G  Cl(Rm).  Choose  a  nonnegative  function  f  G  C°°(Rm )  supported  in 
B(0;  1)  such  that 


J  f{x)  dTLm{x)  =  L 

Rm 


For  €  >  0,  put  f€fx)  =  fix/e)/em,  a\-  —  ay  *  Then  a\-  G  C^°(7?m)  and  a?.  ->  ay- 
in  C1,0(£2).  (See  Sect.  1.15.)  We  have  proved  (5.79)  for  af..  Letting  6  |  0,  we  obtain 
(5.79)  for  ay. 
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Proposition  5.23.9  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary, 
1  <  p  <  oo.  Suppose  that  £2  is  bounded  or  m  =  2.  Let  A  =  (atj)  be  a  matrix 
function  of  the  type  m  x  m  that  is  antisymmetric al  (i.e.,  a y  =  —aji),  and  a^  E 
Cl(Rm).  Define  the  tangential  vector  function  r(x)  =  A(x)nQ(x)  on  d£2,  and  put 
@(x)  =  nQ(x)  +  r(x).  Let  g  E  LP(d£2), 

m 

h  =  0,  nf^iaij  =  0  on  d£2. 

ij=  i 

If  there  exists  an  LP  -solution  of  the  derivative  oblique  problem  (5.74),  then 

(  g  dnm-i  =  0. 

Proof  Suppose  first  that  £2  is  bounded.  Define  cp  =  1.  Lemma  5.23.6  gives 

J  §  dPHm- \  —  J*  g(p  dHm-i  —  —  J  ^  '  (djaij)djU  dl~im. 
aft  aft  ft 

Since  u  E  W1,p(£2)  by  Lemma  1.28.1,  we  obtain  by  Lemma  5.23.8 


Let  now  m  =  2  and  £2  be  unbounded.  We  can  suppose  that  A  has  compact 
support.  Since  u(x)  =  0(1)  as  \x\  —>  oo  by  Lemma  1.28.2,  Proposition  2.17.3 
gives  that  \Wu(x)\  =  0(|v|-2)  as  \x\  oo.  Thus 

/  g  dHm-i  =  lim  /  Vu  •  (n  +  An)  dHm-\  =  0. 

J  r->  oo  y 

aft  a  [ft  ns(0;r)] 

Proposition  5.23.10  £2  C  Rm  be  an  open  set  with  compact  boundary  of  class 

C 2.  A  =  (< ay )  a  matrix  function  of  the  type  m  x  m  that  is  antisymmetrical 
(i.e.,  a^  =  ~aji),  and  a y  E  Cl(Rm).  Define  the  tangential  vector  function  r(x)  = 
A(x)nQ(x)  on  dQ,  and  put  @(x)  =  nQ(x)  +  r(x).  Define  Pf  =  (fyQf  dPLm-\  for 
f  E  L2(3ft).  Ifh  E  L°°(3ft),  then  T@  +  hSQ,  T&(I  -  P)  +  A[5n(/  -  P)  +  P]  are 
Fredholm  operators  with  index  0  in  L2(d£2). 

Proof  First  we  show  that  there  exists  u  E  Cl(Rm,Rm)  such  that  u  =  r  on  dQ. 
Fix  z  E  3£2.  There  exist  a  coordinate  system  centered  in  z,  r  >  0,  and  a  function 
E  C2(Rm~l)  such  that  £2  Pi  P(0;  r)  =  {[x';xm];x'  E  Rm~l,xm  >  n  P(0;  r). 


5.23  An  L2 -Solution  of  the  Oblique  Derivative  Problem 
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The  vector  function 


v(x',xm)  =  [-VOOO,  ll/VlVOC*')!2  +  1  G  C\Rm,Rm) 


and  nQ  =  v  on  Z?(0;  r)  Pi  9  £2).  So,  for  each  z  g  9 £2,  there  exists  r(z )  >  0  and 
vz  e  Cx(Rm,Rm)  such  that  nQ  =  vz  on  B(z\r(z ))  Pi  9£2.  Since  9£2  is  compact, 
there  exist  zi,  •  •  • ,  Zk  such  that  9£2  C  B(z\,  r(zi))  U  •  •  •  U  B(zk ,  r(z^)).  According  to 
Lemma  on  partition  of  unity  (Lemma  1.18.1),  there  exists  (pj  e  C°°(B(zf  r{zj))  such 
that  cp\  +  •  •  •  +  cpk  =  1  on  9£2.  Define 


k 


Then  u  e  Cl(Rm,Rm )  and  u  —  x  on  9£2. 

Since  r(x)  is  a  tangential  vector  function,  we  have  nQ  •  r  =  0  on  9  £2. 
Proposition  5.23.2  gives  that  T ©  +  hSQ,  7©  (/  —  P)  +  h[Sn (/  —  P)  +  P]  are  Fredholm 
operators  with  index  0  in  L2  (9  £2). 

Theorem  5.23.11  Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  C2. 
Let  A  =  (< Ay )  be  a  matrix  function  of  the  type  m  x  m  that  is  antisymmetric al  (i.e., 
aij  =  —aji),  aij  e  Cl(Rm),  and 


m 


Yj  nfdiaij  =  0  ondi 2 . 


Define  the  tangential  vector  function  r(x)  =  A(x)nQ(x)  on  9 £2,  and  put  0(x)  = 
nQ(x)  +  x(x).  Denote X  =  {f  e  L2(di 2);  fdQf  dHm-i  =  0}.  Then  T@(L2(dQ))  =  X. 
Denote  by  T  the  restriction  of  7©  onto  X.  Then  T  is  an  isomorphism  on  X.  Let 
h  =  0.  If  g  e  L2(di 2),  then  there  exists  an  L2 -solution  of  the  derivative  oblique 
problem  (5.74)  if  and  only  if  fdQ  g  dTLm-\  =  0.  The  general  form  of  a  solution  of 
this  problem  is  SQ  ( T~lg )  +  c  where  c  is  an  arbitrary  constant.  Ifu  is  an  L2 -solution 
of  the  derivative  oblique  problem  (5.74),  then 


ll^4(Vw)||L2(a^)  <  C||g||L2(a^); 


(5.80) 


if  moreover 


(5.81) 


then 


\\Mb(u)\\L2{dQ.)  +  ll^(Vw)||L2(a^)  <  C||*||L2(an). 


(5.82) 


Here  a  constant  C  does  not  depend  on  g. 
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Proof  We  can  suppose  that  ay  have  compact  support. 

If  there  exists  an  L2-solution  of  the  derivative  oblique  problem  (5.74),  then  g  G  X 
by  Proposition  5.23.9. 

Let  /  G  L2(dQ).  Then  u  =  SQf  is  an  L2-solution  of  the  derivative  oblique 
problem  (5.74)  with  g  =  Tef.  Thus  Tef  =  g  e  X.  So,  Te(L2(dQ))  C  X.  The 
operator  T ©  is  a  Fredholm  operator  with  index  0  in  L2(9£2)  by  Proposition  5.23.10. 
Since  7@(X)  C  X,  the  operator  T  is  a  Fredholm  operator  with  index  0  by 
Lemma  1.8.8.  Let  /  e  Ker7\  Then  u  =  SQf  is  an  //-solution  of  the  derivative 
oblique  problem  (5.74)  with  g  =  0.  So,  there  exists  a  constant  c  such  that  SQf  =  c 
in  Q  (see  Proposition  5.23.7).  The  nontangential  limit  gives  that  SQf  =  c  on  9 £2 
(see  Proposition  5.2.2).  Since/  G  X,  we  obtain 


Lemma  5.9.3  gives  that /  =  0.  Since  T  is  a  Fredholm  operator  with  index  0,  we 
have  T(X)  =  X.  Thus  T  is  an  isomorphism  by  Theorem  1.6.3. 

If  g  G  X  and  c  is  a  constant,  then  SQ  ( T~lg )  +  c  is  an  L2  -solution  of  the  derivative 
oblique  problem  (5.74).  Proposition  5.23.7  gives  that  this  is  a  general  form  of  an  L2- 
solution  of  the  derivative  oblique  problem  (5.74). 

Let  g  G  X.  Then  u  =  SQ(T~lg)  —  <fiQSQ(T~lg)  d TLm  is  a  unique  L2- 
solution  of  the  derivative  oblique  problem  (5.74)  such  that  (5.81)  holds.  Since 
/  i->  ^  SQf  d PLm  is  a  bounded  linear  functional  on  L2(dQ)  (see  Corollary  5.2.9  and 
Proposition  1.14.1),  Propositions  5.2.2  and  5.2.8  give  that  there  exists  a  constant  C 
such  that  (5.82)  holds.  If  v  is  another  solution  of  the  problem,  then  v  —  u  is  constant 
and  thus  ||M&(Vu)||L2(afl)  <  C||g||L2(9n). 

Theorem  5.23.12  Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  C2, 
m  >  2.  Let  A  =  (ay)  be  a  matrix  function  of  the  type  m  x  m  that  is  antisymmetrical 
(i.e.,  atj  =  —aji),  and  atj  G  Cl(Rm).  Define  the  tangential  vector  function  x(x)  = 
A(x)nQ(x)  on  d£2,  and  put  0(v)  =  nQ(x)  +  r(x).  Let  h  G  L°°(9^),  h  >  0.  Define 


Suppose  that 


[\h\  +  \h\]  d Um-X  >  0. 


Define  Tf  =  T@f  +  hSQf.  Then  T  is  an  isomorphism  on  L2(d£l).  If  g  G  L2(9^2), 
then  u  =  SQ  ( T~xg )  is  a  unique  L2 -solution  of  the  derivative  oblique  problem  (5. 74). 
Moreover,  the  estimate  (5.82)  holds  with  a  constant  C  that  does  not  depend  on  g. 


5.23  An  L2 -Solution  of  the  Oblique  Derivative  Problem 
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Proof  Proposition  5.23.7  gives  uniqueness. 

Iff  e  KerT,  then  u  =  SQf  is  an  L2 -solution  of  the  derivative  oblique  problem 
(5.74)  with  g  =  0.  So,  SQf  =  0  in  £2.  The  nontangential  limit  gives  that  Snf  =  0 
on  9£2  (see  Proposition  5.2.2).  Lemma  5.9.3  forces/  =  0.  Since  T  is  a  Fredholm 
operator  with  index  0  by  Proposition  5.23.10,  it  is  onto.  Hence  T  is  an  isomorphism 
by  Theorem  1.6.3. 

Let  now  g  e  L2( 9  £2).  Then  u  =  SQ(T~lg)  is  an  resolution  of  the  derivative 
oblique  problem  (5.74).  The  estimate  (5.82)  is  consequence  of  Propositions  5.2.2 
and  5.2.8. 

Theorem  5.23.13  Let  £2  C  R2  be  a  domain  with  compact  boundary  of  class  C2.  Let 
A  =  ( aij )  be  a  matrix  function  of  the  type  2x2  that  is  antisymmetric al  (i.e.,  ay  = 
—aji),  and  a^  e  Cl(R2).  Define  the  tangential  vector  function  x(x)  =  A(x)nQ(x)  on 
9  £2,  and  put  @(x)  =  nQ(x)  +  r(x).  Let  h  e  r°°(9£2),  h  >  0.  Define 

1  2 

h  =  h  +  -  nf  didy. 
iJ=  1 


Suppose  that 


f  [\h\  +  \h\]  d Hx  >  0. 

SQ 

Define  Pf  =  $  fmf  &Ui,  Tf  =  T@(I  -  P)f  +  h[Sn(I  -  P)f  +  Pf\.  Then  T  is  an 
isomorphism  onL2(dQ).  If  g  €  L2(dQ),  then 

u  =  Sa[(I  -  P)T~l g\  +  PT~l g 

is  a  unique  L2- solution  of  the  derivative  oblique  problem  (5.74).  Moreover,  the 
estimate  (5.82)  holds  with  a  constant  C  that  does  not  depend  on  g. 

Proof  Proposition  5.23.7  gives  uniqueness. 

If  f  e  Ker7\  then  u  =  SQ(I  —  P)f  +  Pf  is  an  resolution  of  the  derivative 
oblique  problem  (5.74)  with  g  =  0.  Thus,  u  =  0  in  Q.  Hence  u  is  an  resolution 
of  the  Robin  problem  Au  =  0  in  £2,  du/dn  +  u  =  0  on  9£2.  So,  |(7  —  P)f  — 
K'q  (/ - P)f  +  SQ  (I-  P)f  +  Pf  =  Oby  Propositions  5.2.2,  5.2.3  and  Theorem  5.4.8. 
Therefore/  =  0  by  Proposition  5.10.3.  Since  T  is  a  Fredholm  operator  with  index 
0  by  Proposition  5.23.10,  it  is  onto.  Thus  T  is  an  isomorphism  by  Theorem  1.6.3. 

Let  now  g  e  r2(9£2).  Then  u  =  <S^[r-1(7  —  P)g]  +  PT~lg  is  an  r2-solution 
of  the  derivative  oblique  problem  (5.74).  The  estimate  (5.82)  is  consequence  of 
Propositions  5.2.2,  5.2.3,  and  5.2.8. 

Theorem  5.23.14  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary 
of  class  C2,  m  >  2.  Let  A  =  (a^)  be  a  matrix  function  of  the  type  m  x  m  that  is 
antisymmetrical  (i.e.,  ay  =  — a ji)  and  a^  e  Cl(Rm).  Define  the  tangential  vector 
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function  r(x)  =  A(x)nQ(x)  on  9  £2,  and  put  0(x)  =  nQ(x)  +  x(x).  Let  h  e  L°°(9£2), 
h  >  0.  Define 


Put  Tf  =  T@f  +  hSQf.  Then  T  is  an  isomorphism  on  L2(9£2).  Fix  g  e  L2(9£2). 

•  If  u  is  an  L2 -solution  of  the  derivative  oblique  problem  (5.74),  then  there  exists 
Moo  £  R  such  that  u(x)  Uqq  as  \x\  ->  oo. 

•  If  Uoq  e  R  is  given,  then  u  =  SQT~l  (g-huoo)-\-u0 0  A  a  unique  L2 -solution  of  the 
derivative  oblique  problem  (5.74)  such  that  u(x)  —>  Uqo  as  |jc|  oo.  Moreover, 


\\Mb(u)\\L2(dQ^  +  ||M,(VM)||L2(a^)  <  C[||s||*(a0)  +  | Moo  I ]  (5.83) 


with  a  constant  C  that  does  not  depend  on  g  and  u^q. 

Proof  Let  u  be  an  L2- solution  of  the  derivative  oblique  problem  (5.74).  Since  u  is 
bounded  in  a  neighborhood  of  infinity  by  Lemma  1.28.2,  there  exists  a  constant  Uqo 
such  that  u(x)  ->  Uqq  as  \x\  oo  (see  Proposition  2.17.1).  If  v  is  another  L2- 
solution  of  the  derivative  oblique  problem  (5.74)  such  that  v(x)  — >  Uqo  as  \x\  ->  oo, 
then  u  —  v  =  0  by  Proposition  5.23.7 . 

Let /  e  Ker  T.  Then  u  =  SQf  is  an  L2-  solution  of  the  derivative  oblique  problem 
(5.74)  with  g  =  0  such  that  u(x)  0  as  \x\  ->  oo.  So,  u  =  0  in  Q.  Therefore 
m  is  an  L2-solution  of  the  Neumann  problem  —  A u  =  0  in  £2,  du/dn  =  0  on  9£2 
and  [(1  /2)7  —  K'Q]f  =  0.  Proposition  5.9.4  gives  that /  =  0.  Since  T  is  a  Fredholm 
operator  with  index  0  by  Proposition  5.23.10,  it  is  onto.  Hence  T  is  an  isomorphism 
by  Theorem  1.6.3. 

If  Moo  €  R,  then  u  =  SQT~l(g  —  huoo)  +  Uqo  is  a  unique  L2-solution  of  the 
derivative  oblique  problem  (5.74)  such  that  u(x)  ->  Uqq  as  \x\  ->  oo.  The  estimate 
(5.83)  is  consequence  of  Propositions  5.2.3  and  5.2.8. 

Theorem  5.23.15  Let  £2  C  R2  be  an  unbounded  domain  with  compact  boundary  of 
class  C2.  Let  A  =  (atj)  be  a  matrix  function  of  the  type  2x2  that  is  antisymmetrical 
(i.e.,  atj  =  —aji),  a^  e  Cl(R2),  and 


2 


Y,  n^diatj  =  0  ondi 2 


( i.e.,  A  is  constant  on  each  component  of  9  £2).  Define  the  tangential  vector  function 
r(x)  =  A(x)nQ(x)  on  9 £2,  and  put  0(x)  =  nQ(x)  +  r(x).  Denote  X  =  {f  e 
L2(di 2);  fdQf  dPLm-i  =  0}.  Then  T@(L2(dfi))  =  X.  Denote  by  T  the  restriction 
ofT @  onto  X.  Then  T  is  an  isomorphism  on  X.  Let  h  =  0. 


5.24  //-Solution  of  the  Derivative  Oblique  Problem  in  the  Plane 
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•  If  g  G  L2(  3£2),  then  there  exists  an  L2-solution  of  the  derivative  oblique  problem 
(5.74)  if  and  only  if  g  G  X. 

•  If  u  is  an  L2 -solution  of  the  derivative  oblique  problem  (5.74),  then  there  exists 
Uoq  G  R  such  that  u(x)  — >  u0 0  as  \x\  oo. 

•  If  g  G  X  and  Uoq  g  R  are  given,  then 

u  =  SQT~lg  +  Uoq 

is  a  unique  L2 -solution  of  the  derivative  oblique  problem  (5.74)  such  that  u(x)  — ► 
Uoq  as  \x\  —>  oo.  Moreover,  the  estimate  (5.83)  holds  with  a  constant  C  that  does 
not  depend  on  g  and  Uoq. 

Proof  If  there  exists  an  L2- solution  of  the  derivative  oblique  problem  (5.74),  then 
g  G  X  by  Proposition  5.23.9.  Since  u  is  bounded  in  a  neighborhood  of  infinity  by 
Lemma  1.28.2,  there  exists  a  constant  Uoq  such  that  u(x)  ->  Uoq  as  \x\  ->  oo  (see 
Proposition  2.17.1).  If  v  is  another  L2 -solution  of  the  derivative  oblique  problem 
(5.74)  such  that  v(x)  ->  Uoq  as  \x\  ->  oo,  then  u  —  v  =  0  by  Proposition  5.23.7 . 

Let  /  G  L2(d£l).  Then  u  =  SQf  is  an  //-solution  of  the  derivative  oblique 
problem  (5.74)  with  g  =  Tef.  Thus  Tef  =  g  e  X.  So,  Te(L2(dQ ))  C  X.  The 
operator  T ©  is  a  Fredholm  operator  with  index  0  in  Z/(9£2)  by  Proposition  5.23.10. 
Since  7@(X)  C  X,  the  operator  T  is  a  Fredholm  operator  with  index  0  by 
Lemma  1.8.8.  Let  /  G  KerT.  Then  u  =  SQf  is  an  L2- solution  of  the  derivative 
oblique  problem  (5.74)  with  g  =  0.  So,  there  exists  a  constant  c  such  that  SQf  =  c 
in  Q  (see  Proposition  5.23.7).  The  nontangential  limit  gives  that  SQf  =  c  on  3 £2 
(see  Proposition  5.2.3).  Since/  G  X,  we  obtain 

J  fsnf  d  nm-x  =  j  fc  d  nm-i  =  o. 

Lemma  5.9.3  gives  that /  =  0.  Since  T  is  a  Fredholm  operator  with  index  0,  we 
have  T(X)  =  X.  Thus  T  is  an  isomorphism  by  Theorem  1.6.3. 

If  g  G  X  and  Uoq  is  a  constant,  then  u  =  <S^(T-1g)  +  Uoq  is  an  //-solution 
of  the  derivative  oblique  problem  (5.74)  such  that  u(x)  —>  Uoq  as  \x\  —>  oo. 
Propositions  5.2.3  and  5.2.8  give  that  there  exists  a  constant  C  such  that  the  estimate 
(5.83)  holds. 


5.24  LP  -Solution  of  the  Derivative  Oblique  Problem 
in  the  Plane 

In  this  section,  we  study  Lp -solutions  of  the  derivative  oblique  problem  on  a 
planar  domain  with  compact  Ljapunov  boundary.  We  find  a  necessary  and  sufficient 
condition  for  the  existence  of  a  solution  and  discuss  the  uniqueness. 
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Let  Q  C  R2  be  an  open  set  with  compact  Lipschitz  boundary.  Denote  r  = 
(— n^  ,nf)  the  unit  tangential  vector  on  3 £2.  If  A  is  an  antisymmetrical  matrix 
function,  then  there  exists  a  function  a  such  that  AnQ  =  ax  on  3 £2.  So,  we  shall 
study  the  derivative  oblique  problem  (5.74)  with  ©  =  +  ax. 

Proposition  5.24.1  Let  £2  C  R2  be  a  domain  with  connected  compact  Lipschitz 
boundary,  1  <  p  <  oo.  Let  a  G  Cl(R2)  andc,h  G  L°°(3£2).  Define  x  =  (—n^nf), 
©  =  nQ  +  ax.  Forf  G  fV1,p(3£2),  define 


Uf  =  [Sf/dr  +c(f-  Pf)]  -  if1  [a(f  -  Pf )]  +  Pf. 


Then  Uf  G  H(£2),  Mb(uf),Mb(Vuf)  G  Lp(3£2),  and  there  exist  nontangential  limits 
ofuf  and  Vuy  at  almost  all  points  of  3£2.  Define 


Tf  =  ©  •  Wuf  +  huf. 


Then  T  :  Wl,p(3£2)  —>  LP(3Q)  is  a  bounded  linear  operator.  Moreover, 


is  a  compact  operator  from  Wl,j p(dQ)  to  LP(3Q). 

Proof  Uf  G  H(Q),  there  exist  nontangential  limits  of  Uf  and  Vw/  at  almost  all 
points  of  3Q,  and  Mb(uf),Mb(Vuf )  G  Lp(3£2)  by  Lemma  5.2.1,  Propositions  5.2.2, 
5.2.3,  5.2.8,  Theorems  5.3.5,  5.4.7,  and  5.5.2.  Denote  g  =  f  —  Pf.  According  to 
Corollary  5.5.3,  Propositions  5.2.2,  5.2.3,  Theorems  5.3.5  and  5.4.7, 


Tf  =  l(3g/3r  +  eg)  -  K'n(dg/dz  +  eg)  -  Lsn  2-(ag) 
+a7^Sn(dg/dz  +  eg)  +  ^  —  (ag)  ~  aKn 

+h[Sa(dg/dz  +  eg)  -  Lg  -  Knag  +  Pf]. 


By  virtue  of  Theorem  5.4.7, 


Tf  =  (l+a2)Pl-K'fj?j-+Lf, 
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where  L  =  L\  +  L2  +  L3  +  L4  +  hP  with 
Lrf  =  \ (I  ~  P)f  —  K'qc{I  —  P)f  --jj-S* 


H-P)f 


+  a—SQ[c(I  -  P)f] 
dr 


a  da  ,  x  , 

+  -2Yz(,-PV-aK'a 


da 


a  -  p)f 


9r 

L7J  =  hSn[df/dr  +  c(I-P)f], 


da 
dx 

ah(I  -  P)f  -  hKQa(I  -  P)f , 


ww  =  f 

dQ 

L/f(x)  =  a(x) 


dh2(x-y )  m9/Cv)  Anj  (  , 

- - - [a(x)  -  a{y)\— —  &U\(y), 

dr  dr 


f 


dh2(x  —  y)  df  (y)  Anj  ,  ^ 

- - - [a(x)  -  a(y)]— —  dHi(y). 

dn  dr 


dQ 


It  is  enough  to  prove  that  L\,  L2,  L3,  and  L4  are  compact  operators  from  Wl,p(dQ) 
to  Lp(dQ)  (see  Theorem  1.7.4). 

The  identity  is  a  compact  linear  operator  from  Wl,p(dQ)  to  Lp(dQ)  by 
Lemma  1.21.8.  Since  the  operators  K'Q,  Kq,  SQ ,  and  are  bounded  linear 

operators  on  LP  (dQ)  (see  Propositions  5.2.2,  5.3.3,  5.4.5,  Theorem  5.4.7,  and 
Proposition  5.2.8),  the  operator  L\  is  a  compact  linear  operator  from  Wl,p( 9£2)  to 
Z/(9£2)  by  Theorem  1.7.4. 

The  mapping  /  i->  [df /dr  +  c(I  —  P)f]  is  a  bounded  linear  operator  from 
Wl,p(dQ)  to  LP(dQ).  Since  SQ  is  a  compact  linear  operator  on  LP  (dQ)  by 
Proposition  5.2.2,  the  operator  L2  is  a  compact  linear  operator  from  Wl,p(dQ)  to 
Lp(dQ)  by  Theorem  1.7.4. 

There  exists  a  constant  C  such  that  |  V/^C*  —  y) [a(x)  —  a(y)\  |  <  C  forx,y  G  dQ. 
Proposition  1.26.6  gives  that  L3,  L4  are  compact  operators  on  LP  (dQ). 

Lemma  5.24.2  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary,  m—  1  < 
p  <  00.  Let  u  G  H(Q),  M^(Vw)  G  Lp(dQ).  Then  u  can  be  extended  as  a  function 
from  C°(£2). 

Proof  According  to  Theorem  5.6.1,  there  exist  nontangential  limits  u(x ),  Vw(x)  of 
u ,  Vw  at  almost  all  x  G  9£2,  Mt(u)  e  Lp(di 2), 


u  =  VQu  +  SQ(nQ  •  Vw), 


and  u,dju  G  Lp(di 2).  Since  dXjku  =  n^d^u  —  nfdju  G  Lp(di 2),  we  have  u  G 
Wl,p(di 2).  Since p  >  m  —  1,  Theorem  1.21.13  gives  that  u  G  C°(9£2). 

Denote  g  =  u,f  =  nQ  •  Vw  on  9£2.  Suppose  first  that  p  >  2.  Then  w  is  a  PWB- 
solution  of  the  Dirichlet  problem  Aw  =  0  in  £2,  w  =  g  on  9 £2  by  Theorem  5.16.2. 
The  domain  £2  is  regular  by  Theorems  4.5.7  and  4.5.8.  Since  g  G  C°(9£2),  we  infer 
that  u  G  C°(£2). 
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Let  now  p  <  2.  (Since  p  >  m  —  1,  we  have  m  =  2.)  Choose  g&  G  W1,2 (3£2), 
fk  G  L2( 9£2)  such  that  g£  — g  in  ->/  in  Lp(dQ).  Denote 


M*  =  D^gfc  +  SQfk. 


Then  Uk  G  #(£2),  (Vw&)  G  L2( 3£2)  by  Proposition  5.2.8  and  Theorem  5.5.2. 

We  have  proved  that  can  be  extended  as  functions  from  C°(£2).  According  to 
Proposition  5.2.2  and  Theorem  5.3.5,  we  have  u  =  g/2  +  KQg  +  Snf,  Uk  =  gk/ 2  + 
^gife  +  5^  on  dQ.  This  gives  that  Uk  ->  u  in  W1,p(d£2)  (see  Lemmas  5.4.9  and 
5.5.4).  So,  Uk  — >  u  in  C°(3£2)  by  Theorem  1.21.13.  Since  u  G  C°(3£2)  and  £2  is 
regular,  there  exists  v  G  H(Q)  D  C°(£2)  such  that  v  =  u  on  d£2.  Since  Uk  —>  u  in 
C°(3£2),  the  maximum  principle  (Theorem  2.4.2)  gives  that  Uk  — >  v  in  C°(£2).  If 
x  e  Q,  then 

u(x)  =  T>ng(x)  +  Snf(x)  =  lim  [Vngk(x)  +  Snfk(x)]  =  lim  uk(x)  =  v(x). 

k—>oo  k—>oo 

Proposition  5.24.3  Let  Q  C  R2  be  a  domain  with  connected  compact  Lipschitz 
boundary,  l  <  p  <  oo.  If  p  ^  2,  suppose  that  d£2  is  of  class  Cl,a  with  0  <  a  <  1. 
Let  a  G  Cl(R 2)  and  h  G  L°°(d£2)  be  such  that  h  >  0,  \a\  >  0  on  d£2.  Denote 
x  =  (— nf  ,nf),  0  =  nP  +  ax, 


3  da 
2 a  dx 


Forf  G  W1,p(d£2),  define 


Uf  =  Sn [df/dr  +c(f-  Pf )]  -  Vn  [a(f  -  Pf )]  +  Pf. 


Then  Uf  G  H(£2),  Mb(uf) ,  M&(V uf)  G  LP(d££),  and  there  exist  nontangential  limits 
ofuf  and  Vw/  almost  all  points  ofdQ.  Define 


Then  T  :  W1,;?(3£2)  ->  Lp(d£2)  is  an  isomorphism.  Let  g  G  Lp(d£l).  Putf  =  T  lg. 
Then  Uf  is  a  unique  LP -solution  of  the  derivative  oblique  problem 


f  1  3  a 

0  •  Vw  +  —— — |-  h 
2  dx 


A  u  =  0  in  Q, 


u  =  g  on  d£2 . 


(5.84) 


5.24  //-Solution  of  the  Derivative  Oblique  Problem  in  the  Plane 


359 


Moreover, 


\\Mb(uf)\\LP(dn)  +  ll^(Vw/)||z^(3£2)  <  C||g)||LP(a^)  (5.85) 

where  a  constant  C  does  not  depend  on  g. 

Proof  The  uniqueness  of  an  //-solution  of  the  problem  (5.84)  follows  from 
Lemma  5.24.2  and  Proposition  5.23.7. 

If  /  G  W1,i?(3£2),  then  Uf  e  H(Q),  Mb(uf),Mb(Vuf )  G  Z/(3£2),  and  there 
exist  nontangential  limits  of  Uf  and  Vm/  at  almost  all  points  of  3  £2  (see  Proposi¬ 
tion  5.24.1). 

T\  :  /  i->  3//3r  is  a  Fredholm  operator  with  index  0  from  Wl,p( 3 £2)  to 
Z/(£2).  The  operator  (1  +  a2)[(l/2)I  —  K'Q\  is  Fredholm  with  index  0  on  Z/(3£2) 
by  Propositions  5.9.9,  5.11.1  and  Theorem  1.8.3.  So,  (1  +  a2)[(l/Z)I  —  K'n\  o  T\ 
is  a  Fredholm  operator  with  index  0  by  Theorem  1.8.6.  The  operator  T  —  (1  + 
a2)[(l/2)I  —  K'n\  o  T\  is  compact  by  Proposition  5.24.1.  Thus  T  :  W1,i?(3£2)  —> 
Z/(3£2)  is  a  Fredholm  operator  with  index  0  by  Theorem  1.8.3. 

Let /  G  KerT.  Then /  G  W1,2 (3£2)  by  Lemma  1.8.4.  The  function  Uf  is  an  L2- 
solution  of  the  derivative  oblique  problem  (5.84)  with  g  =  0.  So,  Uf  =  0  in  £2. 
Denote  £2  +  =  £2,  £2_  =  R2\i 2.  Define  Uf  on  £2_  by  the  same  prescription.  Denote 
F  =  f  —  Pf.  By  virtue  of  Corollary  5.5.3  and  jump  properties  of  boundary  layer 
potentials  and  their  derivatives  (Propositions  5.2.2,  5.2.3,  Theorems  5.3.5,  5.4.7, 
and  5.4.8),  we  obtain 


[«/]-  =  [«/]-  -  W+  =  aF, 

[3 Uf/drC-)-  =  [duf/dnn]+  -  [duf/dnn]-  =  dF/dz  +  cF, 

[duf/dr]-  =  [duf/dr]-  —  [3wy/3r]  +  =  —d(aF)/dr. 

Define  A  =  (1  —  a) /a  on  a  neighborhood  of  3  £2.  We  can  extend  A  in  a  such  way 
that  A  G  Cl(R2).  Then  Uf  is  an  L2 -solution  of  the  derivative  oblique  problem 

Au  =  0  in  £2_,  du/dnQ~  +  Adu/dr  +  -(3A/3r)w  +  u  =  G  on  3£2, 


G  =  [duf/dnQ~]-  +A[3w//3r]_  + 


'1  3A 

237  +  1 


M- 


3  F  a  -  1  dF  a- l  da 

- b  cF  4 - a- 1 - F - — b  aF 

or  a  or  a  or 


1  3  a~ 

2d1  dr 


3 (aF)  /  13 a  13 a\  _  3 (aF) 

dr  \  a  dr  +  2a  dr )  dr 


with 
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According  to  Lemma  5.23.6, 

/|V„>  +  /^-/^-/^  =  /i^=  0. 

Q-  dQ  dQ  dQ  dQ 

Thus  0  =  [uf\-  =  aF  on  3 £2.  Since  \a\  >  0  on  3  £2,  we  infer  that  F  =  0.  Therefore 
0  =  Uf  =  Pf  in  Q.  Since/  =  F  +  P/,  we  infer  that/  =  0. 

Since  T  :  fF1,i?(3£2)  — >►  Z/(3£2)  is  a  Fredholm  operator  with  index  0  and  trivial 
kernel,  it  is  onto.  Theorem  1.6.3  forces  that  T  is  an  isomorphism. 

Let  now  g  e  LP(dQ).  Put /  =  T~lg.  Then  Uf  is  an  //-solution  of  the  derivative 
oblique  problem  (5.84).  The  estimate  (5.85)  is  a  consequence  of  Propositions  5.2.2, 
5.2.3,  5.2.8,  Theorems  5.3.5  and  5.5.2. 

Proposition  5.24.4  Let  £2  C  R2  be  a  domain  with  compact  Lipschitz  boundary, 
l  <  p  <  oo.  //p  /  2,  suppose  that  3£2  is  of  class  Cl,a  with  0  <  a  <  1.  Let 
h  e  L°°( 3 £2),  a  e  Cl(R2).  For  each  component  A  ofdQ,  suppose  that  \a\  >  0  on 
the  whole  A  or  a  =  0  on  the  whole  A.  Define  x  =  (—nf,nf),  0  =  nQ  +  ax. 
Forf  e  //( dQ),  define  Pf  =  faQf  dU\.  Then  T@(I  -  P)  +  h[SQ(I  -  P)  +  P]  is  a 
Fredholm  operator  with  index  0  on  Lp(dQ). 

Proof  Suppose  first  that  dQ  is  connected.  Define 

h  =  l  ~zr~  on  dQ. 

2  3r 

If  a  =  0  on  3^2,  then  7@(/  —  P)  +  h[SQ  (/  —  P)  +  P\  is  an  isomorphism  on  Lp(d£l) 
by  Theorems  5.10.4  and  5.11.5.  Let  now  \a\  >  0  on  3£2.  If  f  e  Lp(dQ),  then 
u  =  SQ  (/  —  P)f  +  Pf  is  an  Lp -solution  of  the  derivative  oblique  problem  Au  =  0 
in  £2,  0  •  Wu  +  hu  =  g  on  3 £2  if  7@(/  —  P)f  +  h[SQ(I  —  P)f  +  Pf]  =  g.  If 
g  e  Lp( 3 £2),  then  there  exists  an  //-solution  u  of  this  derivative  oblique  problem  by 
Proposition  5.24.3.  Denote  g  =  du/dn  +  u.  Then  u  is  an  //-solution  of  the  Robin 
problem  A u  =  0  in  Q,  du/dn  +  u  =  g  on  3 £2.  According  to  Theorems  5.11.5  and 
5.10.4,  there  exists/  e  Lp(dQ)  such  that  u  =  SQ(I  —  P)f  +  Pf.  So,  /©(/  —  P)f  + 
h[SQ(I-P)f+Pf]  =  ®-Vu+hu  =  g3Lnd{T@(I-P)+h[SQ(I-P)+P]}(Lp(dQ))  = 
Lp(dQ)).lff  e  Ker{7@ (/  —  P)  +  h[SQ  (/  —  P)  +  P] }  then  u  =  SQ(I-P)f  +  Pf  is  an 
LP-  solution  of  the  derivative  oblique  problem  A  u  =  Oin^,  0-Vw  +  /zw  =  0on3^. 
Proposition  5.24.3  gives  that  u  =  0  in  Q.  Therefore  u  is  an  //-solution  of  the  Robin 
problem  Aw  =  0in£2,  du/dn-\-u  =  0  on  3£2.  Theorems  5.11.5  and  5. 10.4  force/  = 
0.  Thus  P@(/— P)-\-h[SQ(I— P)+P]  is  a  Fredholm  operator  with  index  0  on  LP (3 £2). 
Since  {7© (/ - P)  +  h[SQ (/ - P)  +  P] }  -  {P© (/ - P)  +  h[SQ (/ - P)  +  P] }  is  a  compact 
operator  on  LP( dQ)  (see  Proposition  5.2.2  and  Theorem  1.7.4),  Theorem  1.8.3  gives 
that  P©(/  —  P)  +  h[SQ  (/  —  P)  +  P]  is  a  Fredholm  operator  with  index  0  on  //( dQ). 

Suppose  now  that  3^  is  not  connected.  Let  C\ , . . . ,  Q  be  components  of  Rm\Q. 
Denote  Q(j)  =  Rm  \  Cj  for  j  =  1, . . . ,  k.  For /  e  Lp(dQ(j))  denote 


Tjf  =  ©  '  [V5°®/]o«) 
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in  the  sense  of  the  nontangential  limit  with  respect  to  £2(/).  We  have  proved  that 
/  i->  Tjif  —  is  a  Fredholm  operator  with  index  0  on  Z/(3£2(/)).  The  operator 

Tj  is  a  Fredholm  operator  with  index  0  on  Lp  (3 Q(j))  by  Theorem  1.8.3.  Define  Tf  = 
on  3 Q(j).  Then  T  is  a  Fredholm  operator  with  index  0  on  Z/(3£2).  Since 
/©(/  — P)  +  h[Sn(I  —  P)  +  P]  —  T  is  a  compact  operator  on  Z/(3£2),  Theorem  1.8.3 
gives  that  7@(/  —  P)  +  h[SQ(I  —  P)  +  P]  is  a  Fredholm  operator  with  index  0  on 
LP(dQ). 

Theorem  5.24.5  Let  Q  C  R2  be  a  bounded  domain  with  Lipschitz  boundary,  1  < 
p  <  oo.  Ifp  7^  2,  suppose  that  3£2  w  of  class  Cl,a  with  0  <  a  <  1.  Lef  h  =  0,  a  be  a 
function  that  is  constant  on  each  component  of  3  £2.  Denote  x  =  (—n^nf)  the  unit 
tangential  vector.  Define  0  =  nQ  +  at.  Denote  Y  =  {g  G  Lp(dQ);  fdQ  g  dTL\  = 
0}.  Then  Tq(Lp(8Q))  =  Y.  Denote  by  T  the  restriction  of  T ©  onto  Y.  Then  T  is 
an  isomorphism.  If  g  e  Z/(3£2),  then  there  exists  an  LP -solution  of  the  derivative 
oblique  problem  (5.84)  if  and  only  if  g  e  Y.  Let  now  g  e  Y.  Then  the  general  form 
of  an  LP -solution  of  the  derivative  oblique  problem  (5.84)  is  Sn(T~lg)  +  c,  where 
c  is  an  arbitrary  constant.  If  u  is  an  Lp -solution  of  the  derivative  oblique  problem 
(5.84),  then 

||M^(Vw)||LP(a^)  <  C||g||^(an); 

if  moreover 

J  udn2  =  0  (5.86) 

then 


\\Mb(u)\\u>{dQ)  +  \\Mb(57u)\\Lp(dQ)  <  C\\g\\if(dn).  (5.87) 

Here  a  constant  C  does  not  depend  on  g. 

Proof  If  u  is  an  //-solution  of  the  derivative  oblique  problem  (5.84),  then  g  e  Y 
by  Proposition  5.23.9.  We  have  u  e  C°(£2)  by  Lemma  5.24.2.  If  g  =  0,  then  there 
exists  a  constant  c  such  that  u  =  c  in  £2  (see  Proposition  5.23.7). 

Let  /  G  Lp(dQ).  Then  u  =  SQf  is  an  LP- solution  of  the  derivative  oblique 
problem  (5.84)  with  g  =  Tef.  Thus  Tef  =  g  e  Y.  So,  Te(Lp( dQ))  C  Y.  Denote 
Pf  =  <fyQf  dTL\.  The  operator  7@(7  —  P)  is  a  Fredholm  operator  with  index  0 
in  LP(dQ)  by  Proposition  5.24.4.  Since  T@(Y)  C  Y  and  Te(I  -  P)  =  7©  on  Y, 
the  operator  T  is  a  Fredholm  operator  with  index  0  by  Lemma  1.8.8.  Let /  e  Ker  T. 
Then  u  =  SQf  is  an  //-solution  of  the  derivative  oblique  problem  (5.84)  with  g  =  0. 
So,  there  exists  a  constant  c  such  that  SQf  =  c  in  Q.  Hence  0  =  dSQf/dn  = 
[(1/2)/  —  K'n\f  (see  Theorem  5.4.8).  Since/  e  F,  Theorems  5.9.10  and  5.11.3  give 
that/  =  0.  Since  T  is  a  Fredholm  operator  with  index  0  we  have  T(Y)  =  Y.  Thus  T 
is  an  isomorphism  by  Theorem  1.6.3. 
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Let  g  G  F.  If  c is  a  constant,  then  SQ  ( T~lg )  +  c  is  an  //-solution  of  the  derivative 
oblique  problem  (5.84).  Moreover,  u  =  SQ(T~lg)  —  Sn(T~1g)  &H2  is  a  unique 
//-solution  of  the  derivative  oblique  problem  (5.84)  such  that  (5.86)  holds.  Since 
/  SQf  &H2  is  a  bounded  linear  functional  on  Z/(9£2)  (see  Corollary  5.2.9  and 
Proposition  1.14.1),  Propositions  5.2.2  and  5.2.8  give  that  there  exists  a  constant  C 
such  that  (5.87)  holds.  Let  now  v  be  another  //-solution  of  the  derivative  oblique 
problem  (5.84).  Since  v  —  u  is  constant,  we  obtain  \\Mb(Vv)\\ip^Q)  <  C\\g\\u>(da)- 

Theorem  5.24.6  Let  £2  C  R2  be  an  unbounded  domain  with  compact  Lipschitz 
boundary,  h  =  0,  a  be  a  function  that  is  constant  on  each  component  of  9  £2.  Denote 
x  =  (—n^nf)  the  unit  tangential  vector.  Define  0  =  nQ  +  ax.  Let  1  <  p  <  00. 
If  p  7^  2,  suppose  that  9 £2  is  of  class  Cl,a  with  0  <  a  <  1.  Denote  Y  =  {g  G 
LP(di 2);  fdQ  g  dTL\  =  0}.  Then  7@(//(9£2))  =  Y.  Denote  by  T  the  restriction  ofT @ 
onto  Y.  Then  T  is  an  isomorphism.  If  g  G  Z/(9£ 2),  then  there  exists  an  LP -solution 
of  the  derivative  oblique  problem  (5.84)  if  and  only  if  g  G  Y.  Ifu  is  an  LP -solution  of 
the  derivative  oblique  problem  (5.84),  then  u  G  C0,0(£2),  and  there  exists  a  constant 
Woo  such  that  u(x)  ->  w^  as  \x\  —>  00.  On  the  other  hand,  if  g  G  Y,  Woo  £  R,  then 
u  =  SQT~xg  - b  Woo  is  a  unique  LP  -solution  of  the  derivative  oblique  problem  (5.84) 
such  that  u(x)  Woo  as  \x\  —>  00.  Moreover, 

ll^(w)||LP(a^)  +  ||Mfc(Vw)||LP(a£2)  <  C\\g\\u>(dn)  +  |woo|,  (5.88) 

where  a  constant  C  does  not  depend  on  g  and  Woo- 

Proof  Let  w  be  an  //- solution  of  the  derivative  oblique  problem  (5.84).  Then  g  e  Y 
by  Proposition  5.23.9.  Since  M^(w)  e  Lp(di 2),  w  is  bounded  in  a  neighborhood  of 
infinity  by  Lemma  1.28.2.  According  to  Proposition  2.17.1,  there  exists  a  constant 
Woo  such  that  u(x)  ->  Woo  as  |jc|  ->  00.  Fix  r  >  0  such  that  9£2  C  B( 0;  r).  We  have 
w  G  C°(^2  Pi  5(0;  r))  by  Lemma  5.24.2.  Hence  w  e  C0,0(^2).  If  g  =  0,  then  w  is 
constant  by  Proposition  5.23.7. 

Let/  G  Z/(9£ 2).  Then  w  =  «Sn/  is  an  LP- solution  of  the  derivative  oblique 
problem  (5.84)  with  g  =  Tgf.  Thus  T$f  =  g  G  Y.  So,  Te(Lp(di 2))  C  Y.  Denote 
Pf  =  <fyQf  dTL\.  The  operator  T@(I  —  P)  is  a  Fredholm  operator  with  index  0  in 
Lp(di 2)  by  Proposition  5.24.4.  Since  /©(/  —  P)(Y)  C  Y  and  T@(I  —  P)  =  T@ 
on  Y,  the  operator  T  is  a  Fredholm  operator  with  index  0  by  Lemma  1.8.8.  Let 
/  G  Ker  T.  Then  w  =  Snf  is  an  //-solution  of  the  derivative  oblique  problem  (5.84) 
with  g  =  0.  So,  there  exists  a  constant  c  such  that  SQf  =  c  in  £2.  Hence  0  = 
dSQf/dn  =  [(1/2)/  —  K'Q]f  (see  Theorem  5.4.8).  Since/  G  Y,  Theorems  5.9.11 
and  5.11.4  give  that /  =  0.  Since  T  is  a  Fredholm  operator  with  index  0,  we  have 
T(Y)  =  Y.  Thus  T  is  an  isomorphism  by  Theorem  1.6.3. 

Let  g  G  Y,  Uqq  g  R.  Then  SQ  (T~lg)-\-uOQ  is  a  unique  //-solution  of  the  derivative 
oblique  problem  (5.84)  such  that  u(x)  ->  w^  as  \x\  00.  Propositions  5.2.3  and 

5.2.8  give  that  there  exists  a  constant  C  such  that  (5.88)  holds. 

Theorem  5.24.7  Let  £2  C  R2  be  a  domain  with  compact  Lipschitz  boundary,  1  < 
p  <  00.  Ifp  ^  2,  suppose  that  9£2  is  of  class  C1,a  with  0  <  a  <  1.  Let  a  G  C1//?2). 
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For  each  component  A  ofdQ,  suppose  that  \a\  >  0  on  the  whole  A  or  a  =  0  on  the 
whole  A.  Denote  x  =  (—n^nf)  the  unit  tangential  vector.  Define  0  =  nQ  +  ax. 
Let  h  £  L°°(3£2),  h>  0.  Suppose  that 


dHi  >  0, 


i.e.,  h  ^  0  or  a  is  not  locally  constant.  Define 


Pf  =  (p  fdHu 


Tf  =  7©(7  —  P)f 


dQ 

1  da' 
h+2d r 


[SQ(I-P)f  +  Pf] 


Then  T  is  an  isomorphism  on  //(3£2).  If  g  £  LP( d£2),  then  SQ(I  —  P)T~lg  + 
PT~lg  is  a  unique  LP -solution  of  the  derivative  oblique  problem  (5.84).  Moreover, 
the  estimate  (5.87)  holds  with  a  constant  C  that  does  not  depend  on  g. 

Proof  Let  u  be  an  //-solution  of  the  derivative  oblique  problem  (5.84)  with  g  =  0. 
Fix  r  >  0  such  that  3 £2  C  B( 0;  r).  We  have  u  £  C°(£2  PI  #(0;  r))  by  Lemma  5.24.2. 
Since  Mb(u)  £  //(3£2),  u  is  bounded  in  a  neighborhood  of  infinity.  Hence  u  is 
bounded.  Proposition  5.23.7  gives  that  u  =  0. 

Proposition  5.24.4  gives  that  T  is  a  Fredholm  operator  with  index  0  in  //(3£2). 
Let  /  £  Ker7\  Then  u  =  SQ(f  —  <fif)  +  <fif  is  an  //-solution  of  the  derivative 
oblique  problem  (5.84)  with  g  =  0.  So,  u  =  0  in  Q.  Therefore  u  is  an  //-solution 
of  the  Robin  problem  —  A u  =  0  in  £2,  du/dn  +  u  =  0  on  3£2  and  [(1  /2 )/  —  K'n](I  — 
P)f  +  S^(I— P)f-\-Pf  =  0.  Proposition  5. 10.3  and  Theorem  5. 11.5  give  that/  =  0. 
Since  T  is  a  Fredholm  operator  with  index  0,  it  is  onto.  Hence  T  is  an  isomorphism 
by  Theorem  1.6.3. 

If  g  e  Lp(dQ),  then  SQ(I  —  P)T~lg  +  PT~lg  is  a  unique  //-solution  of 
the  derivative  oblique  problem  (5.84).  The  estimate  (5.87)  is  consequence  of 
Propositions  5.2.2,  5.2.3,  and  5.2.8. 

Example  5.24.8  If  0  =  nQ  +  ax,  where  r  =  (—n^nf)  and  a  e  L°°( 3£2),  we 
cannot  expect  an  analogy  of  Theorem  5.24.5. 

Denote  £2  =  {[vi,V2]  £  R2',  l-^i | ,  |^2 1  5  1},  r  =  (— nf  ,nf) 


a(x)  = 


-1  \x\  |  =  1,  \x2\  <  1, 
1  |*2  |  =  1,  |*1 1  <  1- 


0  =  nQ  +  ax.  Let  u(x  1,^2)  =  *1  +*2-  Then  Vu  =  (1, 1),  0  •  S/u  =  n\  +  a(— nf)  + 
n2  +  an\  =  0.  So,  u  £  C°°(R 2)  is  a  nonconstant  solution  of  the  derivative  oblique 
problem 


Au  =  0  in  £2 , 


0  •  Vw  =  0  on  3£2 . 
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5  LP -Solutions  of  Boundary  Value  Problems 


5.25  LP -Solution  of  the  Robin-Dirichlet  Problem 

In  this  section,  we  study  LP -solutions  and  very  weak  LP- -solutions  of  the  mixed 
problem  for  the  Laplace  equation  in  a  domain  Q  C  Rm  with  compact  Lipschitz 
boundary.  A  Dirichlet  condition  is  given  on  a  part  of  the  boundary,  and  a  Robin 
condition  (or  a  Neumann  condition)  is  prescribed  on  the  rest  of  the  boundary.  If 
p  ^  2,  we  suppose  that  Q  has  Ljapunov  boundary.  We  prove  the  existence  of  a 
solution  and  discuss  the  uniqueness. 

Let  Q  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  TD  and  TR  be 
disjoint  nonempty  closed  subsets  of  3£2  such  that  dQ  =  TRUTD.  Let  1  <  p  <  oo, 
f  e  Lp(TR),h  e  L°°(Tr),  g  e  Wl,p(TD).  We  say  that  u  is  an  Lp -solution  of  the  mixed 
Robin-Dirichlet  problem  for  the  Laplace  equation 


Aw  =  0  in  £2,  u  =  gonTD, 


—  +hu  =  f  on  iy 
on 


(5.89) 


if  u  e  H(f2),  Ma(u )  +  Ma(Vu )  e  LP{ 3 £2),  there  exist  nontangential  limits  of  u  and 
Vuat  almost  all  points  of  3£2,  and  the  boundary  conditions  are  fulfilled  in  the  sense 
of  nontangential  limits  at  almost  all  points  of  d£2. 

Let  now  1  <  p  <  oo,  /  E  W-1^(r*),  h  e  L°°(TR),  g  e  LP(TD).  We  say  that 
u  is  a  very  weak  LP -solution  of  the  mixed  Robin-Dirichlet  problem  for  the  Laplace 
equation  (5.89)  if  u  e  H(Q),  Ma(u )  e  LP(dQ),  there  exists  a  nontangential  limit  of 
u  at  almost  all  points  of  3  £2,  u  =  g  in  the  sense  of  a  nontangential  limit  at  almost 
all  points  of  iy  and 


Lemma  5.25.1  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  TD 
and  TR  be  disjoint  nonempty  closed  subsets  of  dQ  such  that  3£2  =  TR  U  TD.  Let 
1  <  p  <  oo,  f  e  LP(Tr),  h  e  L°°(rR),  g  e  W1,P(TD).  If  u  is  an  LP -solution  of 
the  Robin-Dirichlet  problem  (5.89),  then  u  is  a  very  weak  LP -solution  of  the  Robin- 
Dirichlet  problem  (5.89). 

Proof  Let  Q  be  bounded.  Then  u  e  Wl,p(Q )  by  Lemma  1.28.1.  The  trace  of  u 
is  equal  to  the  nontangential  limit  of  u.  Fix  cp  e  C^°(Rm  \TD).  According  to 
Lemma  5.8. 1  and  the  Gauss-Green  formula  for  Sobolev  spaces  (Proposition  1.24.4), 


Let  now  £2  be  unbounded.  Fix  cp  e  C™(Rm  \  T#).  Choose  r  >  0  such  that 
d£2  U  spt(^  C  B( 0;  r).  Put  co  =  £2  PI  B( 0;  r),  h  =  0,  and /  =  du/dn  on  35(0;  r). 
Then  u  is  an  //-solution  of  the  problem  A u  =  0  in  co,  u  =  g  on  TD,  du/dn  +  hu  =/ 
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on  dco  \  rD.  Thus 

{f,<p)  =  J  u(-A<p)  dUm  +  J  u(^ 


dcp 
3  n 


+  hep  dHm-i 


da>\rD 


f 


u( — Aep)  dTLm  H- 


7“( 

r ir 


3  <p 
3  n 


hep  d% 


m—  1  • 


Proposition  5.25.2  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary \ 
TD  and  TR  be  disjoint  nonempty  closed  subsets  of  dQ  such  that  3  £2  =  TR  U  TD. 
Let  1  <  p  <  oo,  h  G  L°°(TR),  h  >  0.  If  p  ^  2,  suppose  moreover  that  3  £2  is  of 
class  Cl,a  with  0  <  a  <  1.  Let  u  be  a  very  weak  LP -solution  of  the  Robin-Dirichlet 
problem  (5.89)  withf  =  0,  g  =  0.  If  £2  is  unbounded  and  m  >  2,  suppose  moreover 
that  u(x)  — >  0  as  \x\  ->  oo.  Then  u  =  0. 

Proof  Choose  a  bounded  open  set  £2 D  with  boundary  of  class  C°°  such  that  FD  C 
£2d  and  TR  PI  QD  =  0.  Put  co  =  £2  PI  QD,  g  =  u  on  dco.  Then  u  is  an  //-solution  of 
the  Dirichlet  problem 


Au  =  0  in  co,  u  =  g  on  dco. 


Since  g  G  W^p(doo)  P  WX'2(dao),  Theorems  5.15.2, 5.15.3, 5.14.9, 5.14.10,  and  5.6.1 
give  that  there  exists  a  nontangential  limit  of  57 u  at  almost  all  points  of  dco  D  TD 
andM"(Vw)  G  Lp(dco)  PL2 (dco). 

Choose  a  bounded  open  set  £2 R  with  boundary  of  class  C°°  such  that  TR  C  £2 R 
and  TD  P  Qr  =  0.  Put  do  =  £2  P  QR,  h  =  0  on  3£2 R,f  =  0  on  TR,f  =  du/dn 
on  dco  \  TR.  Let  ep  G  C^°(Rm).  We  can  choose  dp  G  C^(Rm)  such  that  dp  =  cp  on 
do  and  dp  =  0  on  a  neighborhood  of  TD.  According  to  the  Gauss-Green  theorem 
(Theorem  1.19.1), 


d  TLm  + 


dTLm—  i 


dUm 


+ 


3  dp 
3  n 


dTLm—  i 


J  u(-Adp)  dTim 

£l\co 


-  J  dUm-\ 


=  0- 


/ 


5/u  •  5/dp  d TLm 


-I 

dw\rR 


~9m  au 
(p  dtim-l 

on 


=  f  (pf  dHm-l. 


So,  u  is  a  very  weak  //-solution  of  the  Robin  problem 


A u  =  0  in  do,  - — b  hu  =  f  on  dco. 

3  n 
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5  LP -Solutions  of  Boundary  Value  Problems 


Since/  G  LP (dm)  n  L2(3£),  Theorems  5.20.6,  5.20.8,  5.9.10,  5.10.4,  5.11.3,  5.11.5 
and  Lemma  5.20. 1  give  that  u  is  an  /^-solution  and  also  //-solution  of  this  problem. 

If  Q  is  unbounded,  then  u(x)  =  0(1)  as  \x\  — >  oo,  because  Ma(u)  e  LP( 3£2). 
According  to  Proposition  2.12.1,  we  have  Vz/(x)  —>  0  as  \x\  — >  oo. 

We  have  proved  that  there  exists  a  nontangential  limit  of  V  u  at  almost  all  points 
of  dtl,  M"(Vzz)  G  L2(dco ),  M"(Vzz)  g  L2(3u3),  and  Vzz  is  bounded  outside  a 
neighborhood  of  3£2.  These  force  M^(Vzz)  g  //(3£2).  So,  zz  is  an  //-solution  of 
some  Robin-Dirichlet  problem.  Lemma  5.25.1  gives  that  u  is  an  //-solution  of 
(5.89).  According  to  Lemma  5.8.1, 


Thus  Vzz  =  0.  Since  £2  is  connected,  there  exists  a  constant  c  such  that  u  =  c.  Since 
c  =  u  =  0  on  T /;,  we  infer  that  zz  =  0. 

Proposition  5.25.3  Let  Q  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  T D 
andVR  be  disjoint  nonempty  closed  subsets  ofdQ  such  that  d£2  =  rRUTD,  m  >  2. 
Let  1  <  p  <  oo,  h  G  L°°(r*).  Ifp  ^2,  suppose  moreover  that  3  £2  is  of  class  C1,a 
with  0  <  a  <  1.  For  <p  G  W_1,p(3£2),  define 


sQ<p(x),  x  g  rD, 

\(p{x)  —  K'^(p{x)  +  hSQ(p(x),  x  G  T#. 


X  G  T/), 


(5.90) 


77ze  operators 


T  :  W_1^(3ft)  ->  Lp(TD)  x  W_1^(r^), 
T  :  LP(dQ)  ->  W1’^)  x  //(T*) 


are  bounded  Fredholm  operators  with  index  0.  If  cp  G  W  1,/?(3£2),  £/z^zz  <S^  A  a 


very  weak  Lp -solution  of  (5.89)  if  and  only  ifTcp  =  [g,f].  Ifcp  G  Lp(d£2),  then  SQ(p 
is  an  LP -solution  of  (5.89)  if  and  only  if  Tcp  =  [g,f]. 

Proof  jl  —  K'q  +  hSQ  is  a  bounded  Fredholm  operator  with  index  0  on  Lp(dQ ) 
and  on  W~l,p(dQ)  by  Propositions  5.11.1,  5.9.9,  5.2.2,  Theorems  1.8.3,  1.7.4,  and 
Proposition  5.20.5.  Denote 


Since  \l  —  K'Q  +  hSQ  —  (T\  +  Tf)  is  a  compact  operator,  the  operators  T\  +  T2  : 
Lp(d£l)  ->  LP(d£2),  T\  +  T2  :  W~l,p(dQ)  ->  W_1,/?(3£2)  are  Fredholm  operators 
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with  index  0  by  Theorem  1.8.3.  Hence  Tx  :  LP(TR)  ->  LP(TR),  T\  :  W^r*)  -> 
W~hp(TR)  are  Fredholm  operators  with  index  0. 

SQ  :  Z/(3£2)  ->  SQ  :  fT_1,i?(3£2)  ->  Z/(3£2)  are  isomorphisms  by 

Proposition  5.18.1.  Denote 


Ti<P  =  XrRSQ((PXrR), 
T\(p  —  XrDS^((PXrD)- 


Since  SQ  —  (T3  +  T4)  is  a  compact  operator,  the  operators  T3  +  T4  :  Z/(3£2)  -> 
tTlp(3^),  r3  +  r4  :  fT_1,i?(3£2)  ->  Z/(3£2)  are  Fredholm  operators  with  index  0 
by  Theorem  1.8.3.  Hence  T4  :  Z/(rD)  ->  ^(Tz)),  T4  :  W^Tz))  ->  Z/(Tz))  are 
Fredholm  operators  with  index  0.  Clearly,  T\  +  T4  :  Z/(3£2)  ->  fTlp(rz))  x  //(T^), 
73  +  74:  tT_1/?(3^)  ->  Z/(rD)  x  fT-1^^)  are  Fredholm  operators  with  index 
0.  Since  T  —  (T\  +  74)  is  a  compact  operator,  the  operators  T  :  W~l,p(dQ)  -> 
L^(rD)  x  TT-1^*),  T  :  7/ (3  £2)  ->  ^(Tz))  x  //(T*)  are  Fredholm  operators 
with  index  0  by  Theorem  1.8.3. 

Let  cp  G  7/ (3 £2).  Then  is  an  //-solution  of  (5.89)  with  [g,/]  =  T(p  by 
Proposition  3.1.6,  Lemma  5.2.1,  Propositions  5.2.2,  5.2.3,  5.2.8,  Theorems  5.4.7 
and  5.4.8. 

Fix  cp  g  1T_1^(3£2).  Choose  cpk  e  //(3£2)  such  that  cpk  (p  in  fT_1,i?(3£2) 
as  k  ->  oo.  Denote  [gj]  =  T<p ,  =  T<pk.  Fix  ^  G  C~(/T  \  rD). 

According  to  Lemma  5.25.1,  Corollary  5.4.11,  Proposition  5.2.2,  Lemma  5.20.3, 
and  Proposition  5.4.5, 


Corollary  5.18.4  gives  that  SQep  is  a  very  weak  //-solution  of  the  mixed  problem 


(5.89). 


Proposition  5.25.4  Let  £2  C  R2  be  a  domain  with  compact  Lipschitz  boundary,  T d 
and  TR  be  disjoint  nonempty  closed  subsets  of  3 £2  such  that  3  £2  =  TR  U  Tp.  Let 
1  <  p  <  oo,  h  e  L°°( TR).  Ifpf1  2,  suppose  moreover  that  3  £2  is  of  class  Cl,a  with 
0  <  a  <  1.  For  cp  G  fT_1,i?(3£2),  define 


P<p  =  (<p,l)/Hi(dQ), 


Tcp  = 


SQ(I 


-  P)cp  +  P(p 


on  Tp, 


(1/2 )(/  -  P)<p  -K'q(I-  P)<p  +  h[SQ (7  -  P)<p  +  Pep]  on  TR. 


(5.91) 
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5  LP -Solutions  of  Boundary  Value  Problems 


The  operators 


T  :  W_1’p(3£2)  ->  Lp(Td)  x  W~lj,(rR), 
f  :  LP(dQ,)  -*  Wl  p(rz>)  x  LP(Tr) 


are  bounded  Fredholm  operators  with  indexO.  If  cp  e  W/_l,p  (<)£!),  then  Sn(I—P)(p  + 
Pep  is  a  very  weak  Lp  -solution  of  (5.89)  if  and  only  if  fcp  =  [g,f].  If  (p  G  Lp(dQ), 
then  SQ(I  —  P)cp  +  Pep  is  an  LP -solution  of  (5.89)  if  and  only  ifTcp  =  [g,f]. 

Proof  [\ I—K'q](I—P )  +h[SQ  ( I—P )  +P]  is  a  bounded  Fredholm  operator  with  index 
0  on  LP(dQ)  and  on  W~l,p( d£2)  by  Propositions  5.11.1, 5.9.9, 5.2.2,  Theorems  1.8.3, 
1.7.4,  and  Proposition  5.20.5.  Denote 


T\(p  =  Xtr 


Ticp  =  xrD 


-I -K 'r 
2  s 


(I-P)+h[Sn(f-P)+P] 
C I-P)  +  h[S°(I-P)  +  P ] 


(<PXrs), 
(<PXr, D). 


Since  [^1  —  K'Q](I  —  P)  +  h[SQ  (/  —  P)  +  P]  —  (T\  +  Tf)  is  a  compact  operator,  the 
operators  Tx  +  T2  :  Lp(d£l)  ->  Lp( 3S2),  Tx  +  T2  :  W~l’p(d£2)  ->  W^(3£2)  are 
Fredholm  operators  with  index  0  by  Theorem  1.8.3.  Hence  Tx  :  Lp( TR)  -> 

T]  :  W^(r*)  ->  Wr_1,/?(r/e)  are  Fredholm  operators  with  index  0. 

5n(/-P)  +P  :Lp(d£2)  ->  W^(3fi),5n(/-P)  +  P  :  W_1^(3^)  ^  Z^(3^2) 
are  isomorphisms  by  Proposition  5.18.1.  Denote 

T3<p  =  XrR[SQ(I-P)  +  P}(<PXrR), 

T4cp  =  XrD[Sn(I-P)  +  P}(<pxrD). 

Since  SQ  (/  —  P)  +  P  —  (T3  +  r4)  is  a  compact  operator,  the  operators  r3  +  T\  : 
Lp(d£l)  ->  fV1,/?(3£2),  r3+r4  :  lV_1,i?(3£2)  ->  LP(d£2)  are  Fredholm  operators  with 
index  0  by  Theorem  1.8.3.  Hence  TA  :  LP(TD)  ->  W^r^),  T4  :  -> 

^(Td)  are  Fredholm  operators  with  index  0.  Clearly,  Tx  +  T4  :  Lp(dQ)  -> 
x  Z/(r*),  77  +  Ta  :  JV-^(3ft)  LP (T x  W1’^)  are  Fredholm 

operators  with  index  0.  Since  T  —  (Tx  +  T4)  is  a  compact  operator,  the  operators 
f  :  W^(3£2)  ->  Z/>(rD)  x  W^(r*),  T  :  Lp( dQ)  ->  W^r^)  x  L*(r*)  are 
Fredholm  operators  with  index  0  by  Theorem  1.8.3. 

Let  cp  e  LP(dQ).  Then  SQ(I  —  P)cp  +  Pep  is  an  .//-solution  of  (5.89)  with 
[g,f\  =  fcp  by  Proposition  3.1.6,  Lemma  5.2.1,  Propositions  5.2.2,  5.2.3,  5.2.8, 
Theorems  5.4.7  and  5.4.8. 

Fix  cp  G  W_1,/?(3£2).  Choose  cpk  G  Lp(dQ)  such  that  cpk  cp  in  W~1,p(dQ)  as 
k  ->  oo.  Denote  [g,f\  =  fcp ,  [gk,fk\  =  fcpk •  Fix  £  C™(Rm  \  TD).  According  to 
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Lemma  5.25.1,  Corollary  5.4.11,  Lemma  5.20.3,  Propositions  5.4.5  and  5.2.2, 


/ 


-  P)<p  +  Pep ]  d nm  + 


8Q 


[SQ(I-P)ep+Pep]  &% 


m—  1 


/« 


+J(^+h*) 

an 


lim  {  I  (-Af)[Sa(I -P)<pk  +  P<pk]d.'Hn 

k^oo 


+  hx[r  )  (/  -  P)(pk  +  P(pk\  dUm-i  >  =  lim  (fk,  f)  =  (f,  \jr) . 


k — >oc 


Corollary  5.18.4  gives  that  SQep  is  a  very  weak  //-solution  of  the  mixed  problem 
(5.89). 

Theorem  5.25.5  Let  Y2  C  R2  be  a  domain  with  compact  Lipschitz  boundary \  Y d 
and  Yr  be  disjoint  nonempty  closed  subsets  of  dY2  such  that  dY2  =  Yr  U  Tp.  Let 
1  <  p  <  oo,  h  e  L00(Yr),  h  >  0.  If  p  2,  suppose  moreover  that  9  £2  is  of  class 
C1,01  with  0  <  a  <  1.  For  ep  e  fL_1,i?(9£2),  define  Pep  =  {ep,  l) /Fi\(dY2)  and  f  by 
(5.91).  Then 


T  :  TL_1^(9£2)  ->  LP{Yd)  x  W~1j,(Tr), 

T  :  Lp(dY2)  ->  W1j,(Td)  x  Lp(Tr) 

are  isomorphisms.  Fix  g  G  LP(dY2),f  G  fk_1,i?(9£2).  Put 

<p  =  T~l[g,fl  u  =  SQ{I-P)ep  +  Pep. 

Then  u  is  a  unique  very  weak  Lp -solution  of  (5.89)  and 

\\Ma(u)\\ip(3Q)  5  C  [||g||z^(rD)  +  \\f\\w-l’P(rR)]  (5.92) 

where  a  constant  C  does  not  depend  on  g  and  f.  If  moreover  g  G  fk1,i?(9£2),  /  G 
LP(dQ),  then  u  is  a  unique  LP  -solution  of  the  mixed  problem  (5.89)  and 

\\Ma(u)\\uydn)  +  \\Ma(yu)\\if(dn)  <  C  [||g||wi^(rD)  +  \\f\\u>(rR)]  •  (5.93) 

Proof  Lemma  5.25.1  and  Proposition  5.25.2  give  uniqueness  of  a  very  weak  LP- 
solution  and  an  LP- solution  of  the  problem  (5.89). 

Let  ep  G  1L-1,P(9£2),  Tep  =  0.  Then  SQ(I  —  P)<p  +  Pep  is  a  very  weak  LP- 
solution  of  the  problem  A u  =  0  in  Y2,  u  =  0  on  YD,  du/dn  +  hu  =  0  on 
Tr.  (See  Proposition  5.25.4.)  Hence  SQ (/  —  P)ep  +  Pep  =  0  in  Y2.  The  function 
SQ(I  —  P)ep  +  Pep  is  a  very  weak  LP- solution  of  the  Robin  problem  Au  =  0 
in  £2,  du/dn  +  u  =  0  on  9£2.  Theorem  5.20.8  forces  that  ep  —  0.  Since 
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T  :  W~l,p(dQ)  ->  LP(TD)  x  3V_1,/?(r^)  is  a  Fredholm  operator  with  index  0 
by  Proposition  5.25.4,  it  is  onto.  Thus  T  :  W~l,p(dQ)  LP(TD)  x  W~],P(TR) 
is  an  isomorphism  by  Theorem  1.6.3.  T  :  LP(d£2)  ->  W'^r#)  x  //(T^)  is  a 
Fredholm  operators  with  index  0  by  Proposition  5.25.4.  Lemma  1.8.4  forces  that 
T  :  Lp(dQ)  ->  lT1,/?(rD)  x  //(T^)  is  an  isomorphism. 

Fix  g  e  LP(d£2),f  e  W~hp(dQ).PuUp  =  t~l[gJlu  =  SQ(I-P)cp+P(p.  Then 
u  is  a  very  weak  //-solution  of  (5.89)  by  Proposition  5.25.4.  Since  P  is  a  bounded 
linear  functional  on  W-1,/?(3£2),  Corollary  5.18.4  gives  that  there  exists  a  constant 
C  such  that  (5.92)  holds.  If  g  e  W1,p(dQ),f  e  LP(d£2),  then  ip  e  LP(dQ)  and  u  is  an 
//-solution  of  the  mixed  problem  (5.89)  by  Proposition  5.25.4.  The  estimate  (5.93) 
is  a  consequence  of  Proposition  5.2.8. 

Theorem  5.25.6  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary,  m  > 
2,  and  TD  and  TR  be  disjoint  nonempty  closed  subsets  of  dQ  such  that  3  £2  =  TR  U 
TD.  Let  1  <  p  <  oo,  h  e  L°°(TR),  h  >  0.  Ifp  2,  suppose  moreover  that  3  £2  is  of 
class  Cl,a  with  0  <  a  <  1.  For  <p  e  !V-1,P(3£2),  define  Tcp  by  (5.90).  Then 

T  :  W~hp( 3S2)  ->  Lp(Td)  x  W~hp(TR), 

T  :  Lp( dQ)  ->  Wl,p(TD)  x  LP(TR) 

are  isomorphisms.  Fix  g  e  Lp(dQ),f  e  fF_1,i?(3^).  Then  u  =  <S^T-1[g,/]  is 
a  unique  very  weak  LP -solution  of  (5.89)  and  the  estimate  (5.92)  holds,  where  a 
constant  C  does  not  depend  on  g  andf.  If  moreover  g  e  fF1,p(3£2),  /  e  LP( 3  £2), 
then  u  is  a  unique  LP -solution  of  the  mixed  problem  (5.89)  and  the  estimate  (5.93) 
holds. 

Proof  Lemma  5.25.1  and  Proposition  5.25.2  give  uniqueness  of  a  very  weak  Lp- 
solution  and  an  LP- solution  of  the  problem  (5.89). 

Let  cp  G  W~1,p( 3 £2),  Tip  =  0.  Then  SQcp  is  a  very  weak  //-solution  of 
the  problem  A u  =  0  in  Q,  u  =  0  on  TD,  du/dn  +  hu  =  0  on  TR.  (See 
Proposition  5.25.3.)  Hence  SQ(p  =  0  in  Q.  The  function  S^cp  is  a  very  weak 
//-solution  of  the  Robin  problem  A u  =  0  in  Q,  du/dn  +  u  =  0  on  3£2. 
Theorem  5.20.8  forces  that  <p  =  0.  Since  T  :  W^lj,(dQ)  ->  LP(TD)  x  W1^^) 
is  a  Fredholm  operator  with  index  0  by  Proposition  5.25.3,  it  is  onto.  Thus 
T  :  !V-1,P(3£2)  — >►  LP(TD)  x  lT_1,/?(r^)  is  an  isomorphism  by  Theorem  1.6.3. 
The  operator  T  :  LP (d£2)  — >  W1,P(TD )  x  LP(TR)  is  Fredholm  with  index  0  by 
Proposition  5.25.3.  Lemma  1.8.4  forces  that  T  :  Lp(d£2)  ->  lT1,/7(r/))  x  LP(TR) 
is  an  isomorphism. 

Fix  g  e  LP(dQ),f  e  W~l,p(dQ).  Put  u  =  SQT~l[g,f].  Then  u  is  a  very  weak 
//-solution  of  (5.89)  by  Proposition  5.25.3.  Corollary  5.18.4  gives  that  there  exists 
a  constant  C  such  that  (5.92)  holds.  If  g  e  Wl,p(d£2),  f  e  LP(dQ),  then  u  is  an 
//-solution  of  the  mixed  problem  (5.89)  by  Proposition  5.25.3.  The  estimate  (5.93) 
is  a  consequence  of  Proposition  5.2.8. 
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Theorem  5.25.7  Let  £2  C  Rm  be  an  unbounded  domain  with  Lipschitz  boundary, 
m  >  2,  and  TD  and  Tr  be  disjoint  nonempty  closed  subsets  of  dQ  such  that  3  £2  = 
Tr  U  To.  Let  1  <  p  <  oo,  h  e  L°°(Tr),  h  >  0.  Ifp  2,  suppose  moreover  that  3£2 
is  of  class  C1,01  with  0  <  a  <  1.  For  <p  G  IL_1,P(3£2),  define  Tip  by  (5.90). 

•  The  following  operators  are  isomorphisms: 

T  :  w-1’p(9£2)  ->  LP(Td)  x  w_1J,(rR), 

T  :  LP{dQ.)  ->  Whp( VD)  x  LP(TR). 

•  Fix  g  e  U'diQ),  f  e  VT_1'P(9Q).  If  u  is  a  very  weak  LP -solution  of  the  mixed 
problem  (5.89),  then  there  exists  u0 Q  such  that  u(x)  Uqq  as  \x\  oo.  On  the 
other  hand,  ifu oo  G  Rl  is  given,  then 

u  =  SnT~l[g  -  Uoo,f  -  huoo]  +  Uoo  (5.94) 

is  a  unique  very  weak  LP -solution  of  (5.89)  such  that  u(x)  Uoo  as  \x\  ->  oo. 
Moreover, 

\\Ma(u)\\Lp(dn)  <  C  (||^||LP(rD)  +  \\f\\w~l’P(rR)  +  |mooI)  (5.95) 

where  a  constant  C  does  not  depend  on  g,  f,  and  Uoq. 

•  Fix  g  G  Wl,p(d£2),f  G  Z/(3£2).  Ifu  is  an  LP -solution  of  the  mixed  problem  (5.89), 
then  there  exists  Uoo  such  that  u(x)  —>  Uoo  as  \x\  —>  oo.  On  the  other  hand,  if 
Uqq  g  Rl  is  given,  then  u  given  by  (5.94)  is  a  unique  LP -solution  of  (5.89)  such 
that  u(x)  ->  Uoq  as  \x\  ->  oo.  Moreover, 

\\Ma(u)\\LP(dn)  +  \\Ma(y  u)\\u>(dQ)  (5.96) 

<c(\\g\\  W'-p(Td)  +  ll/lliP(rR)  +  Wool 

where  a  constant  C  does  not  depend  on  g,  f,  and  u0 0. 

Proof  If  g  =  0,/  =  0  and  u  is  a  very  weak  //-solution  or  an  //-solution  of  the 
problem  (5.89)  such  that  u(x)  — >  0  as  \x\  ->  oo,  then  u  =  0.  (See  Lemma  5.25.1 
and  Proposition  5.25.2.) 

Let  <p  G  W~1,p( 3  £2),  Tip  =  0.  Then  SQ(p  is  a  very  weak  //-solution  of 
the  problem  A u  =  0  in  £2,  u  =  0  on  TD ,  du/dn  +  hu  =  0  on  Tr.  (See 
Proposition  5.25.3.)  Moreover,  u(x)  —>  0  as  \x\  —>  oo  by  Proposition  3.1.6.  Hence 
SQ(p  =  0  in  £2.  The  function  SQtp  is  a  very  weak  //-solution  of  the  Robin  problem 
A u  =  0  in  £2,  du/dn  +  u  =  0  on  3£2.  Theorem  5.20.8  forces  that  <p  =  0.  Since 
T  :  W_1,/7(3£2)  ->  Lp (T D)  x  tL_1^(r^)  is  a  Fredholm  operator  with  index  0  by 
Proposition  5.25.3,  it  is  onto.  Thus  T  :  W~l,p( 3£2)  -»  LP(TD)  x  W_1,i7(r^)  is  an 
isomorphism  by  Theorem  1.6.3.  The  operator  T  :  Z/(3£2)  —>  W1,p(Td )  x  LP(TR) 
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is  Fredholm  with  index  0  by  Proposition  5.25.3.  Lemma  1.8.4  forces  that  T  : 
LP(dQ)  ->  W]  p(TD)  x  Lp(Tr)  is  an  isomorphism. 

If  u  is  a  very  weak  77-solution  or  an  77-solution  of  the  mixed  problem  (5.89), 
then  u(x)  =  0(1)  as  \x\  oo,  because  Mfl(w)  G  LP(dQ).  (See  Lemma  1.28.2.) 
According  to  Proposition  2.17.1,  there  exists  a  constant  u0 0  such  that  w(v)  ->  Woo  as 
|jc|  — >►  oo. 

Fix  g  e  LP(dQ),f  e  W_1,/?(3£2),  Woo  g  Rl.  Then  u  given  by  (5.94)  is  a  very 
weak  77-solution  of  (5.89)  by  Proposition  5.25.3.  Moreover,  u(x )  Woo  as  \x\  -> 

oo  by  Proposition  3.1.6.  Corollary  5.18.4  gives  that  there  exists  a  constant  C  such 
that  (5.95)  holds.  If  g  G  Wl,p(dQ),f  G  LP(dQ),  then  u  is  an  77-solution  of  the 
mixed  problem  (5.89)  by  Proposition  5.25.3.  The  estimate  (5.96)  is  a  consequence 
of  Proposition  5.2.8. 


5.26  LP -Solutions  of  the  Transmission  Problem 
for  Several  Domains 


In  this  section,  we  study  LP -solutions  of  the  transmission  problem  on  the  Euclidean 
space  divided  into  several  open  sets.  We  prove  the  existence  of  a  solution  and  discuss 
the  uniqueness. 

Let  Q\ , . . . ,  Qk  be  disjoint  open  sets  with  compact  Lipschitz  boundary  such  that 
Rm  =  u  Q2  U  •  •  •  U  Qk,  k  >  2.  Suppose  that  for  each  component#  of  3 Qi,  there 
exists  j  e  {l, ...  ,k},j  ^  i,  such  that  B  C  3 Qi  PI  3 Qj  and  B  PI  Qi  =  0  for  /  ^  {/,/}. 
We  denote  by  nJ  the  unit  exterior  normal  of  Qj.  So,  nl  =  —n!  on  3 Qi  P  3 Qj  for  i  ^  j. 

Let  b\, . . . ,  bk  be  positive  numbers,  1  <  p  <  oo.  For  i  <  j9  let fy  e  Lp(dQiHdQj), 
gij  e  W],p(dQi  P  3  QJ).  We  say  that  u\, . . .  ,Uk  is  an  Lp -solution  of  the  transmission 
problem 


A Uj  =  0  in  Qj,  (5.97) 

Mi  -  Uj  =  gij ,  bi ^  -  fey—  =  fij  on  d£2j  n  dS2j,  i  <  j  (5.98) 

if  uj  G  H(Qj),  Ma  J (uj)  +  Ma](yuj)  G  Lp(dQj),  there  exist  nontangential  limits  of 
Uj  and  Vuj  at  almost  all  points  of  3  Qj,  and  the  conditions  (5.98)  are  fulfilled  in  the 
sense  of  a  nontangential  limit  almost  everywhere. 

Lemma  5.26.1  Let  Q  \ , . . . ,  Qk  be  disjoint  open  sets  with  compact  Lipschitz  bound¬ 
ary  such  that  Rm  =  2iU22U---U  Qk,  k  >  2,  m  >  2.  Suppose  that  for  each 
component  B  of  dQif  there  exists  j  G  {1 , ...  ,k},  j  ^  i,  such  that  B  C  dQt  P  dQj 
and  B  P  Qi  =  0  for  l  $  { ij }.  Let  l  <  p  <  oo.  If  p  ^  2,  suppose  moreover  that 
3£2  is  of  class  C1,a  with  0  <  a  <  l  for  j  =  1, . . . ,  k.  If(u\, . . . ,  ufi)  is  an  LP -solution 
of  the  transmission  problem  (5.97),  (5.98),  then  there  exist  unique  cpj  G  LP  (dQj), 
j  =  1 , . . . ,  k,  and  ^oo  £  Rl  such  that  Uj  =  SQt(pj  +  u ^  for  j  =  1 , . . . ,  k. 
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Proof  Suppose  first  that  is  unbounded.  Then  Ui  is  an  LP- -solution  of  some 
Neumann  problem  for  the  Laplace  equation  in  Qj.  According  to  Theorems  5.11.4 
and  5.9.1 1,  there  exist  unique  <pt  e  LP(dQi )  and  Uoq  g  Rl  such  that  ut  =  S^i(pi+uOQ. 

Let  now  Qj  be  bounded.  Define/  =  duj/drij  +  Uj  —  Uoo  on  3 Qj.  Then  Uj  — 
is  an  //-solution  of  the  Robin  problem  Au  =  0  in  Qj,  du/dn  +  u  =  f  on  3 Qj. 
According  to  Theorems  5.11.5  and  5.10.4,  there  exists  a  unique  <pj  g  LP(dQj)  such 
that  uj  —  Uoq  =  SQj(Pj- 

Lemma  5.26.2  Let  Q\, . . .  ,Qkbe  disjoint  open  sets  with  compact  Lip  schitz  bound¬ 
ary  such  that  R2  =  U  Q2  ^  •  U  Qk>  k  >  2.  Suppose  that  for  each  component  B 

ofdQi,  there  exists  j  G  {1, . . . ,  k},  j  ^  i,  such  that  B  C  3 Qi  PI  dQj  and  B  PI  Qi  =  0 
for  l  { ij }.  Let  1  <  p  <  oo.  Ifp  ^  2,  suppose  moreover  that  3£2  is  of  class  C1,01 
with  0  <  a  <  1  for  j  =  1 , . . . ,  k.  If  (u\ , . . . ,  uk)  is  an  LP -solution  of  the  transmission 
problem  (5.97),  (5.98),  then  there  exist  unique  cpj  G  LP(dQf),  j  =  l, ...  ,k,  such  that 

Uj  =  -  (j)  <Pj  d  no  +  (j)  tpjdHu  (5.99) 

fdQj  fdQj 

Proof  Define/  =  duj/dnj  +  uj  on  3 Qj.  Then  Uj  is  an  L^-solution  of  the  Robin 
problem  A u  =  0  in  Qj,  du/dn  +  u  =  /  on  3 Qj.  According  to  Theorems  5.11.5  and 
5.10.4,  there  exists  a  unique  cpj  G  Lp(dQj)  such  that  (5.99)  holds. 

Proposition  5.26.3  Let  Q\, . . . ,  Qk  be  disjoint  open  sets  with  compact  Lipschitz 
boundary  such  that  Rm  =  ^iU^2U<iiU^/>2,  m  >  2.  Suppose  that  for  each 
component  B  of  3  £2;  there  exists  j  G  {l, ...  ,k},  j  ^  i,  such  that  B  C  3  £2;  P  dQj  and 
B  P  £2/  =  Qfor  l  $  {i,j}.  Let  1  <  p  <  oo.  Ifp  ^  2,  suppose  moreover  that  3  Qj  is  of 
class  Cl,a  with  0  <  a  <  1  for  j  =  1 , . . . ,  k.  Denote 

Xp  =  Lp( dQi)  x  Lp(dQ2)  x  •  •  •  x  Lp(dQk), 

Yp=  p[  n  x  Z/’(aS2I-  n  d£2y-)] 

1  <i<j<k 


Let  b\, . . . ,  bk  be  positive  numbers.  For  [cp\ , . . . ,  (pk\  G  Xp,  define 

Tty  i  ,...,<Pk\  =  [SQi<Pi  ~  ^ Pi  -  biK'n.cpi  +  ^ <pj  -  bjK'Qj<Pj\ 

on  3 Qj  P  dFli  for  1  <  i  <  j  <  k.  Then  T  :  Xp  —>  Yp  is  a  Fredholm  operator  with 
index  0.  If  [cp\, ...  ,<pk\  G  Xp  and  uj  =  SQj(pj,  then  (u\, ...  ,uk)  is  an  LP -solution 
of  the  transmission  problem  (5.97),  (5.98)  if  and  only  ifT[(p\ , . . . ,  (pk]  =  [gij,fij\  on 
3 Qj  P  dQifor  1  <  i  <  j  <  k. 

Proof  If  [(pi , . . . ,  cpk]  G  Xp  and  Uj  =  SQt(pj,  then  (u\ , ...  ,uk)  is  an  Lp- solution  of  the 
transmission  problem  (5.97),  (5.98)  if  and  only  if  T[cp\, . . . ,  cpk\  =  [gij,fij\  on  3 Qj  P 
3^2/  for  1  <  i  <  j  <  k.  (See  Proposition  3.1.6,  Lemma  5.2.1,  Propositions  5.2.2, 
5.2.3,  5.2.8,  Theorems  5.4.7  and  5.4.8.) 
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T  :  Xp  Yp  is  a  bounded  linear  operator  by  Proposition  5.4.5  and  Lemma  5.4.9. 
We  now  show  that  T  is  a  Fredholm  operator  with  index  0.  Suppose  first  that  k  =  2. 
We  can  suppose  that  Q\  is  unbounded.  If  [gn,  fn]  £  Yp,  then  there  exists  a  unique 
//-solution  of  the  transmission  problem  (5.97),  (5.98)  such  that  u\(x)  0  as  |jc|  -> 

oo.  (See  Theorem  5.12.7.)  According  to  Lemma  5.26.1,  there  exist  unique  (p\,(p2  e 
Lp(dQ\)  and  Uoq  e  Rl  such  that  uj  =  S^cpj  +  u^.  Since  u\(x)  0  as  \x\  — >  oo, 

we  infer  that  u0 0  =  0.  We  have  proved  that  T[<^i ,  <^]  =  [gi2,/i2]-  So,  T  is  onto.  The 
uniqueness  of  the  representation  of  u\,  U2  forces  that  T  is  one-to-one.  So,  T  :  Xp 
Yp  is  an  isomorphism. 

Let  now  k  >  2.  We  define  an  auxiliary  operator  T.  If  B  is  a  component  of  3  (£2 1  U 
•  •  •  U  Qf),  we  define 

T[<p\  ,...,(pk]  =  T[xb<P  1 ,  •  •  • ,  XB<Pk\  on  B. 

We  show  that  T  :  Xp  — >  7^  is  an  isomorphism.  Let  i  <  j  and  5  be  a  component 
of  9 £2;  PI  dQj.  Then  there  exist  disjoint  open  sets  U\,  U2  such  that  Rm  =  U\  U  U2 , 
5  =  3t/!  =  3C/2,  C  C/i,  £2,-  C  U2.  Define 

TbW  1.^2]  =  -SUlty2h-^r  1  -biK'^f  1  +  ^f2-bjK'U2  f2\- 

We  have  proved  that  TB  :  LP(B)  x  LP(B)  Wl  p(B )  x  //(/?)  is  an  isomorphism. 
Since  T[^i, . . . ,  <^]  =  TB[xB<Pi,  XB<Pj\  on  we  deduce  that  71  :  >  7^  is  an 

isomorphism.  Since  T  —  T  :  — >  C°°(9(^i  U  •••  U  £2^))  is  bounded,  we  infer 

that  T  —  f  \  Xp  ^  Yp  is  compact.  (See  Lemma  1.21.8.)  Theorem  1.8.3  gives  that 
T  :  Xp  — >  Yp  is  a  Fredholm  operator  with  index  0. 

Proposition  5.26.4  £2i, . . . ,  Qk  be  disjoint  open  sets  with  compact  Lipschitz 

boundary  such  that  R2  =  U  ^2  U  •••  U  ^  >  2.  Suppose  that  for  each 
component  B  of  9 £2;,  there  exists  j  e  {1,  j  ^  i,  such  that  B  C  dQi  C\  dQj 

and  B  n  Qi  =  &  for  l  $  {/,/}.  Let  l  <  p  <  00.  If  p  ^  2,  suppose  moreover  that 
dQj  is  of  class  C1,a  with  0  <  a  <  1  for  j  =  1, . . . ,  k.  Let  Xp,  Yp  be  defined  like  in 
Proposition  5.26.3.  Let  b\, . . . ,  bk  be  positive  numbers.  For  [<p\, . . . ,  <pk]  E  Xp,  define 
PjVj  =  &dQj  Vj  d3i\,  PjCfj  =  cpj  —  Pjcpj ,  and 

Gy[(Pi,  (pj\  =  SQiPi<Pi  +  Pm  -  SQj Pj(pj  -  Pj<Pj, 

Fij[<Pi,  <Pj\  =  ~  biK'a.Pi(Pi  +  y Pj<pj  ~  bjK'n.Pjcpj, 

T[<p\  ,...,<pk]  =  [GijWi,  (Pj\,Fij[<Pi,  (Pj\\ 

on  dQjddQifor  1  <  i  <  j  <  k.  Then  T  :  Xp  —>  Yp  is  a  Fredholm  operator  with  index 
0.  If  [cp\, ...  ,<pk\  e  Xp  and  Uj  =  SQj Pj(pj  +  Pjcpj,  then  (u\, . . . ,  uf)  is  an  LP -solution 
of  the  transmission  problem  (5.97),  (5.98)  if  and  only  ifT[cp\, . . .  =  [gij,fij\  on 

dQj  D  dQi  for  1  <  i  <  j  <  k. 
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Proof  If  [cpi , . . . ,  <pk\  G  Xp  and  Uj  =  SQjPj(pj  +  Pjcpj,  then  (u\, . . . ,  uf)  is  an  LP- 
solution  of  the  transmission  problem  (5.97),  (5.98)  if  and  only  if  T[cp\, . . . ,  <pk\  = 
[gijjij]  on  3 Qj  D  3 Qt  for  1  <  i  <  j  <  k.  (See  Proposition  3.1.6,  Lemma  5.2.1, 
Propositions  5.2.2,  5.2.3,  5.2.8,  Theorems  5.4.7  and  5.4.8.) 

T  :  Xp  — >  Yp  is  a  bounded  operator  by  Proposition  5.4.5,  Lemma  5.4.9,  and 
Proposition  1.5.11.  We  now  show  that  T  is  a  Fredholm  operator  with  index  0. 
Suppose  first  that  k  =  2.  We  can  suppose  that  Q\  is  unbounded.  If  [gu,fn\  £  YP, 
then  there  exists  an  Lp- solution  of  the  transmission  problem  (5.97),  (5.98)  if  and 
only  if 


(See  Theorem  5.12.7.)  If  ( u\,U2 )  is  a  solution  of  this  problem,  then  there  exist 
(pi,cp2  G  Lp(dQ\)  such  that  uj  =  SpPjepj  +  Pj(pj.  (See  Lemma  5.26.2.)  Hence 
T[cp\ ,  cpf\  =  [gn,fn\-  Thus  T{Xp)  is  a  closed  subspace  of  Yp  of  codimension  1. 
Let  now  T[ep\,  (pf[  =  0.  Put  Uj  =  SpPjepj  +  Pj(pj.  We  have  proved  that  (u\,  U2) 
is  an  //-solution  of  the  problem  (5.97),  (5.98)  with  gu  =  0,fn  =  0.  According 
to  Theorem  5.12.7,  there  exists  a  constant  c  such  that  uj  =  c  in  Qj.  According  to 
Lemma  5.26.2,  there  exist  unique  epj  G  LP{dQj)  such  that  S^Pjtpj  +  Pj(f)j  =  1  in 
Qj  and  (gp\,(p2)  =  c{fp\,<p'f).  So,  dim  Kerr  =  1  and  T  :  Xp  ->  Yp  is  a  Fredholm 
operator  with  index  0. 

Let  now  k  >  2.  We  define  an  auxiliary  operator  T.  If  B  is  a  component  of  3  (£2 1  U 
•  •  •  U  £2fc),  we  define 


T[<pi  ,...,<pk]  =  T[xb<P\ XB<pk]  on  B. 


We  show  that  T  :  Xp  Yp  is  a  Fredholm  operator  with  index  0.  Let  i  <  j  and  5 
be  a  component  of  3 £2;  n  dQj.  Then  there  exist  disjoint  open  sets  U\,  U2  such  that 
R2  =  Ui  U  U2,  B  =  dU\  =  dU2,  £2;  C  Uu  Q,j  C  U2.  Define  Pep  =  ^  <p  dHu 
Pep  =  cp  —  Pepj ,  and 


G[f  1,^2]  =  +  ^1  -  +  Pfu 

F\t  1,  ^2]  =  1  -  -  biK’^Pfo, 

TbW  1,^2]  =  [G[Vri,^2],F[Vri,^]]. 


We  have  proved  that  7#  :  1/(5)  x  Z/(#)  ->  Wl,p(B )  x  Z/(#)  is  a  Fredholm  operator 
with  index  0.  Since  T[</i , . . . ,  <^]  =  TB[xB<Pi,  XbWj]  on  B ,  we  deduce  that  T  :  Xp  ^ 
Yp  is  a  Fredholm  operator  with  index  0.  Since  T  —  f  :  Xp  C°°(3(£2i  U  •  •  •  U  £2^)) 
is  bounded,  we  infer  that  T  —  T  :  Xp  ->  is  compact.  (See  Lemma  1.21.8.) 
Theorem  1.8.3  gives  that  T  \Xp  ^  Yp  is  a  Fredholm  operator  with  index  0. 
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Proposition  5.26.5  Let  . . . ,  Qk  be  disjoint  open  sets  with  compact  Lipschitz 
boundary  such  that  Rm  =  U^U-^U  Qk,  k  >  2.  Suppose  that  for  each 
component  B  of  dQ;,  there  exists  j  G  {1 , ...  ,k},  j  i,  such  that  B  C  Pi  dQj 
and  B  (1  Qi  =  0  for  l  $  {i,j}-  Suppose  that  is  unbounded.  Let  1  <  p  <  oo. 
If  p  ^  2,  suppose  moreover  that  3 Qj  is  of  class  Cl,a  with  0  <  a  <  1  for  j  = 
1, . . . , k.  Let  b\, ...  ,bk  be  positive  numbers  and  (u\, . . . ,  Uk )  be  an  LP -solution  of 
the  transmission  problem  (5.97),  (5.98).  If  gy  =  fj  =  0  and  u\(x)  — >►  0  as  \x\  — >  oo, 
^Zz£w  Wj  =  0  for  j  =  1 , . . . ,  k. 

Proof  Let  Xp,  Yp  be  defined  like  in  Proposition  5.26.3.  If  m  >  2,  then  T  is  defined 
in  Proposition  5.26.3.  If  m  =  2,  then  T  is  defined  in  Proposition  5.26.4. 

If  m  >  2,  then  there  exist  unique  (cp\, . . . ,  cpf)  G  Xp  and  Uoq  g  7?1  such  that 
w7  =  SQj(pj  +  Woo-  (See  Lemma  5.26.1.)  If  m  =  2,  then  there  exist  (<^i, . . . ,  <pk)  G 
such  that  w7  are  given  by  (5.99).  (See  Lemma  5.26.2.)  Propositions  5.26.3  and  5.26.4 
give  T(cp\ , ...  ,(pk)  =  0.  The  operators  T  :  Xp  ->  Yp,T  :  X2  ->  Y2  are  Fredholm  with 
index  0  by  Propositions  5.26.3  and  5.26.4.  So,  (<p\, . . . ,  <pf)  G  X2  by  Lemma  1.8.4. 
Thus  (u\, . . . ,  Uk)  is  an  L2-solution  of  the  transmission  problem  (5.97),  (5.98)  by 
Propositions  5.26.3  and  5.26.4. 

By  virtue  of  Lemma  5.8.1, 


f  (  dui  3  U;\ 

=  .^,  J  u,(b,dP~b]dP)  dHm~ 

l-l<J-kdQindQj 

L  /  Uibi^dHm-1  =  E/  *i|V«i|2dK 


Since  Vw,  =  0,  the  function  ut  is  constant  on  each  component  of  Since  ul  =  Uj 
on  3  Qf  D  3  Qj,  there  exists  a  constant  c  such  that  uj  =  c  for  j  =  l, ...  ,k.  Since 
wi  (x)  0  as  \x\  ->  00,  we  infer  that  w7  =  0. 

Theorem  5.26.6  ^1,...,^^  Z?e  disjoint  open  sets  with  compact  Lipschitz 

boundary  such  that  Rm  =  U  Q2  U  •  •  •  U  Qk>  k  >  2,  m  >  2.  Suppose  that  for  each 
component  B  of  3  £2*,  there  exists  j  G  {1, . . . ,  k},  j  ^  i,  such  that  B  C  3  £2*  PI  3 Qj 
and  B  PI  Qi  =  &  for  l  $  {i,j}.  Suppose  that  is  unbounded.  Let  1  <  p  <  00.  If 
p  2,  suppose  moreover  that  3  Qj  is  of  class  Cl,a  with  0  <  a  <  1  for  j  =  l, ...  ,k. 
Let  b\, . . .  ,bk  be  positive  numbers.  Let  T,  Xp,  and  Yp  be  as  in  Proposition  5.26.3. 

•  T  :  Xp  — >►  Yp  is  an  isomorphism. 

•  If  (u\, . . . ,  Uk)  is  an  LP -solution  of  the  transmission  problem  (5.97),  (5.98),  then 
there  exists  u0 Q  e  Rl  such  that  u\(x)  —>  u 00  as  \x\  —>  00. 

•  Let  [gij,fij\  G  Yp  and  u0 0  G  7?1  Z?£  given.  Put 


. , 


fai>- ••>¥>*]  =  T  '[gtjjijl 
Uj  =  SQj(pj  +  Uoo,  7  =  1,... 


(5.100) 

(5.101) 
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Then  (u\, ... ,  Uk )  is  a  unique  LP -solution  of  the  transmission  problem  (5.97), 


(5.98)  such  that  u\(x)  u0 Q  as  \x\  oo.  Moreover, 


\\Ma(ui)\\LP(dQi)  +  ||^a(VM/)  11^(9^) 

-  C  ^2  {\\8ij\\wl’P(dQindQj)  +  Wfij\\u’(dQindQj2j  +  I  Moo  I 
l<i<j<k 


where  C  does  not  depend  on  [gij,fj\,  and  u^. 

Proof  Let  (cp\ , . . . ,  cpf)  G  Ker T.  Put  uj  =  SQjcpj ,  j  =  l, . . .  ,k.  Then  (u\ , . . . ,  uf)  is 
an  //-solution  of  the  transmission  problem  (5.97),  (5.98)  with  gp  =  0  ,fj  =  0.  (See 
Proposition  5.26.3.)  Moreover,  u\(x)  0  as  \x\  —>  oo  by  Proposition  3.1.6.  Propo¬ 

sition  5.26.5  gives  that  uj  =  0  for  j  =  1, . . . ,  k.  Hence  cpj  =  0  by  Lemma  5.26.1. 
T  :  Xp  ->  Yp  is  a  Fredholm  operator  with  index  0  by  Proposition  5.26.3.  Thus 
T(Xp)  =  Yp.  Hence  T  :  Xp  —>  Yp  is  an  isomorphism  by  Theorem  1.6.3. 

Let  (wi, . . . ,  uf)  be  an  //-solution  of  the  transmission  problem  (5.97),  (5.98). 
Since  Ma(u\)  G  Z/(3£2 i),  the  function  wi  is  bounded  in  a  neighborhood  of  infinity 
by  Lemma  1.28.2.  According  to  Proposition  2.17.1,  there  exists  u^q  g  Rl  such  that 
u\(x)  ->  Uoq  as  \x\  ->  oo. 

Let  G  Tp  and  Mqo  g  7?1  be  fixed.  Let  cpj  and  My  be  defined  by  (5.100)  and 

(5.101),  respectively.  Proposition  5.26.3  gives  that  (u\, . . . ,  m^)  is  an  //-solution 
of  the  transmission  problem  (5.97),  (5.98)  such  that  u\(x)  Mqq  as  \x\  —>  oo. 
The  uniqueness  follows  from  Proposition  5.26.5.  The  rest  is  a  consequence  of 
Propositions  5.2.2,  5.2.3,  and  5.2.8. 

Theorem  5.26.7  Let  £2\, . . .  ,£2k  be  disjoint  open  sets  with  compact  Lipschitz 
boundary  such  that  R2  =  U  ^2  U  •••  U  ^  >  2.  Suppose  that  for  each 
component  B  ofdQi,  there  exists  j  G  {1, . . . ,  k},j  7^  i,  such  that  B  C  dQiHdQj  and 
B  D  Qi  =  0  for  l  $  {i,j}-  Suppose  that  is  unbounded.  Let  1  <  p  <  00.  Ifp  7^  2, 
suppose  moreover  that  3  Qj  is  of  class  C1,a  with  0  <  a  <  1  for  j  =  l, ...  ,k.  Let 
b\, . . .  ,bk  be  positive  numbers.  Let  Xp  and  Yp  be  defined  as  in  Proposition  5.26.3. 
Let  T  be  the  operator  from  Proposition  5.26.4.  Define 


Denote  by  Zp  the  set  of  all  \gij,fj\  €  Yp  satisfying 


•  T:XP -  Zp  x  R.  is  an  isomorphism. 
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•  If  (u\, . . . ,  Uk)  is  an  LP -solution  of  the  transmission  problem  (5.97),  (5.98),  then 
\gij,fij\  G  Zp,  and  there  exists  Uqo  e  Rl  such  that  u\(x)  — >  Uqo  as  \x\  —>  oo. 

•  Let  [gij,fj\  e  Zp  and  Uqo  e  Rl  be  given.  Put 

[<Pi,...,(Pk]  =  T~l{[gij,fj\;  1  <  i  <j  <k}xuoQ,  (5.102) 

uj  =  SQj (cpj  —  (f)  cpj  dPL\)  +  (f)  (p\dTL\,  j  =  l, ...  ,k.  (5.103) 

JdQj  JdQi 

Then  (u\, ... ,  uf)  is  a  unique  LP -solution  of  the  transmission  problem  (5.97), 
(5.98)  such  that  u\(x)  ->  u0 0  as  \x\  — >  oo.  Moreover, 

+  ||Ma(VM/)||^(afiz) 

-  C  (jlgdlw^a^nasy  +  ll^llz^a^na^))  +  |w<x>l 

l<i<j<k 

where  C  does  not  depend  on  [gij,fj]  and  Uqq. 

Proof  Let  (u\, . . . ,  uf)  be  an  //-solution  of  the  transmission  problem  (5.97),  (5.98). 
Since  Ma(u\)  e  Lp(d£l\),  the  function  u  is  bounded  in  a  neighborhood  of  infinity 
by  Lemma  1.28.2.  According  to  Proposition  2.17.1,  there  exists  Uqq  e  Rl  such  that 
u\(x)  — >  Uoq  as  \x\  ->  oo.  Since 

f  dm 

J  fadn  1  =  0,  J  = 

dQj 


by  Theorems  5.9.10,  5.9.11,  5.11.3,  and  5.11.4,  we  obtain 


1  !<*'</<£ 


7=1 


9fi/ 


Hence  [g ij,fij\  £  Z^. 

T  :  Xp  ^  Yp  is  a  Fredholm  operator  with  index  0  by  Proposition  5.26.4.  Define 
T((pu...,(pk)  =  [T(cp\, ... ,  (pk) ,  0] .  Then  T  :  Xp  ->  Yp  x  7?1  is  a  Fredholm  operator 
and  Q'(f)  =  a(T),  /3(T)  =  f(T)  +  1.  The  operator  t  —  T  is  one-dimensional  and 
therefore  compact.  So,  T  :  Xp  Yp  xRl  is  a  Fredholm  operator  with  z(T)  =  i(T)  = 

m-  i  =  -l 

If  ((pi, . . .  ,(pk)  e  Xp  and  wy  is  given  by  (5.103)  for  j  =  1  ,...,&,  then 
(wi,...,Mjfe)  is  an  //-solution  of  the  transmission  problem  (5.97),  (5.98)  with 
[gij,fij\  =  T(<pi,...,<pk)  by  Proposition  5.26.4.  We  have  proved  that  [gij,fj]  e  Z^. 
Thus  f  :  Xp  ^  Zp  x  Rl  is  a  Fredholm  operator  and  /(f  :  Xp  ^  Zp  x  Rl )  =  /(f  : 
->  Yp  x  R1)  -  1  =  0. 
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Let  (cp\, . . . ,  <pk)  G  KerL.  Let  uj  be  given  by  (5.103)  for  j  =  1  , ...  ,1c.  Then 
{u\,...,uf)  is  an  //-solution  of  the  transmission  problem  (5.97),  (5.98)  with 
gij  =  0 ,  fy  =  0  and  u\(x)  — >  0  as  \x\  — >  oo.  (See  Propositions  5.26.4  and 
3.1.6.)  Proposition  5.26.5  gives  that  w,-  =  0  for  j  =  l, ...  ,1c.  Hence  <pj  =  0  by 
Lemma  5.26.2.  Since  T  :  Xp  Zp  x  Rl  is  a  Fredholm  operator  with  index  0, 
we  deduce  T(Xp )  =  Zp  x  Rl .  Hence  71  :  Xp  —>  Zp  x  Rl  is  an  isomorphism  by 
Theorem  1.6.3. 

Let  [gy,^]  G  Zp  and  G  R1  be  fixed.  Let  cpj  and  Uj  be  defined  by  (5.102)  and 
(5.103),  respectively.  Propositions  5.26.4  and  3.1.6  give  that  (iq, . . . ,  uf)  is  an  re¬ 
solution  of  the  transmission  problem  (5.97),  (5.98)  such  that  u\(x)  ->  as  |x|  -> 
oo.  The  uniqueness  follows  from  Proposition  5.26.5.  The  rest  is  a  consequence  of 
Propositions  5.2.2,  5.2.3,  and  5.2.8. 


5.27  LP -Solutions  of  the  Mixed  Transmission  Problem 


This  section  is  devoted  to  LP- solutions  of  the  mixed  transmission  problem.  Let  Q  C 
Rm  be  a  domain  with  compact  Lipschitz  boundary.  Suppose  that  Q  is  divided  to 
open  sets  Q\, ...  ,Qk  with  compact  Lipschitz  boundary.  We  study  a  boundary  value 
problem  for  the  Laplace  equation,  where  the  transmission  conditions  are  given  on 
the  interfaces  of  £2,  and  Qj,  the  Dirichlet  condition  is  given  on  the  part  of  3  £2,  and 
the  Robin  condition  or  the  Neumann  condition  is  prescribed  on  the  rest  of  9  £2.  We 
find  a  necessary  and  sufficient  condition  for  the  existence  of  a  solution  and  study  the 
uniqueness. 

Let  £2  crbea  domain  with  nonempty  compact  Lipschitz  boundary.  Let  Td,Tr 
be  disjoint  closed  subset  of  3  £2  such  that  dQ  =  r^UT^.  Let  Q\ , . . . ,  Qk  be  disjoint 
domains  with  compact  Lipschitz  boundary  such  that  £2  =  £2i  U  £22  U  •  •  •  U 
k  >  2.  Suppose  that  for  each  component  T  of  3 £2;,  one  of  the  following  conditions 
is  fulfilled: 

1.  T  C  TD  and  T  Pi  Qj  =  0  for  j  i. 

2.  T  CTR  and  T  PI  Qj  =  0  for  j  i. 

3.  There  exists  j  G  {1 , ...  ,k},  j  i,  such  that  T  C  3£2*  Pi  3£2 j,  T  n  3£2  =  0, 
T  n  £2/  =  0  for  /  $  {i,j}. 

We  denote  by  nj  the  unit  exterior  normal  of  Qj.  So,  nl  =  —ri  on  3 £2 t D  3 £2 j  for  i  j. 

Let  b\, ...,  bk  be  positive  numbers,  1  <  p  <  oo,  h  G  L°°(rR),f  G  LP(TR ), 
g  G  W^(rD).  For  i  <  j,  let  fy  e  Lp(  dQt  n  3  Qj),  g tj  G  Whp(dQj  n  3£2;).  We  say  that 
(u\, ... ,  Uk)  is  an  Lp -solution  of  the  mixed  transmission  problem 

A  Uj  =  0  in  Qj,  (5.104) 

dm 

Uj  =  g  onTDndQj,  ——-\-huj=f  on  TR  Pi  3£2y,  (5.105) 

dm1 

dUj  3  Ur 

bidni  ~bjdni=  ^  °n  TiJ  '=  R  ^  *  <  7 


Mi  Mj  —  gij, 


(5.106) 
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if  uj  G  H(Qj),  Ma  J  (uj)  +  MaJ(Vuj )  G  LP(dfy),  there  exist  nontangential  limits  of 
uj  and  Vuj  at  almost  all  points  of  3  fy,  and  the  conditions  (5.105)  and  (5.106)  are 
fulfilled  in  the  sense  of  a  nontangential  limit  almost  everywhere. 

Proposition  5.27.1  Let  1  <  p  <  oo.  Ifp  2,  suppose  moreover  that  3  £2  is  of  class 
Cl,a  with  0  <  a  <  1.  Let  h  >  0,  and  (u\, . . . ,  uj)  be  an  LP -solution  of  the  mixed 
transmission  problem  (5.104),  (5.105),  (5.106).  Iffy  is  unbounded  and  m  >  2, 
suppose  moreover  that  Uj(x)  0  as  \x\  oo.  If  g  =  0,  /  =  0,  gp  =  0,  fy  =  0, 
then  there  exists  a  constant  c  such  that  uj  =  c  for  j  =  l, ...  ,k. 

Proof  Choose  a  bounded  open  set  cod  with  smooth  boundary  such  that  TD  C  cod 
and  3 coD  Pi  dfy  =  0.  Put  gj  =  Uj  on  d(fy  P  coD).  Since  gj  G  W1,2(d(fy  PI  coD)),  the 
function  uj  is  an  L2-solution  of  the  Dirichlet  problem  A  uj  —  0  in  fy  P  ooD,  uj  =  gj 
on  d(fy  P  coD)  such  that  Ma(Vu)  G  L2(d(fy  P  coDj).  (See  Theorems  5.14.9  and 
5.14.10.)  In  particular,  Uj  g  Wl,2(dfy  P  TD )  and  duj/dn  G  L2(dfy  P  TD). 

Choose  a  bounded  open  set  cor  with  smooth  boundary  such  that  Tr  C  oor  and 
dcoR  P  3^  =  0.  Put  h  =  1  on  Scor,  f  =  duj/dn  +  huj  on  d(fy  P  cor).  Since 
f  G  L2( d(fy  P  cor)),  the  function  uj  is  an  L2-solution  of  the  Robin  problem  Auj  =  0 
in  fy  P  cor,  duj/dn  +  huj  =  f  on  3 (fy  P  coR).  (See  Theorems  5.10.4  and  5.11.5.)  In 
particular,  uj  G  Wl,2(dfy  P  TR)  and  duj/dn  G  L2( dfy  P  TR). 

Define  £2k+i  =  Rm  \  £2,  u^+i  =  0  in  bk+  i  =  1,  gi,k+  i  =  uu  fi,k+i  — 

bidui/dni.  Then  (u\, . . . ,  Uk+i)  is  an  //-solution  of  the  transmission  problem 


A  Uj  —  0  on  fy,  j  =  1  1 , 

dui  dm 

Ui-Uj  =  gij,  bi —  -bj  —  =fj  on  3fij  P  dfy,  1  <  i  <j  <  k+  1. 

Since  gy  G  1V1,2(3^/  P  3 fy),fy  G  L1(dQii  P  3£2/),  Theorems  5.26.6  and  5.26.7  give 
that  (wi, . . . ,  Uk+  i)  is  an  L2-solution  of  this  problem. 

Since  ut  =  Uj ,  bfdui/dn1)  =  bj(duj/dn{ )  on  3  £2;  P  3£2y,  we  have  by  Lemma  5.8.1 


*  r 

=  52h>  /  «- 

j'=1  3% 


3  Mi 

s? + '“«r- 


6PhLm—  i 


k  n  k 

Vw,-|2  62Hm—  i  + 


fi,- 


&  /  H2 

7=1  r^nan,- 


&Hm-\  • 


Since  bj  >  0,  /z  >  0,  we  infer  that  Vw7  =  0  in  £2y.  Thus  w7  is  constant  on  each 
component  of  fy.  Since  Uj  =  Ui  on  3  £2*  P  3 fy,  we  deduce  that  there  exists  a  constant 
c  such  that  Uj  =  c  for  j  =  1 , . . . , 

Proposition  5.27.2  >  2,  1  <  p  <  oo.  If  p  ^  2,  suppose  moreover  that  dfy 

is  of  class  Cl,a  with  0  <  a  <  1  /hr  j  =  1 , ...  ,k.  Let  Xp,  Yp  be  the  spaces  from 
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Proposition  5.26.3.  For  [(p\, . . .  ,(pk]  €  Xp,  define 

FijifPh  •  •  •  >  <Pk)  —  ~2<Pi  ~  —  bjK^.ipj  on  Ty, 

Gij((fi\ , .  ..,(pk)  =  Sa‘(pi  -  Saiq>j  onYij,  1  <i<j<  k, 

1SQi(pi  onTDndQi, 

\<Pi  -  K'Q.(pt  +  T*  n  3£2f, 

(^7/(^1,  •  ■  ■ )  <//)>  Fy((pi , ... ,  (Pkf)  on  Tij. 

Then  T  :  Xp  —>  Wl,p(TD)  x  LP(TR)  x  Yp  w  a  Fredholm  operator  with  index  0.  If 
[cpi, . . . ,  cpk]  €  and  uj  =  SQt(pj,  then  (u\, . . . ,  uf)  is  an  Lp -solution  of  the  mixed 
transmission  problem  (5.104),  (5.105),  (5.106)  if  and  only  if 

T[<Pu  •  •  • ,<Pk\  =  [g,f,  {[gijJijl  1  <i<j<  k}]. 

Proof  If  [cpi , ... ,  (pk\  e  Xp  and  Uj  =  SQt(pj,  then  (u\ , . . . ,  uf)  is  an  //-solution  of  the 
mixed  transmission  problem  (5. 104),  (5. 105),  (5. 106)  if  and  only  if  T[cp\ , ...  ,cpk\  = 
<  i  <  j  <  k}\.  (See  Proposition  3.1.6,  Lemma  5.2.1,  Proposi¬ 
tions  5.2.2,  5.2.3,  5.2.8,  Theorems  5.4.7  and  5.4.8.) 

T  :  Xp  Wl,p(TD)  x  Lp(Tr)  x  Yp  is  a  Fredholm  operator  with  index  0  by 
Propositions  5.26.3,  5.11.1,  5.2.2,  5.9.9,  5.18.1,  Theorems  1.7.4  and  1.8.3. 

Proposition  5.27.3  Let  m  =  2,  1  <  p  <  oo.  If  p  2,  suppose  moreover  that 
3  Qj  is  of  class  Cl,a  with  0  <  a  <  1  for  j  =  1 , ...  ,k.  Let  Xp,  Yp  be  the  spaces 
from  Proposition  5.26.3.  For  [(pi, . . .  ,(pk]  £  Xp,  define  Pjcpj  =  (^.  cpj  dFL\,  Pj(pj  = 
<Pj  —  Pjcpj,  and 

bi  ~  b-  ~ 

Fij((p\ , . . . ,  (pf)  —  —Pityi  —  biK-Q.Pi(Pi  +  —Pj(pj  —  bjKQ,P j(pj  on  Ty, 

Gy((p\ ,  ...,(pk)  =  SQiPi(pi  +  Pt(p  -  SQj  Pj(pj  -  Pjipj  on  Ty,  i  <  j , 

!SQiPi(pi  +  Pi(pi  on  Yd  (1  dQi, 

\(pt  -  K'n.cpi  +  h(SQiPi(pi  +  Pi<pi)  on  Tr  H  3 Qt, 

(Gij(<P l,  •  •  •  ?  Pk)-)  PijilPl  >  •  •  •  >  Pkf)  On  Pij- 

Then  T  :  Xp  —>  Wl,p(TD)  x  LP(TR)  x  Lp  Ts  a  Fredholm  operator  with  index  0.  If 
[cpi, ...  ,(pk]  e  Xp  and  Uj  =  SQ>  Pjcpj  +  Pj(pj,  then  (u\, . . . ,  Uk)  is  an  Lp -solution  of  the 
mixed  transmission  problem  (5.104),  (5.105),  (5.106)  if  and  only  ifT[(p\, . . . ,  (pk\  = 

\gJA[gijJij\',  1  <i<j<  k}]. 

Proof  If  [(pi, ... ,  <pk]  £  Xp  and  Uj  =  SQj Pj(pj  +  Pjtpj,  then  (ui, ...  ,  Uk)  is  an 
//-solution  of  the  mixed  transmission  problem  (5.104),  (5.105),  (5.106)  if  and 
only  if  T[(pu.  ..,(pk]  =  [g,f,  {[gijjij];  1  <  i  <  j  <  k}].  (See  Proposition  3.1.6, 
Lemma  5.2.1,  Propositions  5.2.2,  5.2.3,  5.2.8,  Theorems  5.4.7  and  5.4.8.) 
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T  :  Xp  Wl,p(TD)  x  Lp(Tr)  x  Yp  is  a  Fredholm  operator  with  index  0  by 
Propositions  5.26.4,  5.11.1,  5.2.2,  5.9.9,  5.18.1,  Theorems  1.7.4  and  1.8.3. 

Theorem  5.27.4  Let  Q  be  bounded  or  m  =  2.  Suppose  that  To  &  or  FLm~\  ({x  e 
TR;h(x)  >  0})  >  0.  Let  h  >  0,  1  <  p  <  oo.  If  p  ^  2,  suppose  moreover  that 
is  of  class  Cl,a  with  0  <  a  <  l  for  j  =  l, ...  ,k.  LetXp,  Yp  be  the  spaces  from 
Proposition  5.26.3.  Form  =  2,  the  operators  T,  Pj  are  defined  in  Proposition  5.27.3. 
For  m  >  2,  the  operator  T  is  defined  in  Proposition  5.27.2  and  Pj  =  0.  Then  T  : 
Xp  Wl,p( TD)  xLp(Tr )  x  Yp  is  an  isomorphism.  Fix  [ g,f ,  {[gij,fij]}\  G  Wl,p(TD )  x 
Lp(VR)  X  Yp.  Denote  (<pu  ■  ■  ■  ,<Pk)  =  T~l[g,f,{{gijMl  « /  =  S°J(!  ~  Pj)<Pj  + 
Pj(pj.  Then  (u\, ... ,  uf)  is  a  unique  LP -solution  of  the  mixed  transmission  problem 
(5. 1 04 ),  (5. 1 05 ),  (5. 1 06 ).  Moreover, 


\\Ma{ui)\\u>(dni)  +  \\Ma(yui)\\mdQl)  <  C 


ll^llw^CrD)  +  II  f\\LP(rR) 


+  XI  (ll^yllw^cr^)  +  WfijWiPirpj 

l<i<j<k 


where  C  does  not  depend  on  [gij,fij\,  g,  andf. 

Proof  Suppose  first  that  (u\, . . . ,  uf)  is  an  L^-solution  of  (5.104),  (5.105),  (5.106) 
with  g  =  0,/  =  0,  gy  =  0 ,  fij  =  0.  According  to  Proposition  5.27.1,  there  exists  c  e 
Rl  such  that  uj  =  c  for/  =  1, . . . ,  k.  Thus  0  =  Uj  =  c  on  T#,  0  =  duj/dn-\-huj  =  he 
on  T^.  This  forces  c  =  0. 

T  :  Xp  — Wl,p(TD)  x  Lp(Tr)  x  Yp  is  a  Fredholm  operator  with  index  0  by 
Propositions  5.27.2  and  5.27.3.  Let  . . . ,  cpf)  e  Ker  T.  Put  Uj  =  SQt(I  —  Pj)<Pj  + 
Pjcpj.  Then  (u\, . . . ,  uf)  is  an  //-solution  of  the  problem  (5.104),  (5.105),  (5.106) 
with  g  =  0,  /  =  0,  gij  =  0,  fj  =  0.  (See  Propositions  5.27.2  and  5.27.3.)  So, 
Uj  =  0,y  =  1, . . . ,  k.  Define  £2*;+i  =  Rm  \Q,  Uk+ 1  =  0.  Then  (u\, . . . ,  m^+i)  is  an 
L^-solution  of  the  transmission  problem 

dm  duj 

A w  =  0  in  Qj,  Ui  —  w  =  0,  — —  —  — —  =  0  on  3^2/  fl  3 Qj,  1  <  f,  j  <  k  +  1. 

J  dri  3  ri 

So,  cpj  =  0  for  j  =  1 by  Lemmas  5.26.1  and  5.26.2.  Since  T  is  a  Fredholm 
operator  with  index  0  and  trivial  kernel,  we  deduce  that  r(Xp)  =  fVl  p(r£>)  x 
Z/(r*)  x  yp.  Thus  T  :  Xp  ^  Whp(TD)  x  Lp  (T R)  x  Yp  is  an  isomorphism  by 
Theorem  1.6.3. 

Fix  [gJAigijJij]}]  e  Wl!P(rD)  x  LP (r^)  x  Yp.  Denote  {tpx, . . .  ,q>k)  = 
T~'  [g-f,  {[gijjijYtl  Uj  =  SnJ(I  -  Pj)(pj  +  Pj<pj.  Then  (uu...,uk)  is  a  unique 
//-solution  of  the  mixed  transmission  problem  (5.104),  (5.105),  (5.106)  by 
Propositions  5.27.2  and  5.27.3.  The  rest  is  a  consequence  of  Propositions  5.2.2 
and  5.2.8. 
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Theorem  5.27.5  Let  £2  be  bounded,  h  =  0,  TD  =  0.  Let  l  <  p  <  oo.  If  p  ^  2, 
suppose  moreover  that  3  Qj  is  of  class  Cl,a  with  0  <  a  <  1  for  j  —  l, ...  ,k.  Let  Yp 
be  the  space  from  Proposition  5.26.3.  Fix  \ f,  {[gij,fj]}\  G  Z/(3£2)  x  Yp.  Then  there 
exists  an  LP -solution  of  the  mixed  transmission  problem  (5.104),  (5.105),  (5.106)  if 
and  only  if 


k 

J  fiJ  dWm-l  +  j 

1  <i<7'<^gn.ng^.  i= 1  as^-nan 


bf  dFLm-i 


=  0. 


(5.107) 


If  (v  i, . . .  ,vf)  is  an  Lp -solution  of  the  problem  (5.104),  (5.105),  (5.106),  then  the 
general  form  of  an  LP -solution  of  the  problem  (5.104), (5.1 05 ),  (5.106)  is  uj  =  Vj + c, 
j  =  1 , . . . ,  where  c  is  a  given  constant. 

Proof  If  (v\, . . . ,  Vk)  is  an //-solution  of  the  problem  (5. 104),  (5.105),  (5.106),  then 


£  /  a  +  £  / 

i<*</<fcgn.ngn.  a^/na^ 


k  r 

v  =  £/ 


,  dui 
biM  = 


by  Theorems  5.9.10  and  5.11.3.  If  c  is  a  constant,  then  (v\  +  c, . . . ,  Vk  +  c)  is  an 
L^-solution  of  the  problem  (5.104),  (5.105),  (5.106),  too.  If  (u\, . . . ,  uf)  is  an  LP- 
solution  of  the  problem  (5.104),  (5.105),  (5.106),  then  there  exists  c  e  Rl  such  that 
uj  =  Vj  +  cj  =  1, . . . ,  k.  (See  Proposition  5.27.1.) 

Let  Xp  be  the  space  from  Proposition  5.26.3.  Denote  by  Zp  the  set  of  all 
\f,  {[gij,fj]}]  e  Lp(dQ)  x  Yp  satisfying  (5.107).  For  m  =  2,  the  operators  T, 
Pj  are  defined  in  Proposition  5.27.3.  For  m  >  2,  the  operator  T  is  defined  in 
Proposition  5.27.2  and  Pj  =  0.  If  (ypi, . . . ,  cpf)  G  Xp  and  Uj  =  SQj(I  —  Pj)<Pj  +  Pj<Pj, 
then  (ui, ... ,  Uk)  is  an  //-solution  of  the  problem  (5.104),  (5.105),  (5.106)  with 
\f ',  {[gij,fj]}]  =  T(<pi, . . . ,  <pk).  (See  Propositions  5.27.2  and  5.27.3.)  Thus  r(Xp)  C 
Zp.  Suppose  now  that  T(cp\, . . .  ,(pf)  =  0.  Then  there  exists  a  constant  c  such 
that  Uj  =  c,  j  =  l, ...  ,k.  (See  Proposition  5.27.1.)  Suppose  that  c  =  0.  Define 
=  Rm\Q,  Uk+\  =  0.  Then  (u\, ... ,  Uk+i)  is  an  Lp- solution  of  the  transmission 
problem 


OUr  OU; 

A  Uj  =  0  in  Qj,  ut  —  m  =  0,  — —  —  — —  =  0  on  3^2/  PI  3£2 

3  nl  3  nl 

Lemmas  5.26.1  and  5.26.2  force  that  (fj  =  0,  /  =  l, ...  ,k.  So  dimKer T  <  1.  Since 
T  :  Xp  —>  LP(dQ)  x  Yp  is  a  Fredholm  operator  with  index  0  by  Propositions  5.27.2 
and  5.27.3,  the  codimension  of  T(Ap)  is  at  most  1.  Since  T(XP)  C  Z/;,  we  infer  that 
T{Xp)=Zp. 

Theorem  5.27.6  Let  £2 1  unbounded,  m  >  2,  h  >  0,  1  <  p  <  oo.  If  p  ^  2, 
suppose  moreover  that  3£2;-  A  of  class  C1,a  with  0  <  a  <  1  for  j  =  l, ...  ,1c. 
Let  Xp,  Yp  be  the  spaces  from  Proposition  5.26.3.  The  operator  T  is  defined  in 
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Proposition  5.27.2.  Then  T  :  Xp  W'''(rD)  x  LP(r^)  x  Fp  is  an  isomorphism. 
If  (u\, ...  ,Uk)  is  an  LP -solution  of  the  problem  (5.104),  (5.105),  (5.106),  then  there 
exists  Uoq  e  Rl  such  thatu\(x)  — >  Uqq  as  \x\  ->  oo.  Fix  [ g,f ,  {[gij,fij]}\  G  lF1,/7(r£>)x 
Lp(rff)  x  Yp,  Uoo  e  R\  Denote  (<pu  . . . ,  <pk)  =  T_1  [g-K00,/-/iM0o,  Uj  = 

Sa'(fij  +  Uoq.  Then  (u\, . . . ,  uf)  is  a  unique  LP -solution  of  the  mixed  transmission 
problem  (5.104),  (5.105),  (5.106)  such  that  u\(x)  Uqo  as  \x\  oo.  Moreover, 


||^(m/)||lp(9£2/)  +  ||Affl(VM/)  ^(a^)  <  C 


11^  II W1 ’^(Fo)  +  \\f\\LP(TR) 


+  ^2  (jlgyllw^cry)  +  \\fij\\ij’(rip)  +  I  M<x>  I 
l<i<7<fc 


where  C  does  not  depend  on  [gij,fj\,  g,  f,  and  u^. 

Proof  Let  (u\, . . . ,  u^)  be  an  LP- solution  of  the  problem  (5.104),  (5.105),  (5.106). 
Since  Ma(u\ )  G  LP( dQ\),  the  function  u\  is  bounded  in  a  neighborhood  of  infinity 
by  Lemma  1.28.2.  According  to  Proposition  2.17.1  there  exists  Uqo  e  Rl  such  that 
U\(x)  — >  Uoq  as  \x\  ->  oo. 

Let  (mi,  . . . ,  w&)  be  an  L^-solution  of  (5.104),  (5.105),  (5.106)  with  g  =  0,/  =  0, 
gy  =  0 ,fj  =  0  such  that  wi(v)  — >  0  as  |v|  ->  oo.  According  to  Proposition  5.27.1, 
there  exists  c  e  Rl  such  that  uj  =  c  for y  =  1 , . . . ,  k.  Clearly,  c  =  0. 

T  :  Xp  x  L^(r^)  x  Fp  is  a  Fredholm  operator  with  index  0  by 

Proposition  5.27.2.  Let  (<pi, . . . ,  (pk)  G  Ker  7\  Put  w;-  =  SQi(pj.  Then  (wi, . . . ,  Uk) 
is  an  //-solution  of  the  problem  (5.104),  (5.105),  (5.106)  with  g  =  0,  /  =  0, 
gij  =  0,  fj  =  0.  (See  Proposition  5.27.2.)  Moreover,  wi(v)  ->  0  as  |jc|  — >>  oo  by 
Proposition  3.1.6.  So,  Uj  =  0,y  =  1, . . . ,  k.  Define  £2^+1  =  \  £2,  u^+x  =  0.  Then 

(wi, . . . ,  Mjfe+i)  is  an  //-solution  of  the  transmission  problem 

du;  dui 

Am  =  0  in  Qj,  Ui  —  u,  =  0,  — —  —  — —  =  0  on  9£2;  Pi  9£L,  1  <  ij  <  k  +  1. 

3  ri  dnl 

So,  <pj  =  0  for  j  =  l, ...  ,kby  Lemma  5.26.1.  Since  T  is  a  Fredholm  operator  with 
index  0  and  trivial  kernel,  we  deduce  that  T(XP)  =  lF1,i?(r£>)  x  LP  (T r)  x  Yp.  Thus 
T  :  Xp  W]  p(rD)  x  LP(Tr)  x  Fp  is  an  isomorphism  by  Theorem  1.6.3. 

Fix  [g,f,  {[gijjij]}}  e  ^^(ro)  X  Lp(rR)  x  Moo  e  R1- Denote  (<pi, . . .  ,<pk)  = 
T~l\g  -  Moo,/  -  /(Moo,  {[gy, /)]}],  Uj  =  SQJ(pj  +  Uoo •  Proposition  5.27.2  gives  that 
(u\, ...  ,Uk)  is  a  unique  Lp-  solution  of  the  problem  (5.104),  (5.105),  (5.106)  such 
that  u\(x)  ->  Woo  as  |x|  —>  oo.  The  rest  is  a  consequence  of  Propositions  5.2.2, 
5.2.3,  and  5.2.8. 

Theorem  5.27.7  m  =  2,  £2 1  be  unbounded,  h  =  0,  TD  =  &.  Let  1  <  p  <  oo. 
If  p  ^  2,  suppose  moreover  that  dQj  is  of  class  Cl,oc  with  0  <  a  <  1  for  j  = 
1, . . . ,  k.  Let  Yp  be  the  space  from  Proposition  5.26.3.  Denote  by  Zp  the  space  of  all 
\f ,  {[gij,fj]}]  G  Z/(9£2)  x  Yp  satisfying  (5.107).  If  (u\, ... ,u^)  is  an  LP -solution  of  the 
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problem  (5.104),  (5.105),  (5.106),  then  \f,  {[gij,fij]}]  €  Zp  and  there  exists  Uqq  e  Rl 
such  that  u\(x)  Uoo  as  \x\  oo.  If\f,  {[gij,fij]}\  G  Zp  and  Uqq  e  Rl,  then  there 
exists  a  unique  Lp -solution  (u\, ... ,  Uk )  of  the  mixed  transmission  problem  (5.104), 
(5.105),  (5.106)  such  that  u\(x)  Uqq  as  \x\  oo.  Moreover, 


llMz(H/)l|z^(an/)  +  \\Ma(yui)\\w)  <  C 


\\f\\LP(TR) 


+  52  (ll^y  II  w‘.p(ry)  +  Il/l7'llip(r,y)) 

\<i<j<k 


+  |  Moo  | 


where  C  does  not  depend  on  [gij,fij],  g,  f,  and  u^. 

Proof  Let  (u\, . . . ,  uf)  be  an  LP- solution  of  the  problem  (5.104),  (5.105),  (5.106). 
Then 


V  /  A+E  / 

i<»<y<tgn.n8nj  (-1  gn.nan 


u  dlli  n 

',a7=0 


by  Theorems  5.9.10,  5.9.11,  5.11.3,  and  5.11.4.  Since  M„(mi>  €  Or'  1 0 9s ,  i .  the 
function  tq  is  bounded  in  a  neighborhood  of  infinity  by  Lemma  1.28.2.  According 
to  Proposition  2.17.1,  there  exists  u oo  e  Rl  such  that  u\(x)  — >  Uoo  as  \x\  ->  oo.  If 
/  =  0 ,fj  =  0,  gy  =  0,  Uoq  —  0,  then  uj  =  0  for  j  =  1, . . . ,  k  by  Proposition  5.27.1. 

Let  Xp  be  the  space  from  Proposition  5.26.3.  The  operators  T,  Pj  are  defined 
in  Proposition  5.27.3.  Then  T  :  Xp  ->  LP(3Q)  x  Yp  is  a  Fredholm  operator 
with  index  0  by  Proposition  5.27.3.  Define  T(cp\, . . . ,  cpf)  =  [T(cp\, . . . ,  cpk),  0], 
T{(px,...,(pk)  =  [T((pu...,<pk),Pi<pi]-  Then  T  :  Xp  ->  Lp(9£2)  x  Fp  x  Z?1  is 
a  Fredholm  operator  with  index  —1.  The  operator  T  —  T  is  one-dimensional  and 
therefore  compact.  Theorem  1.8.3  gives  that  T  :  Xp  ->  Z/(3£2)  x  Yp  x  Rl  is  a 
Fredholm  operator  with  index  —1. 

If  . . . , (pk)  e  and  m,-  =  <S^(7  —  P/)</9y  +  Pjtpp  then  (zq, . . . ,  zq)  is  an  7/- 
solution  of  the  problem  (5. 104),  (5.105),  (5.106)  with  [/*,  {[gij,fj]}]  =  T(cp\, . . .  ,cpk ), 
and  u\(x)  ->  Pi^i  as  |x|  ->  oo.  (See  Propositions  5.27.3  and  3.1.6.)  Thus  f(Xp)  C 
ZpxR} .  Suppose  now  that  T(<p\, . . . ,  cpk)  =  0,  uj  =  SQj(I  —  Pj)(Pj  +  P/</j.  We  have 
proved  that  Uj  =  0.  Define  £2^+1  =  Pm  \  £2,  zq+i  =  0.  Then  (zq, . . . ,  Uk+i)  is  an 
7/-solution  of  the  transmission  problem 

du;  dm 

A  Uj  =  0  in  Qj,  Ui  —  m  =  0,  — —  —  — —  =  0  on  3£2*  PI  3£2/. 

3  ri  dnl 

Lemma  5.26.2  forces  that  cpj  =  0,  j  =  1, . . .  ,k.  So,  a(f)  =  0,  fl(T)  =  1.  Since 
T(Xp)  C  ZpxR\  we  infer  that  T(Xp)  =  Zp  x  Rl .  The  rest  is  a  consequence  of 
Propositions  5.2.2,  5.2.3,  and  5.2.8. 


Chapter  6 

Classical  Solutions  of  B  VP 


Check  for 
updates 


Abstract  Chapter  6  studies  classical  solutions  of  boundary  value  problems  for  the 
Poisson  equation. 


This  chapter  studies  classical  solutions  of  boundary  value  problems  on  bounded  and 
unbounded  domains.  It  is  shown  that  there  exists  a  solution  of  the  Dirichlet  problem 
for  the  Poisson  equation  in  C(£2)  PI  C2(£2)  for  continuous  data.  Solutions  in  C0,x  (£2) 
and  in  Cl,x(£2)  are  also  studied.  In  general,  there  is  not  a  solution  in  Cl  (£2)  Pi  C2(£2) 
of  the  Neumann  problem  or  the  Robin  problem  for  a  continuous  boundary  condition. 
So,  we  define  classical  solutions  of  these  problems  in  a  bit  weaker  sense.  Classical 
solutions  of  the  Neumann  problem  and  of  the  Robin  problem  are  functions  from 
C(£2)  P  C2(£i)  for  which  there  exists  a  normal  derivative  on  the  boundary.  We 
find  a  necessary  and  sufficient  condition  for  the  existence  of  a  classical  solution 
of  the  Neumann  problem  and  the  Robin  problem.  We  also  show  that  solutions  of 
these  problems  are  from  C1,x  (£2)  for  boundary  conditions  from  C0,x  (3  £2).  We  obtain 
the  maximum  principle  for  the  Robin  problem  of  the  Laplace  equation.  Further, 
we  study  classical  solutions  of  the  derivative  oblique  problem,  the  transmission 
problem,  the  jump  problem  on  cracks,  and  mixed  problems.  At  the  end  of  this 
chapter,  we  show  symmetry  of  solutions  of  the  Dirichlet  problem  and  the  Robin 
problem  for  symmetric  domains  and  symmetric  boundary  conditions. 


6.1  Classical  Boundary  Value  Problems 

Definition  6.1.1  Let  £2  C  Rm  be  an  open  set,  TD  C  3£2,  9  =  (9\, . . . ,  9m)  be  a 
nonzero  vector  function  on  3 Q\TD,  and /  e  C°(£2),  g ,  h  be  functions  on  3£2.  We 
say  that  u  is  a  classical  solution  of  the  problem 

—  A  u=f  in  £2,  u  =  g  on  To,  du/dO +  hu  =  g  on  3  Q\TD.  (6.1) 
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If  u  e  C2(£2)  n  C°(£2),  there  exists  du/d6  on  3£2  \  TD  and  (6.1)  holds  true.  If 
TD  =  3  £2,  we  call  it  the  Dirichlet  problem  (or  the  first  problem)  for  the  Poisson 
equation.  If  TD  =  0,  0  =  nQ,  and  h  =  0,  we  call  it  the  Neumann  problem  (the 
second  problem)  for  the  Poisson  equation.  If  TD  =  0,0  =  nQ,  and  h  ^  0,  we 
call  it  the  Robin  problem  (the  third  problem)  for  the  Poisson  equation.  lfTD  =  0 
and  0  ^  nQ,  we  call  it  the  oblique  derivative  problem  for  the  Poisson  equation.  If 
0  7^  TD  7^  3  £2,  we  call  it  the  mixed  problem  for  the  Poisson  equation.  Iff  =  0,  we 
say  about  boundary  value  problems  for  the  Laplace  equation. 

Definition  6.1.2  Let  £2+  C  Rm  be  an  open  set  with  boundary  of  class  Cl,  m  >  2, 
£2-  =  Rm  \  g,f,  and  h  be  functions  on  3£2+;  and  a±  and  b±  be  positive 
constants.  Denote  by  n(y)  the  outward  unit  normal  of  £2+  aty  e  3£2+.  We  say  that 
m+  and  u-  are  classical  solutions  of  the  transmission  problem 


—  =  0  in  P  +  ,  —An-  =  0  in 


(6.2) 


3 3 u- 

a+u+ —  a-U- =  g  ondQ,  b+  — - b~— - \- hu+ =  f  on  3^2.  (6.3) 

on  on 


If  u+  e  C2(^+)  Cl  C°(^+)  and  u-  e  C2(Q-)  PI  C°(£2_),  there  exist  du+(y)/dn  and 
du-(y)/dn  at  each  pointy  e  3f2+,  and  (6.2)  and  (6.3)  hold  true. 


6.2  Monotony 

In  this  section,  we  prove  the  monotony  principle  for  the  problem  A u  =  f(x,  u )  in 
Q,  u  =  g  onTD,  and  3w/3@  +  hu  =  g  on  3£2  \  T#.  As  a  consequence,  we  obtain 
the  maximum  principle  for  the  Robin  problem  of  the  Laplace  equation. 

Lemma  6.2.1  Let  £2  C  Rm  be  a  domain,  m  >  2.  Suppose  that  f  is  a  measurable 
function  on  Q  x  Rl  such  that  f(x,  •)  is  non-decreasing  for  each  x  e  Q.  Let  u,v  e 
C°(Q),  —A  u(x)  +/(x,  u)  >  —Av(x)  +/(x,  v)  in  £2  in  the  sense  of  distributions.  If 
there  exists  z  e  £2  such  that  u{z)  —  v(z)  =  inf {u(y)  —  v(y);y  e  <  0,  then  u  —  v 
is  constant. 

Proof  According  to  Lemma  1.20.3,  there  exists  a  nonnegative  Radon  measure  pi 
such  that  —  A(u  —  v )  +/(•,«)  —f(-,v)  =  pi.  Put  K  =  {x  e  £2;u(x)  —  v(x)  = 
u(z)  —  v(z)}-  If  x  e  K,  then  u(x)  —  v(x)  <  0,  and  there  exists  r  >  0  such  that 
u(y)  <  v(y),  and  therefore, /(y,  u(y))  <  f(y,  v(y))  on  B(x;  r).  Since  —A (u  —  v)  = 
pi  —  /(•,  u)  +/(•,  v)  >  0  on  B{x\  r),  the  function  u  —  v  is  superharmonic  in  B(x\  r) 
(see  Theorem  3.19.4).  Since  u  —  v  attains  its  minimum  in  x,  the  function  u  —  v  must 
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be  constant  in  B(x;  r )  by  Proposition  3.3.5.  Thus,  K  is  open.  Since  K  is  a  nonempty 
open-closed  subset  of  the  connected  metric  space  £2,  we  deduce  K  =  Q. 

Proposition  6.2.2  Let  £2  C  Rm  be  a  domain,  m  >  2,  TD  C  9  £2,  and  0  = 
(6\ , . . . ,  6m)  be  an  outward-pointing  vector  function  on  3  Q\TD.  Let  g  be  a  function 
on  3  £2,  h  be  a  nonnegative  function  on  3  £2  \  TD,  f  be  a  measurable  function  on 
£2xRl,  andf(x,  •)  be  non- decreasing  for  each  x  G  £2.  Suppose  that  VD  ^  0  or  h  ^  0. 
Suppose  moreover  that  for  each  x  G  3  £2  \  T#,  we  have  h(x)  >  0  or  Q  has  boundary 
of  class  C 2  in  a  neighborhood  of  x.  Let  u,v  e  C°(£2)  be  such  that  there  exist  3 u/ 3 0 
and  dv/dO  on  3£2  \  T#.  Suppose  that  —A u(x)  +f(x,  u)  >  —Av(x)  +f(x,  v)  in  £2  in 
the  sense  of  distributions,  u  >  v  onT^,  and  3  u/ d6  +  hu  >  dv/d6  +  hv  on  3£2  \  T#. 
If  £2  A  unbounded,  suppose  moreover 

liminf  (w(x)  -  u(x))  >  0.  (6.4) 

\x\  oo 

x  g  £2 


Then  u  >  v  in  £2. 

Proof  Suppose  that  M  =  inf(u  —  v)  <0.  Suppose  first  that  there  exist  z  e  £ 2 
such  that  u(z)  —  v(z)  =  M.  Then  u  —  v  =  M  by  Lemma  6.2.1.  If  x  G  TD ,  then 
u(x)  —  v(z)  =  M  <  0  what  is  a  contradiction.  Thus,  TD  =  0.  Choose  x  G  3£2  such 
that  h(x)  >  0.  Then  3 [u(x)  —  v(x)\/d 6  +  h(x)[u(x)  —  u(x)]  =  h(x)M  <  0.  That  is  a 
contradiction. 

Suppose  now  that  u  —  v  >  M  in  £2.  According  to  (6.4),  there  exist  z  G  3£2  such 
that  u(z)  —  v(z)  =  M  <  0.  The  continuity  of  u  and  v  gives  z  G  3 £2  \TD.  Since 
u  —  v  >  u(z)  —  v(z),  we  have  3 [u(z)  —  v(z)]/d0  <  0.  If  h(z)  >  0,  then  3 [u(z)  — 
v  (z)]/ 3 0  +h(z)  [u(z)  —  v  (z)]  <  0,  what  is  a  contradiction.  Suppose  now  that  h(z)  =  0 
and  £2  has  boundary  of  class  C2  in  a  neighborhood  of  z.  Choose  r  >  0  such  that 
u  <  v  on  £2H£(z;  r).  Then  —  A(u(x)— v(x))  >f(x,  v)—f(x,  u)  >  Oin  £2n#(z;  r),  and 
therefore,  u  —  v  is  a  superharmonic  function  in  £2  PI B(z\  r)  by  Theorem  3. 19.4.  Since 
£2  satisfies  the  interior  ball  condition  at  z  (see  Lemma  1.17.11),  Proposition  3.5.1 
gives  that  3 [u(z)  —  v(z)]/d6  <  0.  That  contradicts  du/dO  +  hu  >  dv/dO  +  hv  on 
3 £2  \  rD. 

Proposition  6.2.3  Let  £2  C  R2  be  an  unbounded  domain,  £2  ^  R2,  Tp  C  3£2, 
6  =  (0i,  62)  be  a  bounded  outward-pointing  vector  function  on  3  £2  \TD.  Let  g  and 
h  be  functions  on  3£2,  inf  h  >  0 ,  f  be  a  measurable  function  oni 2  x  Rl,  andf(x,  •) 
be  non-decreasing  for  each  x  G  £2.  Let  u,  v  G  C°(£2)  be  such  that  there  exist  du/dO 
and  dv/dO  on  3£2  \TD.  Suppose  that  —Au(x)  +  /(x,  u)  >  —Av(x)  +  /(x,  v)  in  £2 
in  the  sense  of  distributions,  u  >  v  onTD,  du/36  +  hu  >  dv/36  +  hv  on  3£2  \Tq, 
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and 


liminf  ( u(x )  —  v(x))  >  —  oo. 
|jc|  ->  oo 

V  G  £2 


Then  u>  v  in  Q. 

Proof  Fix  z  £  R2  and  r  >  0  such  that  B{z',2r)  C  R2  \  Q.  Choose  C  >  0  such 
that  \6\  <  C  and  h  >  1/C.  Put  w(x)  =  ln(|x  —  z\/r)  +  C2/r.  Then  w  >  0  in  £2, 
dw(x)/dO  -\-h(x)w(x)  =  0  •  (x  —  z)/\x  —  z\2  -\-h(x)w(x)  >  —  C/r  +  In  2/C  +  C/r  >  0 
on  3£2.  For  e  ^  0,  put  Uf:  —  u  I  6w.  Then  Ug(pf  u(.x)  ^  oo  as  |v|  ^  oo, 

u€  >  u  >  v  on  TD,  and  du€/d0  +  >  3r;  /  30  +  /zi;  on  dQ\TD.  Since  w  G  H(Q) 

(see  Remark  2.1.3),  we  have  —A u€(x)  +  f(x,  u€(x))  =  —A u(x)  +  /(*,  u€(x))  > 
—A u(x)  +f(x,  u(x))  >  —Av(x)  +f(x,  v(x)).  Proposition  6.2.2  gives  that  u€  >  v. 
For  €  —>  0,  we  get  u  >  v. 

Corollary  6.2.4  Let  £2  C  Rm  be  an  open  set,  m  >  2,  TD  C  d£2  7^  0,  6  = 
{6 1 , . . . ,  9m)  be  an  outward-pointing  vector  function  ond£l\Tr>,  and  g  be  a  function 
on  dQ.  Suppose  that  u  is  a  classical  solution  of  the  problem  A u  =  0  in  Q,  u  =  g 
on  T/),  and  du/dO  +  u  =  g  on  d£2  \  T^.  If  £2  is  unbounded  and  m  >  2  suppose 
moreover  that  u(x)  0  as  \x\  —>  00.  If  £2  is  unbounded  and  m  =  2,  suppose  that  u 
is  bounded.  Then 


inf  g(x)  <  inf  u(x)  <  supw(x)  <  sup  g(x), 

xedQ  xeQ  x(eQ  xedQ 

dist(v,  3£2)| Vu(x)\  <  m  sup  |g(y)|,  x  e  £2. 

yedQ 

Proof  If  infg  is  finite,  put  v  =  infg.  Then  Av  =  0,  v  <  g  =  u  on  TD,  and 
dv/dO  +  v  <  g  =  du/d6  +  u  on  3£2  \  TD.  Propositions  6.2.2  and  6.2.3  give  that 
infg  =  v  <  u.  If  supg  is  finite,  put  w  =  supg.  We  obtain  u  <  supg  by  the  same 
argument. 

Suppose  now  that  sup  |g|  <  00.  Fix  x  e  Q.  Choose  a  unit  vector  ©  such  that 
\Vu(x)\  =  @-Vu(x).  We  can  choose  a  coordinate  system  such  that  ©  is  the  direction 
of  the  first  coordinate  (see  Lemma  2.1.2).  Theorem  2.9.2  gives 

dist(x,  3£2)|Vw(x)|  =  dist(v,  dQ)\d\u(x)\  <msup|w(y)|  <  m  sup  |g(y)|. 

;y€9£2 

Proposition  6.2.5  Suppose  that  Q  C  R2  is  a  domain,  £2  7^  R2,  and  3  £2  is  compact. 
Let  Tp  C  3£2,  0  =  (0i,  Of)  be  an  outward-pointing  vector  function  on  3£2  \  Td-  Let 
g  be  a  function  on  3£2,  h  be  a  nonnegative  function  on  3£2  \  To,  f  be  a  measurable 
function  on  Q  x  Rl,  and  f(x,  •)  be  non-decreasing  for  each  x  e  Q.  Suppose  that 
To  7^  0  or  h  ^  0.  Suppose  moreover  that  for  each  x  G  3  £2  \  T#,  we  have  h(x)  >  0 
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or  £2  has  boundary  of  class  C 2  in  a  neighborhood  of  x.  Let  u,  v  G  C°(£2)  be  such 
that  there  exist  du/30  and  dv/dO  on  3£2  \  T#.  Suppose  that  —A u(x)  +  /(x,  u)  > 
—Av(x)  +/(x,  v)  in  £2  in  the  sense  of  distributions,  u  >  v  on  To,  and  du/dO  +hu  > 
dv/dO  +  hv  on  3£2  \  Tp.  If  £2  is  unbounded,  suppose  moreover 

liminf  ( u(x )  —  v(x))  >  —  oo. 

\x\  —>  oo 

X  G  £2 


Then  u  >  v  in  £2. 

Proof  Define  w  =  u  —  v,G  =  {xe  £2;  w(x)  <  0}.  If  G  =  0  then  u  >  v.  Suppose 
that  G  ^  0.  Denote 


m  =  inf  w(x),  m  =  inf  w(x). 

xg9G 

If  x  g  £2  n  3 G,  then  w(x)  =  0.  If  x  G  3G  \  £2,  then  x  G  3£2  and  w(x)  >  m.  Thus, 
in  >  min(0,  m).  We  show  that  vv  >  m  in  G.  Since  —Aw(x)  >  f(x,  v)  —  fix,  u)  >  0 
in  G,  the  function  w  is  superharmonic  in  G  by  Theorem  3.19.4.  Fix  z  £  R2  and 
r  G  (0,  oo)  such  that  #(z;  r)  D  £2  =  0.  Put  h(x)  =  ln(|x  —  z\/r).  Then  h  is  a  positive 
harmonic  function  in  £2  by  Remark  2.1.3.  Moreover 

li„,inf!^^>0,  Vv€3G, 

GBx^y  h(y) 

liminf 

G3x,|x| — >oo  h(y) 

Proposition  3.4.2  gives  that  w  >  m  in  G. 

Since  w  >m>  min(0,  m)  in  G  and  w  >  0  in  £2  \  G,  we  have  that  w  >  min(0,  m). 
Since  G  ^  0,  we  deduce  that  m  <  0.  Hence  w  >  m  in  £2.  Thus,  there  exists  x  G  3£2 
such  that 


()  >  /77  =  w(x)  =  min  w(y)  =  min  vv(  y). 

ytdo,  yeQ 

If  x  G  T/),  then  w(x)  >  0,  what  is  a  contradiction.  Thus,  x  G  d£2  \TD.  Since  w 
achieves  its  minimum  in  x,  we  have  dw(x)/d6  <  0.  If  h(x)  >  0,  then  3w(x)/3r  + 
hw(x)  <  h(x)w(x)  =  h(x)m  <  0.  That  contradicts  with  the  assumption  3w(x)/3r  + 
/t(x)w(x)  >  0.  Therefore,  h(x)  =  0.  If  there  exists  y  G  £2  such  that  w(y)  =  m,  then  w 
is  constant  by  Lemma  6.2. 1 .  But  in  this  case,  we  can  choose  xG  T^orxG  3  £2  \TD 
with  h(x)  >  0.  So,  we  can  suppose  that  w  <  m  in  £2.  According  to  the  assumption, 
£2  has  a  boundary  of  class  C 2  in  a  neighborhood  of  x.  Since  £2  satisfies  the  interior 
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ball  condition  at  x  (see  Lemma  1.17.11),  Proposition  3.5.1  gives  that  3 w(x) /9 6  <  0. 
That  contradicts  the  assumption  3 w/ 3 0  +  hw  >  0  on  3  £2  \  TD. 


6.3  Uniqueness  of  Boundary  Value  Problems 

In  this  section,  we  study  the  uniqueness  of  a  classical  solution  of  the  Dirichlet 
problem,  the  Robin  problem,  the  mixed  problem,  and  the  transmission  problem. 

Theorem  6.3.1  Let  £2  C  Rm  be  a  domain ,  m  >  2,  TD  C  3£2,  9  =  (6\, . . . ,  9m ) 
aft  outward-pointing  vector  function  on  3£2  \  T#.  Let  g  be  a  function  on  3£2,  h 
be  a  nonnegative  function  on  dQ  \TD,  f  be  a  measurable  function  on  Q  x  Rl,  and 
f(x,  •)  be  non-decreasing  for  each  x  £  £2,  c  £  Rl.  Suppose  that  &  or  h^O  on 
3£2  \  TD.  Suppose  moreover  that  for  each  x  e  3£2  \  T#,  we  have  h(x)  >  0  or  £2  has 
boundary  of  class  C 2  in  a  neighborhood  of  x. 

•  If  £2  is  bounded  then  there  exists  at  most  one  classical  solution  of  the  problem 

Aft  =f(x,  ft)  in  £2,  u  =  g  onVD,  du/dO  +  hu  =  g  on  3£2  \  TD.  (6.5) 

•  If  £2  is  unbounded  then  there  exists  at  most  one  classical  solution  u  of  the 
problem  (6.5)  such  that  u(x)  c  as  |x|  oo. 

•  If  £2  C  R2  is  an  unbounded  domain,  £2  ^  R2,  inf  h  >  0 ,  0  is  a  bounded 
vector  function,  then  there  exists  at  most  one  bounded  classical  solution  of  the 
problem  (6.5). 

•  If  £2  C  R2  is  an  unbounded  domain  with  compact  boundary,  £2  ^  R2,  then  there 
exists  at  most  one  bounded  classical  solution  of  the  problem  (6.5). 

Proof  The  proof  immediately  follows  from  Propositions  6.2.2,  6.2.3  and  6.2.5. 

Proposition  6.3.2  Let  £2  +  c  Rm  be  a  bounded  open  set  with  boundary  of  class 
C1,  m  ^  2,  £2 —  —  R  \  £2+.  Let  g,  f,  h  be  functions  on  3^2-|~,  h  ^  0  and  a~ and 
a-  be  positive  constants,  d  e  Rl.  Suppose,  moreover,  that  for  each  x  E  3£2+,  we 
have  h(x)  >  0  or  £2+  has  boundary  of  class  C 2  in  a  neighborhood  ofx.  Then  there 
exists  at  most  one  classical  solution  of  the  transmission  problems  ( 6.2)-(6.3 )  such 
that  u-(x)  — >  d  as  \x\  oo. 

Proof  If  we  put  v±  =  u±a± ,  then  u±  is  a  solution  of  the  transmission  prob¬ 
lems  (6.2)  and  (6.3)  if  and  only  if  v±  is  a  solution  of  the  transmission  problem 
with  the  transmission  condition 

dv  3  v 

v+-v-=g,  (b+/a+)—±-(b-/a-)—^  +  (h/a+)v+=f  on 

on  on 

So,  we  can  suppose  that  a+  =  a\  =  1. 
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Fix  two  solutions  u±  and  v±  of  the  problem.  Put  w±  =  u±  —  v±.  Then  —  A  w±  = 
Oin  Q±,  w-(x)  0  as  |x|  —>  oo  and  w+  =  w_,  b+dw+/dn  —  b-dw-/ dn-\-hw+  = 

0  on  3£2+.  Define  w  =  w+  on  Q+,  w  =  w_  on  and  c  =  sup  |w|.  Suppose  that 
c  >  0.  Since  w  is  continuous  and  w(x)  —>  0  as  |x|  —>  oo,  there  exists  z  e  Rm 
such  that  |w(z)|  =  c.  For  the  sake  of  definiteness,  suppose  that  w(z)  =  c.  Denote 
Ad  =  {x  e  Rm;  w(x)  =  c}.  Then  Ad  is  a  nonempty  closed  set.  We  show  that  Ad  is 
open.  Let  x  G  Ad.  Suppose  first  that  x  $  3 £2+.  Let  be  a  component  of  Rm  \  3  £2  + 
such  that  x  e  co.  Since  v  G  H{co)  and  v  attain  their  maximum  in  x.  Theorem  2.4.2 
forces  that  w  =  c  in  co.  Let  now  x  G  3£2+.  Let  co+  be  the  component  of  £2+  and 
co-  be  the  component  of  Q-  such  that  x  e  3 co+  Pi  3 co-.  Since  w+  <  w+(x)  and 
n  is  the  outward-pointing  normal  of  £2+,  we  have  dw+(x)/dn  >  0.  Since  w_  < 
w_(x)  and  n  is  the  inward-pointing  normal  of  we  obtain  dw-{x)/dn  <  0.  Since 
b+  3 /  3 n  —  b-  3 w- / 3 n  +  hw+  =  0  and  3 (x) /  dn  >  0,  —b-  3 w_  (x) /  dn  >  0, 
and  /z(x)w+(x)  >  0,  we  infer  that  &+  3w+  (x) / 3n  =  0,  b-dw-(x)/dn  =  0,  and 
/*(x)w+(x)  =  0.  Thus,  /z(x)  =  0.  So,  £2+  has  boundary  of  class  C 2  in  a  neighborhood 
of  x.  If  <  c  =  w+(x)  in  co+,  then  3w+(x)/3^z  ^  0  (see  Lemma  1.17.11  and 
Proposition  3.5.1),  what  is  a  contradiction.  Therefore,  there  exists  y  E  co+  such  that 
w+(y)  =  c.  Theorem  2.4.2  gives  that  w  =  =  c  in  oo+.  By  the  same  way, 

we  prove  that  w  =  c  in  co-.  Continuity  of  w  gives  that  w  =  c  on  a  neighborhood 
of  x.  Since  Ad  is  a  nonempty  closed  open  subset  of  the  domain  Rm ,  we  infer  that 
Ad  =  Rm.  But  that  is  a  contradiction  with  the  fact  that  w(x)  ->  0  as  |x|  — >  oo.  Thus, 
vv  =  0. 
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In  this  section,  we  study  the  Dirichlet  problem  on  bounded  regular  domains.  Remark 
that  a  bounded  domain  with  Lipschitz  boundary  is  regular  (see  Theorems  4.5.7  and 
4.5.8). 

Proposition  6.4.1  Let  £1  be  a  regular  bounded  open  set  with  the  Green  function 
Gq,  f  e  LP(Q),  and  p  >  m/2.  Then  Gof  is  a  unique  solution  of  the  problem 
u  e  C°(£2),  u  =  0  on  3£2,  and  —  A u  =  f  in  £2  in  the  sense  of  distributions.  If 
f  G  C{^f(£2),  then  the  Green  potential  Gof  is  a  classical  solution  of  the  Dirichlet 
problem  —  A u  =f  in  Q  and  u  =  0  on  dQ. 

Proof  Gof  G  C0,0(£2)  by  Theorem  3.13.3,  —  A G&f  =  f  in  the  sense  of  distribution 
by  Theorem  3.11.5.  If  z  G  3£2,  then  Gof{x)  0  as  x  ->►  z  by  Theorem  4.6.3.  The 
uniqueness  of  a  solution  of  the  problem  follows  from  Lemma  6.2.1.  If/  G  Cj^“(£2), 
then  Gof  G  C2(Q)  by  Proposition  3.18.1. 

Theorem  6.4.2  Let  £2  be  a  bounded  regular  open  set.  Let  g  G  C°(3£2),  /  G 
C%(Q)  H  LP(Q),  0  <  a  <  1,  and  m/2  <  p  <  oo.  Then  there  exists  a  unique 
classical  solution  u  of  the  Dirichlet  problem  for  the  Poisson  equation  —  A  u  =  /  in 
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£2,  u  =  g  on  d£2.  Moreover, 

sup|w(x)|  <  sup  |g(x)|  +c||/||LP(Q)  (6.6) 

xeQ  xedQ 

with  c  depending  only  on  £2  and  p.  If  p  >  m,  then 


dist(x,  9£2)|  Vm(x)| 


<  c 


sup  |g(*)|  + 


x  e  £2, 


with  c  depending  only  on  £2  and  p. 

Proof  The  Green  potential  GqJ  is  a  classical  solution  of  the  Dirichlet  problem 
—Av  =  /,  v  =  0  on  9£2  by  Proposition  6.4.1.  Theorem  3.13.3  gives  that  there 
exists  a  constant  c  depending  only  on  Q  and p  such  that  \Gof\  <  c||/||lp(^)  in  £2. 
The  function  g  is  resolutive  by  Theorem  4.2.7.  So,  Hng  is  a  classical  solution  of  the 
problem  At;  =  0  in  Q,  v  =  g  on  9 £2.  Maximum  principle  (Theorem  2.4.2)  gives 
\HQg\  <  max  \g\.  Hence,  u  =  Gof  +  Hfg  is  a  classical  solution  of  the  Dirichlet 
problem  for  the  Poisson  equation  —  A u  —f  in  ^  and  u  =  g  ondQ  satisfying  (6.6). 
The  uniqueness  of  a  solution  follows  from  Theorem  6.3.1. 

Let  now  p  >  m.  Put  /  =  0  on  Rm  \  £2.  Then  Vf  e  Cl(Rm )  by  Proposi¬ 
tion  3.15.1.  Moreover,  —A Vf  =  f  (see  Theorem  3.1.5).  Thus,  Vf  G  C2(Q)  by 
Proposition  3.18.1.  According  to  Proposition  3.15.1,  there  exists  a  constant  C\ 
depending  only  on  £2  and  p  such  that 

\Vf(x)\  +  |VV/(*)|  <  Q  ||/||^(Q), 

Thus,  u  —  Vfe  H(Q)  Pi  C°(£2),  and  \u  —  Vf\  <  ||g||c0(an)  +  (c  +  Ci)||/||lp(^)  on  Q. 
If  v  G  Q,  we  obtain  by  Corollary  6.2.4 

dist(v,  9£2)|Vw(jc)|  <  dist(v,  9£2)|VV(v)|  +  dist(x,  9£2)|V[m(jc)  —  Vf(x)]\ 


<  Ci  dmm  Q  \\  f\\ u? (q)  +  m 


ll^llc°(afi)  +  (c  +  Ci)  ||/||^(0) 


6.5  Dirichlet  Problem  on  Unbounded  Sets 


In  this  section,  we  prove  the  existence  of  a  classical  solution  of  the  Dirichlet  problem 
on  an  unbounded  domain  Q  C  Rm  with  compact  boundary  such  that  £2  PI  B(0;  r)  is 
regular  (e.g.,  a  domain  with  Lipschitz  boundary).  We  also  show  that  a  solution  of 
the  Dirichlet  problem  on  the  complement  of  a  ball  is  given  by  the  Poisson  integral. 
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Theorem  6.5.1  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary, 
£2  7^  Rm.  Fix  r  >  0  such  that  3  £2  C  5(0;  r).  Suppose  that  £2  Pi  5(0;  r)  is  a  regular 
set.  (It  is  true  if  £2  has  Lipschitz  boundary.)  Let  g  e  C°(3£2)  and  Uoq  e  R. 

•  If  m  >  2,  then  there  exists  a  unique  classical  solution  of  the  Dirichlet  problems 
Au  =  0  in  £2  and  u  =  g  on  d£2  such  that  u(x)  u^  as  \x\  oo.  Moreover, 

sup  | u (v) |  <  max(|woo|,  sup  |g(*)|).  (6.7) 

xeQ  xedQ 

•  If  m  =  2,  then  there  exists  a  unique  bounded  classical  solution  of  the  Dirichlet 
problem  Au  =  0  in  £2,  u  =  g  on  3 £2.  Moreover, 

sup  |i/(x)  =  sup  |g(x)|.  (6.8) 

xeQ  xedQ 

Proof  If  £2  has  Lipschitz  boundary,  then  £2  Pi  5(0;  r)  is  regular  by  Theorems  4.5.7 
and  4.5.8. 

Suppose  first  that  u ^  =  0.  Fix  z  e  Rm  and  p  >  0  such  that  5(z;  p)  P  £2  =  0.  We 
denote 

y*  =  |  -  n(y-z)  +  z,  f*(y)  =  (  -  )  f(y*) 

\y-z\2  V I y  z\ J 

the  Kelvin  transformation  with  respect  to  35  (z;  p).  Denote  co  =  {y*;y  e  £2}  U  {z}. 
Then  a;  is  a  bounded  domain,  and  dco  =  {  y*;  y  e  3£2}.  Since  £2  P  5(0;  r)  is  regular, 
for  each  y  E  3£2,  there  exists  a  neighborhood  U  of  y  and  a  positive  h  e  H(U  P  £2) 
such  that  h(x)  — >  0  as  v  y  (see  Theorem  4.5.5  and  Lemma  4.5.3).  So,  h*  e 
H{V  P  £2)  is  positive,  and  h*(x)  — >  0  as  x  y*  (see  Theorem  2.3.1),  where 
V  is  a  neighborhood  of  y*.  Theorem  4.5.5  gives  that  co  is  regular.  According  to 
Theorem  6.4.2,  there  exists  a  classical  solution  of  the  Dirichlet  problem  Au  =  0  in 
co,  v  =  g*  on  3 co.  Since  (g*)*  =  g ,  the  function  u*  is  a  classical  solution  of  the 
Dirichlet  problem  Au  =  0  in  £2 ,  u  =  g  on  3 £2.  (See  Theorem  2.3.1.)  If  m  >  2, 
then  u*(v)  — >  0  as  \x\  — >  cx).  If  m  =  2,  then  u*(v)  ->  v(z)  as  \x\  oo.  The 
relation  (6.8)  is  a  consequence  of  Corollary  2.4.4  and  Proposition  2.4.7. 

Let  now  m  >  2  and  Uqq  be  arbitrary.  We  have  proved  that  there  exists  a  classical 
solution  v  of  the  problem  Au  =  0  in  £2,  v  =  g  —  u^  on  3 £2,  and  v(x)  ->  0  as 
\x\  ->  oo.  Then  u  =  v  +  Uoo  is  a  solution  of  our  problem.  The  relation  (6.7)  is  a 
consequence  of  Corollary  2.4.4. 

Let  now  u  and  v  be  two  bounded  classical  solutions  of  the  problem  Au  =  0  in 
£2,  u  =  g  on  3 £2.  If  m  >  2,  suppose  moreover  that  u(x)  u^  and  v(x)  u^ 
as  \x\  —>  oo.  Denote  w  =  u  —  v.  Then  w  is  a  bounded  classical  solution  of  the 
problem  Aw  =  0  in  £2,  w  =  0  on  3£2.  If  m  >  2,  then  w(x)  0  as  \x\  — >  oo.  The 
relations  (6.8)  and  (6.7)  force  w  =  0. 
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Proposition  6.5.2  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary, 
£2  7^  Rm.  Fix  r  >  0  such  that  3  £2  C  5(0;  r).  Suppose  that  £2  Pi  5(0;  r)  is  a  regular 
set.  (It  is  true  if  £2  has  Lipschitz  boundary.)  Let  g  e  C°(3£2).  Let  u  be  a  bounded 
classical  solution  of  the  Dirichlet  problem  A  u  =  0  in  Q  and  u  =  g  on  3  £2.  Ifm  >  2, 
suppose  moreover  that  u(x)  — >  0  as  \x\  ->  oo.  For  n  >  r,  denote  £2n  =  5(0;  n). 

Let  un  be  a  classical  solution  of  the  Dirichlet  problem  A  un  =  0  in  Qn,  un  =  g  on 
3£2,  and  un  =  0  on  35(0;  n).  IfK  is  a  compact  subset  of  £2,  then  un  u  uniformly 
onK.Ifm>2,  then  un  u  uniformly  on  £2.  If  g  >  0,  then  un  \  u. 

Proof  If  £2  has  Lipschitz  boundary,  then  £2  PI  5(0;  r)  is  regular  by  Theorems  4.5.7 
and  4.5.8. 

Suppose  first  that  g  >  0.  Then  u,  un  >  0  by  Theorem  2.4.2,  Corollary  2.4.3,  and 
Proposition  2.4.7.  Since  u  —  un  >0  and  un+\  >  0  on  3£2n,  Theorem  2.4.2  gives  that 
u  —  un>  0  and  m„+i  —  un  >  0  in  Qn.  Since  {un}  is  an  increasing  sequence,  there  exist 
v  =  lim  un.  Since  0  <  un  <  u,  we  have  0  <  v  <  u.  Proposition  2.11.3  gives  that 
v  e  H(£2).  If  y  e  3£2,  then  u(x)  — >  g(y ),  un(x)  —>  g(y)  as  x  — >  y.  Since  un  <  v  <  u, 
we  deduce  that  v(x)  — >  g|(y)  as  x  y.  Thus,  v  is  a  bounded  classical  solution  of 
the  problem  Av  =  0  in  £2,  v  =  g  on  3 £2.  If  m  >  2,  then  v(x)  — >  0  as  \x\  —>  oo 
because  0  <  v  <  u  and  u(x)  — >►  0  as  |x|  ->  oo.  Theorem  6.5.1  gives  that  v  =  u. 
Since  f  m  and  m„,  m  e  C°(K ),  Dini’s  theorem  (Theorem  1.2.17)  gives  that  un  ^  u 
uniformly  in  Suppose  now  that  m  >  2.  Fix  €  >  0.  Then  there  exists  p  >  0  such 
that  0  <  u(x )  <  6/2  on  5m  \  5(0;  p).  We  have  proved  that  there  exists  no  e  N 
such  that  \u(x)  —  un(x)\  <  6  for  x  G  £2  P  5(0;  p)  and  n  >  mo-  If  *  C  £2  \  5(0;  p) 
and  n  >  «o,  then  |w(x)  —  m„(x)|  <  |w(x)|  +  |wn(v)|  <  w(x)  +  u(x)  <  6,  because 
0  5  un  <  m. 

Let  now  g  be  general.  Denote  gi  =  g+  and  g2  =  g~.  The  set  £2n  is 
regular  by  Theorem  4.5.5.  According  to  Theorem  6.4.2,  there  exists  a  classical 
solution  unj  of  the  problem  A  unj  =  0  in  £2n,  unj  =  gj  on  3  £2,  unj  = 
0  on  35(0;  ft).  There  exists  a  bounded  classical  solution  uoj  of  the  problem 
Auoj  =  0  in  £2,  uoj  =  gj.  If  m  >  2,  we  can  suppose  that  uoj(x)  — >  0  as 
\x\  ->  oo.  (See  Theorem  6.5.1.)  We  have  proved  unj  u0j  uniformly  in  K. 

If  m  >  2,  then  unj  —>  u0j  uniformly  in  £2.  Clearly,  A (uny  —  un^)  =  0  in 
£2n,  uny  —  un, 2  =  g  on  d£2n,  uny  —  un ^  —  0  on  35(0;  ft),  A(wo,i  —  ^0,2)  =  0 
in  £2,  and  mq,i  —  ^0,2  =  g  on  3  £2.  Uniqueness  of  a  solution  of  the  Dirichlet 
problem  (Theorems  6.4.2  and  6.5.1)  gives  that  un  =  uny  —  un ^  and  u  = 
Mo,i  —  Mo, 2-  Therefore,  — >  u  uniformly  on  K;  un  —>  u  uniformly  on  £2 

for  m  >  2. 

Theorem  6.5.3  Let  £2,  Qn  be  unbounded  open  sets  in  Rm  with  compact  Lipschitz 
boundary,  m  >  2.  Suppose  that  £2n  C  £2, 

lim  sup  dist(x,  d£2n)  =  0. 

n^°°xedQ 

Let  g  e  C°(£2),  u,  un  be  bounded  classical  solutions  of  the  Dirichlet  problems  A  u  = 
0  in  £2,  u  =  g  on  3£2,  A un  =  0  in  Qn,  and  un  =  g  on  d£2n.  If  m  >  2,  suppose 
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moreover  that  u(x)  — >  0  and  un(x)  0  as  \x\  — >  oo. 


lim  sup  |m(x)  —  m„(x)|  =  0. 


Proof  Fix  €  >  0.  Choose  R  >  0  such  that  3 £2  C  5(0;  R).  Then  there  exists  8  >  0 
such  that  |[g(x)— u(x)\  —  [g(y)  — u(y)]\  <  6  for  each  x,  y  G  £2H5(0;5)  with  \x—y\  <  8 
(see  Lemma  1.2.15  and  Example  1.2.8).  Fix  &  e  N  such  that  dist(x,  dQ)  <  8  for  each 
n>k  and  x  G  d£2n.  Fix  n  >  k.  Since  g  —  u  =  0  on  9£2,  we  deduce  that  \u  —  g\  <6 
on  d£2n.  Hence,  u  —  un  G  H(Qn)P\C0,0(Qn),  and  \u  —  un\  <  €  on  dQn.  If  m  >  2,  then, 
moreover,  u(x)  —  un(x)  0  as  \x\  ->  oo.  Corollary  2.4.3  and  Proposition  2.4.7  give 
that  \u  —  un\  <  6  on 

Theorem  6.5.4  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary, 

Q  zfz  Rn\  Fix  r  >  0  such  that  3  £2  C  5(0;  r).  Suppose  that  Q  PI  5(0;  r)  is  a  regular 
set.  (It  is  true  if  £2  has  Lipschitz  boundary.)  Let  g  G  C°(3£2)  and  f  be  a  locally 
Holder  continuous  function  in  Q.  Suppose  moreover  that  there  exist  a  bounded  open 
neighborhood co  ofdQ  and  l  <  p  <  oo,  m/2  <  q  <  oo  such  thatf  G  Lq(Q  D  go)  fl 
LP(Q  \  co).  Then  there  exists  a  classical  solution  of  the  problem  —A u  =  f  in  £2, 
u  =  g  on  dQ. 

Proof  Put  /  =  0  on  Rm\£2.  Choosey  G  C^°(Rm)  such  that  cp  =  1  on  a  neighborhood 
of  3£2.  Put  v\  =  V(fcp)  and  V2  =  Vm,p[f(  1  —  <p)\.  Then  V\,V2  G  C2(Q)  and 
— A(v\  +  V2)  =  /  in  Q  by  Theorem  3.16.1,  Propositions  3.18.1  and  3.9.2,  and 
Theorems  3.11.5  and  3.1.5.  Moreover,  v\  +  u2  G  C°(Rm )  by  Theorem  3.13.3. 
According  to  Theorem  6.5.1,  there  exists  a  classical  solution  v  of  the  problem 
Av  =  0  in  Q,  v  =  h  on  dQ.  We  have  a  solution  u  =  v  +  V\  +  V2  of  the  problem. 

Theorem  6.5.5  Let  Q  =  {x  e  Rm;  \x\  >  r}.  If  g  G  C°(3£2),  then 


is  a  unique  classical  solution  of  the  Dirichlet  problem  for  the  Laplace  equation  in 
Q  with  the  boundary  condition  g  such  that  u(x)  =  0(\x\2~m)  as  \x\  ->  00. 


Proof  Put 


Then  v  is  a  classical  solution  of  the  Dirichlet  problem  for  the  Laplace  equation 
in  5(0;  r)  with  the  boundary  condition  g  by  Theorem  on  the  Poisson  integral 
(Theorem  2.5.4).  Denote  by  u*  the  Kelvin  transform  of  v  with  respect  to  35(0;  r). 
Easy  calculation  yields  that  v*  G  C°(£2),  u*  =  g  on  3£2,  and  u(x)  =  0( \x\2~m) 
as  \x\  — >  00.  Since  u*  G  H(Q)  by  Theorem  2.3.1,  we  infer  that  v*  is  a  classical 
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solution  of  the  Dirichlet  problem  for  the  Laplace  equation  in  £2  with  the  boundary 
condition  g.  By  virtue  of  Lemma  2.3.2 


v*(x) 


/  r  \ m~ 2  C 

J  T-Lm~ i 


r2  —  r4  |jc|— 2 


(35(0;  l))r|jc*  —  y|' 


-g(y)  dHm-i(y) 


r2  —  r4|v| 


-2 


(dB(0;  l))|x  —  y|mr 


g(y)  dUm-iiy )  =  w(z). 


The  uniqueness  follows  from  Theorem  6.3.1. 


6.6  Double  Layer  Potential 

We  shall  look  for  solutions  of  boundary  value  problems  in  the  form  of  a  linear 
combination  of  a  double  layer  potential  and  a  single  layer  potential.  For  this  reason, 
we  need  to  know  further  properties  of  these  potentials.  In  this  section,  we  study  a 
double  layer  potential  with  a  continuous  or  Holder  continuous  density. 

Lemma  6.6.1  Let  £2  be  a  bounded  open  set  in  Rm  with  boundary  of  class  Cl,a, 
0  <  a  <  1.  Then  there  is  a  constant  M  such  that 

j  pTn(*,;y)|  +  K(x,)>)|]  dUm-i(y)  <  Mr\  (6.9) 

B(x;r)ndQ 

for  each  x  e  d£2  and  r  >  0. 

Proof  According  to  Lemma  1.17.9,  there  is  a  positive  constant  C\  such  that 
|^n(*,y)|  +  \KfQ(x,y)\  <  C\\x  —  y\a+x~m  for  each  x,y  G  d£2.  According  to 
Corollary  1.17.6,  there  is  a  constant  C2  such  that  Hm-\(B(x ;  r)  PI  3£2)  <  C2rm~l 
for  each  x  G  3£2  and  r  >  0.  Lemma  1.26.1  gives  (6.9). 

Proposition  6.6.2  Let  £2  C  Rm  be  an  open  set  with  compact  boundary  of  class  Cl,a, 
m  >  2,  0  <  a  <  1.  Then  Kq  and  K'Q  are  bounded  linear  operators  from  L°°(3£2)  to 
C0,01/ 2 (3 £2)  and  compact  bounded  linear  operators  on  C°(3£2)  and  on  L°°(d£2). 

Proof  There  exists  a  constant  C\  such  that  TLm~ i(3£2  Pi  B(x;  r))  <  Cir™-1  for  all 
x  e  Rm  and  r  >  0.  (See  Corollary  1.17.6.)  According  to  Lemma  1.17.9,  there  exists 
a  constant  C2  such  that  |^(v,y)|  +  \K'Q(x,y)\  <  C2I2C— y|a+1_m  for  each  x,y  G  3£2. 
If/  G  L°°(3£2)  then  Kof,K'^f  G  C°(3£2)  by  Lemma  1.26.8.  Lemma  1.26.1  gives 
that  there  exists  a  constant  C3  such  that 


\Knf\  +  \K’J\  <  C3||/||L«>on). 
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Fix /  €  L°°(dQ.),x,z  €  dQ.  PutM  =  ||/||l°°(3£2)-  If  \x  —  z\  >  1,  then  | Kof(x)  - 
Knf(z) |  +  | K'J{x)  -  K'J(z)\  <  4 C3M  <  4C3M|x  -  z|“/2.  Let  now  |x  -  z|  <  1. 
Lemma  1.26.1  gives 


/ 


\Kn(x,y)f(y)\\  d^m_,(y)  <  ^^-2\x-z\a/2, 


annflOc^vh-zD 


/ 


|^fcy)/(),)||  —  3 —  z|“/2 . 


Lemma  2.9.7  gives  that  there  exists  a  constant  C4  dependent  only  on  m  such  that 
|^(x,y)  -  Kq (z, y) |  <  C4|v  —  z\\z  —  y\~m  for  \z  —  y\  >  2\x  -  z\.  By  virtue  of 
Lemma  1.26.1 

[  \Kn(x,y)  -  Kn(z,y)\\f(y)\  Um-i(y)  <  ClC4Mm|x  _z[. 

J  2yVrz| 


Thus 


I  KM  -  Kof(z)  |  <  j  \Kn(x,y)f(y)\\  dUm-\  (y) 

+  J  \KQ(z,y)f(y)\\d'Hm-i(y) 

d£inB(r,2<s/\^\) 


+  f  |/fo (x, y)  -  (z,  y) |  |/(y) |  Hm-i  (y)  <  —  \x  -  z\a/2 

J  a 

a^\5(z;2VU=^[) 


+C\C4Mm^/\x  —  z\  < 


"6C1C2M 

a 


+  Ci  Cz\Mm 


\x 


z\a/1. 


So,  Kq  is  a  bounded  linear  operator  from  L°°( 9 £2)  to  C°’a/2(3£2).  By  the  same 
way,  we  prove  that  K'Q  is  a  bounded  linear  operator  from  L°°(d£2)  to  C0,a^2( 3 £2). 
Since  the  identity  operator  is  a  compact  operator  from  C0,a^2(dQ)  to  C°(3£2)  (see 
Proposition  1.16.5),  Kq  and  K'Q  are  compact  operators  on  C°(3£2)  and  on  L°°(3£2) 
by  Theorem  1.7.4. 
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Proposition  6.6.3  Let  Q  be  an  open  set  in  Rm  with  compact  boundary  of  class  Cl,a, 
0  <  a  <  1.  Then  there  exists  a  constant  C  such  that 

\VQf\  <  CH/Hloooo)  onRm\dQ, 

for  all  f  e  L°°(9£2).  Iff  e  C°(9£ 2),  then  the  function  u  =  T>nf  in  £2 ,  u  =  ^f  +  K&f 
on  3  £2  is  continuous  in  Q. 

Proof  According  to  Proposition  6.6.2,  there  exists  a  constant  C  such  that  ||  \f  + 
*«/Hl~0O)  <  C||/||L0O(aQ)  for  all/  e  L°°(9£2).  Put#  =  \f+Krf.  Since  u  =  Vaf 
is  an  L2-solution  of  the  problem  An  =  0  in  £2,  u  =  g  on  9£2  (see  Theorem  5.3.5) 
such  that  u{x)  — >  0  as  \x\  — >  oo,  Corollary  5.16.3  gives  \u(x)\  <  H^Hl00^)  < 
C\\f\\L°°(dny 

Let  now /  be  continuous.  Then  g  is  continuous  by  Proposition  6.6.2.  Fix  r  >  0 
such  that  3  £2  C  B(0;  r).  Put  g  =  u  in  Q.  Then  u  is  an  L2-  solution  of  the  problem 
A u  =  0  in  #(0;  r)  PI  £2,  u  =  g  on  d(B(0;  r)  n  fi).  So,  u  is  a  PWB-solution  of  this 
problem  by  Theorem  5.16.2.  Theorems  4.5.7  and  4.5.8  give  that  u  e  C°(Q). 

Proposition  6.6.4  Let  Q  C  Rm  be  an  open  set  with  compact  boundary  of  class  Cl,a, 
m  >  2,  0  <  a  <  1.  IfO  <  f  <  1,  thenK q  is  a  compact  linear  operator  on  C0^  (3£2). 

Proof  Let /  G  C0,^(3£2).  Put  M  =  ||/|lcM(a^)-  According  Proposition  6.6.2,  there 
exists  a  constant  C\  depending  only  on  Q  such  that  \Kof\  <  CiM  in  3£2.  According 
to  Lemma  6.6.1,  there  exists  a  constant  C2  such  that 

J  |^(x;j)|  d nm-i(y)  <  C2r“ 

£2n5(x;r) 


for  each  v  G  3£2  and  r  >  0. 

Fix  x,  z  c  d£2.  If  \x  —  z\  >  1,  then  |A^/(x)  —  <  2 M  <  2M|v  —  z|c  for 

each  c  G  (0, 1).  Suppose  that  \x  —  z\  <  L  Put  g(y)  =  f(y)  —f(x).  Then  \g(y)\  = 

|  f{x)  —f(y) |  <  M|x  —  y|^.  Proposition  5.3.2  gives 

IWW-WI  =  |%w«%(z)|. 

Fix  y  G  (>S / (yS  +  a),  1).  If  y  G  B(x ;  2|v  —  z|y),  then  |g(y)|  <  M\x  —  y\P  <  M[2|v  — 
z|y]^.  Thus 


J  \Kn{r,y)\\g{y)\dnm-i{y) 

£2nfl(*;2|x-z|y) 


<M2/i|x-z 


nnfi(^;2|jc-^|y) 


|*n(*;y)l  dHm_i(y)  <  MC22^+“|x-z|>'^+“>, 
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J  l^nfejOllsO)!  dHm-i(y) 

nnB(x;2\x-z\v) 

<  M2^\x  —  z\P  J  \Kn(z;y)\dHm~i(y)  <MC23f>+0‘\x-z\Y(f>+a). 

nnB(z;3\x-z\Y) 


According  to  Lemma  2.9.7,  there  exists  a  constant  C3  dependent  only  on  m  such  that 
-  C3  \x—z\  \x—y\~m  for  \x—y\  >  2 \x—z\.  Corollary  1.17.6  gives 
that  there  exists  a  constant  C\  dependent  only  on  Q  such  that  Hm~\ (3£2  PI  B(x;  r))  < 
C4rm_1 .  By  virtue  of  Lemma  1.26.1,  we  have 

J  —  J^s2(z,y)||s’(y)|  dHm-i(y) 

dQ\B(x;2\x—z\y) 

<  J  MC3\x  -  z\\x  -  y\P~m  dUm-xiy) 

3Sl\B(x-,2\x-zV) 

<MC3CAm(\  -  P)~1\x-z\1+Hf>~1). 

Since  1  +  y(/3  —  1)  >  ft  and  y(fi  +  a)  >  /},  there  exists  c  e  (/ 3 , 1)  such  that 
c  <  1  +  (/3  —  1)  and  c  <  y(/3  +  a).  We  have 

\Knf(x)-Knf(y)\<  J  |£n(*;:y)||g(;y)|  dnm-i(y) 

QnB(x’,2\x—z\y) 

+  J  \Kn{z\y)\\g(y)\  dUm-x{y) 

QHB(x;2\x-z\y) 

+  J  \Ka{x,y)-Kn{z,y)\\g{y)\dnm-x{y) 

d£l\B{x’,2\x—z\y) 

<  M[2C2T+P  +  C3C4m(  1  -  P)~x]\x-z\c. 

Thus,  Kq  is  a  bounded  linear  operator  from  C°  ^  (dQ)  to  C0,c(3£2).  Since  the  identity 
operator  is  a  compact  operator  from  C0,c(3£2)  to  C°  ^(3£2)  (see  Proposition  1.16.5), 
Kq  is  a  compact  operator  on  C0,P(dQ)  (see  Theorem  1.7.4). 

Lemma  6.6.5  Let  £2  C  Rm  be  a  domain  with  compact  boundary  of  class  Cl,a,  0  < 
a  <  l,  and  0  <  f>  <  1.  Forf  e  C0,^( d£2),  put  Tf  =  T)Qf  on  Q  and  Tf  =  jf  +  T)Qf 
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on  dQ.  Then  T  is  a  bounded  linear  operator  from  C0,^(3£2)  to  C0,^(£2).  If  f  G 
C0,P(d£2),  then  there  exists  a  constant  C  such  that  \WVQf{x)\  <  C dist(x,  3£2)^_1. 

Proof  The  function  Tf  is  continuous  on  Q  by  Proposition  6.6.3.  According  to 
Propositions  6.6.2,  6.6.3  and  6.6.4,  there  exists  a  constant  C\  such  that  \Tf\  < 
Ci\\f\\ipo(dn)  and  WTfWcojyto)  <  C\  ll/llc°^(a^)-  According  to  Corollary  2.9.6  and 
Lemma  2.9.7,  there  exists  a  constant  C2  such  that  |^(x,y)|  <  Cf\x  —  y |1-m  and 
|i^(x,y)  -  Kq (z, y) |  <  C2\x  —  z\\x  -  y\~m  for  \x  —  y\  >  2\x  -  z\.  According  to 
Corollary  1.17.6,  there  exists  a  constant  C3  such  that  TLm-\ ( B(x;  r)  Pi  3£2)  <  C3rm_1 
for  x  G  Rm  and  r  >  0. 

Suppose  that  ||/||co^(an)  <  l.Fi xx,zG  Q.lf\x-z\  >  1,  then \Tf(x)  -  Tf(z)\  < 
2Ci  <  2C\\x  —  z\P-  Suppose  that  \x  —  z\  <  1.  We  can  suppose  that  x  tf  3£2. 
Choose  xo  G  3£2  such  that  |x  —  xo|  =  dist(x,  3£2).  Define  g(x)  =  /(x)  — /(x 0). 
Then  Tf(x)  —  Tf(xf)  =  Tg(x )  —  7g(xo)  by  Propositions  5.3.1  and  5.3.2.  By  virtue 
of  Lemma  1.26.1 

\Tf(x)-Tf(xo)\<  J  \g(y)\\Kn(x,y)\dnm-i(y) 

dnnB(xo’,2\x-xo\) 

+  J  \g(y)\\Kn(x0,y)\dHm-i(y) 

dQnB(xo’,2\x—xo\) 

+  J  \g(y)\\Kn(xo,y)-Kn(x,y)\dHm-i(y) 

dQ\B(xo;2\x—xo\) 

<  J  \y-x0fC2\x-x0\l~m  <XHm-\(y) 

d£inB{xo',2\x—xo\) 

+  J  \y-x0\pC2\y -X0|1_m  dHm-iiy) 

dnnB(x0-,2\x-x0\) 

+  J  \y  -  x0\p c2\x  -  x0\\ y  -  x0\~m  dUm-iiy) 

dQ\B(xo',2\x—xo\) 


<  C2C32m\x  -  x0f  +  2C2^3m\x-xof  +  ^—2!2\x  -  Xo\P . 

P  1  ~  P 

So,  | Tf(x)  -  Tf(x0) |  <  C4\x  -  x0f  with  C4  =  C2C3 4m[l  +  0"1  +  (1  - 

PT1]- 
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If  z  G  9£2,  then  \z—x\  >  \x— xo\  and  \z— xo\  <  \z—x\  +  \x— xo\  <  2\z—x\.  Thus, 
\Tf(x)-Tf{z)\  <  \Tf(x)-Tf(x0)\  +  \Tf(x0)-Tf(x)\  <  C4|x-x0|^  +  Ci |x0 -z\fi  < 
(C4  +  2Gi)\x  —  z\P. 

Let  now  z  9£2.  Choose  zo  €  d£2  such  that  \z  —  zol  =  dist(z,  9f2).  If 
dist(x,  9£2)  <  2|x  —  z|,  then  \x  —  x0|  <  2\x  —  z\,  \z  —  zol  <  |*o  —  z\  < 
|*o  -  *|  +  |*  -  z\  <  3 1*  -  z|,  |*o  -  zol  <  |*  -*ol  +  |*  -  z|  +  |z  —  zol  <  6 1*  -  z|. 
Thus,  |7jf(x)  -  Tf(z)\  <  \Tf(x)  -  Tf  (x0) |  +  |T/(x0)  -  Tf(zo) I  +  |T/(z0)  -  Tf(z)|  < 
C4|x-xo|^  +  Ci |*o  —  zol^  +  C4|z  — zol^  <  2C4|x-z|^  +  6Ci|x-z|^  +  3C4|x- 

z\P- 

Suppose  now  that  dist(x,  9£2)  >  2\x  —  z|.  Then  dist(z,  dQ)  >  \x  —  z\.  If 
y  G  9£2,  then  \y  —  x0|  <  \y  —  x\  +  \x  —  xo\  <  2\y  —  x\.  By  virtue  of 
Lemma  1.26.1 

Tf  (x)  -  Tf(z)\  <  J  \g(y)\\Kn(x,y)\  &Um-i(y) 

a^nfi(jc0;2|jc-z|) 

+  J  k()')ll^s2fc)?)l  dHm-i(y) 

dnnB(x0-,2\x-z\) 

+  J  |g(3')ll^fc)?) -£n(*,:y)|  dHm-i(y) 

dQ\B(x0;2\x—z\) 

<  J  \y  -  xq\^  C2\x  -  z\l~m  dUm-iiy) 

d£lC\B{xo,2\x-z\) 

+  J  \y-x0fc2\x-z\1~md'Hm-i(y) 

dnnB(x0;2\x-z\) 

+  J  |)>-xo|^C2|x-z||)'-x|_md7fm-i()’)  <  C2C32'”+1|x-z|/? 

dQ\B(xo;2\x— z|) 

+  J  \y-x0fc2\x-z\2m\y-x0\~md'Hm-i(y) 

dQ\B(xo;2\x—z\) 


<  2C4|x-z|^ 


2  mC2C3m 

1-P 


|x 


Z\>. 


According  to  Theorem  2.9.4,  there  exists  a  constant  C  such  that 


|VDn/(x)|  <  Cdist(x,  9f2)^_1. 
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6.7  Single  Layer  Potential 


In  this  section,  we  study  single  layer  potentials  with  continuous  densities  on  a 
domain  with  compact  Ljapunov  boundary.  We  show  that  SQf  is  continuous  in  Rm 
and  there  exists  a  normal  derivative  of  SQf  at  all  points  of  the  boundary. 

Proposition  6.7.1  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
m  >  2,  0  <  P  <  1.  Then  SQ  is  a  compact  bounded  linear  operator  from  L°°(d£2) 
into  C0,/3(9£2)  (and  thus,  SQ  is  a  compact  bounded  linear  operator  on  C0,^(9£2)). 
If  m  >  2  or  £2  is  bounded,  put  X  =  L°°(9£2);  if  m  =  2  and  £2  is  unbounded,  set 
X  =  {/  £  L°°(9£2);  fdQf  dTL\  =  0}.  Then  SQ  is  a  bounded  linear  operator  from  X 
toC°^(£2). 

Proof  Since  there  exists  a  constant  C  such  that  \hm(x  —  y)\  <  \x  —  y |3/2_m  for 
x,y  e  9  £2,  the  operator  is  a  compact  linear  operator  from  L°°(dQ)  to  C0,0(9£2) 
by  Proposition  1.26.3. 

Suppose  first  that  £2  is  bounded.  If  f  e  L°°(9£2)  and  1  <  p  <  oo,  then  SQf 
is  an  LP- solution  of  the  Dirichlet  problem  A u  =  0  in  Q,  u  =  g  =  SQf  e 
C°(9£2)  (see  Lemma  5.2.1  and  Proposition  5.2.2).  For  p  =  2,  we  obtain  that 
SQf  is  a  PWB-solution  of  this  problem  (see  Theorem  5.16.2).  Since  g  e  C°(9£2), 
Theorems  4.5.7  and  4.5.8  give  that  SQf  e  C°(£2).  The  function  Snf  e  W1,p(£2)  by 
Propositions  5.2.2,  5.2.8,  and  Lemma  1.28.1.  For  0  <  ft  <  1  and  p  =  m/(  1  —  /3), 
Theorem  1.21.13  gives  Snf  e  C0,P  (£2). 

Let  now  £2  be  unbounded,  f  e  X,  and  0  <  ft  <  1 .  Choose  r  >  0  such  that 
d£2  C  B( 0;  r).  Denote  co  =  £2  PI  B( 0;  r).  Put /  =  0  on  dco  \  d£2  and p  =  m/(  1  —  /?). 
We  have  proved  that  SQf  =  C0^(cd)  PI  SMf  e  W1,p(co).  According  to  the  behavior 
of  SQf  and  XSQf  at  infinity  (see  Proposition  3.1.6),  we  have  SQf  e  Wl,p(£2). 
Theorem  1.21.13  and  Lemma  1.21.12  yield  SQf  e  C0,P(Q). 

If  x  G  £2  and  fk  — >►/  in  L°°(9£2),  then  SQfk(x )  — >  SQf(x )  by  Lebesque’s  lemma 
(Lemma  1.13.2).  So,  SQ  is  a  closed  linear  operator  from  X  to  C0,P(Q).  Closed- 
graph  theorem  (Theorem  1.4.15)  gives  that  SQ  is  a  bounded  linear  operator  from  X 
to  C°’*(£2). 

Let  now  0  <  y  <  /3  <  1 .  We  have  proved  that  SQ  is  a  bounded  linear  operator 
from  L°°(9£2)  to  C°^(9£2).  So,  SQ  is  a  compact  linear  operator  from  L°°(9£2)  to 
C0,y  (d£2)  by  Proposition  1.16.5  and  Theorem  1.7.4. 

Proposition  6.7.2  Let  £2  C  Rm,  m  >  2,  be  an  open  set  with  compact  boundary  of 
class  Cl,a,  0  <  a  <  1,  andf  e  C°(9£2).  Ifx  e  d£2,  then 

^lim  nn(x)  •  V  Snf(x  +  tnn(x))  =  fix)  -  K'9J(x),  (6.10) 

lim  nn(x)  ■  V  Snf  (x  +  tnn(x))  =  -  fix)  -  K'nf(x). 


(6.11) 
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Proof  For};  e  3£2  andz  e  Rm  \  { y},  putL(z,y)  =  —  nQ(y))  •  V/zm(z  — y)  and 

Lf(z)  =  ( L(z,y)f(y)  dUm-i(y). 

dQ 


Lf  is  well  defined  in  ( Rm  \  3£2)  U  {x}  by  Lemma  6.6.1.  Fix  6  >  0.  Since  3£2  is  of 
class  C1,a9  there  exist  positive  constants  S,  C i,  and  C2  such  that  | nQ(x)  —  nQ(y)  |  < 
Ci\x—y\a  and  \y—  (x  +  tnQ)\  >  C2I}7— x\  fory  c  #(x;  <5)  Pi  3£2  and  \t\  <  8  (compare 
Lemmas  1.17.8  and  1.17.14).  For  y  e  B(x;  8)  Pi  d£2  and  \t\  <  8 ,  we  thus  have 


| L(x  +  tnQ(x),y) \  < 


C\\x  —  y|a+1_m 

q,-1Ww-i(3B(0;l))’ 


Corollary  1.17.6  and  Lemma  1.26.1  give  that  there  exists  0  <  p  <  8  such  that 
J  \L(x  +  tnn(x),y)f(y)\  dHm-i(y)  <  e 

dnnB(x-,p) 


for  \t\  <  8.  According  to  theorem  on  continuity  of  parametrized  integrals  (Theo¬ 
rem  1.13.6 ),  there  exists  s  e  (0, 8)  such  that 

J  \L(x  +  tna(x),y)  -  L(x,y)\\f(y)\  &Hm-\(y)  <  e 

3  Q\B(x;p) 


for  \t\  <  s.  We  have  proved  that 


\im[nQ(x)  •  VSQf(x  +  tnQ(x ))  —  VQ  (x  +  tnQ(x))\  =  lim  Lf(x  +  tnQ(x )) 


=  Lf(x)  =  -KrJ(x)  -  Kvf(x). 
On  account  of  Proposition  6.6.3,  we  obtain  (6.10),  (6.11). 


6.8  Holder  Continuous  Solution  of  the  Dirichlet  Problem 


In  this  section,  we  prove  the  existence  of  a  Holder  continuous  solution  of  the 
Dirichlet  problem  with  a  Holder  continuous  boundary  condition  and  a  domain  with 
compact  Ljapunov  boundary. 

Theorem  6.8.1  Let  0  <  a,  /3,y  <  1,  ^  C  Rm  be  a  bounded  domain  with  boundary 
of  class  C1,01,  p  >  m/2,  m  >  2,  and  ft  <  2  —  m/p.  If  g  e  C0,P(dQ),  and  f  e 
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C^yc  (£2)  PI  LP(Q),  then  there  exists  a  unique  classical  solution  u  e  C0,P(£2)  of  the 
Dirichlet problem  —  A u  =  f  in  £2,  u  =  g  on  dQ.  Moreover, 

IMIc°’£(^)  —  ^[ll£llc0’£(a^)  +  WfWwm] 

where  C  depends  only  on  Q,  /3,  and  p.  If  p  >  m,  then 

sup dist(x,  3£2)1-^| Vm(x)|  <  M[||g||co„s(as2)  +  \\f\\u>(n)], 

where  M  depends  only  on  £2,  f,  and  p. 

Proof  According  to  Theorem  6.4.2,  there  exists  a  unique  classical  solution  of  the 
problem.  Define/  =  0  on  Rm  \Q.  Then  there  exists  a  constant  C\  depending  only 
on  £2,  p,  and  ft  such  that 


\\Vf\\co,Hm  <  Cl  ll/lla-fl,) 

(see  Proposition  3.15.2).  If  p  >  m,  then  there  exists  a  constant  C\  depending  only 
on  Q,  p  and  /3  such  that 


l|VV/||£*(fi)<C1||/||i,(n) 

(see  Proposition  3.15.1).  Denote  v  =  u  +  Vf.  Then  v  is  a  classical  solution  of  the 
problem  Av  =  0  in  £2,  v  =  g  +  Vf  on  3 £2  by  Theorems  3.1.5  and  3.14.2. 

Suppose  first  that  m  >  2.  Then  v  =  +  Sn\/r,  where  \[r  =  (|/  +  Kq  + 

<S^)_1(&  +  Vf )  in  L2(dQ)  (see  Theorem  5.15.2).  The  operator  \l  +  Kq  +  SQ  is 
a  Fredholm  operator  with  index  0  on  C0,P(Q)  by  Propositions  6.7.1  and  6.6.4  and 
Theorem  1.8.3.  So,  it  is  an  isomorphism  on  C0,P  (dQ)  by  Lemma  1.8.4.  Thus,  /  e 
C0,P(dQ)  and 


Ill'll  C°’P(dQ)  —  ^2 1 1  g  +  Vf\\c°’P(dQ)  (6.12) 

where  C2  depends  only  on  Q  and  /3. 

Let  now  m  =  2.  Then  v  =  VQ(I  —  P)/  +  SQ(I  —  P)ty  +  P/,  where  Pf  — 
f  dHm-i  and  f  =  [{\l  +  Kq  +  Sn)(7  -  P)  +  P]”^  +  V/)  in  L2(9^)  (see 
Theorem  5.15.3).  The  operator  (|/  +  +  <S^)(7  —  P)  +  P  is  a  Fredholm  operator 

with  index  0  on  C0,^(£2)  by  Propositions  6.7.1  and  6.6.4  and  Theorem  1.8.3.  So,  it 
is  an  isomorphism  on  C°  ^(9£2)  by  Lemma  1.8.4.  Thus,  if  e  C°  ^(9£2),  and  (6.12) 
holds  with  C2  depending  only  on  Q  and  ft . 

Proposition  6.7.1  and  Lemma  6.6.5  give  that  v  e  and 


IMIcW®  -  ^3  \\g  +  Vf\\c°’P(dQ) 
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where  C3  depends  only  on  £2  and  /3.  We  have  proved  that  there  exists  C\  such  that 
IMI  CM  (ft)  -  C4[\\g\\c0’P(dQ)  +  11/11^(0)]- 


Theorem  2.9.4  gives 

supdist(x,  9£2)1_^|Vi;(x)|  <  mCA[\\g\\cU{SQ.)  +  ll/llz^n)]- 

Theorem  6.8.2  Let  0  <  a,  /3  <  1,  and  £2  C  Rm  be  an  unbounded  domain  with 
compact  boundary  of  class  C1,a  and  m  >  2.  If  g  e  C0,^(dQ),  then  there  exists  a 
unique  solution  u  e  C0,^(Q)  of  the  Dirichlet  problem  A u  =  0  in  £2,  u  =  g  on  dQ 
such  that  u(x)  —>  0  as  \x\  —>  00.  Moreover, 

llwllc°^(^)  —  C\\8\\c°>P(da)’ 

supdist(x, 3^)1_^| Vm(x)|  <  C||g||co,/i(3fi), 
where  C  depends  only  on  Q  and  /3. 

Proof  According  to  Theorem  6.5.1,  there  exists  a  unique  classical  solution  u  of 
the  problem.  We  have  u  =  +  SQ\/f,  where  if  =  (^/  +  Kq  +  SQ)~lg 

in  L2( dQ)  (see  Theorem  5.15.4).  The  operator  ^1  +  Kq  +  SQ  is  a  Fredholm 
operator  with  index  0  on  C° ^  (£2)  by  Propositions  6.7.1  and  6.6.4  and  Theorem  1.8.3. 
So,  it  is  an  isomorphism  on  C0,P(dQ)  by  Lemma  1.8.4.  Thus,  \fr  e  C0,^( dQ) 
and 


IIV'II  cM(a«)  —  Ci\\8\\c°’P(dn) 

where  C\  depends  only  on  Q  and  /3.  Proposition  6.7.1  and  Lemma  6.6.5  give  that 
u  e  C°’^(£2)  and 

llMllc°’0(fi)  —  C2\\g\\c0’P(dQ) 

where  C2  depends  only  on  Q  and  f.  Theorem  2.9.4  gives 

supdist(x,  9£2)1_^|Vm(x)|  <  mC2\\g\\c^(^y 


Theorem  6.8.3  Let  0  <  a,  f  <  1,  and  £2  C  R2  be  an  unbounded  domain 
with  compact  boundary  of  class  Cl,a.  If  g  E  C0,^(dQ),  then  there  exists  a  unique 
solution  u  e  C0,P  (Q)  of  the  Dirichlet  problem  A u  =  0  in  £1,  u  =  g  on  3£2. 
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Moreover, 


IMIc°-0(S2)  —  C||g||co,/!(9n), 

supdist(x, 3Q)1_^| Vm(x)|  <  C||g||co„6(3fi), 


where  C  depends  only  on  £2  and  /3. 

Proof  According  to  Theorem  6.5.1,  there  exists  a  unique  bounded  classical  solution 
of  the  problem.  We  have 

u  =  Vn(I  -  P)f  +  Sn(I  -  P)f  +  P f 


where 


Pep 


(pdHu 


T  = 


1/  +  Kq  +  sn 


(I-P)  +  p, 


\f/  =  T~lg  in  L2( 9£2)  (see  Theorem  5.15.3).  The  operator  T  is  a  Fredholm  operator 
with  index  0  on  C0,^(£2)  by  Propositions  6.7.1  and  6.6.4  and  Theorem  1.8.3.  So,  it 
is  an  isomorphism  on  C0,^( 9 £2)  by  Lemma  1.8.4.  Thus,  if  e  C0,^( 3 £2)  and 


Ill'll  C°’P(dQ)  —  Cl\\g\\ C°’P(dQ) 

where  C\  depends  only  on  Q  and  ft.  Proposition  6.7.1  and  Lemma  6.6.5  give  that 
u  e  C0,P(£2)  and 


IMIc0’£(£2)  -  ^2\\g\\c°^(dQ) 

where  C2  depends  only  on  Q  and  /3.  Theorem  2.9.4  gives 

supdist(x,  9£2)1_/3|Vm(x)|  <  mCiWgWc^^y 

xe£l 


6.9  Robin  Problem  and  Neumann  Problem 

In  this  section,  we  study  bounded  classical  solutions  of  the  Neumann  problem  and 
the  Robin  problem  for  the  Laplace  equation  on  a  domain  with  compact  Ljapunov 
boundary.  We  find  a  necessary  and  sufficient  condition  for  the  existence  of  a  solution 
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and  discuss  the  uniqueness.  We  show  that  these  solutions  are  in  C0,a(£2)  for  all 

a  e  (0, 1). 

Theorem  6.9.1  Let  Q  C  Rm  be  a  domain  with  compact  boundary  of  class  C1,a, 
m  >  2,  0  <  a  <  1,  g,  h  e  C°(9£2),  and  h  >  0.  Then  the  operator 

Tip  =  (1/2 )<p  -  K'n<p  +  hSn<p  (6.13) 

is  an  isomorphism  on  C°(d£2). 

•  If  Q  is  bounded,  then  there  exists  a  unique  classical  solution  u  of  the  Robin 
problem  for  the  Laplace  equation 

du 

Au  =  0  inQ,  - — b  hu  =  g  ondQ.  (6.14) 

on 

•  If  £2  is  unbounded,  then  there  exists  a  unique  classical  solution  u  of  the  Robin 
problem  for  the  Laplace  equation  (6.14)  such  that  u(x)  —>  0  as  \x\  —>  oo. 

Moreover,  u  =  SQcp  where  cp  =  T~xg  and 


■  f  Six)  g(x) 

inf  — —  <  ini  u(x)  <  sup  u(x)  <  sup  — — , 
h(x)  xesi  xedn  h(x) 


(6.15) 


I g(  y)  I 

dist(x,  9^2)| Vu(x)\  <  m  sup  — — — ,  x  e  Q.  (6.16) 

h(y) 

Proof  The  uniqueness  of  a  solution  follows  from  Theorem  6.3.1. 

T  is  an  isomorphism  on  L2(9£2)  by  Theorem  5.10.4.  The  operator  T  —  (1/2)7 
is  compact  on  C°(9£2)  (see  Theorem  1.7.4  and  Propositions  6.6.2  and  6.7.1). 
Theorem  1.7.7  gives  that  T  is  an  isomorphism  on  C°(9£2).  If  cp  =  T~lg ,  then  SQ(p 
is  a  solution  of  the  problem  by  Propositions  6.7.2  and  6.7.1. 

If  u  is  a  solution  of  the  problem  (6.14),  then  h~l(du/dn)  +  u  =  g/h  on  dQ. 
Corollary  6.2.4  gives  (6.15)  and  (6.16). 

Theorem  6.9.2  Let  £2  C  R2  be  a  domain  with  compact  boundary  of  class  C1,a, 
0  <  a  <  1,  and h  e  C°(9£2),  h  >  0.  Denote 


Pep  = 


<pdHi, 


(6.17) 


T<fi  =  {-_d-  P)<p  -K'q(I-  P)<p  +  h[SQ(I  -  P)(p  +  Pep].  (6.18) 

Then  the  operator  T  is  an  isomorphism  on  C°(9£2).  If  g  E  C°(9£2),  then  there 
exists  a  unique  bounded  classical  solution  u  of  the  Robin  problem  for  the  Laplace 
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equation  (6.14).  This  solution  is  given  by  the  formula 

u  =  Sn(I  —  P)(p  +  P(p,  (6.19) 

where  cp  =  T~lg,  and  the  estimates  (6.15)  and  (6.16)  hold. 

Proof  The  uniqueness  of  a  solution  follows  from  Theorem  6.3.1. 

T  is  an  isomorphism  on  Z?(3£2)  by  Theorem  5.10.4.  The  operator  T  —  (1/2)7 
is  compact  on  C°(3£2)  (see  Theorem  1.7.4  and  Propositions  6.6.2  and  6.7.1). 
Theorem  1.7.7  gives  that  T  is  an  isomorphism  on  C°(3£2).  If  cp  =  T~lg, 
then  u  given  by  (6.19)  is  a  solution  of  the  problem  by  Propositions  6.7.2  and 
6.7.1. 

If  u  is  a  solution  of  the  problem  (6.14),  then  h~l(du/dn)  +  u  =  g/h  on  3 £2. 
Corollary  6.2.4  gives  (6.15)  and  (6.16). 

Corollary  6.9.3  Let  £2  C  Rm  be  a  domain  with  compact  boundary  of  class  C1,a, 
m  >  2,  0  <  a  <  1,  and  g,h  e  C°(3£2).  If  1  <  p  <  oo  and  u  is  bounded  classical 
solution  of  the  Robin  problem  (6.14),  then  u  is  an  LP -solution  of  the  problem  (6.14). 

Proof  Define  h  =  h  +  \h\  +  1  and  g  =  g  +  (\h\  +  1  )u  on  dQ.  Then  h  >  0 
and  u  is  classical  solution  of  the  problem  A u  =  0  in  Q  and  du/dn  +  hu  =  g  on 
3 £2.  If  Q  is  bounded  or  m  >  2,  then  there  exists  a  constant  c  and  cp  e  C°(3£2) 
such  that  u  =  SQ(p  +  c  (see  Theorems  6.9.1  and  6.9.2).  Let  now  m  >  2  and  Q 
is  unbounded.  According  to  Proposition  2.17.1,  there  exists  a  constant  c  such  that 
u(x )  c  as  \x\  ->  oo.  Since  v  =  u  —  c  is  a  solution  of  the  problem  Av  =  0  in  Q, 
and  dv/dn  +  hv  =  g  —  ch  on  3£2,  v(x)  0  as  \x\  ->  oo,  there  exists  cp  e  C°(3^2) 
such  that  v  =  SQ(p  (see  Theorem  6.9.1).  Thus,  u  =  SQ(p  +  c.  Propositions  5.2.2  and 
5.2.8,  Theorems  5.4.7  and  5.4.8,  and  Proposition  6.7.2  give  that  u  is  an  LP  solution 
of  the  problem  (6.14). 

Theorem  6.9.4  Let  £2  C  Rm  be  a  domain  with  compact  boundary  of  class  C1,a, 
m  >  2,  0  <  a  <  l,  0  <  f  <  l,  g,h  e  C°(3£2),  and  h  >  0.  Suppose  that  £2  is 
unbounded  or  h  ^  0.  Then  the  operator  T  given  by  (6.13)  is  an  isomorphism  on 
C°(  3£2). 

•  If  Q  is  bounded,  then  there  exists  a  unique  classical  solution  u  of  the  Robin 
problem  for  the  Laplace  equation  (6.14). 

•  If  £2  is  unbounded,  then  there  exists  a  unique  classical  solution  u  of  the  Robin 
problem  for  the  Laplace  equation  (6.14)  such  that  u(x)  —>  0  as  \x\  —>  oo. 

Moreover,  u  =  S^cp  where  <p  =  T~lg,  u  e  C0,^(Q),  and 

IMIc°’£(^)  —  Cll£llc°(a£2)>  (6.20) 

supdist(x, 3Q)1_^| Vm(x)|  <  C||g||co(an),  (6.21) 

with  a  constant  C  dependent  on  Q,  h,  and  f  only. 
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Proof  T  is  an  isomorphism  on  L 2 (dQ)  by  Theorems  5. 10.4  and  5.9.11.  The  operator 
T  —  (1/2)7  is  compact  on  C°(3£2)  (see  Theorem  1.7.4  and  Propositions  6.6.2  and 
6.7.1).  Theorem  1.7.7  gives  that  T  is  an  isomorphism  on  C°(3£2).  If  cp  =  T~lg ,  then 
SQ(p  is  a  solution  of  the  problem  by  Propositions  6.7.2  and  6.7.1. 

Let  u  be  a  solution  of  the  problem  with  g  =  0.  If  Q  is  unbounded,  suppose  that 
u(x )  — >  0  as  \x\  — >  oo.  Then  u  is  an  L2-solution  of  the  problem  by  Corollary  6.9.3. 
So,  u  =  0  by  Proposition  5.10.1  and  Theorem  5.9.11. 

There  exists  a  constant  C\  such  that  Ill'll c°(a^)  (see 

Proposition  6.7.1).  Put  cp  =  T~lg  and  u  =  SQ(p.  Then 

llMllc°*£(n)  —  Ci\\T  Ml  ||g|lc°(a£2)- 
Theorems  2.9.2  and  2.9.4  give 

supdist(x,a^)1_/J|VM(x)|  <mCi||r_1||  ||g||co(9n). 


Theorem  6.9.5  Let  £2  C  R2  be  a  domain  with  compact  boundary  of  class  C1,a, 
0  <  a  <  1,  0  <  /}  <  1,  he  C°(3£2),  h  >  0,  and  h  ^  0.  Then  the  operator 
T  given  by  (6.18)  is  an  isomorphism  in  C°(3£2).  If  g  e  C°(3£2),  then  there 
exists  a  unique  bounded  classical  solution  u  of  the  Robin  problem  for  the  Laplace 
equation  (6.14).  This  solution  is  given  by  the  formula  (6.19),  where  <p  =  T~lg. 
Moreover,  u  e  C0,P(Q),  and  the  estimates  (6.20)  and  (6.21 )  hold  with  a  constant  C 
dependent  on  Q,  h,  and  /3  only. 

Proof  Let  u  be  a  bounded  solution  of  the  problem  with  g  =  0.  Then  u  is  an  L2- 
solution  of  the  problem  by  Corollary  6.9.3.  So,  u  =  0  by  Proposition  5.10.1. 

T  is  an  isomorphism  on  L2(3£2)  by  Theorem  5.10.4.  The  operator  T  —  (1/2)7 
is  compact  on  C°(3£2)  (see  Theorem  1.7.4  and  Propositions  6.6.2  and  6.7.1). 
Theorem  1.7.7  gives  that  T  is  an  isomorphism  on  C°(3£2).  If  cp  =  T~lg ,  then  SQ(p 
is  a  solution  of  the  problem  by  Propositions  6.7.2  and  6.7.1. 

Denote  X  =  {\j/  E  C°(3£2);  fdQ  \[r  dTL\  =  0}.  Then  there  exists  a  constant  C\ 
such  that  II^VMIc0’^)  —  Ci  11^ lie0 (an)  f°r  ^  e  (see  Proposition  6.7.1).  Let 
cp  =  T~lg  and  u  be  given  by  (6.19).  Then 

IMIco .0(0)  <  (Ci\\I-P\\  +  Il^||)||7’_1  ||||g||co(a£2), 

where  P  is  given  by  (6. 17).  Theorems  2.9.2  and  2.9.4  give  (6.21)  with  C  =  m(C\  ||7— 

^ll  +  l|JP||)l|7’-1||. 

Theorem  6.9.6  Let  £2  be  a  bounded  domain  in  Rm  with  boundary  of  class  Cl,a, 
0<a<l,0</3<\,  and  m  >2.  Denote  byX  the  set  of  all  g  e  C°(3£2)  satisfying 

[  g  6TLm-\  =  0 


(6.22) 
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and  by  T  the  restriction  of  (1/2)7  —  K'Q  onto  X.  Then  T  is  an  isomorphism.  If 
g  e  C°(dQ),  then  there  exists  a  classical  solution  of  the  Neumann  problem  for 
the  Laplace  equation 


Au  =  0  in  £2,  —  =  g  on  dQ  (6.23) 

on 

if  and  only  if  g  satisfies  (6.22).  The  general  form  of  this  solution  is  u  =  SQ  (T~xg)  + 
c,  where  c  is  an  arbitrary  constant.  If  u  is  a  solution  of  the  problem  (6.23),  then 
u  e  C0,P(fi2),  and  the  estimate  (6.21 )  holds  with  a  constant  C  dependent  only  on  Q 
and  p. 

Proof  The  operator  K'Q  is  a  compact  operator  on  X  by  Lemma  5.9.6  and  Proposi¬ 
tion  6.6.2.  The  operator  T  is  one-to-one  by  Proposition  5.9.4.  So,  the  operator  T  is 
an  isomorphism  on  X  by  Theorem  1.7.7. 

Let  now  u  be  a  classical  solution  of  the  Neumann  problem  (6.23).  Then  u  is  an 
L2-solution  of  the  problem  by  Corollary  6.9.3.  Lemma  5.9.1  forces  g  e  X.  If  g  =  0, 
then  u  is  constant  by  Lemma  5.9.2. 

If  g  e  X,  put  v  =  SQ(T~xg).  If  c  is  a  constant,  then  u  =  v  +  c  is  a  classical 
solution  of  the  Neumann  problem  (6.23)  by  Propositions  6.7.1  and  6.7.2.  There 
exists  a  constant  C\  such  that  || V'llcM®  —  Ci  llV^llc0^)  (see  Proposition  6.7.1). 
Thus,  v  e  C0,P  (£2)  and 


IMI C°’P(Q)  —  Cl||T  1  II  l|g|lc°(a£2)- 
Since  Xu  =  Vi?,  Theorems  2.9.2  and  2.9.4  give 

supdist(x,  3£2)1-^  |  Vw(x)|  <  mCx  ||r-1 1|  ||g||co(8£2). 

Theorem  6.9.7  Let  Q  C  R2  be  an  unbounded  domain  with  compact  boundary  of 
class  Cl,a  and  0  <  a  <  1.  Denote  by  X  the  set  of  all  g  e  C°(3£2)  satisfying  (6.22). 
Then  (\/2)I—K'Q  is  an  isomorphism  on  C°(3£2)  and onX.  If  g  e  C°(9^2),  then  there 
exists  a  classical  solution  u  of  the  Neumann  problem  for  the  Laplace  equation  (6.23) 
such  that  u(x)  =  o(\x\)  as  \x\  —>  oo.  The  general  form  of  this  solution  is  SQ  [(1/  2)7— 
K'o\~Xg  +  c,  where  c  is  an  arbitrary  constant.  This  solution  u  is  bounded  if  and  only 
if  g  e  X.  Suppose  that  g  e  X.  Fix  a  constant  c.  Then  u  =  SQ  [(1/ 2)7  —  K'Q]~lg  +  c 
is  a  unique  classical  solution  of  the  problem  (6.23)  such  that  u(x)  c  as  \x\  ->  oo. 
Let  c  =  0  and  0  <  ft  <  1.  Then  u  e  C0,P(Q),  and  the  estimates  (6.20)  and  (6.21) 
hold  with  a  constant  C  dependent  only  on  £2  and  p. 

Proof  The  operator  K'Q  is  compact  by  Proposition  6.6.2.  Lemma  5.9.6  gives  that 
<p/ 2  —  K'Qcp  e  X  if  and  only  if  cp  e  X.  If  <p/ 2  —  K'Q(p  =  0,  then  cp  e  X,  and 
Proposition  5.9.4  gives  that  cp  =  0.  So,  (1/2)7  —  K'Q  is  an  isomorphism  on  C°(3£2) 
and  on  X  by  Theorem  1.7.7. 
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IfginC°(9£2)  and  c  is  a  constant,  then  u  =  S^[(l/2)I-K'Q]~lg-\-c  is  a  classical 
solution  of  the  Neumann  problem  (6.23)  by  Propositions  6.7.1  and  6.7.2.  Moreover, 
u(x )  =  0(|;t|)  as  |*|  oo.  If  g  G  X,  then  u  is  bounded  by  Proposition  3.1.6. 

If  u  is  a  bounded  classical  solution  of  the  problem  (6.23),  then  u  is  an  L2-solution 
of  the  problem  by  Corollary  6.9.3.  Theorem  5.9.11  gives  that  g  e  X.  Moreover, 
u  =  SQ[(1/2)I  -  K'n]-lg  +  c  is  a  unique  classical  solution  of  the  problem  (6.23) 
such  that  u(x )  c  as  |*|  ->  oo. 

Let  now  g  =  0.  Suppose  that  u  is  a  classical  solution  of  the  Neumann  problem 
(6.23)  such  that  u(x )  =  0(|*|)  as  |*|  ->  oo.  Fix  z  G  R2  \Q.  Then  there  exists  a 
constant  c\  such  that  v(x)  =  u(x)  —  C\li2(x  —  z)  is  bounded  (see  Proposition  2. 17.6). 
Put  =  ci/T-Li(dQ)  on  dQ.  Then  SQ\/f(x)  —  c\h2(x  —  z)  is  bounded  in  a 
neighborhood  of  the  infinity.  So,  v  =  u  —  S^\j/(x)  is  bounded  in  a  neighborhood 
of  the  infinity.  There  exists  /  G  X  such  that  v  is  a  bounded  classical  solution  of 
the  problem  An  =  0  in  Q  and  dv/dn  =  f  (see  Propositions  6.7.1  and  6.7.2). 
The  function  n  is  a  bounded  classical  solution  of  the  problem  An  =  0  in  Q  and 
dv/dn  +  v  =  f  with  /  =  /  +  v.  According  Theorem  6.9.2,  there  exists  cp  G  X 
and  a  constant  c2  such  that  v  =  SQcp  +  C2-  So,  u  =  SQ(cp  +  \/r)  +  C2-  So, 
[(1/2)7  —  K'Q]((p  +  \j/)  =  0  (compare  Proposition  6.7.2).  Since  [(1/2)7  —  K'Q]  is 
an  isomorphism,  we  infer  that  (p  +  x/r  =  0.  Thus,  u  =  SQ((p  +  i/s)  +  C2  =  C2- 

Let  g  e  X  and  w  be  a  classical  solution  of  the  problem  (6.23)  such  that  u(x)  ->  0 
as  |*|  ->  cx).  Then  w  =  5°  [(1/2)7  —  7^]_1g.  There  exists  a  constant  Ci  such  that 
II^VicM®  -  ll/llc0®)  for  e  X  (see  Proposition  6.7.1).  Since  [(1/2)7  — 
e  X ,  we  have  w  G  C0,P(Q)  and 

ll«llcw(n)  <  C1||[(l/2)/-^]-1||  ||g||co(8Q). 

Theorems  2.9.2  and  2.9.4  give 

sup  dist(x,3£2) 1-/3  |Vm(x)|  <  mCi  ||  [(1/2)/  -  K'n]~l 1|  ||g||co(8£2). 


Theorem  6.9.8  Let  £2  be  a  bounded  domain  in  Rm  with  boundary  of  class  Cl,a  and 
0  <  a  <  1.  Suppose  that  g,h  G  C°(3£2),  h  >  0,  h  ^  0,  andf  e  H  LP(Q) 

with  p  >  m.  Then  there  exists  a  unique  classical  solution  u  of  the  Robin  problem  for 
the  Poisson  equation 

du 

—  A  u=f  inQ,  - — yku  —  g  ondQ.  (6.24) 

dn 

7/0  <  f  <  1,  then  u  G  C0,P(Q)  and 

IMIcm®  <  C[||g|lc0®)  +  II/IIlp®],  (6.25) 

supdist(x,a^)1_/f|VM(x)|  <  C[||g||co(8£2)  +  ||/||zp(Q)], 


(6.26) 
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where  a  constant  C  depends  on  £2,  h,  p,  and  /3  only. 

Proof  The  uniqueness  of  a  solution  follows  from  Theorems  6.9.4  and  6.9.5. 

Put  /  =  0  on  Rm  \  £2.  Then  Vf  e  C2(£2)  n  C\Rm )  by  Theorem  3.14.2 
and  Proposition  3.15.1.  Moreover,  —A Vf  =  f  (see  Theorem  3.1.5).  Put  h  = 
g  —  dVf/dn  —  hVf.  According  to  Theorems  6.9.4  and  6.9.5,  there  exists  a  classical 
solution  v  of  the  problem  —Av  =  0  in  £2,  dv/dn  +  hv  =  b  on  dQ.  Clearly, 
u  =  v  +  Vf  is  a  classical  solution  of  the  problem  (6.24). 

According  to  Proposition  3.15.1,  there  exists  a  constant  C\  depending  only  on  Q 
and  p  such  that 


\Vf(x)\  +  \VVf(x)\  <  Ci  ||/||ip(S2),  x  e  £2. 

So,  there  exists  a  constant  C2  dependent  only  on  Q,  p,  and  /3  such  that 

WWcwm  <  C2||/||z^(n),  supdist(x,  3£2)1_^|VVf(x)|  <  C2\\f\\u(a). 

Theorems  6.9.4  and  6.9.5  give  that  there  exists  a  constant  C3  depending  only  on  Q, 
h,  and  /3  such  that 


IMIcM(ft)  <  C3\\b\\cO(dQ)> 
sup dist(x,  3£2)1_^|Vu(x)|  <  C3||fe||co(9n). 


Since 


ll^llc°(an)  -  ll^llc°(an)  +  Ci\\ f\\u>(Q)  +  \\h\\co^Q)Ci\\f\\ij>(q) 
we  obtain  the  estimates  (6.25)  and  (6.26). 

Theorem  6.9.9  Let  Q  be  a  bounded  domain  in  Rm  with  boundary  of  class  Cl,a, 
f  e  C°*(Q)  H  g  e  C°(9£2),  2  <  m  <  p,  and  0  <  a  <  1.  Then  there  exists  a 

classical  solution  u  of  the  Neumann  problem  for  the  Poisson  equation 

du 

—  A  u=f  inQ,  —  =  g  on  dQ  (6.27) 

on 


if  and  only  if 


j  g  dUm-i  +  j  f  dHm  =  0.  (6.28) 

If  v  is  another  solution,  then  u  —  v  is  constant.  If0</3  <  1,  then  u  e  C0,^(Q), 
and  (6.26)  holds  with  a  constant  C  dependent  on  Q,  p,  and  ft  only. 
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Proof  Put /  =  0  on  Rm  \  £2.  Then  Vf  e  C2(tt)  n  C\Rm)  by  Theorem  3.14.2  and 
Proposition  3.15.1.  Moreover,  —  A Vf  =f  (see  Theorem  3.1.5).  Let  Qj  be  a  sequence 
of  domains  from  Lemma  1.17.13.  Then  the  Green  theorem  (Theorem  1.19.1)  and 
Lebesgue  lemma  (Lemma  1.13.2)  give 


f  3 Vf  _  _  f  3 Vf 

I  o,  dl~Lm—  i  —  lim  /  dHm-i 
J  an  j—^oo  J  an 

9ft  dQj 


=  lim  /  A  VfdHm 
j^oc  J 

Qj 


Put  h  =  g  —  dVf/dn  and  w  =  u  —  Vf.  Then  u  is  a  classical  solution  of  the 
problem  (6.27)  if  and  only  if  w  is  a  classical  solution  of  the  problem  Aw  =  0  in 
Q,  dw/dn  =  h  on  dQ.  According  to  Theorem  6.9.6,  there  exists  a  classical  solution 
w  of  this  problem  if  and  only  if  fdQh  Hm-\  =  0.  Thus,  there  is  a  solution  of  the 
problem  (6.27)  if  and  only  if 

0  =  J  h  dT-Lm-i  = 

dtt  dQ  dQ  dQ  & 

If  v  is  another  solution  of  the  problem  (6.27),  then  u  —  v  is  constant  by  Theo¬ 
rem  6.9.6. 

According  to  Proposition  3.15.1,  there  exists  a  constant  C\  depending  only  on  Q 
and  p  such  that 


J  g  dUm-i  -  J  ^  dUm-i  =  J  g  dUm-l  +  j  f  dU„ 


|W/(x)|  <C! ||/||W(n), 

So,  there  exists  a  constant  C2  dependent  only  on  Q,  p,  and  /3  such  that 
supdist(x,  d£2)l~P\Wf(x)\  <  C2||/||lp(S2)- 

According  to  Theorem  6.9.6,  there  exists  a  constant  C3  dependent  only  on  Q  and  /3, 
such  that 


supdist(x,  3S2)1  ^|Vw(x)|  <  C^\\h\\co^y 


Since 


W\c°(dQ)  <  ll^llc°(a«)  +  Ci\\f\\u>(n) 


we  obtain  (6.26). 
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6.10  The  Third  Problem  for  Holder  Continuous  Boundary 
Data 


In  this  section,  we  study  the  Neumann  problem  and  the  Robin  problem  for  the 
Laplace  equation  with  a  boundary  condition  from  C0,;i(3£2)  for  a  domain  Q  with 
compact  Ljapunov  boundary.  We  find  a  necessary  and  sufficient  condition  for  the 
existence  of  a  solution  from  C1,A(£2). 

Proposition  6.10.1  Let  £1  be  a  domain  in  Rm  with  compact  boundary  of  class  Cl,a, 
0  <  A  <  a  <  1,  and  m  >  2.  Then  Kfn  +  Kq  is  a  bounded  linear  operator  from 
L°°(dQ)  toC°'X(dQ). 

Proof  According  to  Lemma  6.6.1,  there  exists  a  constant  M\  such  that 

I  [| (x,  y )  |  +  \K'n  (x,  y) |]  (y)  <  Mx  ra 

fi(x;r)na^ 


for  each  x  G  3£2  and  r  >  0.  In  particular,  Kq  +  K'Q  is  a  bounded  linear  operator  on 
L°°(dQ). 

There  exists  a  constant  M2  such  that  PLm-i(B(x;  r)  Pi  dQ)  <  M2rm~ 1  for  each 
x  G  3£2  and  r  >  0  (see  Corollary  1.17.6).  There  exists  a  constant  M3  such  that 
| nQ(x)  —  nQ(y)\  <  M3 \x  —  y\a  (see  Lemma  1.17.8).  According  to  Lemma  2.9.7  and 
Corollary  2.9.6,  there  exists  a  constant  M4  such  that  if  x,y,z  G  Rm ,  and  \z  —  y\  > 
2\x-z\,  then  | Vhm(x-y)  -  Whm(z-y) |  <  M4\x  -  z\\z  -  y\~m  ,  \Vhm(x-y)\  < 
M4\x  —  y |1_m.  Let  cp  G  L°°(3£2),  \cp\  <  1.  Fix  x,  z  G  3£2.  If  |jc  —  z|  >  1,  then 
<  Mi(diam3^)a  <  Mi  (diam3£2)a|v— z|a.  Suppose  now  that  |v— z|  < 
1.  Lemma  1.26.1  gives 

|  [Kn  +  K'n]<p(x)  -  [Ko  +  K'n]<p(z )  I  <  J  [| Ka  (z,  y) \ 

B(z’,2\x—z\)C\dQ 

+  l^fcj)|]  +  J  [\Kn(x,y)\  +  |/^(x,y)|]  dnm-i(y ) 

B(z’,2\x— z|)n3^ 

J  I (x, y)|  +  K'q (x, y)]  -  [Kn (z, y)  +  K'q (z, >’)] |  d Hm-i(y) 

d£l\B(z;2\x—z\) 

<  Mx(2\x-z\y  +  J  [\Ka(x,y)\  +  \K'n(x,y)\]dHm-i(y) 

B(x-,3\x-z\)ndQ 
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+  J  |(nn(x) -nQ(y))  ■  S7hm(x-y)  -  (nn(z) -nn(y))  ■  Vhm(z-y)\ 

dQ\B(z’,2\x—z\) 

dHm-i(y)  <2Mi\x-z\a  +  Mi(3\x- z\)a  +  J  [| nn(x) 

dQ\B(z;2\x—z\) 

-nQ(z)\\Vhm(x-y)\  +  \  nn(z)  -  nQ  (y)||V  hm(x  -  y)  -  S7hm(z-y)\  <XHm-\{y) 
<  5M\  \x  —  z\a  +  M3\x  —  z|“  J  MA\x-y\l-mdHm-i(y) 

d£2\B(x',\x—z\) 

+  J  M3M4j^ZJL  d nm-,{y)  <  5M\\x  —  z\x 

d£l\B{z’,2\x—z\) 

+M3M4\x-z\l  f  \x  -  y\'-m+<*-^  dn„,-t  (y)  +  MzMaM 4OT  |JC  _  z|« 

J  1  -  a 

dQ\B(x’,\x—z\) 


5  M,  + 


a  —  X 


M2M2M4171 
1  —  a 


Corollary  6.10.2  Let  £2  be  an  open  set  in  Rm  with  compact  boundary  of  class  C1,a, 
0  <  X  <  a  <  1,  and  m  >  2.  P/z^  operator  K'Q  is  a  compact  linear  operator  on 
C(a(DQ). 

Proof  Kq  +  K&  is  a  bounded  linear  operator  from  C°'°(9£2)  to  CO  A(9f2)  by 
Proposition  6.10.1.  The  identity  operator  I  is  a  compact  linear  operator  from 
C0,;i(3£2)  to  C0,0(3£2)  (see  Proposition  1.16.5).  Thus,  K'n  +  Kq  =  (K'Q  +  Kq)I  is  a 
compact  linear  operator  on  C0,;i(3£2)  (compare  Theorem  1.7.4).  The  operator  Kq  is 
a  compact  on  C0,A  (3£2)  by  Proposition  6.6.4.  This  yields  that  K'Q  =  (KfQ  -\-Kq)—Kq 
is  a  compact  linear  operator  on  C0,A(3^)  (compare  Theorem  1.7.4). 

Proposition  6.10.3  Let  £2  be  a  domain  in  Rm  with  compact  boundary  of  class  Cl,a, 
0  <  X  <  a  <  l,  m  >2,  he  C0,;i(3£2),  and  h  >  0. 

•  Suppose  m  >  2.  If  £2  is  unbounded  or  h  ^  0,  denote  T  =  (1/2)7  —  K'Q  + 
0/u*X  =  C°(3£2). 

•  If  m  =  2  aftd  A  #  0,  denote  P/  =  d77m-i,  T  =  (l/2)(7  -  P)  -  7^(7  - 

P)  +  A[<S^(7  -  P)  +  P]  andX  =  C°( 3£2). 

•  Suppose  h  =  0.  If  £2  is  bounded  or  m  =  2,  denote  T  =  (1/2)7  —  and 

X  =  {feC\dnyJdQfdUm-i=0}. 

y  =  X  PI  C0,;i(3£2)  equipped  with  the  norm  induced  form  C0,;i(3£2).  Then  T  is 
an  isomorphism  on  Y. 
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Proof  Corollary  6.10.2  and  Proposition  6.7.1  give  that  K'Q  and  SQ  are  compact 
operators  on  C0,;i(3£2).  Theorems  6.9.4,  6.9.5,  6.9.6,  and  6.9.7  give  that  T  is 
an  isomorphism  X.  Thus,  T  is  an  injective  operator  on  Y.  Since  T  —  (1/2)7  is 
compact  (see  Lemma  1.16.8  and  Theorem  1.7.4),  T  is  an  isomorphism  on  Y  by 
Theorem  1.7.7. 

Proposition  6.10.4  Let  Q  C  Rm  be  a  bounded  domain  with  boundary  of  class  C1'01, 
m  >  2,  and  0  <  A  <  a  <  1.  Then  SQ  is  a  bounded  linear  operator  from  C0,;i(3£2) 
toCl’X(U). 

Proof  For  j,k  e  {1, . . . ,  m},  denote  i y*  =  [Synk  —  8\ tfij, . . . ,  8mjn^  —  S^nf.  For 
z  c  3£2  and /  e  C0,;i(3£2),  define 


We  show  that  7}*/  e  C0,x(dQ).  Fix  a  constant  M\  such  that  |/|  <  M\  and  |  f(x)  — 
f(y) |  <  M\\x  —  y\x .  According  to  Corollary  1.17.6  and  Lemma  1.17.8,  there  exist 
constants  C\  and  C2  such  that  TLm-\(B(x\  r)  Pi  dQ)  <  Cir™-1  for  all  x  e  Rm  and 
r  >  0  and  |  tjk(z)  —  fk(y)  I  <  C2 \z— y |a  for  z,  y  c  dQ.  According  to  Lemma  2.9.7  and 
Corollary  2.9.6,  there  exist  constants  C3  and  C\  such  that  if  x,y,z  £  Rm ,  \z  —  y\  > 
2\x  —  z\,  then  \  Vhm(x  —  y)  -  Vhm(z  —  y)\  <  C3\x  -  z\\z  -  y\~m  and  \  Vhm(x  —  y)\  < 
C4I*  —  y  |1_m.  According  to  Lemma  5.4.1 


(6.29) 


and  thus 


3ft 

By  virtue  of  Lemma  1.26.1 


\Tjkf{z)\  <  J  2MlC4\z-y\x+l~m  +  f  M1C2C4\z-y\a+l-m 


2M\  C4m(diam  3S2)1  M1C2C4m(diama^)“ 


A  a 


<  OO. 


a 
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Let  x,  z  C  d£2.  By  virtue  of  (6.29) 

Tjkf(z)  -  Tjkf (x)  =  J  L f(y )  -f(z)\tjk(z)  ■  vhm(z  -  y )  d?C-i(y) 

fi(z;2|x-z|)na^ 

+/(z)  J  [*jk(z)  -  Tjk(y)}  ■  Vhm(z  -  y)  d Hm-i(y) 

B(z’,2\x—z\)r\dQ 

J  [/(>’)  -/W]^w  •  Vhm(x  - y)  dUm-\(y) 

B(z;2\x-z\)ndQ 

~f(x)  J  [tjk  (pc)  -  Tjk ( >’)]  •  V/7m(x  -  y)  1  ( y) 

5(z;2|x— z|)n9£2 

+  J  [/(>’)  -/(*)]*/*(*)  •  [V/im(z  -  y)  -  Vhm(x  -  y)]  d?4_i  (y) 

9£2YB(z;2|x— z|) 

+  J  f(x)[tjk(x )  -  r^(y)]  •  [V/im(z  -  y)  -  V/;m(x  -  y)]  d%m_i  (y) 

9^\fi(z;2|x— z|) 

+  J  lf(y)  -f(x)][tjk(z)  -  Tjk(x)\  ■  Vhm(z  - y)  dHm-i(y) 

dQ\B(z;2\x—z\) 

+  J  [f(z) -f(x)][Tjk(x)  -  Tjk(y)]  ■  Vhm(z  - y)  d-Hm_i(y) 

9^\fi(z;2|x— z|) 

+  J  lf(x)  -f(z)}[tjk(z)  -  Xjk(y)]  ■  Vhm(z  -  y)  dHm-i(y) 

dQ,\B(z;2\x—z\) 

+  J  f(z)  [Xjk  (z)  -  Xjk  (•*)]•  V hm  (z  -  y)  d'Hm- 1  ( y) . 

dQ\B(z;2\x— z|) 

Denote  C5  =  max(C2,  C3,  C4).  If  \z  —  y\  >  \x  —  z\,  then  \x  —  y\  <  \x  —  z\  +  \z  —  y\  < 
2|z  —  y|.  By  virtue  of  Lemma  1.26.1 

IWfc)-W)l  <  / 

S(z;2|jc-z|)n9^ 


M1C5|y-z|1_m+A  dHm_i(y) 
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+  J  MxC\\y  -  z\x~m+a  +  J  MxC5\y  - x\x~m+x 

B(z;2\x-z\)ndQ  S(x;3|x-z|)na^ 

+  J  M\C\\y  —  x\l~m+a  +  I  Mx2\z-y\xC5\x-z\\z-y\-m 

fi(jc;3|jc-z|)na^  a^\S(z;2|jc-z|) 

+  J  Ml2\z-y\aCj\x-z\\z-y\~m  dUm-iiy) 

dQ\B(z;2\x—z\) 

+  J  MxC]2\z-y\l\x-z\a\z-y\x-m&Um-i(y) 

d£l\B{z’,2\x—z\) 

+3MlC2\x-z\x  J  \y  -  z\a+l~m  mm-i{y) 

d£l\B{z’,2\x—z\) 


+M\  J  C2\z-x\a\y-z\x~m  <MiC5 


2mC\\x  —  z[ 
A 


a^\fi(z;2|x— z|) 


72mCi\x  —  z\a  3mCi\x  —  z\x  73mCAx  —  z\a 

+M1C\ - - - L+M1C5 - it - -+MlC25-  1  1 

A 


a 


a 


,|A-1 


,\a— 1 


+2MxClC\\x  -  z\ 


1  -A 


+2M\  C\Cl\x  —  z 


C\  C5\z  —  x 


(2|_  iam(diamdQ)x 


+  3M\C\C15\z  —  x\ 


1  —  a 

xm(dmmdQ)a 


a 


+MlC2\x-z\x  J  \y-z\l-m+a~x  dHm-i(y)<C6\x-z\x, 


a^\fi(z;2|x— z|) 


where  C6  =  3mCxC5Mx[2X~l  +  2Csa~l (diam  3ft)“-A  +  C5(l  -  A)-1  +  C5(l  - 
a)-1  +  Cs(diam3£!)“(A_1  +  a-1)  +  C5(diam3£2)“_A(a  —  A)-1].  Hence,  Tj^f  e 
C°'X(dQ). 

For  9  €  Rm,  denote 


Tefiz)  =  lim 

e|0 


/ 


f(y)9-Vhm(z-y)d'Hm-l. 


3  Q\B(z;e) 
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We  show  that  T$f  G  C0,;i(3£2).  Fix  z  c  3£2.  Fix  k  e  {1  ,  ...,m}  such  that 
nk(z)  ±  0.  Clearly,  ru(z), . . . ,  Tk-i,k(z),  r*+u(z),  •  •  • ,  rOT>*(z)  form  a  basis  of 
the  tangential  hyperplane  of  3£2  at  z.  Thus,  r\,k(z),  tk-i ,k(z),  rk+i, k(z),  . 

zm,k(z),  nQ(z)  is  a  basis  of  Rm.  Denote  by  A(x )  the  matrix  with  rows  r\ ?&(x), 
. ..,  t&+i,£(X),  •  ••,  zm,k(x)>  nQ(x).  Then  there  exists  r  >  0  such  that 

A(x)  is  invertible  for  x  G  B(z\2r)  PI  3 £2.  According  to  the  rules  for  the  cal¬ 
culation  of  an  inverse  matrix  and  Lemma  1.16.8,  all  entries  of  A_1(x)  are  from 
C0,ol(B(z,  r )  D  3£2)  C  C0,x(B(z',  r)  Pi  3£2).  So,  there  exist  aj  e  C0,X(B( 0;  r)  Pi  3£2) 
such  that 


6  =  ^  aj(x)Tjk(x)  +  ao(x)nQ(x) 

JAk 

forx  G  B{z\  r)  Pi  3 £2.  Therefore 

Tef(x)  =  ^2<Zj(x)Tjkf(x)  +  a0(x)K,nf(x ) 

)+k 

for  x  G  B(z’,  r)  Pi  3 £2.  We  have  proved  that  Tjpf  G  C0,;i(3£2).  Corollary  6.10.2  gives 
that  K'of  G  C°’A(3£2).  Lemma  1.16.8  forces  that  Tef  G  C0,x(B(z;  r )  Pi  3 £2).  Since 
3£2  is  compact,  we  infer  that  Tef  G  C0,;i(3£2). 

Fix  j  G  {1, . . . ,  m).  Denote  Tjf  =  Tef  with  0  =  (Sy, . . . ,  &mj).  If/  G  C0,;i(3£2), 
then  g  =  f(z)rij(z )  +  T/(z)  G  C0,;i(3£2)  (see  Lemma  1.16.8).  The  function  djSQf 
is  an  L2-  solution  of  the  Dirichlet  problem  A  u  =  0  in  £2 ,  u  =  g  on  3  £2  (see 
Proposition  5.2.8  and  Theorem  5.4.7).  This  solution  is  unique  by  Proposition  5.15.1. 
Since  g  G  C0,x( 3£2),  Theorem  6.8.1  gives  that  djSQf  G  C°’A(£2).  Since  SQ 
is  a  bounded  linear  operator  from  C°(3£2)  to  C°(£2)  by  Proposition  6.7.1,  SQ 
is  a  closed  linear  operator  from  C0,;i(3£2)  to  C1,A(£2).  Hence,  SQ  is  a  bounded 
linear  operator  from  C0,A(3^2)  to  C1,A(£2)  by  the  closed-graph  theorem  (Theo¬ 
rem  1.4.15). 

Proposition  6.10.5  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary 
of  class  Cl‘a,  m  >  2,  and  0  <  A  <  a  <  1.  Then  3 jSQ  is  a  bounded  linear  operator 
from  C°’A(3^2)  to  C0,;i(£2).  If  m  >  2,  denote  X  =  C0,;i(3£2).  If  m  =  2,  denote 
X  =  {/  G  C0,;i(3£2);  fdQf  dTL\  =  0}.  Then  SQ  is  a  bounded  linear  operator  from 
X  to  C1,a(£2). 

Proof  Fix/  G  C0,;i(3£2).  Define/  =  Oon7?m\3£2.  Fix  r  >  1  such  that  3£2  C  B( 0;  r). 
Then  SQf  =  SQnB(°’’3r)f  e  Cl,x(Q  Pi  B( 0;  3r))  (see  Proposition  6.10.4).  Moreover, 
SQf  G  C°°(£2)  and  XSQf(x)  0  as  |x|  oo  (see  Proposition  3.1.6).  Thus, 
djSQf  G  C°(£2),  and  there  exists  a  constant  C\  such  that  |V<S^/(x)|  <  C\  for 
x  G  £2.  According  to  Proposition  3.1.6,  there  exists  a  constant  C2  such  that 
|V2<S^/(x)|  <  C2  for  |x|  >  r.  Let  now  x  G  12  and  y  G  £2  \  B(0;3r).  If 
|x  —  y\  >  1,  then  \djSQf(x)  —  djSQf(y)\  <  2Ci  <  2Ci|x  —  y|A.  Let  now 
|x  —  y\  <  1.  Then  |y|  >  2 r.  There  exists  0  G  (0, 1)  such  that  3 )SQf(x)  — 
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3jSQf(y)  =  (x  —  y)  •  XdjSnf(z)  with  z  =  x-\-0(y  —  x).  Since  |z|  >  2r,  we  have 
| djSaf(x)  -  djSQf(y) |  <  C2\x-y\  <  C2\x-y\\  Thus,  djS^f  e  C°>A(f2).  Since 
is  a  closed  linear  operator  from  C0,A( 3f2)  to  C°'A(£2),  it  is  bounded  by  closed-graph 
theorem  (Theorem  1.4.15). 

SQ  is  a  bounded  linear  operator  from  X  to  C0,0(£2)  by  Proposition  6.7.1. 

Theorem  6.10.6  Let  £2  C  Rm  be  a  domain  with  compact  boundary  of  class  C1,a, 
m  >  2,  0  <  X  <  a  <  l,  he  C0,;i(3£2),  and  h  >  0.  Suppose  that  £2  is  unbounded 
or  h  ^  0.  Then  the  operator  T  =  (1/2)7  —  K'Q  +  hSQ  is  an  isomorphism  on 
C0,A(3£2).  Let  g  G  C0,;i(3£2).  Put  cp  =  T~lg  and  u  =  SQ(p.  Then  u  e  Cl,x(£2),  and 

\\u\\ cu(o)  —  ^ll^llc°’A(a^)  (6.30) 

with  a  constant  C  dependent  on  £2,  h,  and  X  only. 

•  If  £2  is  bounded,  then  u  is  a  unique  classical  solution  of  the  Robin  problem  for 
the  Laplace  equation  (6.14). 

•  If  £2  is  unbounded,  then  u  is  a  unique  classical  solution  of  the  Robin 
problem  (6.14)  such  that  u(x)  0  as  \x\  oo. 

Proof  T  is  an  isomorphism  on  C0,;i(3£2)  by  Proposition  6.10.3.  Propositions  6.10.4 
and  6.10.5  give  that  u  e  C1,A(£2)  and  the  estimate  (6.30)  holds.  If  £2  is  bounded,  then 
u  is  a  unique  classical  solution  of  the  problem  (6.14).  If  Q  is  unbounded,  then  u  is 
a  unique  classical  solution  of  the  problem  (6.14)  such  that  u(x)  — >►  0  as  \x\  ->  oo. 
(See  Theorem  6.9.4.) 

Theorem  6.10.7  Let  £2  C  R2  be  a  domain  with  compact  boundary  of  class  Cl,a, 
0<1<QI<1JG  C0,;i(3£2),  h  >  0,  and  h  ^  0.  Denote  Pep  =  <p  d77i 
and  T  =  ^(7  —  P)  —  K'Q(I  —  P)  +  h[SQ(I  —  P)  +  P].  Then  the  operator  T  is  an 
isomorphism  on  C0,;i(3£2).  Fix  g  e  C0,;i(3£2).  Put  cp  =  T~lg  and  u  =  SQ(I  — 
P)(p  +  P(p .  Then  u  is  a  unique  bounded  classical  solution  of  the  Robin  problem 
for  the  Laplace  equation  Xu  =  0  in  Q  and  du/dn  +  hu  =  g  on  3£2.  Moreover, 
u  G  C1,x(£2),  and  the  estimate  (6.30)  holds  with  a  constant  C  dependent  on  £2,  h, 
and  X  only. 

Proof  T  is  an  isomorphism  on  C0,;i(3£2)  by  Proposition  6.10.3.  The  function  u  is  a 
unique  bounded  classical  solution  of  the  problem  Xu  =  0  in  Q,  du/dn  +  hu  =  g  on 
3 £2  by  Theorem  6.9.5.  Propositions  6.10.4  and  6.10.5  give  that  u  G  C1,A(£2)  and  the 
estimate  (6.30)  holds. 

Theorem  6.10.8  Let  Q  be  a  bounded  domain  in  Rm  with  boundary  of  class  C1,a, 
0  <  X  <  a  <  l,  and  m  >  2.  Denote  by  X  the  set  of  all  f  G  C0,;i(3£2) 
satisfying  fdQf  d77m-i  =  0  and  by  T  the  restriction  of  (1/2)7  —  K'Q  onto  X. 
Then  T  is  an  isomorphism.  Fix  g  G  C0,;i(3£2).  Then  there  exists  a  solution  u  G 
C1,a(£2)  fl  C2(£2)  such  that  Xu  =  0  in  £2  and  du/dn  =  g  on  d£2  if  and  only  if 
Ida  8  d77m-i  =  0.  The  general  form  of  this  solution  is  u  =  SQ(T~lg)  +  c,  where 
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c  is  an  arbitrary  constant.  There  exists  a  unique  solution  of  the  problem  such  that 


J  u  d Tim  =  0. 


This  solution  satisfies  the  estimate  (6.30)  with  a  constant  C  dependent  on  £2  and  X 
only. 

Proof  T  is  an  isomorphism  on  C0,A(3£2)  by  Proposition  6.10.3.  According  to 
Proposition  6.10.4,  we  have  SQ(T~lg)  e  C1,A(£2)  and 


\\SQ  (T  1^)llc1>A(^)  —  Ci  ll^llc°’A(a^) 


with  a  constant  C\  dependent  only  on  £2  and  X.  Theorem  6.9.6  gives  that  the 
general  form  of  a  solution  of  the  problem  A u  =  0  in  Q,  du/dn  =  g  on  3  £2  is 
u  =  SQ(T~lg)  +  c,  where  c  is  an  arbitrary  constant.  The  function 


is  a  unique  solution  of  the  problem  such  that  fQ  u  d TLm  =  0.  Clearly,  the 
estimate  (6.30)  holds  with  a  constant  C  dependent  only  on  Q  and  X. 

Theorem  6.10.9  Let  £2  C  R2  be  an  unbounded  domain  with  compact  boundary  of 
class  Cl,a,  and  0  <  X  <  a  <  1.  Denote  X  =  {f  e  C0,A(3£2);  fdQf  &TL\  =  0}  and  by 
T  the  restriction  of  (1/2)1  —  K'Q  ontoX.  Then  T  is  an  isomorphism.  If  g  £  C0,A(3£2), 
then  there  exists  u  £  C2(£2)  nC1,A(£2)  such  that  Xu  =  0  in  £2  and  3 u/ dn  =  g  on  d£2 
if  and  only  if  g  £  X.  The  general  form  of  this  solution  is  u  =  SQT~lg  +  c,  where  c 
is  an  arbitrary  constant.  This  is  a  unique  solution  of  the  problem  such  that  u(x)  —>  c 
as  \x\  oo.  Moreover, 


IMIcu®  —  C  [llg|lc0>A(a^)  +  \c\] 


(6.31) 


with  a  constant  C  dependent  only  on  £2  and  X. 

Proof  T  is  an  isomorphism  on  C0,A(3£2)  by  Proposition  6.10.3.  If  there  exists  a 
solution  u  £  C2(£2)  D  Cl,x(£2)  of  the  problem,  then  g  £  X  and  u  =  SQT~lg  +  c  (see 
Theorem  6.9.7).  Proposition  6.10.5  gives  that  u  £  C1,A(£2)  and  the  estimate  (6.31) 
holds.  The  function  u  =  SQT~lg  +  c  is  a  unique  solution  of  the  problem  Au  =  0 
in  £2,  du/dn  =  g  on  3£2,  and  u(x)  ->  c  as  \x\  —>  oo  (see  Theorem  6.9.7). 

Theorem  6.10.10  Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  Cl,a, 
0  <  X  <  a  <  1,  m  >2,  and  0  <  ft  <  1.  Let  h,  g  e  C0,x( dQ),  h  >  0,  h  ^  0,  and 
f  £  (£2)  n  L°°(£2).  Then  there  exists  a  unique  u  £  C2(£2)  PI  C1,A(£2)  such  that 

—Au  =f  in  £2  and  du/dn  +  hu  =  g  on  d£2.  Moreover, 


II- u lie1-1®  -  c  [Iklle'Wfan)  +  ll/lk°°(n)] 


(6.32) 
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with  a  constant  C  dependent  only  on  Q,  h,  and  X. 

Proof  Define/  =  0  on  Rm  \  £2.  Then  Vf  e  C1,;i(£2)  and 

WvfWc^m  <Ci||/||Loc(n) 

with  a  constant  C\  dependent  only  on  £2  and  X  (see  Proposition  3.15.1).  The¬ 
orem  3.1.5  gives  that  —A Vf  =  f  in  the  sense  of  distributions.  According  to 
Proposition  3.18.1,  we  have  Vf  e  C2(£2).  So,  u  is  a  solution  of  the  problem  if  and 
only  if  v  =  u  —  Vf  is  a  solution  of  the  problem  v  e  C2(£2)PC1,;i(£2),  —  Av  =  0in£2, 
dv/dn  +  hv  =  G  :=  g  —  dVf/dn  —  hVf  on  9 £2.  Lemma  1.16.8  forces  G  e  C0,A(£2) 


and 


\\G\\ c°4(a^)  5  llg|lc°*Han)  +  Ci\\f\\L°°(n)  +  2\\h\\co,\{dQ)Ci\\f\\Loo(Q). 

According  to  Theorems  6.10.6  and  6.10.7,  there  exists  a  unique  solution  v  and 


IMIcU(^)  <  C2\\G\\co,k(dty 


with  a  constant  C2  dependent  only  on  £2,  h,  and  X. 

Theorem  6.10.11  Let  £2  C  Rm  he  a  bounded  domain  with  boundary  of  class  C1,a, 
0  <  X  <  a  <  1,  m  >  2,  and  0  <  ft  <  1.  Let  g  e  C0,;i(9£ 2)  andf  e  (£2)  Pi 
L°°(£2).  Then  there  exists  u  e  C2(£ 2)  PI  C1,A(£2)  such  that  —A u  =  f  in  i 2  and 
du/dn  =  g  on  di 2  if  and  only  if 


(6.33) 


Suppose  that  (6.33)  holds  true.  If  u  and  v  are  two  solutions  of  the  problem , 
u  —  v  is  constant.  If  u  is  the  unique  solution  of  the  problem  such  that  fQ  u  d TLm  =  0, 
then 


IMIcu®  —  ^  [ll^llc°-A(a^)  +  ||/||l~(52)] 


(6.34) 


with  a  constant  C  dependent  only  on  £2  and  X. 

Proof  Let  u  be  a  solution  of  the  problem.  Then  (6.33)  holds  true.  If  v  is  another 
solution  of  the  problem,  then  u  —  v  is  constant.  (See  Theorem  6.9.9.) 

Let  now  (6.33)  holds  true.  Define/  =  0  on  Rm  \  £2.  Then  Vf  e  C1A(£2)  and 


11  vnicu®  ^cni/iiLoo^ 

with  a  constant  C\  dependent  only  on  £2  and  X  (see  Proposition  3.15.1).  The¬ 
orem  3.1.5  gives  that  —A Vf  =  f  in  the  sense  of  distributions.  According  to 
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Proposition  3.18.1,  we  have  Vf  e  C2(£2).  We  have  proved  that 

ff^n  +  f^  Wn-l  =  0. 

Q  d£l 

The  function  u  is  a  solution  of  the  problem  if  and  only  if  v  =  u  —  Vf  is  a  solution  of 
the  problem  v  e  C2(£2)  PI  C1A(£2),  —Av  =  0  in  £2,  dv/dn  =  G  :=  g  —  dVf/dn  on 
9  £2.  Clearly,  G  e  C0’A(£2)  and 

\\G\\ c<u(a^)  5  llgllc^ao)  +  ci\\f\\iP°(n)- 


Since 


j  G  dTLm- 1  = 

\t>+ff } 

— 

+ 

^1  2? 

5  1^  ( 

a^ 

_a^  n  _ 

a^ 

Theorem  6.10.8  gives  that  there  exists  a  unique  v  e  C2(£2)  fl  C1,A(£2)  such  that 
—Av  =  0  in  £2,  dv/dn  =  G,  and  fQ  v  dTLm  =  0.  Moreover, 

IMIcu®  —  C2||G||co,A(an) 

with  a  constant  C2  dependent  only  on  £2,  h,  and  A.  Define 
u  =  v  +  yf  —  £(v  +  Vf)  dTLm. 

Q 

Clearly,  u  e  C2(fl)  fl  C1,A(£2),  —  A u  =  f  in  £2,  du/dn  =  g  on  9£2,  fQ  u  dTLm  =  0, 
and  the  estimate  (6.34)  holds. 


6.11  Holder  Continuous  Derivatives  of  Solutions 
of  the  Dirichlet  Problem 

In  this  section,  we  prove  the  existence  of  a  solution  u  e  C1,A(£2)  of  the  Dirichlet 
problem  with  the  boundary  condition/  e  C1,A(9£2)  provided  £2  is  a  domain  with 
compact  boundary  of  class  Cl,a  with  0  <  A  <  a  <  1. 

Proposition  6.11.1  Let  £2  C  Rm  be  an  open  set  with  compact  boundary  of  class 
C1,a  and  0  <  A  <  a  <  1.  Let  f  e  C1,A(9£2).  Define  Uf  =  VQf  in  £2  and  Uf  = 
1/  +  Kofi  on  9£2.  Then  Uf  e  C1,A(£2)  and 


WUf\\cl’X(Q)  —  C\\f\\cl’x(d£l) 


(6.35) 
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with  a  constant  C  dependent  only  on  £2  and  X.  The  hypersingular  operator  H^f  = 
dVQf/dnQ  =  duf /  dnQ  is  a  bounded  linear  operator  from  C1,;i(3£2)  to  C0,;i(3£2). 

Proof  Uf  G  C°(£2)  by  Proposition  6.6.3  and 

HWcm  <  cl|l/llc(3£2) 

where  c\  depends  only  on  Q.  Lemma  5.5.1  gives 


djVQf=Y/dkSQ(drjJ), 

k=\ 

where  dZjk  =  nfdk  —  nfdj.  Since  3 ZjJ  G  C0,;i(3£2),  Proposition  6.10.5  gives  that 
Uf  G  C1,A(£2)  and  (6.35)  holds.  Since 


\\HQf\\co  ■A(a«)  —  ^\\nQ  Wc0’X(dQ)\\^uf\\c°’X(dQ) 


by  Lemma  1. 16.8,  the  hypersingular  operator  Hn  is  a  bounded  linear  operator  from 

C1*a(3£2)  toC°’A(3^). 

Proposition  6.11.2  Let  £2  C  Rm  be  an  open  set  with  compact  boundary  of  class 
C1,a  and  0  <  X  <  a  <  1.  Then  Kq  is  a  compact  linear  operator  on  C1,;i(3£2). 

Proof  The  operator  Kq  is  a  bounded  linear  operator  on  C1,a(3£2)  by  Proposi¬ 
tion  6.11.1.  Proposition  6.6.4  gives  that  Kq  is  a  compact  operator  on  C0,A(3£2). 
Denote  dZjk  =  n^d k  —  n^dj 


Tjkfiz) 


■ / 


(yj  -  zj)(nf(y)  -  nf(z)) 
Hm-i(dB( 0;  l))|z  —  y\” 


■ f(y )  d  % 


m—  1  • 


According  to  Lemma  5.14.5 


3 rJtKf(z)  =  -  TydrJiz)]  +  KadXjkf(Z). 

i=  1 

/  ^  3 tkf  is  a  bounded  linear  operator  from  Cl,x(dQ)  to  C0,;i(3£2).  The  operator 
Kq  is  a  compact  linear  operator  on  C0,;i(3£2).  So,  it  is  enough  to  prove  that  Tjk  is  a 
compact  linear  operator  on  C0,;i(3£2)  (see  Theorem  1.7.4). 

There  exists  a  constant  C\  such  that  \nQ(x)  —  nQ(y)\  <  C\\x  —  y|a  for  all 
x,y  G  3£2  (see  Lemma  1.17.8).  So,  Tjk  is  a  bounded  linear  operator  on  C°(3£2)  by 
Proposition  1.26.3.  According  to  Corollary  1.17.6,  there  exists  a  constant  C2  such 
that  TLm-\(B(x ;  r)  Pi  3£2)  <  C2rm~1  for  all  x  G  Rm  and  r  >  0.  Clearly,  there  exists  a 
constant  C3  such  that  (. xj—yj )  \x—y\~m  =  C3djhm(x—y).  According  to  Lemma  2.9.7, 
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there  exists  a  constant  C\  such  that  | (xj  —  yj)\x  —  y\  m  —  (z.j  —  yj)\z  —  y\  m\  < 
C4\x  -  z\\z  -  y\~m  for  \z-y\  >  2\x  —  z\. 

Suppose  that  |/|  <  1.  Fix  x,  z  G  9  £2.  According  to  Lemma  1.26.1 


\Tjkf(x)-Tjkf(y)\<  f 

B(z;2\x-z\)ndQ 


(yj-z/)  («*(?)-»*  (4) 

0;  l))|z- y\m ' 


dW-m-i 


+  1 

B(z’,2\x— z|)n9£2 


(yj  ~  Xj)(nf(y)  -  nf(x)) 
Um-i{dB{Q-\))\x-y\m' 


AUm-\(y) 


+  f 

9£2\2?(z;2|*— z|) 


(yj-Xj)(nf(z)  -nf(x)) 
Hm_i(9B(0;  1))|jc  —  y\m' 


d'Hm-i(y) 


+ 


f 

tv1 

1 

£7 

1 

f(y)(nf(y)-nf(z)) 

f 

\x-y\m  \z-y\m 

Hm_i(95(0;l)) 

< 


9£2\2?(z;2|x— z|) 

CiC2(m  —  1) 
aHn-ddBQ;  1)) 

+Ci  |x  —  z\ 


d'Hm-l(y) 


(2|x-z|)“ 


/ 


Ci|y-x 


1+a— m 


fi(x;3|jc-z|)na^ 


Hm-i(9S(0;  1)) 


dftm-lO) 


/ 


ly-* 


1  — m 


3^\5(x;|x— z|) 


^m_!(a^(0;  1)) 


d^m-i(y) 


+  / 

3^\fi(z;2|x— z|) 


C4|z-x|Ci|z-y| 

|z  —  (95(0;  1))  m_1 


CtCzCw-l) 

-  aHm-i(9B(0;l)) 


z|°  +  Ci  |x  —  zp 


/ 


|  J-X 


1  — m+Q'— A 


3^\5(x;|x— z|) 


(95(0;  1)) 


CiC2C4|z-x|m  _  -i  ^  5C1C2m(diam 9Q)a  1  2 

+  'Hm_1(9B(0;l))(l-a)UX  Z|'  “  a^m_!(95(0;  1))  Z| 

Ci  C2m(diam  9£2)“_A  A  CiC2C4m(diam9£2)“-A  k 

+  (a-A)^m_i(9fi(0;  1)) ,X_Z|  +  74,-1  (95(0;  1))(1  -  a)  |X_Z|  ' 

Hence,  7}*  is  a  bounded  linear  operator  from  C°(9£2)  to  C0,;i(9£2).  So,  Tjk  is  a 
compact  operator  on  C0  A(9Q)  by  Proposition  1.16.5  and  Theorem  1.7.4. 
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Theorem  6.11.3  Let  0  <  X  <  ot,  0  <  y  <  1,  and  £2  C  Rm  be  a  bounded  domain 
with  boundary  of  class  C1,01.  If  g  e  Cx,x(d£2),  andf  e  C°lol  (V2)  PI  L°°(£2),  then  there 
exists  a  unique  classical  solution  u  e  Cl,x(£2)  of  the  Dirichlet  problem  —  A  u  =  f  in 
£2,  u  =  g  on  d£2.  Moreover, 

IMIc'.^q)  -  C[||^||cU(aQ)  +  ||/||z°°(n)] 

where  C  depends  only  on  £2,  X,  and  p. 

Proof  According  to  Theorem  6.4.2,  there  exists  a  unique  classical  solution  of  the 
problem.  Define/  =  0  on  Rm  \  £2.  Then  there  exists  a  constant  C\  depending  only 
on  £2  and  X  such  that 


\\vf\y^<ci\\f\\LooiQ) 

(see  Proposition  3.15.1).  Denote  v  =  u  +  Vf.  Then  v  is  a  classical  solution  of  the 
problem  Av  =  0  in  £2,  v  =  g  +  Vf  on  3 £2  by  Theorems  3.1.5  and  3.14.2. 

Suppose  first  that  m  >  2.  Then  v  =  +  Sn\/r,  where  \[r  =  (|/  +  Kq  + 

SQ)~l(g  +  Vf)  in  L2(dQ)  (see  Theorem  5.15.2).  The  operator  +  Kq  +  SQ  is 
a  Fredholm  operator  with  index  0  on  C1,A(£2)  by  Propositions  6.11.2,  6.10.4,  and 
1.16.5  and  Theorems  1.7.4  and  1.8.3.  So,  it  is  an  isomorphism  on  C1,A(3£2)  by 
Lemma  1.8.4.  Thus,  f  e  C1A(3£2),  and 

\\xl/\\cl’X(dQ)  —  ^2 1 1  g  +  Vf\\cl’X(dQ)  (6.36) 

where  C2  depends  only  on  £2  and  X. 

Let  now  m  —  2.  Then  v  =  VQ(I  —  P)f  +  SQ(I  —  P)\/r  +  P\f,  where 
Pf  =  V  dPLm-i  and  f  =  [(±7  +  Kq  +  SQ)(I  -  P)  +  P]"1**  +  V/)  in 

L2(3£2)  (see  Theorem  5.15.3).  The  operator  (^7  +  +  5n)(7  —  P)  +  P  is  a 

Fredholm  operator  with  index  0  on  C1,A(£2)  by  Propositions  6.11.2,  6.10.4,  and 
1.16.5  and  Theorems  1.7.4  and  1.8.3.  So,  it  is  an  isomorphism  on  C1,A(3£2)  by 
Lemma  1.8.4.  Thus,  \fr  e  C1,x( dQ),  and  (6.36)  holds  with  C2  depending  only  on 
£2  and  X. 

Propositions  6.11.1  and  6.10.4  give  that  v  e  C1,A(£2)  and 

IMI  Cl’X(Q)  -  ^3  ||  g  +  Vf\\cl’X(dQ) 

where  C3  depends  only  on  £2  and  X.  Thus 

IMIcu®  -  Ci\\g\\cl’x(dn)  +  (1  +  C3)Ci\\f\\Loo(Q). 

Theorem  6.11.4  Let  0  <  X  <  a  <  1  and  £2  C  Rm  be  an  unbounded  domain  with 
compact  boundary  of  class  Cl,a  and  m  >  2.  If  g  e  C1,x( d£2),  then  there  exists  a 
unique  solution  u  e  C1,A(^)  fl  C2(Q)  of  the  Dirichlet  problem  A  u  =  0  in  Q,  u  =  g 


6.12  Regularity  of  the  Green  Function 


429 


on  dQ  such  that  u(x)  ^  0  as  \x\  ^  oo.  Moreover, 

IMIcW(S2)  <  C||g||c  hA(an)  (6.37) 

where  C  depends  only  on  £2  and  A. 

Proof  According  to  Theorem  6.5.1,  there  exists  a  unique  classical  solution  u  of  the 
problem.  We  have  u  =  +  Sn\/r,  where  x/r  =  (\l  +  Kq  +  <S^)_1g  in  L2(9£2) 

(see  Theorem  5.15.4).  The  operator  ^I+Kq  +  <S^  is  a  Fredholm  operator  with  index 
0  on  C1,A(9£2)  by  Propositions  6.11.2,  6.10.4,  and  1.16.5  and  Theorems  1.7.4  and 
1.8.3.  So,  it  is  an  isomorphism  on  C1,A(9£2)  by  Lemma  1.8.4.  Thus,  \j/  e  C1,A(9£2) 
and 


my  ^(dn)  <C!k||C 

where  C\  depends  only  on  £2  and  A.  Propositions  6.11.1  and  6.10.5  give  (6.37). 

Theorem  6.11.5  Let  0  <  A  <  a  <  1  and  £2  C  R2  be  an  unbounded  domain  with 
compact  boundary  of  class  C1,a.  If  g  e  Cl,x(d£2),  then  there  exists  a  unique  solution 
u  e  Cl,x(£2)  of  the  Dirichlet  problem  A  u  =  0  in  £2,  u  =  g  on  9£2.  Moreover,  (6.37) 
holds  with  C  depending  only  on  £2  and  A. 

Proof  According  to  Theorem  6.5.1,  there  exists  a  unique  bounded  classical  solution 
of  the  problem.  We  have  u  =  VQ(I  —  P)xjr  +  SQ(I  —  P)xfr  +  P\/r  where  Pep  = 
$)a<p  dHu  T  =  [\l  +  Kq  +  <Sfi]  (/  -  P)  +  P,  and  f  =  T~lg  in  L2(9£2) 
(see  Theorem  5.15.3).  The  operator  T  is  a  Fredholm  operator  with  index  0  on 
C1,A(9£2)  by  Propositions  6.11.2,  6.10.4,  and  1.16.5  and  Theorems  1.7.4  and  1.8.3. 
So,  it  is  an  isomorphism  on  C1,A(9£2)  by  Lemma  1.8.4.  Thus,  \j/  e  C1,a(9£2) 
and 


IMci.  «(a«)  -  Cill^llc^can) 

where  C\  depends  only  on  £2  and  /3 .  Propositions  6.11.1  and  6.10.5  give  (6.37). 
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Proposition  6.12.1  Let  £2  C  Rm  be  an  open  set  with  nonempty  compact  Lipschitz 
boundary.  Let  G^(x,y)  =  hm(x  —  y)  —  g^(v,y)  be  the  Green  function  of  Q.  For 
y  e  £2  and  x  e  d£2,  put  g^(v,y)  =  hm(x  —  y).  Then  gQ  e  C°(£2  x  £2).  If 
£2  has  boundary  of  class  Cl,a,  0  <  A  <  a  <  1,  and  y  e  £2,  then  g^(-,y)  £ 
C]’X(Q). 

Proof  Since  gQ  e  H(£2  x  £2)  by  Proposition  3.9.12,  we  have  £  C2(i 2  x  £2). 
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Fix  y  e  £2.  Denote /J; (x)  =  hm(x—y).  Suppose  first  that  £2  is  bounded.  According 
to  Theorem  6.4.2,  there  exists  a  unique  classical  solution  uy  of  the  Dirichlet  problem 
A uy  =  0  in  £2,  uy  =  fy  on  9 £2.  Lemma  3.9.9  gives  that  gft(x,y)  =  uy{x).  Let  now 
£2  be  unbounded  and  m  =  2.  According  to  Theorem  6.5.1,  there  exists  a  unique 
bounded  classical  solution  uy  of  the  Dirichlet  problem  A uy  =  0  in  £2,  uy  =  fy 
on  3 £2.  Lemma  3.9.9  gives  that  g^(.x,y)  =  uy(x).  Let  now  £2  be  unbounded  and 
m  >  2.  According  to  Theorem  6.5. 1,  there  exists  a  unique  classical  solution  uy  of  the 
Dirichlet  problem  A uy  =  0  in  £2,  uy  =  fy  on  d  £2  such  that  uy(x )  -»  0  as  \x\  oo. 
One  has  uy(x )  =  0( \x\2~m)  as  \x\  oo  by  Proposition  2.17.3.  Lemma  3.9.9  gives 
thatgnfoy)  =  uy{x). 

According  to  Theorems  6.4.2  and  6.5.1 

IgaO,)')  -  gn(*,z)|  =  I Uy{x)  -  uz(x) I  <  II  fy -fz ||Loo(9n)  (6.38) 

for y, z  G  £2  and x  e  £2. 

Let  now  v  G  9£2,  xn  e  £2,  yn  e  £2,  and  [xn,yn]  —>  [x, y] .  We  show  that 
ga(xn,yn)  ->  gto(x,y).  According  to  (6.38) 

I ga(x,y)  -  ga(xn,yn)\  <  \ga(x,y)  -  ga(xn,y)\  +  \gn{xn,y)  -  gn(xn,yn)\ 

<  \gn(x,y)  - gn(xn,y) I  +  \\hm(-  - y)  -  h,„(-  - yn)\\Loo(an)  ->  0. 

If  £2  has  boundary  of  class  C1"  andO  <  X  <  a  <  1,  then  gn  (•,)’)  =  uy  e  C1,A(f2) 
by  Theorems  6.11.3,  6.11.4,  and  6.11.5. 


6.13  Representation  of  a  Solution  of  the  First  Problem 

Proposition  6.13.1  Suppose  that  £2  C  Rm  is  a  bounded  domain  with  boundary  of 
class  Cl,a,  m  >  2  and  0  <  a  <  1.  Let  Gq  be  the  Green  function  of  £2.  Let  u  be  a 
classical  solution  of  the  Dirichlet  problem 

—A  u=f  in  £2,  u  =  g  ond£2. 

Iff  G  Lp(£2)  with  p  >  m/2,  then 

u(x)  =  Gcif(x)  -  J  g— <mm-i ,  xeQ. 

3Q 

Proof  Gnf  G  C°(£2)  with  Gof  =  0  on  (see  Theorems  3.13.3,  4.6.3,  4.5.7,  and 
4.5.8).  Since  —A Gof  =  f  in  the  sense  of  distribution  (see  Theorem  3.11.5),  the 
function  v  =  u  —  Gof  is  harmonic  in  £2  by  Corollary  2.18.3.  Since  v  is  a  classical 
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solution  of  the  Dirichlet  problem  Av  =  0  in  =  g  on  3£2,  Theorem  5.16.2  gives 
v(x)  =  -  J  -  dHm-i ,  X  e  £1 . 

3Q 


6.14  Green  Function  for  the  Third  Problem 

In  this  section,  we  define  the  Green  function  for  the  third  problem.  The  Green 
function  for  the  third  problem  has  the  same  properties  like  the  Green  function  (i.e., 
the  Green  function  for  the  Dirichlet  problem).  Using  the  Green  function  for  the  third 
problem,  we  get  a  similar  integral  representation  formula  for  solutions  of  the  third 
problem  for  the  Poisson  equation  like  for  solutions  of  the  Dirichlet  problem  using 
the  Green  function. 

Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  Cl,a ,  m  >  2,  0  < 
a  <  1,  c(x)  e  C°(9£2),  c  >  0,  and  c  ^  0.  For  a  fixed  x  e  Q,  there  exists  a  unique 
classical  solution  g^(-,  x)  of  the  problem 


ac/  \  n.  o  ,  c  dhm(;-x) 

(-,*)  =  0m£2,  — — - ^cgQ  =  - — - b  chm(--x)  ondQ 

(see  Theorems  6.9.4  and  6.9.5).  If  c  e  C0,A(3£2)  with  0  <  A  <  a,  then  gcQ  e  Cl,x(Q) 
by  Theorems  6.10.6  and  6.10.7.  Denote 

R'h(y^)  =  hm(x-y)  -  gcn(y,x) 

the  Green  function  for  the  third  problem 

du 

—A u  =  f  in  Q ,  - — b  cu  =  h  on  3£2 . 

3  n 

According  to  Theorem  3.1.5 

dRc  (•  x) 

— ARcq(-,x)  =  8X  in  £2,  — Q  J  +  cRcQ  =  0  on  3£2. 

on 

Proposition  6.14.1  Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  Cl,a, 
c(x)  e  C°’A(3£2),  c>0,  c^O,  0<A<1  and  0  <  a  <  1.  Then  7?^(x,y)  = 
Rcq  ( y ,  x)  for  each  x,  y  e  Q. 

Proof  Let  x,y  e  Q,  x  ^  y.  Put  u(z )  =  Rcn(z,x)  and  v(z)  =  RcQ(z,y).  For 
r  >  0,  denote  £2(r)  =  Q  \  [B(x;  r)  U  B(y;r)].  Since  u  e  H(Q  \  {x})  and 
v  e  H(Q  \  {y}),  we  obtain  by  Corollary  2.2.2  and  theorem  on  three  potentials 
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(Theorem  2.2.4) 


0  = 


lim 

•—►O-i- 


/[• 


dv 


3  u 


—  v- 


dn^  3  72^  (r) 


dn(r) 


dT-Lm-i 


dHm-\ 


dTLm-\  +  lim 

r— ►0_|_ 


!  / 

3  B{x',r) 


dv 

U  dnBix'r) 


dUm-\ 


f  r  3m 

+  J  [Vd^ 

SB(y;r) 


dv  II 

M  3n«(y;'-)  _  | 


lim  [-VB(x;r)v(x)-SB{x;r)— (x) 
r-*o+  dn 


r)v 

+VB^v(y)  +  SB^r)  —  (y) 
on 


-v(x)  +  u(y)  =  Rcn(y,x)-Rcn(x,y). 


Proposition  6.14.2  Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  Cl,a, 
c(x)  G  C0,;i(3£2),  c>0,  c^O,  0<A<1  and  0  <  a  <  1.  Then  gcQ  e  H(Q  x  £2). 

Proof  The  function  gcQ  is  locally  bounded  in  £2  x  £2  by  Theorem  6.9.8.  Since 
gcQ (•,  v)  =  gcQ(x,  •)  G  H(£ 2)  (see  Proposition  6.14.1),  Theorem  2.7.1  gives  that 
gcQ  G  H(i 2  x  £2). 

Proposition  6.14.3  Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  Cl,a, 
c(x)  G  C°’A(3£2),  c>0,  c^O,  0<A<1  and  0  <  a  <  1.  Then  R ^  >  0. 

Proof  Fix  x  G  £2.  Denote  v(y)  =  RcQ(y,x )  and  v~(y)  =  min(t;,0).  Since 
Rcq  (y,  v)  —>  oo  as  y  —>  x,  there  exists  0  <  r  <  dist(x,  3£2)  such  that  v~  =  0 
on  B(x;  r).  Denote  co  =  Q  \  B(x;  r).  We  have  v~  G  Wl,2(co)  by  Theorem  1.21.5, 
and  Vv~(x)  =  Vv(x)  for  v(x)  <  0,  and  Wv~(x)  =  0  elsewhere.  According  to 
Lemma  1.21.3,  there  exists  a  sequence  (pk  G  C^°(Rm)  such  that  cpk  —>  v~  in  Wl2(co). 
Theorem  1.24.1  gives  cpk  —>  v~  in  L2( dco).  By  virtue  of  Lemma  5.8.1 

f  _  dv  f  dv  f 

/  v  —  (Mm-i  =  lim  /  <pk—  dHm-i  =  lim  /  V<pk  •  Vu  dUm 

J  on  k^oo  J  dn  k—>oo  J 

dco  dco  £2 

=  J  Vv~-Vvd  nm  =  J \vv~\2dnm. 

n  n 


Define  h  =  0  on  dco  \  3£2.  Since  dv/dn  +  hv  =  0  on  3£2,  and  v  =  0  on  dco  \  3£2, 
we  have 


0  = 


—  -j-  hv 
dn 


dTLm—\ 


/> 


virpd  nm  + 


Q 


dn 


dTLm-\  ■ 
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Thus,  Vu  =  0  in  co.  So,  v  is  constant  (compare  Lemma  1.20.1).  Since  v  =  0 
on  3 B(x\  r),  we  infer  that  v~  =  0.  Thus,  RCQ (y,  x)  >  0. 

Theorem  6.14.4  Let  Q  C  Rm  be  a  bounded  domain  with  boundary  of  class  Cl,a, 
m  >  2,  c(x )  G  C0,;i(3£2),  c>0,  c^O,  0<A<1  and  0  <  a  <  1.  Let 
u  G  C2(£2)  fl  C1^)  be  a  classical  solution  of  the  problems  —A u  =  f  in  £2  and 
du/dn  +  cu  =  g  on  d£l.  Iff  G  L1^),  then 

u(x)  =  J  R^ix, y)f(y)  Hm(y)  +  J  RcQ(x,y)g(y)  nm- i(y). 

n  dQ 


Proof  Let  £2(&)  be  a  sequence  of  domains  from  Lemma  1.17.13.  Since  g^(-,x)  G 
H(Q)  fl  Cx  (F2 (/:)),  we  have  by  second  Green  formula  (Theorem  2.2.1) 


»-  / 

r)Q(k) 


Cf  x9m 

on 


d  K 


■m—  1 


-  J  8LQ(:x)fdnm 

Q(k) 


If  x  G  £2(&),  then  theorem  on  three  potentials  (Theorem  2.2.4)  gives 


u(x)  =  Sn(k)^t(x)  +  T>n(k)u(x)  +  V(fxa(k))- 


Adding  we  get 


«M=  /  my.^-  /  »^+  /  «Uy.*V- 

dQ(k)  Q(k) 


dtt(k) 


Letting  k  — >  oo,  we  get  by  virtue  of  Lebesgue  lemma  (Lemma  1.13.2) 


-I 


u(x)  =  /  Rcn(y,x) 


r  3 RU-,X)  f 

J  U  3  n  +  J 


My) 

3  n  J  3  n 

dQ 


R'h(y,x)f(y). 


dQ  dQ  n 

Since  dRc^f,x)/dn  +  c/?^(-,x)  =  0  on  3 £2,  we  obtain 

du(y) 


u(x)  =  I  [Rcn(y,x)—^—  +  c(y)u(y)RcQ(y,x)]  +  /  Rcn(y,x)f(y) 


/' 


/ 


=  J  Rn(y,x)g(y)  dHm-i(y)  +  J  Rcn(y,x)f(y)  d Hm(y). 

dQ  Q 


The  symmetry  of  RCQ  (Proposition  6.14.1)  gives  the  proposition. 
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6.15  Neumann  Function 


In  this  section,  we  define  the  Neumann  function,  i.e.,  the  Green  function  for  the 
Neumann  problem.  The  Neumann  function  has  the  same  properties  like  the  Green 
function.  Using  the  Neumann  function,  we  get  a  similar  integral  representation 
formula  for  solutions  of  the  Neumann  problem  for  the  Poisson  equation  like  for 
solutions  of  the  Dirichlet  problem  using  the  Green  function. 

Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  Cl,a,  m  >  2,  and 
0  <  a  <  1.  Fix  x  e  £2.  Choose  0  <  r  <  dist(x,  3£2).  According  to  Corollary  2.2.3 

f  dhm(--x)  Anj  _  f  dhm(--x)  Aaj 
I  dn  dri  m 

3ft  3  (£2\B(x;r)) 


+  / 

3  B(x;r) 


dhmf  %) 

3  n 


d  TLm  —  0  + 


/ 


—m 


3  B(x;r) 


=  -1. 


Therefore,  there  exists  a  unique  classical  solution  g^(-,  x)  of  the  Neumann  problem 


=  0  in  £2 , 


9g^(-’x) 

3  n 


dhm  (•  —  x)  1 

dn  +  Um- 1(3£2) 


on  3£2 , 


such  that 


J  =  J  hm(y  -  x) 

dn  dn 

Moreover,  g^(-,x)  G  C1,A(£2)  for  all  A  G  (O,^).  (See  Theorem  6.10.11.)  Denote 
Nn(y,x)  =  hm(x-y)  -  gNa(y,x) 
so-called  Neumann  function  of  Q.  According  to  Theorem  3.1.5 


—  ANq  (•,  x)  =  8X  in  £2 , 

(6.39) 

dNQ(-,x)  -1 

- - -  =  -  on  dl2 , 

dn  nm- 1(3£2) 

(6.40) 

J  Na(-,x)  mm-\  =0. 

(6.41) 

3ft 


Proposition  6.15.1  Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  C1,01, 
m  >  2,  and  0  <  a  <  1.  Then  Nq  (x,  y )  =  Nq  ( y ,  x)  for  each  x,y  G  £2. 
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Proof  Let  x,y  e  Q  and  x  ^  y.  Put  u(z )  =  Nq(z,x )  and  v(z)  =  Nn(z,y).  For 
r  >  0,  denote  £2(r)  =  £2  \  [B(x;  r)  U  B(y;r)\.  Since  u  G  H(£2  \  {v}),  and  v  G 
H(£2  \  {y}),  we  obtain  by  Corollary  2.2.2,  (6.40),  (6.41),  and  theorem  on  three 
potentials  (Theorem  2.2.4) 


0  =  lim 


X  /  [ 

a^(r) 

T+i  /  [" 


dv  du 

UM~VM 


dHm-i  =  V  dUm-i  -  (j)  u  d'Hm- 


■m—  1 


3  U 


dv 


—  U- 


dnB(x;r)  dnB(x;r) 


do, 


dPLm-l  + 


a^ 


dB(x;r ) 


/  [’ 


du 


dnB(y'^ 


mr,r) 


r)  1 ) 

+VB^v(y)  +  SB(y’r)^(y) 
on 


-v(x)  +  u(y)  =  Nn(y,x)-Nn(x,y). 


Proposition  6.15.2  Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  C1,a 
and  0  <  ot  <  1.  Then  g ^  G  H(Q  x  £2). 

Proof  Fix  A  G  (0,a).  Define  a  continuous  mapping  T  =  ]T\,  T2\  :  H(Q)  PI 
C^(Q)^C°’X(dQ)xRl  by 


Ti 


dn 


T  is  one-to-one  and  onto  by  Theorem  6.10.8.  So,  T  is  an  isomorphism  by 
Theorem  1.6.3.  This  forces  that  the  function  is  locally  bounded  in  Q  x  Q.  Since 
g^(-,v)  =  g^(x,  •)  G  H(Q)  (see  Proposition  6.15.1),  Theorem  2.7.1  gives  that 
g»  e  H(Q  x  £2). 

Theorem  6.15.3  Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  Cl,a, 
m  >  2,  and  0  <  a  <  1.  Let  u  G  C2(£2)  fl  C!(£2)  be  a  classical  solution  of  the 
problem  —  A u  =f  in  £2,  du/dn  =  g  on  dQ.  Iff  G  Ll(fT),  then 


u(x)  =  J 


7' 


Nn(x,y)f(y)  Hm(y)  +  /  NQ(x,y)g(y)  Um-i(y) 


7 

a^ 


u  dTLm-\ . 


Proof  Let  Q (k)  be  a  sequence  of  domains  from  Lemma  1.17.13.  Since  g^(-,x)  G 
H(Q)  fl  Cl(Q(k)),  we  have  by  second  Green  formula  (Theorem  2.2.1) 


a^(£) 


dUm-l 


~  J  gNo.(-,x)f  dUm 

Q(k) 
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If  x  e  £2(k),  then  theorem  on  three  potentials  (Theorem  2.2.4)  gives 
u(x)  =  V{fxa(k))  +  SQ(k)^(x)  +  Va(k)u(x). 

Adding  we  get 

u(x)  =  J  Nn(-,x)f+  J  |A (•, *) ^  -  u  ’  —  • 

Q(k)  natk) 

Letting  k  — >  oo,  we  get  by  virtue  of  Lebesgue  lemma  (Lemma  1.13.2) 

"W  =  f  Nziy.xV  +  f  NaMg(y)  +  J 

Q  dQ  dQ 

The  symmetry  of  Nq  gives  the  proposition  (see  Proposition  6.15.1). 


6.16  Classical  Solutions  of  the  Transmission  Problem 

In  this  section,  we  prove  the  existence  of  a  solution  u±  e  C1,A(£2±)  of  the 
transmission  problem  for  transmission  conditions  from  C1,A(3^+)  xC0,;i(3£2+)  and 
an  interface  of  class  Cl,a  with  0  <  A  <  a  <  1. 

Let  £2+  C  Rm  be  a  bounded  open  set  with  boundary  of  class  Cl,a  with  0  <  A  < 
a  <  1,  m  >  2,  and  £2-  =  Rm  \  £2+.  Let  h  e  C°’A(3£2+)  and  a±,  b±  be  positive 
constants.  We  shall  study  classical  solutions  of  the  transmission  problem 


A  u±  =  0 

in  Q±, 

(6.42) 

du+ 

3 u ~ 

a+u+ —  a-U- =  g  on  3£2,  b+— — ■ 

on 

-  b-  — - \- hu+ =  f  on  3  £2 

on 

(6.43) 

We  suppose  that  g  e  C1,A(3^)  and /  e  C0,;i(3£2). 

Lemma  6.16.1  Let  £2  =  £2+  c  Rm  be  a  bounded  open  set  with  boundary  of 
class  C1,01  and  0  <  a  <  1.  Denote  =  Rm  \  Let  a+,  a~,  b+,  and  b-  be 
positive  constants  and  h  e  C°(3£2+).  If  u±  is  a  bounded  classical  solution  of  the 
transmission  problems  (6.42)-(6.43),  then  u±  is  an  LP  -solution  of  the  transmission 
problems  (6.42)-(6.43)for  every  p  E  (1,  oo). 

Proof  The  function  u±  is  a  classical  solution  of  some  Robin  problem  on  Q±.  So, 
it  is  an  Z^-solution  of  some  Robin  problem  by  Corollary  6.9.3.  Thus,  u±  is  an  Lq- 
solution  of  the  transmission  problems  (6.42)  and  (6.43). 
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Theorem  6.16.2  Let  Q  =  £2+  C  Rm  be  a  bounded  open  set  with  boundary  of 
class  C1,01,  m  >  2,  and  0  <  A  <  a  <  1.  Denote  Q-  =  Rm  \  £2  +  .  Let  a+,  a-, 
b+,  and  b-  be  positive  constants,  h  e  C0,A(3^+),  and  h  >  0.  Then  the  operator 
T  =  [(b+  +  b-) / 2]/—  (Z?+  —  b-)K'Q  +  hSQ  is  an  isomorphism  on  C0,;i(3£2).  Fix  g  e 
C1,a(3£2)  andf  e  C0,;i(3£2).  Ifu±  is  a  bounded  classical  solution  of  the  transmission 
problem  (6.42)-(6.43),  then  there  exists  a  constant  u0 Q  such  that  u-(x )  Uqq  as 

\x\  — >  oo.  On  the  other  hand,  if  Uqq  e  Rl  is  given,  then  there  exists  a  unique 
classical  solution  of  the  transmission  problem  (6.42)-(6.43)  such  that  u-(x)  Uoq 
as  \x\  — >  oo.  Moreover,  u±  e  C1,A(£2±)  and 

\\u±\\c'’Hn±)  -  ^(ll^llc^can)  +  Wf\\c°^(dQ)  +  lM<x>l)  (6.44) 

where  C  depends  only  on  £2,  a±,  b±,  h,  and  X.  If  a+  =  a-  =  l,  then  u±  = 
Vag  +  SnT~lF  +  Moo  Where  F  =f  —  (b+  —  b-)Hag  -  h(\g  +  Kag  +  Moo). 

Proof  The  operators  K'n,  hSn  are  compact  linear  operators  on  C0,A(3£2)  by  Corol- 
lary  6.10.2,  Proposition  6.7.1,  and  Theorem  1.7.4.  Thus,  T  is  a  Fredholm  operator 
with  index  0  on  C0,;i(3£2)  (see  Theorem  1.8.3).  The  operator  T  is  an  isomorphism  on 
L2(3£2)  by  Propositions  5.12.2  and  5.12.4.  Thus,  T  is  an  isomorphism  on  C0,;i(3£2) 
by  Lemma  1.8.4. 

Let  now  u±  be  a  bounded  classical  solution  of  the  transmission  problem  (6.42)- 

(6.43) .  According  to  Proposition  2.17.1,  there  exists  a  constant  Uqq  such  that 
u-(x)  — >  Uoq  as  \x\  — >  oo.  Lemma  6.16.1  gives  that  u±  is  an  L2-solution  of  the 
transmission  problem  (6.42)-(6.43).  According  to  Propositions  5.12.2  and  5.12.4, 
there  exists  at  most  one  classical  solution  u±  of  the  transmission  problem  (6.42)- 

(6.43)  such  that  u-(x)  ->  Uqq  as  \x\  —>  oo. 

Let  now  a+  =  a-  =  1.  If  u±  =  VQg  +  SQT~lF  +  u0 0,  then  u±  e  C1,A(^±) 
is  a  solution  of  the  transmission  problem  (6.42)-(6.43)  such  that  u-(x )  ->  Uoo  as 
\x\  — >  oo,  and  the  estimate  (6.44)  holds.  (See  Propositions  6.11.1,  6.10.4,  6.10.5, 
and  6.7.2.) 

Let  now  <z+,  a-  be  arbitrary.  Then  u±  is  a  solution  of  the  transmission 
problem  (6.42)-(6.43)  if  and  only  if  v±  =  a±u±  is  a  solution  of  the  transmission 
problem 


Av±  =  0  in  Q±, 


v+  —  V-  =  g  on  ()Q , 


b+  dv+ 
a+  3  n 


b-  dv-  h 

- - - 1 - u+  —  f  on  3£2. 

a-  on  a+ 


Theorem  6.16.3  Let  £2  =  £2+  C  R2  be  a  bounded  open  set  with  boundary  of 
class  Cl,a  and  0  <  X  <  a  <  1.  Denote  £2-  =  Rm  \  £2+.  Let  a+,  a-,  b+,  and  b- 
be  positive  constants  and  h  =  0.  Denote  X  =  {v  e  C0,A(3£2);  fdQ  v  6FL\  =  0}. 
Then  the  operator  T  =  [(&+  +  b~)/2]I  —  (Z?+  —  b-)K'Q  is  an  isomorphism  on 
X.  Fix  g  e  C1,a(3£2)  and  f  e  C0,A(3£2).  Then  there  exists  a  bounded  classical 
solution  of  the  transmission  problem  (6.42)-(6.43)  if  and  only  iff  e  X.  If  u±  is 
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a  bounded  classical  solution  of  the  transmission  problem  (6.42)-(6.43),  then  there 
exists  a  constant  Uoo  such  that  u-(x )  ->  w^  as  \x\  ->  oo.  On  the  other  hand,  if 
^oo  c  Rl  is  given  and  f  £  X,  then  there  exists  a  unique  classical  solution  of  the 
transmission  problem  (6.42)-(6.43)  such  that  u-(x)  ->  Uoo  as  \x\  ->  oo.  Moreover, 
u±  £  C1,a(£2±),  and  the  estimate  (6.44)  holds.  If  a+  =  a-  =  1,  then  u±  = 
V^g  +  SnT~lF  +  Woo  where  F  =f  —  (Z?+  —  b-)HQg. 

Proof  The  operators  K'Q,  hSQ  are  compact  linear  operators  on  C0,A(3£2)  by 
Corollary  6.10.2,  Proposition  6.7.1,  and  Theorem  1.7.4.  Thus,  T  is  a  Fredholm 
operator  with  index  0  on  X  (see  Theorem  1.8.3  and  Lemmas  5.9.6  and  1.8.7).  The 
operator  T  is  an  isomorphism  on  {v  £  L2( 3£2);  fdQ  v  =  0}  by  Proposition  5.12.3. 
Thus,  T  is  an  isomorphism  on  X  by  Lemma  1.8.4. 

Let  now  w±  be  a  bounded  classical  solution  of  the  transmission  problem  (6.42)- 
(6.43).  According  to  Proposition  2.17.1,  there  exists  a  constant  Wqo  such  that 
u-(x)  —>  Uoo  as  \x\  -»  oo.  Lemma  6.16.1  gives  that  w±  is  an  L2-solution  of 
the  transmission  problem  (6.42)-(6.43).  According  to  Proposition  5.12.3,  we  have 
g  £  X,  and  there  exists  at  most  one  classical  solution  w±  of  the  transmission 
problem  (6.42)-(6.43)  such  that  w_(x)  Uoo  as  \x\  -»  oo. 

Let  now  =  a-  =  1.  If  w±  =  VQg  +  SnT~lF  +  w^,  then  u±  £  C1,A(^±) 
is  a  solution  of  the  transmission  problem  (6.42)-(6.43)  such  that  u-(x)  —>  Uoo  as 
\x\  —>  oo,  and  the  estimate  (6.44)  holds.  (See  Propositions  6.11.1,  6.10.4,  6.10.5, 
and  6.7.2.) 

Let  now  and  a-  be  arbitrary.  Then  w±  is  a  solution  of  the  transmission 
problem  (6.42)-(6.43)  if  and  only  if  v±  =  a±u±  is  a  solution  of  the  transmission 
problem 


Ai?±  —  0  in  Q±, 


Theorem  6.16.4  Let  Q  =  £2+  C  R2  be  a  bounded  open  set  with  boundary  of 
class  Cl,a  and  0  <  X  <  a  <  1.  Denote  =  R2  \  £2+.  Let  a+,  a-,  b+,  and  b- 
be  positive  constants,  h  £  C0,;i(3£2+),  h  >  0,  and  h  ^  0.  Denote  T(p  =  (Z?+  + 
b-) (<p  —  $(p)/ 2  —  (Z?+  —  b-)K'Q  (cp  —  cp)  +  h[SQ  (cp  —  $  cp)  +  <^>  (p\.  Then  T  is  an 
isomorphism  on  C0,;i(3£2).  Fix  g  £  C1,;i(3£2)  andf  £  C0,;i(3£2).  Then  there  exists 
a  unique  bounded  classical  solution  u±  of  the  transmission  problem  (6.42)-(6.43). 
Moreover,  u±  £  C1,A(£2±)  and 


WU±W CU(oJ)  5  C(\\g\\cl’X(dQ)  +  Wf\\c°^(dQ)) 


(6.45) 


where  C  depends  only  on  £2,  a±,  b±,  h,  and  X.  Ifa+  =  a-  =  1,  then  w±  =  VQg  + 
5s  (T~lF-  T~lF)  +  &a  T~lF  where  F=f~(b+-  b-)Hag  -h(\g  +  Kag). 
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Proof  The  operators  K'Q  and  hSQ  are  compact  linear  operators  on  C0,A(3£2)  by 
Corollary  6.10.2,  Proposition  6.7.1,  and  Theorem  1.7.4.  Thus,  T  is  a  Fredholm 
operator  with  index  0  on  C0,A(3£2)  (see  Theorem  1.8.3).  The  operator  T  is  an 
isomorphism  on  L2(3£2)  by  Proposition  5.12.5.  Thus,  T  is  an  isomorphism  on 
C0,a(3£2)  by  Lemma  1.8.4. 

Let  now  u±  be  a  bounded  classical  solution  of  the  transmission  problem  (6.42)- 
(6.43).  Lemma  6.16.1  gives  that  u±  is  an  L2-solution  of  the  transmission  prob¬ 
lem  (6.42)-(6.43).  According  to  Proposition  5.12.5,  there  exists  at  most  one 
classical  solution  u±  of  the  transmission  problem  (6.42)-(6.43). 

Let  now  a+  =  a-  =  1.  If  u±  =  VQg  +  S^iT^F  -  T~lF)  +  T~lF, 
then  u±  e  Cl,x(Q±)  is  a  solution  of  the  transmission  problem  (6.42)-(6.43),  and 
the  estimate  (6.45)  holds.  (See  Propositions  6.11.1,  6.10.4,  6.10.5,  and  6.7.2.) 

Let  now  <z+,  a-  be  arbitrary.  Then  u±  is  a  solution  of  the  transmission 
problem  (6.42)-(6.43)  if  and  only  if  v±  =  a±u±  is  a  solution  of  the  transmission 
problem 


Av±  =  0  in  Q±, 


v+  —  V-  =  g  on  ()Q , 


b+  dv+ 
a+  3  n 


b-  dv-  h 

- - - | - u+  =  f  on  3  £2 . 

a-  on  a+ 


6.17  Classical  Solutions  of  the  Transmission  Problem 
for  Several  Domains 


In  this  section,  we  find  a  necessary  and  sufficient  condition  for  the  existence  of  a 
solution  Uj  e  Cl,x(£2j)  of  the  transmission  problem,  where  the  Euclidean  space  is 
divided  into  open  set  Q\, . . . ,  Qk  with  compact  Ljapunov  boundary. 

Let  . . . ,  Qk  be  disjoint  open  sets  with  compact  boundary  such  that  Rm  = 

U  ^2  U  •  •  •  U  Qk,  k>2.  Suppose  that  for  each  component  B  of  3 £2*,  there  exists 
j  e  {1, . . . ,  k}  and  j  ^  /,  such  that  B  C  dQt  PI  3 Qj  and  B  fl  Q[  =  0  for  l  $  { i,j}. 
We  suppose  that  0  <  A  <  a  <  1  and  Qj  have  boundary  of  class  C1,01.  We  denote  by 
n!  the  unit  exterior  normal  of  Qj.  Let  b\ , . . . ,  bk  be  positive  numbers.  For  i  <  j ,  let 
fj  e  C0,x(dQi  fl  3 Qf)  and  gy  e  Cl,x(dQi  n  3 Qf).  We  shall  study  classical  solutions 
of  the  transmission  problem 


Auj  =  0  in  Qj,  (6.46) 

3  Uj  3  Ur 

ui  -  ui  =  gij ’  bi  —  -  bj—  =  fij  on  r,y  :=  3S2,-  n  3^;,  i  <  j.  (6.47) 

Theorem  6.17.1  Letm  >  2  and  £2 1  be  unbounded.  If  Uj  e  C1^  (Qj)  for j  =  1 
and  (u\, ,  Uk)  is  a  solution  of  the  transmission  problem  ( 6.46)-(6.47 ),  then  there 
exists  Uqq  e  Rl  such  that  u\(x)  — >  Uoq  as  \x\  oo.  Let  Uoq  e  Rl  be  given. 
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Then  there  exist  unique  Uj  £  Cx,x(flf),  and  j  =  1 such  that  {u\, ...  ,uif) 
is  a  solution  of  the  transmission  problem  (6.46)-(6.47)  such  that  ufx)  ->  Uqo  as 
\x\  — >  oo.  Moreover, 

\\ui\\cl’x(dQi)  —  C  ^2  (ll^yllc^cry)  +  W/yWc^m))  +  \uoc\  (6.48) 

l<i<j<k 


where  C  does  not  depend  on  [gij,fj\  and  Uqq. 

Proof  Let  Uj  £  C1,A  (Qj)  for  j  =  l, ...  ,k  and  (u\ , . . . ,  uf)  be  a  solution  of  (6.46)  and 
(6.47).  According  to  Theorem  5.26.6,  there  exists  u oo  £  Rl  such  that  u\(x)  — >  u0 0 
as  |jc|  —>  oo. 

According  to  Theorem  5.26.6,  there  is  a  unique  L2-solution  (u\, ... ,  uf)  of  the 
transmission  problem  (6.46)-(6.47)  such  that  ufx)  0  as  \x\  ->  oo.  Let  B  be 
a  component  of  dQt.  Then  there  exists  j  £  {1 and  j  ^  i,  such  that  B  C 
PI  dQj  and  5  PI  £2/  =  0  for  l  $  { z'j}.  We  choose  disjoint  open  sets  coj  and  coj 
such  that  Rm  =  cdj  U  cdj,  B  =  dcoi  =  3 (Oj,  C  cot ,  and  C  coj.  Corollary  5.6.2 
gives  that 


Ui  =  VQiUi  +  5 


dnl 


du 

in  fij,  Uj  =  VQjm  +  S^j  in  Qj. 

dn> 


(6.49) 


Define 


Vi  =  V0Ji  Uj  +  S0Ji  in  (Oj ,  u7-  =  D0J/m;  +  S0Jj  ^  in  a)j , 

3ft*  3  n! 

g  =  Vi—Vj^f  =  bjidvj/dn1)— ^(3^/ 3^).  Choose  an  open  set  a;  such  that#  C  and 
aJH3^/  c  #for/  =  1, . . .  ,&.  Since  Uj—Vj  £  C1,A(£2yn&>),  and  uj—  Vj  £  C1,A(^;-riftJ), 
we  infer  that  g  £  C1,A(#)  and /  £  C0,A(#).  Since  (vt,  vf)  is  an  L2-solution  of  the 
transmission  problem 

A  Vi  =  0  in  coi,  A  vj  =  0  in  coj, 

3  Vi  3  Vj 

Vi-Vj  =  g,  bi- - bj—=f  on  B, 

orii  oUj 

Theorems  5.26.6  and  6.16.2  give  that  Vj  e  Cl,x(cdi),  Vj  £  C1,x(cdj).  Thus 
Ui  £  Cl,x(cd  D  cdi).  Hence,  Ui  £  C1,x(dQi),  and  dui/dnl  £  C0,A(3^/).  The 
representation  (6.49)  and  Propositions  6.10.4,  6.10.5,  and  6.11.1  give  that 
Uj  £  Cl,x(Qi).  If  Uoq  £  Rl,  then  Wj  =  uj  +  u0 0  £  Cl,x($lj)  is  a  unique 
solution  of  the  transmission  problem  (6.46)-(6.47)  such  that  ufx)  Uqq  as 
\x\  oo. 
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For  a  given  u0 G,  \gij,fj\  we  denote  by  T(uoq,  gij,fj)  the  solution  of  the 
transmission  problem  (6.46)-(6.47)  such  that  u\(x)  — >  as  \x\  — >  oo.  We 
have  proved  that 

T  :  Rl  x  Y\  CU(T, a)  x  C°’\Vy)  ->  f[  CU(S2,-) 

l<i<j<k  l<i<k 


is  a  linear  operator.  The  operator  T  is  closed  by  Theorem  5.26.6.  So,  T  is  bounded 
by  Theorem  1.4.15. 

Theorem  6.17.2  Let  m  =  2,  £2\  be  unbounded.  If  Uj  G  Cl,^(Qj)  for  j  =  1, ...  ,k 
and  (u\, . . . ,  Uk)  is  a  solution  of  the  transmission  problem  (6.46)-(6.47),  then 

J2  f  fu  dm  =0  (6.50) 

l<i<7<fcf^. 


and  there  exists  u0 Q  G  Rl  such  that  u\(x)  —>  u &  as  \x\  — >  oo.  If  (6.50)  is  satisfied 
and  u0 o  G  Rl  is  given ,  then  there  exist  unique  Uj  G  C],x(Qj),  j  =  1, . . . ,  k,  such 
that  (u\, . . . ,  Uk)  is  a  solution  of  the  transmission  problem  (6.46),  (6.47)  such  that 
u\(x)  Uqq  as  \x\  oo.  Moreover,  (6.48)  holds  where  C  does  not  depend  on 
[gijjij]  and  Uoc. 

Proof  Let  Uj  G  Cl,x(Qj)  for  j  =  1, . . . ,  k  and  (u\, . . . ,  Uk)  be  a  solution  of  (6.46) 
and  (6.47).  According  to  Theorem  5.26.7,  the  relation  (6.50)  holds,  and  there  exists 
Woo  C  Rl  such  that  u\(x)  Woo  as  \x\  — >  oo. 

Suppose  that  (6.50)  holds.  According  to  Theorem  5.26.7,  there  exists  a  unique  L2- 
solution  (u\, . . . ,  Uk)  of  the  transmission  problem  (6.46)-(6.47)  such  that  u\(x)  — >  0 
as  \x\  — >  oo.  Let  B  be  a  component  of  dQt.  Then  there  exists  j  G  {1, . . . ,  k},  and 
j  ^  i,  such  that  B  C  PI  3 Qj  and  B  PI  Qi  =  0  for  /  {  i,j}.  We  choose  disjoint 

open  sets  coi  and  coj  such  that  R2  =  coi  U  cdj,  B  =  3 cot  =  3 a)j,Qi  C  cot ,  and  ^  C  coj. 
Corollary  5.6.2  gives  that 


U[  —  VQ,Ui  <S 


Q;  ^Ui  . 


dnl 


in 


U:  =  VQiUj  +  in  ^r 

J  1  dnJ  1 


Choose  constants  Ci  and  q  such  that 


(6.51) 


Define 
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g  =  Vi  —  Vj,f  =  bi(dvi/dnl )  —  bj(dvj/dnl).  Choose  a  bounded  open  set  co  such  that 
B  C  co  andTdddQi  C  Bforl  =  1, . . .  ,k.  Then  SMiCi  G  Cl,x(co),  and  e  Cl,x(co ) 
by  Proposition  6.10.4.  Since  ut  —  vt  G  Cl,x(Qi  PI  co),  and  uj  —  Vj  G  Cl,x(Qj  Pi  co), 
we  infer  that  g  G  C1,X(B)  and /  G  C0,X(B).  Since  (u*,  ly)  is  an  L2-solution  of  the 
transmission  problem 

A  Vi  =  0  in  (Oi,  Avj  =  0  in  coj, 

3  Vi  3  Vj 

Vi-Vj  =  g,  bi- - bj—=f  on  B, 

orii  orii 

Theorems  5.26.7  and  6.16.3  give  that  vt  G  Cl,x(cbi)  and  vj  G  Cl,x(cbj).  Thus  ut  G 
Cl,x(co  P  C0i).  Hence,  ut  G  C1,x(dQi)  and  dui/dn 1  G  C0,A(3^/).  The  representation 
(6.51),  Proposition  6.10.4,  Theorem  6.9.7,  and  Propositions  6.10.5  and  6.11.1  give 
that  uj  G  Cl,x(Qi).  If  Uoq  G  Rl,  then  Wj  =  Uj  +  Uoq  g  Cl,x(Qj)  is  a  unique  solution 
of  the  transmission  problem  (6.46)-(6.47)  such  that  u\(x)  Uoo  as  \x\  — >  oo. 

Denote  by  Y  the  space  of  all  [gijjij]  G  C1,A(Ty)  x  C0,A(ry),  and  1  <  i  <  j  <  k, 
satisfying  (6.50).  For  given  G  Rl,  [gijjij]  €  T,  we  denote  by  T(uoo,g^,fij) 
the  solution  of  the  transmission  problem  (6.46)-(6.47)  such  that  u\ (x)  ->  Woo  as 
\x\  ->  oo.  We  have  proved  that 

T  \Rl  ]“[  C!’A(^) 

l<i<it 


is  a  linear  operator.  The  operator  T  is  closed  by  Theorem  5.26.7.  So,  T  is  bounded 
by  Theorem  1.4.15. 


6.18  Classical  Solution  of  the  Jump  Problem  on  Cracks 


In  this  section,  we  shall  study  regularity  of  If  -solutions  of  the  generalized  jump 
problem.  The  necessary  and  sufficient  conditions  for  the  existence  of  an  If- -solution 
of  the  generalized  jump  problem  are  stated  in  Theorem  5.13.2. 

Theorem  6.18.1  Let  £2+  C  Rm  be  a  bounded  open  set  with  boundary  of  class  Cl,a 
with  0  <  A  <  a  <  1  and  Q-  =  Rm  \  Denote  by  n  the  exterior  unit  normal  of 
£2+.  Let  T  be  a  closed  subset  of  3£2+.  Let  h,f  G  C0,A(3£2+),  g  G  C1,A(3£2+),  and 
h  >  0.  Suppose  that  h  =  0,f  =  0,  and g  =  0  on  3£2+  \  T.  Let  1  <  p  <  oo.  Suppose 
that  u  is  an  LP -solution  of  the  generalized  jump  problem 


Au  =  0  in  Rm  \  T, 


M+  -  M-  =  g. 


3  u 

3  u 

_  3  n_ 

+ 

3  n  _ 

+  h[u]+  =f 


on  T. 
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Then  there  exist  u±  e  C1,A(£2±)  and  a  constant  Woo  such  that  u  =  u±  on  £2±  and 
u(x)  Uqq  as  \x\  oo.  Moreover, 


\\u±\\cl’X(Q±)  —  ^1 


ll/llc°’A(a^+)  +  ll^llc1’A(a^+)  +  Wool 


(6.52) 


with  a  constant  C\  that  does  not  depend  onf,  g,  and  u oo.  If  m  =  2  and  h  ^  0,  then 


\\u±\\cl’X(Q±)  -  ^2 


ll/llc°4(a^+)  +  llg|lcu(afi+) 


1] 


(6.53) 


with  a  constant  C2  that  does  not  depend  onf  and  g. 

Proof  Since  u  is  bounded  at  infinity,  Proposition  2.17.1  gives  that  there  exists  a 
constant  u0 0  such  that  u(x)  ->  Woo  as  \x\  —>  00. 

Denote  u±  =  uon£2±.  Then  u±  is  an  //-solution  of  the  transmission  problem 


A u±  —  0  in  Q±, 

du+  du~  ,  ,  t  an 

u+-u-=g,  — - - - I -hu+=f  on  oi2  +  . 

on  on 


Theorems  6.16.2,  6.16.3,  and  6.16.4  u±  e  C1,A(£2±)  and  (6.52).  If  m  =  2  and 
h^k  0,  then  (6.53)  holds  by  Theorem  6.16.4. 


6.19  Classical  Solution  of  the  Oblique  Derivative  Problem 
in  the  Plane 


In  this  section,  we  find  a  necessary  and  sufficient  condition  for  the  existence  of  a 
solution  u  e  C1,A(£2)  of  the  derivative  oblique  problem  for  a  planar  domain  £2  with 
compact  boundary  of  class  Cl,a  with  0  <  A  <  a  <  1. 

Let  £2  C  R2  be  an  open  set  with  compact  boundary  of  class  C1,01  and  0  <  a  <  1. 
Denote  r  =  (— nf  ,nf)  the  unit  tangential  vector  function  on  d£2.  For  a  e  C1A(7?2), 
we  shall  study  classical  solutions  of  the  derivative  oblique  problem 

3  u  3  u 

Aw  =  0  in  £2,  - — |-  a- — b  hu  =  0  on  3£2.  (6.54) 

on  or 

Proposition  6.19.1  Let  £2  C  R2  be  a  domain  with  connected  compact  boundary 
of  class  C1,a  and  0  <  A  <  a  <  1.  Let  a  e  C1,X(R2)  and  c,h  e  C0,A(3£2).  Define 
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r  =  (— ,nf)  and  0  =  nn  +  ax.  Forf  e  C1,A( 3  £2),  define 

Pf  =  (ffdHl, 

dn 

uf  =  Sn  [df /dr  +  c(f  -  Pf )]  -  [a(f  -  Pf)\  +  Pf. 

Then  Uf  e  Cl,x(£2).  Define 


Tf  =  0  •  Vuf  +  huf. 


Then  T  :  C1,A(3£2)  —>  CA(3£2)  is  a  hounded  linear  operator.  Moreover, 


f^Tf-(l+a2) 

is  a  compact  operator  from  C1,A(3£2)  to  C0,A(3£2). 

Proof  Uf  e  C1,A(£2),  and  T  :  C1,A(3^)  -»  C0,A(3£2)  is  a  bounded  linear  operator  by 
Propositions  6. 10.4  and  6.11.1. 

Denote  g  =  f  —  Pf.  According  to  Corollary  5.5.3,  Propositions  5.2.2  and  5.2.3, 
and  Theorems  5.3.5  and  5.4.8 


Tf  =  -  (dg/dx  +  eg)  ■ 


.K'a{dg/dx  +  cg)--Sa 


3 

Tz(“g) 


+aT^Sn(dg/dx  +  eg)  +  - 


dx 


(ag) 


—  aK'a 


dr 


(ag) 


+h[SQ(dg/dx  +  eg) 


1 


ag  -  Koag  +  Pf]. 


By  virtue  of  Theorem  5.4.7 


Tf  =  (l+a2)(^I-K'fj^-+Lf, 
where  L  =  L\  +  L2  +  L3  +  L4  +  hP  with 

W=kl-  P)f  -  Kqc(I  -  P)f  -  [(da/dx)(I  -  P)f]  +  afsn  [c(I  -  P)f] 
2  dr  or 

+  ^(da/dx)(I  -  P)f  -  aK'n[(da/dx)(I  -  P)f]  -  X-ah{l  -  P)f  -  hK^a{l  -  P)f, 
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Lqf  =  hS^2  [df/dr  +  c(I  —  P)f] , 

T  fl  ,  [  dh2(x-y )  ^3 f(y) 

WW  =  /  - ^ - [fl(.v)  -a(>’)]— 7- 

W)  =  /  - 5 - [a(x)  -a(y)]— —  dH,(  v). 

J  an  dr 

It  is  enough  to  prove  that  Li ,  L2,  L3,  and  L\  are  compact  operators  from  CIX  (dQ)  to 
C0,;i(9£2)  (see  Theorem  1.7.4). 

The  identity  is  a  compact  linear  operator  from  C1,A(9£2)  to  C0,x(dQ)  by  Proposi¬ 
tion  1. 16.5.  Since  the  operators  K'Q,  Kq  ,  SQ ,  and  are  bounded  linear  operators 

on  C0,x(dQ)  (see  Propositions  6.6.4  and  6.7.1,  Corollary  6.10.2,  Proposition  6.10.5 
),  the  operator  L\  is  a  compact  linear  operator  from  C1,A(9£2)  to  C0,A(9£2)  by 
Theorem  1.7.4  and  Lemma  1.16.8. 

The  mapping/  i->  [9// 9r +c(I— P)f\  is  a  bounded  linear  operator  from  Cl,x  (dQ) 
to  C0,a(9£2)  (compare  Lemma  1.16.8).  Since  SQ  is  a  compact  linear  operator  on 
<S0,a(9£2)  by  Proposition  6.7.1,  the  operator  L2  is  a  compact  linear  operator  from 
C1,a(9£2)  to  C0,a(9£2)  by  Theorem  1.7.4. 

Let  v  =  (v\ ,  V2)  be  a  continuous  vector  function  on  dQ  such  that  \  v\  <  1 .  Define 

Zcp(x)=  f  v(y)-Vh2(x-y)[a(x)-a(y)](p(y)dHi(y). 

dQ 

Choose  a  constant  Ci  such  that  \a(y)—a(x)\  <  C\\x—y\  forx,y  G  dQ.  According  to 
Corollary  2.9.6  and  Lemma  2.9.7,  there  exists  a  constant  C2  such  that  \Vh2(x—y)\  < 
C2\x  —  y\~l  and  | S/h2(x  —  y)  —  Vh2(z  —  y)|  <  C2\x  —  z\ \x  —  y\~2  forv,y, z  G  9^  with 
\x  —  y\  >  2\z  —  x\.  Since  |u(y)  •  Wh2(x  —  y)[a(x)  —  a(y)\\  <  C1C2,  Proposition  1.26.3 
gives  that  Z  is  a  bounded  linear  operator  on  C°(9£2).  According  to  Corollary  1. 17.6, 
there  exists  a  constant  C3  such  that  H\(B(x;  r)  fl  dQ)  <  C2r  for  all  x  e  R2  and 
r  >  0.  Fi xx,  z  G  9£2,  cp  G  C°(9£2)  with  \cp\  <  1.  By  virtue  of  Lemma  1.26.1 

\Z<p(x) -Z<p(z)\  <  J  | u (  v)  •  V h2 (x  -  y) [a (x)  ~  a( y)](p( y)  \  <M.\(  v) 

5(z;2|jc-z|)na^ 

+  J  \v(y)  ■Vh2(z-y)[a(z) -a(y)](p(y)\(mi(y) 

B(z;2\x-z\)ndQ 


+  J  \'Vh2(x-y)[a(x)-a(y)]-Vh2(z-y)[a(z)-a(y)]\d'Hi(y) 

SQ\B(z;2\x-z\) 
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<  C\C2C3l\x-z\  +  C\C2C32\x  —  z\  +  J  \Vh2{x  —  y)[a(x)  —  a(z)]\ 

d£l\B{x’,\x—z\) 


+  J  \Vh2(x-y) -'Vh2(z-y)\\a(z) -a(y)\dHi(y) 

d£l\B(z;2\x—z\) 

<^CiC2C3\x-z\+Ci\z-x\x  j  C2\x-y\~x  dUriy) 

dQ\B(x;\x—z\) 

+  \  ClC2^Ad'Hl{y)<AClC2C2\x-z\ 

J  k-yl 

9£2\2?(z;2|*— . z|) 

+Clc2c3\z-X\x^^ - \-CiC2\x-z\x  J  \z-y\~x  dUity) 

d£l\B(z',2\x—z\) 


<  |x-z|AC1C2C3(diama^)1“A  (4  + 


Thus,  Z  is  a  bounded  linear  operator  from  C°(3£2)  to  C0,A(3£2).  Since  C0,A(3£2)  ^ 
C°(dQ)  compactly  by  Proposition  1.16.5,  the  operator  Z  is  compact  on  C0,A(3£2) 
by  Theorem  1.7.4.  For  v  =  r,  we  obtain  with  help  of  Theorem  1.7.4  that  L3  is  a 
compact  operator  from  C1,A(3£2)  to  C0,A(3£2).  For  v  =  nQ,  we  deduce  by  virtue  of 
Theorem  1.7.4  and  Lemma  1.16.8  that  L4  is  a  compact  operator  from  C1,A(3£2)  to 
C°’A(  3£2). 

Proposition  6.19.2  Let  £2  C  R2  be  a  domain  with  connected  compact  boundary  of 
class  C1,01  with  0  <  a  <  1.  Let  0  <  A  <  1,  a  e  Cl,x(R2),  and  h  e  C0,A(3£2)  be  such 
that  h  >  0  and  \a\  >  0  on  3£T  Denote  x  =  (—n^nf):  0  =  nQ  +  ax, 


h  =  h  + 


1  3  a 

2  3r  ’ 


c  = 


3  3  a 
a  dx 


Forf  e  Cl,x(dQ),  define 


fdHu 


dn 


uf  =  Sa  [9//9r  +  c(f  -  Pf )]  -  [a(f  -  Pf  )]  +  Pf. 
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Then  Uf  G  C1,;i(£2).  Define 


Tf  =  0  •  Vuf  +  huf. 


Then  T  :  C1,;i(3£2)  —>  C0,A(3£2)  is  an  isomorphism.  Let  g  G  C0,A(3£2).  Put 
f  =  T~lg.  Then  Uf  is  a  unique  solution  of  the  derivative  oblique  problem  (6.54) 
in  C1,;i(£2).  Moreover, 


IWfWc^m  -  CII^H c°^(an)  (6.55) 

where  a  constant  C  does  not  depend  on  g. 

Proof  If/  G  Cl,x(dQ),  then  Uf  G  C1,;i(£2)  by  Proposition  6.19.1. 

T\  :  /  — >  3//3r  is  a  Fredholm  operator  with  index  0  from  C1,A( 3£2)  to  C0,;i(£2). 
The  operator  (1  +  a2) [(1/2)7  —  K'Q]  is  Fredholm  with  index  0  on  C0,;i(3£2)  by 
Corollary  6.10.2,  Theorem  1.8.3,  Lemma  1.16.8,  and  Theorem  1.8.6.  So,  (1  + 
a2)[(  1  /2 )/  —  K'q]  o  T\  is  a  Fredholm  operator  with  index  0  by  Theorem  1.8.6.  The 
operator  T  —  (1  +  a2)[(\/l)I  —  K'Q\  o  T\  is  compact  by  Proposition  6.19.1.  Thus, 
T  :  Cl,x(d£2)  ->  C0,;i(3£2)  is  a  Fredholm  operator  with  index  0  by  Theorem  1.8.3. 
The  operator  T  :  W1,2 (3 £2)  — >  L2(3£2)  is  an  isomorphism  by  Proposition  5.24.3. 
Therefore,  T  :  C1,;i(3£2)  ->  C0,A(3£2)  is  an  isomorphism  by  Lemma  1.8.4. 

Let  now  g  G  C0,;i(3£2).  Put  /  =  T~lg.  Then  Uf  is  a  solution  of  the  derivative 
oblique  problem  (6.54)  by  Proposition  6.19.1.  The  uniqueness  of  a  solution  of  the 
problem  (6.54)  in  C1,A(£2)  follows  from  Proposition  5.24.3.  The  estimate  (6.55)  is  a 
consequence  of  Propositions  6. 10.4  and  6.11.1. 

Proposition  6.19.3  Let  £2  C  R2  be  a  domain  with  compact  boundary  of  class  Cl,a 
and  0  <  a  <  1.  Let  0  <  A  <  1,  h  G  C0,x( 3£2),  and  a  G  Cl,x(R2).  For  each 
component  A  ofdQ,  suppose  that  \a\  >  0  on  the  whole  A  or  a  =  0  on  the  whole  A. 
Define  x  =  (—n^nf)  and  0  =  nn  +ax.  Forf  G  C0,;i(3£2),  define  Pf  =  (f>dQf  dFL\. 
Iff  G  C0,;i(3£2),  then  SQf  G  Cl,x(Q  Pi  B( 0;  r))for  every  r  >  0.  For  x  G  3£2,  define 

T&f  (x)  =  ©(x)  •  V5°/(y). 

Then  7@(7 — P)  +  h[SQ  (7 — P)  +P]  is  a  Fredholm  operator  with  index  0  on  C0,;i(3£2). 

Proof  If/  G  C0,;i(3£2),  then  SQf  G  C1,;i(£2  Pi  B( 0;  r))  by  Proposition  6.10.4. 
Suppose  first  that  3^2  is  connected.  Define 

13  a 

h  =  1  ~h  — — —  on  3  £2 . 

2  3r 

If  a  =  0  on  3  £2,  then  7©(7— P)  +h[SQ  (I—P)  +P]  is  an  isomorphism  on  C°’A(3£2)  by 
Proposition  6. 10.3.  Let  now  \a\  >  Oon3£2.If /  G  C0,x (3£2),  then  u  =  SQ  (I  —  P)f  + 
Pf  is  a  solution  of  the  derivative  oblique  problem  A u  =  0  in  £2, and  0  •  Vw  +  hu  =  g 
on  3£2  if  7©  (7  —  P)f  +  h[SQ  (7  —  P)f  +  Pf]  =  g.  If  g  G  C0,A(3£2),  then  there  exists 
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a  solution  u  G  C1,A(£2)  of  this  derivative  oblique  problem  by  Proposition  6.19.2. 
Denote  g  =  du/dn  +  u.  Then  u  is  a  solution  of  the  Robin  problem  Au  =  0  in  Q, 
du/dn  +  u  =  g  on  dQ.  According  to  Theorem  6.10.7,  there  exists/  G  C0,A(3£2) 
such  that  u  =  SQ(I  -  P)f  +  Pf.  So,  7©(7  -  P)f  +  h[SQ(I  -  P)f  +  Pf]  =  ©  • 
S/u  +  hu  =  g  and  {7©(7  -  P)  +  h[SQ(I  -  P)  +  P]}(C°’A(3ft))  =  C°’A(3ft)).  The 
operator  7©  (7  —  P)  +  /*[<S^(7  —  P)  +  P]  is  one-to-one  by  Theorem  5.24.7.  Thus, 
7©(7  —  P)  +  /z[<S^(7  —  P)  +  P]  is  a  Fredholm  operator  with  index  0  on  C°’A(3£2). 
Since  {T© (7  - P)  +  (7 ■ - P)  +  P] }  -  {T®  (7  - P)  +  A[5n  (7  - P)  +  P] }  is  a  compact 

operator  on  C0,A(3£2)  (see  Proposition  6.7.1,  Lemma  1.16.8,  and  Theorems  1.7.4), 
1.8.3  gives  that  7©  (7  —  P)  +  h[SQ  (7  —  P)  +  7*]  is  a  Fredholm  operator  with  index  0 
on  C0,A(3£2). 

Suppose  now  that  3^2  is  not  connected.  Let  C\ , . . . ,  C&  be  components  of  Rm\Q. 
Denote  Q(j)  =  Rm  \  Cj  for;  =  1 , . . . ,  k.  For /  G  C°’A  (3 Q(j)),  denote 

Tjf  =  0  •  [V«SQ(VW- 

We  have  proved  that/  i->  7 }(/  —  is  a  Fredholm  operator  with  index  0  on 

C°’A  (3£2(/».  The  operator  7)  is  a  Fredholm  operator  with  index  0  on  C0  A  (dQ(j))  by 
Theorem  1.8.3.  Define  Tf  =  7}(/|3£2(/))  on  3^2 (/) .  Then  T  is  a  Fredholm  operator 
with  index  0  on  C°’A(3£2).  Since  7©(7  —  P)  +  /i[«Sfi(7  —  P)  +  P]  —  T  is  a  compact 
operator  on  C°’A(3£2),  Theorem  1.8.3  gives  that  7©(7  —  P)  +  /i[«Sfi(7  —  P)  +  P]  is  a 
Fredholm  operator  with  index  0  on  C°’A(3£2). 

Theorem  6.19.4  Let  £2  C  R2  be  a  bounded  domain  with  boundary  of  class  C1,a, 
0  <  A  <  a  <  1,  and  h  =  0  and  a  be  a  function  that  is  constant  on  each  component 
ofdQ.  Denote  x  =  (—n^nf)  the  unit  tangential  vector.  Define  ©  =  nQ  +  ax. 
Denote  Y  =  {g  G  C°’A( 3«);  fm  g  dPLi  =  0}.  Then  T©(C°’A( 3£2))  =  Y.  Denote  by 
T  the  restriction  ofT ©  onto  Y.  Then  T  is  an  isomorphism.  If  g  G  C0,A(3£2), 

exists  a  solution  u  G  C1,A(£2)  o/f/ie  derivative  oblique  problem  (6.54)  if  and 
only  if  g  G  y.  now  g  e  Y.  Then  the  general  form  of  a  solution  u  G  C1,A(£2) 
of  the  derivative  oblique  problem  (6.54)  is  SQ(T~lg)  +  c,  where  c  is  an  arbitrary 
constant.  Ifu  G  C1,A(£2)  is  a  solution  of  the  derivative  oblique  problem  (6.54),  then 


l|V«|lc<U(0)  5  Cllg|lc°*A(a«); 


if  moreover 


J  u<m2  =  o, 

Q 


then 


(6.56) 


(6.57) 


6. 19  Classical  Solution  of  the  Oblique  Derivative  Problem  in  the  Plane 
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Here  a  constant  C  does  not  depend  on  g. 

Proof  If  u  e  C1,A(£2)  is  a  solution  of  the  derivative  oblique  problem  (6.54),  then 
g  e  7  by  Proposition  5.23.9.  If  g  =  0,  then  there  exists  a  constant  c  such  that  u  =  c 
in  Q  (see  Proposition  5.23.7). 

Let  /  G  C0,A(3£2).  Then  u  =  Snf  G  C1,A(£2)  is  solution  of  the  derivative  oblique 
problem  (6.54)  with  g  =  Tgf.  Thus  Tef  =  g  e  Y.  So,  To(C0,x(dQ ))  C  Y.  The 
operator  7 ©  is  a  Fredholm  operator  with  index  0  on  C0,x (dQ)  by  Proposition  6.19.3. 
Since  7© (7)  C  7,  the  operator  T  is  a  Fredholm  operator  with  index  0  by 
Lemma  1.8.8.  The  operator  7©  is  an  isomorphism  on  {/  e  L2( 9£2);  fdQf  dTL\  =  0} 
(see  Theorem  5.24.5).  Lemma  1.8.4  forces  that  T  is  an  isomorphism  on  7. 

Let  g  G  7.  If  c  is  a  constant,  then  SQ(T~lg )  +  c  G  C1,A(£2)  is  a  solution  of  the 
derivative  oblique  problem  (6.54).  Moreover,  u  =  SQ  (T~lg)  —  <fiQ  SQ  ( T~lg )  674,2  is 
a  unique  solution  of  the  derivative  oblique  problem  (6.54)  in  CLX  (£2)  such  that  (6.56) 
holds.  Proposition  6.10.4  gives  that  there  exists  a  constant  C  such  that  (6.57)  holds. 
If  v  G  C1,a(£2)  is  another  solution  of  the  problem  (6.54),  then  u  —  v  is  constant. 
Thus,  || Vi?||C(U(fl)  —  £||&llc°’A(aft)- 

Theorem  6.19.5  Let  Q  C  R2  be  an  unbounded  domain  with  compact  boundary 
of  class  Cl,a,  0  <  A  <  a  <  1,  and  h  =  0  and  a  be  a  function  that  is 
constant  on  each  component  of  d  £2.  Denote  x  =  (— n^  ,nf)  the  unit  tangential 
vector.  Define  0  =  nn  4-  ax.  Denote  Y  =  {g  G  C0,A(3£2);  fdQ  g  dPL\  =  0}. 
Then  7@(C0,A(9£2))  =  7.  Denote  by  T  the  restriction  of  7©  onto  Y.  Then  T  is 
an  isomorphism.  If  g  G  C0,A(3£2),  then  there  exists  a  solution  u  G  C1,A(£2)  of 
the  derivative  oblique  problem  (6.54)  if  and  only  if  g  G  Y.  If  u  G  C1,X(Q)  is  a 
solution  of  the  derivative  oblique  problem  (6.54),  then  there  exists  a  constant  Uoq 
such  that  u(x)  —>  u^  as  \x\  —>  oo.  On  the  other  hand,  if  g  G  7,  and  u^  g  R,  then 
u  =  SQT~lg  +  Uoq  is  a  unique  solution  of  the  derivative  oblique  problem  (6.54)  in 
C1,a(£2)  such  that  u(x)  — >  Uqo  as  \x\  — >  oo.  Moreover, 

llMllc1-A(Q)  —  C\\g\\ C°’X(dQ)  +  I^OO  I ,  (6.58) 

where  a  constant  C  does  not  depend  on  g  and  Uqo. 

Proof  Let  u  G  Cl,x(£2)  be  a  solution  of  the  derivative  oblique  problem  (6.54).  Then 
g  G  7  by  Proposition  5.23.9.  Since  u  is  bounded  in  a  neighborhood  of  infinity,  there 
exists  a  constant  u0 0  such  that  u(x)  —>  u0 0  as  \x\  ->  oo.  (See  Proposition  2.17.1.) 

Define  Pf  =  f  dTL\.  The  operator  7©  (I—P)  is  a  Fredholm  operator  with  index 
0  in  C0,a(3£2)  by  Proposition  6.19.3.  Since  7© (7  —  P) (7)  C  7  by  Theorem  5.24.6 
and  7©  (7  —  P)  =  7©  on  7,  the  operator  7  is  a  Fredholm  operator  with  index 
0  by  Lemma  1.8.8.  The  kernel  of  7  is  trivial  by  Theorem  5.24.6.  Since  7  is  a 
Fredholm  operator  with  index  0,  we  have  7(7)  =  7.  Thus,  7  is  an  isomorphism 
by  Theorem  1.6.3. 

Let  g  G  7  and  Uqq  G  R.  Then  u  =  SQ(T~lg)  +  Uqo  g  Cl,x(£2)  by 
Proposition  6.10.5.  According  to  Theorem  5.24.6,  u  is  a  unique  solution  of  the 
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derivative  oblique  problem  (6.54)  in  C1,x(£2)  such  that  u(x)  ->  Uqq  as  \x\  —>  oo. 
Proposition  6.10.5  gives  that  there  exists  a  constant  C  such  that  (6.58)  holds. 

Theorem  6.19.6  Let  £2  C  R2  be  a  domain  with  compact  boundary  of  class  Cl,a 
and  a  e  C1,X(R2)  with  0  <  X  <  a  <  1.  Suppose  that  for  each  component  A  ofd£2, 
we  have  \a\  >  0  on  the  whole  A  or  a  =  0  on  the  whole  A.  Denote  x  =  (—n^nf) 
the  unit  tangential  vector.  Define  0  =  nQ  +  ax.  Let  h  e  C0,A(3£2)  and  h  >  0.  Put 
h  =  h  +  Suppose 


/  (|A|  +  |A|)  dHi  >  0, 

7a^ 

z.e.,  h  ^  0  or  a  is  not  locally  constant.  Define  Pf  =  <fyQf  6TL\  and  Tf  =  P@(7  — 
P)f  +  (7  —  P)/  +  P/].  Then  T  is  an  isomorphism  on  C0,A(3£2).  If  g  e  C0,A(3£2), 

then  u  =  SQ (7  -  P)T~l  g  +  PT  lg  is  a  unique  solution  of  the  derivative  oblique 
problem  (6.54)  in  C1,A(£2).  Moreover,  the  estimate  (6.57)  holds  with  a  constant  C 
that  does  not  depend  on  g. 

Proof  If  u  e  C1,X(Q)  is  a  solution  of  the  derivative  oblique  problem  (6.54)  with 
g  =  0,  then  u  =  0  by  Theorem  5.24.7. 

T  is  a  Fredholm  operator  with  index  0  in  C0,A(3£2)  by  Proposition  6.19.3. 
Theorem  5.24.7  gives  that  T  is  an  isomorphism  on  L2(3£2).  Hence,  T  is  an 
isomorphism  on  C0,A(3£2)  by  Lemma  1.8.4. 

Let  g  e  C°’A( dQ).  Then  u  =  SQ(I  -  P)T~lg  +  PT~lg  e  ChX(Q)  by 
Propositions  6.10.4  and  6.10.5.  Clearly,  u  is  a  unique  solution  of  the  derivative 
oblique  problem  (6.54)  in  C1,A(£2).  The  estimate  (6.57)  is  consequence  of  Propo¬ 
sitions  6.10.4  and  6.10.5. 

Theorem  6.19.7  Let  £2  C  R2  be  a  domain  with  compact  boundary  of  class  Cl,a 
and  a  e  Cl,x(R2)  with  0  <  A  <  a  <  1.  Suppose  that  for  each  component  A  ofdQ, 
we  have  \a\  >  0  on  the  whole  A  or  a  =  0  on  the  whole  A.  Denote  x  =  (—n^nf) 
the  unit  tangential  vector.  Define  0  =  nn  +  ax.  Let  h  e  C0,A(3£2),  h  >  0,  and 
h  ^  0.  Suppose  that  for  each  x  e  3Q,  we  have  h(x)  >  0  or  Q  has  boundary  of 
class  C 2  in  a  neighborhood  of  x.  Define  Pf  =  ^Qf  6TL\  and  Tf  =  P@(7  —  P)/  + 
h[SQ(I  —  P)f  +  Pf\.  Then  T  is  an  isomorphism  on  C0,A(3£2).  If  g  e  C0,A(3£2), 
then  u  =  SQ (/  -  P)T~l  g  +  PT  lg  is  a  unique  solution  of  the  derivative  oblique 
problem  (6.54)  in  C1,A(£2).  Moreover,  the  estimate  (6.57)  holds  with  a  constant  C 
that  does  not  depend  on  g. 

Proof  The  uniqueness  follows  from  Theorem  6.3.1. 

If  f  e  C0,x( 3£2),  then  SQ(I  —  P)f  +  Pf  e  Cl,x(Q)  by  Propositions  6.10.4 
and  6.10.5.  Proposition  6.19.3  gives  that  T  is  a  Fredholm  operator  with  index  0 
in  C0,x  (d£2).  Let /  e  Ker  T.  Then  u  =  SQ  (/  —  P)/  +  Pf  is  a  solution  of  the  problem 
(6.54)  with  g  =  0.  Thus,  u  =  0  in  Q.  So,  u  is  a  solution  of  the  problem 


1  3  a 
k+2d v 


u  =  0 


on  3  £2 . 


A  u  =  0  in  Q , 


0  •  5/u  + 
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Theorem  6.19.6  gives  that /  =  0.  Since  T  is  a  Fredholm  operator  with  index  0,  it  is 
onto.  Hence,  T  is  an  isomorphism  by  Theorem  1.6.3. 

Let  g  e  C<a(im).  Then  u  =  Sa(I  -  P)T~lg  +  PT~lg_e  Cu(£2)  is  a  unique 
solution  of  the  derivative  oblique  problem  (6.54)  in  C  U(L!).  The  estimate  (6.57) 
is  consequence  of  Propositions  6.10.4  and  6.10.5. 

Corollary  6.19.8  Let  £2  C  R2  be  a  domain  with  compact  boundary  of  class  Cl,a 
and  a  e  Cl,x(R2)  with  0  <  A  <  a  <  1.  Suppose  that  for  each  component  A  ofdQ, 
we  have  \a\  >  0  on  the  whole  A  or  a  =  0  on  the  whole  A.  Denote  x  =  (—n^nf) 
the  unit  tangential  vector.  Define  0  =  nQ  +  ax.  Let  h  e  C0,A(3£2),  h  >  0,  and 
h  ^  0.  Suppose  that  for  each  x  e  3  Q,  we  have  h{x)  >  0  orQ  has  boundary  of  class 
C 2  in  a  neighborhood  of  x.  Let  1  <  p  <  oo.  Forf  e  //( 3£2),  define  Pf  =  Qf  dFL\ 
and  Tf  =  0  •  [SQ(I  —  P)f]n  +  h[SQ(I  —  P)f  +  Pf].  Then  T  is  an  isomorphism  on 
Lp(d£2).  If  g  e  Lp( 3 £2),  then  u  =  SQ(I  —  P)T~lg  +  PT~lg  is  a  unique  Lp -solution 
of  the  derivative  oblique  problem  (6.54).  Moreover, 

\\Ma(u)\\u>(dQ)  +  \\Ma(Vu)\\u>(BQ)  5  C\\g\\LP(dQ)  (6.59) 

where  a  constant  C  does  not  depend  on  g. 

Proof  Fix  A  e  (0,  a).  Then  T  is  an  isomorphism  on  C0,;i(3£2)  by  Theorem  6.19.7. 
Since  T  is  a  Fredholm  operator  with  index  0  in  Lp(dQ)  by  Proposition  5.24.4, 
Lemma  1.8.4  gives  that  T  is  an  isomorphism  in  Lp(d£l).  If  g  e  LP(dQ),  then  u  = 
SQ  (I  —  P)T~lg  +  PT~lg  is  an  Lp- solution  of  the  derivative  oblique  problem  (6.54) 
by  Lemma  5.2.1;  Propositions  5.2.2,  5.2.3,  and  5.2.8;  and  Theorem  5.4.7. 

Let  u  be  an  //-solution  of  the  problem  (6.54)  with  g  =  0.  Put /  =  [nQ  •  Wu  +  u]q  . 
Then  u  is  an  //-solution  of  the  Robin  problem  A u  =  0  in  £2  and  du/dn  +  u  =  f 
on  dQ.  According  to  Theorem  5.11.5,  there  exists  e  Lp(dQ)  such  that  u  = 
SQ(I  —  P)\/f  +  Pi/s.  Since  u  is  an  LP- solution  of  the  problem  (6.54)  with  g  =  0,  we 
obtain  Tfi  =  0.  Thus,  ifr  =  0  and  u  =  SQ(I  —  P)fi  +  Pxfr  =  0. 

Equation  (6.59)  is  a  consequence  of  Propositions  5.2.2,  5.2.3,  and  5.2.8. 


6.20  The  Dirichlet-Robin  Problem 

In  this  section,  we  study  the  mixed  Dirichlet-Robin  problem  of  the  Poisson  equation 
and  discuss  regularity  of  classical  solutions. 

Let  Q  CT  be  an  open  set  with  compact  boundary  of  class  Cl,a  with  0  <  a  <  1, 
TD  and  TR  be  disjoint  nonempty  closed  subsets  of  3 £2  such  that  3£2  =  rRUTD.  Let 
g  e  C°(Td)  and/,  h  e  C°(r^).  We  shall  study  the  mixed  problem 
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Lemma  6.20.1  Let  £2  C  Rm  be  an  open  set  with  compact  boundary  of  class  Cl,a 
with  0  <  a  <  1,  T/),  and  Tr  be  disjoint  nonempty  closed  subsets  of  dQ  such  that 
3£2  =  Tr  U  To.  Let  g  e  C°(T/))  andf,h  e  C°(r^).  Let  u  be  a  classical  solution 
of  the  mixed  Dirichlet-Robin  problem  (6.60).  If  £2  is  unbounded,  suppose  moreover 
that  u(x)  =  0(1)  as  |v|  ->  oo.  Then  u  is  a  very  weak  L2-solution  of  the  mixed 
problem  (6.60). 

Proof  Let  cp  e  C^°(Rm  \TD).  Choose  a  bounded  open  set  U  with  boundary  of  class 
C°°  such  that  TD  C  U,  Tr  PI  U  =  0,  and  (p  =  0  on  U.  Define  co  =  £2  \  U,  h  =  0, 
and /  =  du/ 3 nM  on  dco  \  Fr.  Then  u  is  a  classical  solution  of  the  Robin  problem 

3  u 

A u  =  0  in  £2 ,  - — b  hu  =  f  on  dco. 

3  n 

Corollary  6.9.3  gives  that  u  is  an  L2-solution  of  the  problem.  Since  u  is  a  very  weak 
L2- solution  of  the  problem  by  Lemma  5.20.1,  we  have 


6TLm-\ 

=  J  f<P  dHm-l. 

rR 


Thus,  u  is  a  very  weak  L2- solution  of  the  mixed  problem  (6.60). 

Corollary  6.20.2  Let  £2  C  Rm  be  an  open  set  with  compact  boundary  of  class  C1,a 
with  0  <  a  <  1 ,  Td,  and  TR  be  disjoint  nonempty  closed  subsets  of  3  £2  such  that 
3  £2  =  rRUTD.  Let  h  e  C°(rR)andh  >  0.  Letu  e  C0,0  (^2)  be  a  classical  solution  of 
the  mixed  Dirichlet-Robin  problem  (6.60)  with  g  =  0  andf  =  0.  If  £2  is  unbounded 
and  m  >  2,  suppose  moreover  that  u(x)  — 0  as  |v|  oo.  Then  u  =  0. 

Proof  Lemma  6.20.1  gives  that  u  is  a  very  weak  L2-solution  of  the  problem  (6.60). 
Proposition  5.25.2  forces  that  u  =  0. 

Proposition  6.20.3  Let  £2  C  Rm  be  an  open  set  with  compact  boundary  of  class 
C1,a  with  0  <  a  <  1 ,  Td,  and  Tr  be  disjoint  nonempty  closed  subsets  of  dQ  such 
that  3  £2  =  Tr  U  TD.  If  v  is  a  function  defined  on  D(v)  D  Td  and  w  is  a  function 
defined  on  D(yv)  D  Tr,  define 

PDv(x)  = 


PRw(x)  = 


v(x)  x  e  Td, 

0  v  G  Rm  \  Td, 


(6.61) 


w(x)  x  e  Tr, 

0  xeRm\TR. 


(6.62) 
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Let  h  G  C°(TR).  For  x/r  G  C°(3£2),  define 


Tf  =  U 


|  +  KaPDf  +SQ^ 


on  T/), 

-K'Qfi  +  +  VnPDf)  on  Tr. 


(6.63) 


77z£/t  T  is  a  Fredholm  operator  with  index  0  on  C°(3£2).  Ifxj/  G  C°(3£2),  then 


u  =  S^xfr +  V*lPDxfr 


(6.64) 


is  a  classical  solution  of  the  mixed  problem  (6.60)  if  and  only  ifT\j/=  PDg  +  Pjfi. 
Ifh  >  0  and  m>  2,  then  T  is  an  isomorphism  on  C°(3£2). 

Proof  The  operator  PdTPd  is  a  Fredholm  operator  with  index  0  on  C°(r£>)  by 
Propositions  6.6.2  and  6.7.1  and  Theorem  1.8.3.  The  operator  PrTPr  is  a  Fredholm 
operator  with  index  0  on  C°(r^)  by  Theorems  6.9.4,  6.9.5,  and  1.8.3.  Thus, 
PdTPd  +  PrTPr  is  a  Fredholm  operator  with  index  0  in  C°(3£2).  The  operator 
T  —  (PdTPd  +  PrTPr)  is  a  bounded  linear  operator  from  C°(3£2)  to  C0,1(3£2)  by 
Theorem  1.13.7.  Since  T—  (PDTPD  PrTPr)  is  a  compact  operator  on  C°(3£2)  (see 
Proposition  1.16.5),  the  operator  T  is  a  Fredholm  operator  with  index  0  on  C°(3£2) 
(see  Theorem  1.8.3). 

Let  x/r  G  C°(3£2).  Then  u  given  by  (6.64)  is  a  classical  solution  of  the  mixed 
problem  (6.60)  if  and  only  if  Txjr  =  PDg  +  Pjf.  (See  Propositions  6.6.3,  6.7.1,  and 
6.7.2.) 

Let  now  h  >  0  and  m  >  2.  Let  x/r  G  C°(9£2)  and  Tx/r  =0.  Then  u  given  by  (6.64) 
is  a  classical  solution  of  the  mixed  problem  (6.60)  with /  =  0  and  g  =  0.  So,  u  =  0 
in  Q  by  Corollary  6.20.2.  Let  be  a  component  of  Rm\Q  such  that  dco  C  Tr.  The 
continuity  of  a  single  layer  potential  (Proposition  6.7.1)  gives  that  u  is  a  classical 
solution  of  the  Dirichlet  problem  A u  =  0  in  co,  u  =  0  on  3u;.  If  is  unbounded, 
then  u(x)  — >  0  as  \x\  —>  oo.  So,  u  =  0  in  co  (see  Theorems  6.4.2  and  6.5.1).  We 
have  on  dco 

(See  Theorem  5.4.8.)  Thus,  xfr  =  0  on  Tr.  Since  SQ\//  +  =  0  in 

£2,  we  have  xfr/ 2  +  +  SQ\[s  =  0  on  9^2  (see  Propositions  6.6.3  and 

6.7.1).  Proposition  5.14.7  gives  that  x/r  =  0.  Since  T  is  a  Fredholm  operator 
with  index  0,  we  have  T(C°( 3 £2))  =  C°(3^2).  So,  T  is  an  isomorphism  by 
Theorem  1.6.3. 

Proposition  6.20.4  Let  £2  C  R2  be  an  open  set  with  compact  boundary  of  class  Cl,a 
with  0  <  a  <  1,  T/),  and  Tr  be  disjoint  nonempty  closed  subsets  of  3  £2  such  that 
dQ  =  TRU  Td.  Let  Pd  and  Pr  be  defined  by  (6.61)  and  (6.62)  and  T  be  prescribed 


3  u 

3  u 

3  n_ 

Q 

3  n_ 
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by  (6.63).  Let  h  e  C°(r^)  and  h  >  0.  For  x/f  e  C°(3£2),  define 

pfi  =  (f)fdnu 

dQ 

j  .  _  (  T(I  —  P)xjr  +  Pfi  on  TD, 

V  ~  (  T(I  -  P)f  +  hPxf  on  Tr. 

Then  T  is  an  isomorphism  on  C°  (d£2).  If  xf  e  C°(3£2),  then 

u  =  SQ(I-P)xlr  +VQPD(I  -P)x/f  +  Px/r 


(6.65) 


(6.66) 


(6.67) 


is  a  classical  solution  of  the  mixed  problem  (6.60)  if  and  only  iffx/r=  Pog  +  Pnf- 

Proof  Let  x/f  e  C°(3£2).  Then  u  given  by  (6.67)  is  a  classical  solution  of  the  mixed 
problem  (6.60)  if  and  only  if  Tx/r  =  Pog  +  Pr!  by  Proposition  6.20.3. 

The  operator  T  is  a  Fredholm  operator  with  index  0  on  C°(rZ))  by  Proposi¬ 
tion  6.20.3  and  Theorem  1.8.3.  Let  xfr  e  C°(3£2)  and  TxJ/  =  0.  Then  u  given 
by  (6.67)  is  a  classical  solution  of  the  mixed  problem  (6.60)  with /  =  0  and  g  =  0. 
So,  u  =  0  in  £2  by  Corollary  6.20.2.  Let  co  be  a  component  of  Rm  \Q  such  that 
3 co  C  rR.  The  continuity  of  a  single  layer  potential  (Proposition  6.7.1)  gives  that  u 
is  a  bounded  classical  solution  of  the  Dirichlet  problem  A u  =  0  in  co,  u  =  0  on  3 co. 
So,  u  =  0  in  co  (see  Theorems  6.4.2  and  6.5.1).  We  have  on  3 co 


"3  u~ 

3  u 

_  3  n_ 

Q 

_  3  n_ 

.G' (4-^). 


(I  -P)x/f  =  (/  —  P)x/f. 


(See Theorem 5.4.8.) Thus,  xj/  =  0  on  TR.  Since  SQ(I— P)xj/-\- VQ(I— P)x/r-\-Pxlr  =  0 
in  Q,  we  have  [^I-\-Kn  +<S^](/— P)xj/-\-Pxj/  =  0  on  3£2  (see  Propositions  6.6.3  and 
6.7.1).  Proposition  5.14.8  gives  that  xj/  =  0.  Since  T  is  a  Fredholm  operator  with 
index  0,  we  have  T(C°(3£2))  =  C°(3£2).  So,  f  is  an  isomorphism  by  Theorem  1.6.3. 

Theorem  6.20.5  Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  Cl,a 
with  0  <  a,  ft  <  1,  0  <  X  <  a,  TD,  and  TR  be  disjoint  nonempty  closed  subsets  of 
dn  such  that  dn  =  rRU  rD.  Let  h  e  C°( 3ft),  h  >0,  g  e  C°(TD),f  e  C°(TR),  and 
F  e  (£2)  PI  Lp(£2)  with  p  >  m.  Then  there  exists  a  unique  classical  solution  of 
the  mixed  problem 


—  A  u  =  F  in  Q, 


u  =  g  on  TD, 


—  +hu  —f  on  Tr. 
on 


(6.68) 


Moreover, 


INI C(Q)  <  Cl  [||/||c(r*)  +  \\g\\c(rD)  +  II  ^ll^(n)] 


(6.69) 
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where  a  constant  C\  does  not  dependent  on  g,  f,  and  F. 

•  If  g  e  C°'X(TD),  then  u  e  C0,;i(£2)  and 

±  c2  [ll/llc(T,)  +  llg||c<u(rD)  +  II  ^lb(O)]  (6.70) 

where  a  constant  C2  does  not  depend  on  g,  f,  and  F. 

•  If  g  e  Ci  x(Td)  and  X  <  1  —  m/p,  then  there  exists  a  neighborhood  go  ofTo  such 
that  u  G  Cl,x(£2  Pi  go). 

•  Ifh,f  G  C0’A(r^)  and  X  <  \  —  m/p,  then  there  exists  a  neighborhood  go  of  VR 
such  that  u  G  Cl,x(Q  PI  go). 

•  If  g  G  C1,x(Td),  h,f  G  C°'X(TR),  and  X  <  1  —  m/p,  then  u  G  C1,A(£2)  and 

IMIc1**©  -  ^3  [\\f\\coHrR)  +  IlgHc^iy,)  +  \\F\\„m\  (6.71) 

where  a  constant  C3  does  not  depend  on  g,  f,  and  F. 

Proof  The  uniqueness  of  a  solution  follows  from  Corollary  6.20.2. 

Put  F  =  0  on  Rm  \  Q.  Then  VF  G  C2(Q)  n  Cl(Rm)  and 

II  Wile1.0©  -  ClH  ^11^© 

with  a  constant  c\  dependent  only  on  Q  and  p  (see  Theorem  3.14.2  and  Proposi¬ 
tion  3.15.1).  If  X  <  1  —  m/p,  then  VF  e  Cl,x(Q)  and 

II  W||cu(n)  <  c2\\  F\\u>(n) 

with  a  constant  c2  dependent  only  on  Q,  X ,  and  p.  (See  Proposition  3.15.1.) 
Theorem  3. 1.5  gives  —AVF  =  F.  Put f  =  f —dVF/dn  —  hVF  on  TR  and  g  =  g  —  VF 
on  TD.  We  find  a  classical  solution  of  the  problem 

dv 

Ar>  =  0in£2,  - — b  hv  =f  on  TR,  v=gonTD.  (6.72) 

on 

Let  PD ,  P,  T,  and  T  be  given  by  (6.61),  (6.65),  (6.63),  and  (6.66).  If  m  >  2,  then  T 
is  an  isomorphism  on  C°(9£2),  and 

V  =  SaT~l[g,f ]  +  VQPDT-'[gj] 

is  a  classical  solution  of  the  problem  (6.72).  (See  Proposition  6.20.3.)  If  m  =  2,  then 
T  is  an  isomorphism  on  C°(3£2),  and 


V  =  sn(l  -  P)T~l  [gj]  +  VaPD(I  -  P)T~l  [g,f]  +  PT~l  [g,f] 
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is  a  classical  solution  of  the  problem  (6.72).  (See  Proposition  6.20.4.)  Clearly, 
u  =  v  +  Vf  is  a  classical  solution  of  the  problem  (6.68).  The  estimate  (6.69)  is 
a  consequence  of  Propositions  6.7.1  and  6.6.3. 

Let  g  G  C0,A(rZ)).  Then  g  e  C0,A(rZ)).  Choose  a  bounded  open  set  co  with 
boundary  of  class  C°°  such  that  and  FD  Pi  co  =  0.  Denote  cor  =  co  D  £2  and 

coD  =  £2  \co.  Put  h  =  1 ,/  =  dv/d nM  +  r>  on  3s/?  \  3s.  Then  v  is  a  classical  solution 
of  the  Robin  problem  Av  =  0  in  coR,  dv/d n  +  hv  =  f  on  3 cor.  Theorem  6.9.4 
gives  that  v  e  C0,x(cor).  Denote  g  =  v  on  3 cod  \  Fd-  Then  v  is  a  classical  solution 
of  the  Dirichlet  problem  Av  =  0  in  s#,  v  =  g  on  3 s#.  Since  g  G  C0’A(3(s/)), 
Theorem  6.8.1  gives  that  v  G  C0,x(coD).  If  g  G  C1,A(r/)),  then  G  C1,A(s£>)  by 
Theorem  6.11.3.  Since  v  G  C°°(£2),  we  infer  that  v  G  C0,A(£2). 

Denote  vj~  =  v,  i.e.,  our  solution  of  the  mixed  problem  (6.72).  Then  /,  g]  i-> 
vj~  is  a  linear  operator  from  C°(r^)  x  C0,;i(rZ))  to  C0,A(£2).  The  relation  (6.69) 
shows  that  this  operator  is  closed.  So,  it  is  bounded  by  closed-graph  theorem 
(Theorem  1.4.15).  Hence,  the  relation  (6.70)  holds. 

Let  now/,  h  G  C0’A(r/?)  and  A  <  1—  m/p.  Then/  G  C°’A(Ttf).  Choose  abounded 
open  set  co  with  boundary  of  class  C°°  such  that  FR  C  co  and  3<^>  Pi  3^2  =  0.  Denote 
h  =  1  and /  =  dv/drf0  +  v  on  Q  PI  3 co.  Then  v  is  a  classical  solution  of  the  Robin 
problem  Av  =  0  in  £2  Ps,  dv/dn  +  hv  =f  on  3 (co  PI  £2).  Since/  G  C0,x  (d(£2  Ps)), 
Theorem  6.10.10  gives  that  v  G  C1,x(£2  PI  co). 

Let  now  g  G  C1,x(FD),f,  h  G  C0’A(Ttf),  and  A  <  \  —  m/p.  We  have  proved  that 
there  exists  a  neighborhoods  of  3£2  such  that  v  G  Cl,x(Q  P  co).  Since  v  G  C°°(£2), 
we  deduce  that  v  e  C1,X(Q).  \f,  g]  i->  vj~  is  a  linear  operator  from  C0’A(Ttf)  x 
CU(TD)  to  C^x(fl).  The  relation  (6.69)  shows  that  this  operator  is  closed.  So,  it 
is  bounded  by  closed-graph  theorem  (Theorem  1.4.15).  Hence,  the  relation  (6.71) 
holds. 

Theorem  6.20.6  Let  £2  C  R2  be  an  unbounded  domain  with  compact  boundary  of 
class  Cl,a  with  0  <  A  <  a  <  1,  T^,  and  Fr  be  disjoint  nonempty  closed  subsets  of 
dn  such  that  dQ  =  Fr  U  Fd.  Let  h  G  C°(3ft),  h  >  0,  g  G  C°(TD),  andf  e  C°( Fr). 
Let  PD,  P,  T,  and  T  be  given  by  (6.61),  (6.65),  (6.63),  and  (6.66).  Then  T  is  an 
isomorphism  on  C°(3£2).  Put  \j/  =  T~l[g,f].  Then  u  given  by  (6.67)  is  a  unique 
bounded  classical  solution  of  the  mixed  Dirichlet-Robin  problem  (6.60).  Moreover, 

IMI c(«)  <  C\  (\\f\\c(rR)  +  ||g||c(rD))  (6.73) 

where  a  constant  C\  does  not  dependent  on  g  andf. 

•  If  g  G  C°’A(rD),  then  u  G  C0,A(£2)  and 

llMllc°-A(n)  —  C2  (\\f\\c(rR)  +  ll^llc°’A(rD))  (6.74) 

where  a  constant  C2  does  not  depend  on  g  andf. 

•  If  g  G  Cu(rD),  then  there  exists  a  neighborhood  co  of  FD  such  that  u  G 

Cu(£TfTs). 
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•  If  h,f  e  C°’A(rY),  then  there  exists  a  neighborhood  co  of  VR  such  that  u  e 
Cu(?TfW). 

•  If  g  e  Cl,x(TD),  andh,f  e  C0,)i( TR),  then  u  e  C1,;i(£2)  and 

II wllc1A(^2)  -  ^3  (ll/llc^cr/?)  +  kllcu(r,))  (6.75) 

where  a  constant  C3  does  not  depend  on  g  andf. 

Proof  The  function  u  given  by  (6.67)  is  a  unique  bounded  classical  solution  of  the 
mixed  Dirichlet-Robin  problem  (6.60)  by  Proposition  6.20.4  and  Corollary  6.20.2. 
The  estimate  (6.73)  is  a  consequence  of  Propositions  6.7.1  and  6.6.3. 

Fix  re  ( 1, 00)  such  that  9£2  C  B(  0;  r).  Then  u  e  C2(R 2  \  B(  0;  r))  and 

WuWc2(R2\B(0-r))  -  co  (ll/llc(r*)  +  ||g||c(rD)) ,  (6.76) 

where  Co  does  not  depend  on  g  and/.  (This  is  a  consequence  of  Theorem  1.13.7  and 
Corollary  2.9.6.)  Let  now  x,y  e  R2  \  B( 0;  2 r).  If  \x  —  y\  >  1,  then 

\u(x )  -  u(y)  I  +  I  dju(x)  -  dju(y)\  <  4||m||C2(S2Vb(0.,.))|x  -j|A.  (6.77) 

Let  now  \x  —  y\  <  1.  Then  there  exist  0\,  62  G  (0, 1)  such  that  u(x)  —  u(y)  = 
(x  —  y)  •  Vw(y  +  0\(x  —  y))  and  9 )u(x)  —  dju(y)  =  (x  —  y)  •  Vdju(y  +  02 (*  —  y)). 
Thus  (6.77)  holds. 

Define  g  =  u  in  £2.  Then  u  is  a  classical  solution  of  the  mixed  problem  Au  =  0 
in  £2  H5(0;  2  r),  du/dn-\-hu  =f  on  T^,  and  w  =  g  on  3(£2  PI  5(0;  2r))  \TR.  We  have 
proved  that  g  e  Cu(dB(0;r)  and  ||g|lcU(3B(o;r)  -  5Co(ll/llc(rs)  +  ||g||c(rD)).  The 
proposition  of  the  theorem  is  a  consequence  of  Theorem  6.20.5,  (6.76)  and  (6.77). 

Theorem  6.20.7  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary  of 
class  Cl,a  with  0  <  A  <  a  <  1  and  m  >  2.  Let  TD  and  TR  be  disjoint  nonempty 
closed  subsets  of  3 £2  such  that  3  £2  =  TRUTD.  Let  h  g  C°(3£2),  h  >0,  g  e  C°(r£>), 
andf  e  C0(TR).  Ifu  is  a  bounded  classical  solution  of  the  mixed  Dirichlet-Robin 
problem  (6.60),  then  there  exists  a  constant  u^  such  that 

u(x)  Uqq  as  \x\  00.  (6.78) 

Let  Pd  and  T  be  given  by  (6.61)  and  (6.63).  Then  T  is  an  isomorphism  on  C°(3£2). 
Let  Uoq  e  Rl  be  fixed.  Define 


t  =  T  l[g  -Uoo,f  -huoo]. 


Then 


u  —  if/  +  VnPD\l/  +  Wqq 
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is  a  unique  classical  solution  of  the  mixed  Dirichlet-Robin  problem  (6.60),  (6.78). 
Moreover, 


IMIc(fi)  <  Cl  (ll/llccr*)  +  lls'llccro))  +  I «oo I  (6.79) 

where  a  constant  C\  does  not  dependent  on  g  andf. 

•  If  g  G  C°’A(rD),  then  u  G  C0,A(£2)  and 

\\u\\co, 

-  Ci  (||/||c(r*)  +  ||^Hc°-A(rD))  +  lwoo|  (6.80) 

where  a  constant  Ci  does  not  depend  on  g  andf. 

•  If  g  G  Cu(rD),  then  there  exists  a  neighborhood  co  of  To  such  that  u  G 
Cu(£Tps). 

•  If  h,f  G  C°’A(rY),  then  there  exists  a  neighborhood  co  of  TR  such  that  u  G 

Cu(£TfW).  _ 

•  If  g  G  Cu(rD),  andh,f  G  C0,A(r/?),  then  u  G  C1,A(£2)  and 

II wllc1A(^)  —  Ci  {\\f\\coHrR)  +  II^IIc^cid))  +  I woo I  (6.81) 

where  a  constant  C3  does  not  depend  on  g  andf. 

Proof  Let  u  be  a  bounded  classical  solution  of  the  mixed  problem  (6.60).  According 
to  Proposition  2.17.1,  there  exists  a  constant  u^  such  that  (6.78)  holds. 

Let  Uoq  be  given.  Proposition  6.20.3  and  Corollary  6.20.2  give  that  T  is  an 
isomorphism  on  C°(3£2)  and  u  =  SQ\//  +  VnPD\ls  +  Uqq  is  a  unique  classical 
solution  of  the  mixed  Dirichlet-Robin  problem  (6.60),  (6.78).  The  estimate  (6.79) 
is  a  consequence  of  Propositions  6.7.1  and  6.6.3. 

Define  g  =  u  in  Q.  Fix  r  G  (0,  00)  such  that  3  £2  C  B(0;r).  Since  u  is  a  classical 
solution  of  the  Dirichlet  problem  A  u  =  0  in  Q  \B(0;  r),  u  =  g  on  d(Q  \ B(0;  r)),  and 
g  G  Cl,x(d(Q  \B( 0;  r))),  Theorems  6.11.4  and  6.5.1  give  that  u  e  Cl,x(Q  \B( 0;  r)). 

Letg  G  C°’A(rD).  Since  u  is  a  classical  solution  of  the  mixed  problem  Au  =  0 
in  Q  H  #(0;  2 r),  du/dn  +  hu  =  f  on  TR,  u  =  g  on  3(£2  PI  i?(0;  2r))  \TR,  and  g  G 
C0,a(3(£2  n  B(0;2r))),  Theorem  6.20.5  gives  that  u  e  C0,X(Q  P  B(0;2r)).  Hence, 
u  G  C°’X(Q). 

Define 

A(g,f,  c )  =  [g  -  c,f  -  he]  +  TflPDT~x  [g  -  c,f  -  he]  +  c. 

We  have  proved  that  A  is  a  linear  operator  from  C0(r^)  xC0’A(r£>)  xRl  to  C0,A(£2). 
The  relation  (6.79)  shows  that  A  is  a  closed  operator.  So,  A  is  bounded  by  closed- 
graph  theorem  (Theorem  1.4.15).  Hence,  the  relation  (6.80)  holds. 

u  is  a  classical  solution  of  the  mixed  problem  Au  =  0  in  Q  P  B( 0;  r),  du/dn  + 
hu  =  f  on  dTR ,  and  u  =  g  on  TD  U  37?(0;  r).  If/,  h  G  C0,A(Ttf),  then  there  exists  a 
neighborhoods  of  TR  such  that  u  e  C1,A(£2  Pi  co).  If  g  e  C1,A(T/)),  then  there  exists 
a  neighborhood  co  of  TD  such  that  u  G  Cl,x(£2  P  co).  (See  Theorem  6.20.5.) 
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Let  now  g  G  Cl,x{TD)  and/,  h  G  C0,A(r/?).  We  have  proved  that  there  exists  a 
neighborhood  co  of  3£2  such  that  u  G  C1,X(Q  P  co).  Since  u  G  C°°(£2),  and  u  G 
C1,A(£2  \  #(0;  r)),  we  deduce  that  u  G  C1,A(£2).  It  is  enough  to  prove  (6.81)  for 
Uqq  =  0.  The  mapping  A  is  a  linear  operator  from  C0,A(r/?)  x  Cl,x(TD )  x  Rl  to 
C1,A(£2).  The  relation  (6.79)  shows  that  A  is  a  closed  operator.  So,  A  is  bounded  by 
closed-graph  theorem  (Theorem  1.4.15).  Hence,  the  relation  (6.81)  holds. 


6.21  Classical  Solutions  of  the  Mixed  Transmission  Problem 

In  this  section,  we  find  a  necessary  and  sufficient  condition  for  the  existence  of  a 
solution  (mi,...,%)  g  C1,a(^i)X"-xC1,a(^J  of  the  mixed  transmission  problem 
for  a  domain  £2  divided  into  open  sets  £2  i , . . . ,  £2^  with  compact  Ljapunov  boundary. 

Let  £2  C  Rm  be  a  domain  with  nonempty  compact  boundary  of  class  C1,01  with 
0  <  a  <  1.  Let  TD  and  T^  be  disjoint  closed  subset  of  3 £2  such  that  3  £2  =  TDUTR. 
Let  £2i, . . . ,  £2fc  be  disjoint  domains  with  compact  boundary  of  class  C1,a  such  that 
£2  =  £2i  U  Q2  U  •  •  •  U  £2^  and  k  >  2.  Denote  Ty  =  3£2*  Pi  3£2 /  Suppose  that  for 
each  component  T  of  dQj,  one  of  the  following  conditions  is  fulfilled: 

1.  T  C  TD  and  T  D  Qj  =  0  for  j  ^  i. 

2.  T  <ZTR  and  T  P  £2j  =  0  for  j  ^  i. 

3.  There  exists  j  G  {1  and  j  ^  i,  such  that  T  C  I/,  T  fl  3£2  =  0,  and 

rn£2/  =  0forZ^{iJ}. 

We  denote  by  rf  the  unit  exterior  normal  of  £2 j.  So,  nl  =  —n>  on  Ty  for  i  ^  j. 

Let  b\, . . . ,  bk  be  positive  numbers,  0  <  A  <  a,  h  G  C0,x(TR),f  e  ^^(T^),  and 
g  G  Cu( rD).  For  i  <  j ,  let/,-  G  C0’A(Ty)  and  gy  G  Cu(Ty).  We  shall  study  the 
following  mixed  transmission  problem: 

A Uj  =  0  in  Qj,  (6.82) 

3  Ur 

Uj  =  g  on  TD  D  3£2 ;,  —rr  +  huj  =  f  on  TR  Pi  3£2 (6.83) 

drv1 

duj  dw 

Ui  -  uj  =  gjj,  bt —  -  bj—  =fij  on  Ty,  i  <j.  (6.84) 

Lemma  6.21.1  Let  h  >  0  and  (u\, . . .  ,uf)  be  an  L2 -solution  of  the  mixed 
transmission  problem  (6.82),  (6.83),  (6.84).  Then  uj  G  Cl,x(Qj),  j  =  1 , ...  ,k. 

Proof  Let  B  be  a  component  of  3 £2,.  Choose  a  bounded  domain  co  C  Rm  with 
boundary  of  class  C°°  such  that  B  C  co  and  To  P  (Uy3£27  \  5)  =  0.  If  5  c  3 £2,  define 
g  =  w;  on  dco  P  £2j.  Since  Uj  is  an  //-solution  of  the  problem  A  Uj  =  0  in  co  P  Qj, 
Uj  =  g  on  3 (co  P  Qj)  \rR,  duj/dn1  +hut  =f  on  VR  P  3 (co  P  £2*),  Theorems  5.14.9, 
5.14.10,  6.11.3,  5.25.5,  5.25.6,  and  6.20.5  give  that  ut  g  Cx,x(co  P  Qj).  Let  now 
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B  C  3 Q(  D  3 Qj  for  j  ^  i.  Define  co\  =  co  PI  v\  =  ut,  b\  =  bt,  002  =  co  D  Qj, 
v2  =  Uj,  b>2  —  bj ,  co 3  =  \wi  U  ^3  =  0,  and  Z?3  =  1.  Define  =  vr  —  vs  and 
/rs  =  brdvr/ dnr  —  bsdvs/ 3 nr,  where  is  the  unit  exterior  normal  to  cor.  Then  grs  e 
C1,x(dcor  fl  3  cos)  and  frs  e  C0,x(dcor  PI  3  cos).  Since  (v\,V2,  r>3)  is  an  L2-solution  of  the 
transmission  problem  Avs  =  0  in  cos,  brdvr/ 3 nr  —  bsdvs/ 3 nr  =  frs,  vr  —  vs  =  gra  on 
3&>rn3o^,  Theorems  5.26.6, 5.26.7, 6.17.1,  and  6. 17.2  give  that  vr  e  C1,A(&>r).  If  £2* 
is  bounded,  then  ut  e  Cl,x(Qi).  Let  now  be  unbounded.  Since  Ma(ui )  e  L2(3£2*), 
the  function  ut  is  bounded.  According  to  Proposition  2.17.1,  there  exists  u0 Q  e  Rl 
such  that  Ui(x)  — >  u ^  as  \x\  —>  00.  Proposition  2.17.3  yields  |Vw*(x)|  =  0(\x\l~m) 
and  |V2^(v)|  =  0(|v|_m)  as  \x\  ->  00.  This  forces  ut  e  C1,A(£2*). 

Theorem  6.21.2  £2  bounded  or  m  =  2.  h  >  0.  Suppose  that  Tp  ^  @  or 

h(z )  0  for  some  z  G  T^.  exist  unique  uj  e  C],x(Qj),  j  =  1, . . . ,  k,  such 

that  (u\, ,  Uk )  A  a  solution  of  the  mixed  transmission  problem  (6.82),  (6.83),  and 
( 6. 84 ).  Moreover, 


\\g\y>  x(rD)  +  ll/llc°'A(r*) 


+  X!  (H^yllcwcry)  +  ll/>'llc°.A(ry)) 

1  <i<j<k 


where  C  does  not  depend  on  [gij,fj\,  g,  andf. 

Proof  According  to  Theorem  5.27.4,  there  exists  a  unique  L2-solution  (u\, . . . ,  uf) 
of  the  problem  (6.82),  (6.83),  and  (6.84).  Lemma  6.21.1  gives  that  uj  e  C1,A(£27), 
j  =  \, ...  ,k. 

Denote  by  T(g,f,gij,fj ),  the  solution  of  the  mixed  transmission  problem 
(6.82),  (6.83),  and  (6.84).  We  have  proved  that 

k 

T  :ChX(TD)xC°’X(TR)  x  f[  Cu(r,y)  x  C0’^)  -*  f[cU(^-) 

1  <i<j<k  i=  1 

is  a  linear  operator.  The  operator  T  is  closed  by  Theorem  5.27.4.  So,  it  is  bounded 
by  Theorem  1.4.15. 

Theorem  6.21.3  Let  £2  be  bounded,  TD  =  0,  and  h  =  0.  Then  there  exist  uj  e 
Cl,x(£2j),  j  =  1, . . . ,  k,  such  that  (u\, . . . ,  uf)  is  a  solution  of  the  mixed  transmission 
problem  (6.82),  (6.83),  (6.84)  if  and  only  if 

k 

V!  J  fij  dHm-l  +  J 

1  <i'</<*gn.n8£2y  ,=1an,nas2 


btf  dUm-i  =  0. 


(6.85) 
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Ifvj,  Uj  £  C1,x(£2j),j  =  1, . . . ,  k,  and  (u\, . . . ,  Uk)  is  a  solution  of  the  problem  (6.82), 
(6.83),  (6.84),  then  (v\, ...  ,Vk)  is  a  solution  of  the  problem  (6.82),  (6.83),  (6.84)  if 
and  only  ifuj  =  Vj  +  c,j  =  l, ... ,  k,  where  c  is  a  constant. 

Proof  According  to  Theorem  5.27.5,  there  is  an  L2- solution  (u\,...,Uk) 
of  (6.82),  (6.83),  (6.84)  if  and  only  if  (6.85)  holds.  If  (u\, . . . ,  uf)  is  an  L2-solution 
of  the  problem  (6.82),  (6.83),  (6.84),  then  the  general  form  of  L2-solution  of  the 
problem  (6.82),  (6.83),  (6.84)  is  (u\  +  c,  +  c )  where  c  is  a  constant. 

Lemma  6.21.1  gives  that  Uj  £  Cl,x(flj),j  =  1, ...  ,k. 

Theorem  6.21.4  Let  be  unbounded,  m  >  2,  and  h  >  0.  If  Uj  £  Cl,x(£2j), 
j  =  1, . . . ,  k,  solve  the  mixed  transmission  problem  (6.82),  (6.83),  (6.84),  then  there 
exists  u0 o  £  Rl  such  that  u\(x)  ->  u0 0  as  \x\  —>  oo.  Ifu^Q  £  Rl  is  given,  then  there 
exist  unique  uj  £  Cl,x(£2j),  j  =  1, . . . ,  k,  such  that  (u\, ... ,  uf)  is  a  solution  of  the 
problem  (6.82),  (6.83),  (6.84),  and  u\(x)  —>  as  \x\  —>  oo.  Moreover 


llM/  llc1^  («o  —  C 


\\f\\c°’k(rR)  +  ll^llchA(rD) 


+  E 

1  <i<j<k 


WfijWc^iTjj)  +  \\8ij\\cl^(rij) 


+  |  Moo  | 


where  C  does  not  depend  on  g,  f,  gij,  fj,  and  u^. 

Proof  Let  Uj  £  C1A(£27),  j  =  1  ,...,£,  and  solve  the  mixed  transmission 

problem  (6.82),  (6.83),  (6.84).  According  to  Theorem  5.27.6,  there  exists  Uoq  £  Rl 
such  that  u\(x)  —>  u^  as  \x\  —>  oo. 

Let  Woo  c  Rl  be  given.  According  to  Theorem  5.27.6,  there  is  a  unique  L2- 
solution  (wi, . . . ,  Uk)  of  the  problem  (6.82),  (6.83),  (6.84)  such  that  u\(x)  —>  Wqo  as 
\x\  oo.  Lemma  6.21.1  gives  that  uj  £  C1,x(Qj)J  =  1, . . . ,  k. 

Denote  by  T(woo,  g,f ',  gij,  f if)  the  solution  of  the  mixed  transmission  problem 
(6.82),  (6.83),  (6.84)  such  that  u\(x)  ->  Woo  as  \x\  ->  oo.  We  have  proved  that 

k 

T  :Rl  xCu(rD)xCw(ri,)x  Yl  ClX(rv)  xC°’A(ry)  -►  ]"[cu(£2/) 

1  <i<j<k  i=  1 

is  a  linear  operator.  The  operator  T  is  closed  by  Theorem  5.27.6.  So,  it  is  bounded 
by  Theorem  1.4.15. 

Theorem  6.21.5  Let  £2  \  be  unbounded,  m  =  2,  h  =  0,  and  TD  =  0.  If  uj  £ 
j  =  1, . . . ,  k,  solve  the  mixed  transmission  problem  (6.82),  (6.83),  (6.84), 
and  then  (6.85)  holds,  and  there  exists  Wqo  £  Rl  such  that  u\(x)  —>  u^  as  \x\  —> 
oo.  If  (6.85)  holds  and  u^  £  Rl  is  given,  then  there  exist  unique  Uj  £  Cl,x(Qf), 
j  =  1 , ...  ,k,  such  that  (u\, ... ,  Uk)  is  a  solution  of  the  problem  (6.82),  (6.83),  and 
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(6.84)  and  u\(x)  ->  Uoq  as  \x\  ->  oo.  Moreover 


ll/llc°’A(a^)  +  ^2  I  WMc^j) 

1  <i<j<k  \ 

+  \\gij\\cl’x(rij)  ]  +  \uoo\ 


where  C  does  not  depend  onf,  gy,  fy,  and  Uoq. 

Proof  Let  uj  e  Cl,x(Qj),  j  =  l, ...  ,k,  and  solve  the  mixed  transmission  prob¬ 
lems  (6.82),  (6.83),  and  (6.84).  According  to  Theorem  5.27.7,  the  relation  (6.85) 
holds,  and  there  exists  Uqq  e  Rl  such  that  u\(x)  —>  Uqq  as  \x\  oo. 

Let  (6.85)  hold  and  e  Rl  be  given.  According  to  Theorem  5.27.7,  there 
is  a  unique  L2-solution  (m,...,Uk)  of  the  problems  (6.82),  (6.83)  and  (6.84) 
such  that  u\(x)  —>  u oo  as  \x\  —>  oo.  Lemma  6.21.1  gives  that  uj  e 
j  =  l, ...  ,k. 

Denote  by  Z  the  space  of  all  [/, gij,fij]  satisfying  (6.85),  where/  e  C0,;i(3^), 
gij  e  and  fy  e  C0^(Ty),  i  <  j.  Denote  by  T(uoo,f,gij,fij)  the  solution  of 

the  mixed  transmission  problems  (6.82),  (6.83),  and  (6.84)  such  that  u\(x)  ->  Uqq 
as  \x\  —>  oo.  We  have  proved  that 


k 

T:Rl  xZ^  ]""[CU(^) 

i=  1 

is  a  linear  operator.  The  operator  T  is  closed  by  Theorem  5.27.7.  So,  it  is  bounded 
by  Theorem  1.4.15. 


6.22  Eigenvalue  Problems 

This  section  is  devoted  to  eigenvalue  problems.  First  we  prove  that  all  eigenvalues 
for  the  Dirichlet  problem,  for  the  Robin  problem,  and  for  the  mixed  problem  are 
positive.  Then  we  study  the  eigenvalue  problem  A ku  =  Xu  in  £2,  0  =  u  = 
•••  =  A k~lu  on  3 £2.  We  show  that  all  eigenvalues  form  a  sequence  of  positive 
numbers  such  that  Xj  oo  and  corresponding  eigenfunctions  form  an  orthonormal 
basis  in  L2(£2).  Moreover,  u  is  an  eigenfunction  of  the  problem  if  and  only  if  u 
is  an  eigenfunction  of  the  problem  A u  =  \iu  on  Q  and  u  =  0  on  3  £2  where 
X  =  (±k . 

Definition  6.22.1  Let  £2  C  Rm  be  a  bounded  domain,  m  >  2,  TD  C  3£2,  6  = 
(6 1 , . . . ,  9m)  be  a  nonzero  vector  function  on  3  Q  \  TD ,  and  h  be  a  function  on  3  Q  \  TD . 
We  say  that  the  number  X  is  an  eigenvalue  for  the  Poisson  equation  corresponding 
to  a  boundary  value  problem  u  =  0  on  TD  and  du/dO  -\-hu  =  0  on  3 £2  \  T^,  if  there 
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exists  a  nontrivial  classical  solution  u  of  the  problem 

—  Au  =  XuinQ,  u  =  OonT^and  du/dO  +  hu  =  0  on  3£2  \  TD.  (6.86) 

A  nontrivial  solution  u  of  the  problem  is  called  an  eigenfunction  corresponding  to  A. 

Proposition  6.22.2  Let  £2  C  Rm  be  a  bounded  domain,  m  >  2,  VD  C  3  £2, 
0  =  (0\, ... ,  6m)  be  an  outward-pointing  vector  function  on  3  £2  \  T#,  and  h  be 
a  nonnegative  function  ond£l\YD.  Let  X  be  an  eigenvalue  for  the  Poisson  equation 
corresponding  to  a  boundary  value  problem  u  =  0  on  YD,  du/d6  +  hu  =  0  on 
d£2\YD,  and  ube  a  corresponding  eigenfunction.  Then  u  G  C°°(£2).  Let  now  h  >  0. 
Suppose  TD  ^  0  or  h  ^  0.  Assume  moreover  that  for  each  x  e  3  £2  \TD,  we  have 
h(x)  >  0  or  £2  has  boundary  of  class  C 2  in  a  neighborhood  of  x.  Then  X  >  0. 

Proof  u  G  C°(£2).  If  u  G  Ck(Yl),  then  u  G  CkJrl(i 2)  by  Proposition  3.18.1.  Thus 
u  G  C°°(£2). 

Suppose  now  that  h(x)  >  0  or  £2  has  boundary  of  class  C 2  in  a  neighborhood  of 
v  for  each  x  G  3£2  \YD.  Let  X  <  0.  For  v  G  £2,  and  t  e  R1,  put  f(x,  t)  =  —Xt.  Then 
A u  =  f(x ,  u),  u  =  0  on  r#,  and  du/dO  +  hu  =  0  on  3£2  \YD.  Since  v  =  0  is  a 
classical  solution  of  the  same  problem,  Theorem  6.3.1  gives  that  u  =  v  =  0.  That 
is  a  contradiction. 

Theorem  6.22.3  Let  £2  C  Rm,  m  >  2,  be  a  bounded  regular  domain  (e.g.,  a  domain 
with  Lipschitz  boundary).  Then  there  exist  a  sequence  of  positive  numbers  {A^}  and 
a  complete  orthonormal  sequence  { u in  L2(i 2)  such  that  uk  G  C°(£2)  PI  C°°(£2), 
Xk  <  Xk+i,  andXk  — >  oo  as  k  — >  oo,  Xk  is  an  eigenvalue  of  the  Dirichlet  problem  for 
the  Poisson  equation,  and  Uk  is  a  corresponding  eigenfunction.  Moreover,  X\  <  X2 
and  u\  >  0  in  Q.  If  X  is  an  eigenvalue  of  the  Dirichlet  problem  for  the  Poisson 
equation  with  a  corresponding  eigenfunction  u,  then  there  exist  k{Y),k{2)  G  N  and 
real  numbers  ak  such  that  X  =  Xkfor  each  k(l)  <  k  <  k( 2)  and 


(6.87) 


k=k(l) 


IfdQ  is  of  class  Cl,a  and  0  <  /3  <  a  <  1,  then  u  G  Cl,P(Q). 

Proof  Let  Gq  be  the  Green  function  of  £2.  According  to  Theorem  3.20.1,  there  exist 
a  sequence  of  real  numbers  /x^  and  a  complete  orthonormal  sequence  {uk}  in  L2(i 2) 
such  that  uk  G  C°’°(£2)  (T  C°°(£2),  G^uk  =  ptkUk,  \ptk\  >  and  pk  0  as 

k  ->  00.  Moreover,  |/xi|  >  I/X2I  and  wi  >  0  in  £2.  If  //  G  L2(£2)  is  nontrivial  and 
G^//  =  /xi/  in  £2,  then  there  exist  k(Y),k(2)  G  N  and  real  numbers  ^  such  that 
/x  =  \ik  for  each  k(  1)  <  k  <  A(2)  and  (6.87)  holds  true. 

Put  A^  =  1  / /x^.  Then  — Auk  =  —AX kG^uk  =  X kuk  G  C° (£2)  by  Theorem  3. 11.5. 
The  induction  argument  and  Proposition  3.18.1  give  that  uk  G  C°°(£2).  Since  uk  = 
X kGsiUk  and  £2  is  regular,  Theorem  4.6.3  gives  that  uk  G  C°(£2)  and  uk  =  0  on 


464 


6  Classical  Solutions  of  B VP 


3£2.  (If  Q  has  Lipschitz  boundary,  then  it  is  regular  by  Theorems  4.5.7  and  4.5.8.) 
Proposition  6.22.2  gives  that  X^  >  0. 

Suppose  now  that  A  is  an  eigenvalue  of  the  Dirichlet  problem  with  a  corre¬ 
sponding  eigenfunction  u.  Proposition  6.22.2  gives  that  u  e  C°°(£2)  and  A  >  0. 
Proposition  6.4.1  gives  that  u  =  GqXu.  Thus,  /z  =  1 /A  is  an  eigenvalue  of  Gq  with 
the  eigenfunction  u.  If  3£2  is  of  class  C1,a  and  0  <  /3  <  a  <  1,  then  u  e  Cl,P(Q)  by 
Theorem  6.11.3. 

Definition  6.22.4  Let  Q  C  Rm  be  a  bounded  domain,  m  >  2,  k  e  N,  and  k  >  1.  We 
say  that  the  number  A  is  an  eigenvalue  for  the  Navier  problem 

(—A)ku  =  Xu  in  £2,  u  =  Au  =  •  •  •  =  Ak~lu  =  0  on  (6.88) 

if  there  exists  a  nontrivial  u  e  C°(£2)  PlC2^(£2)  with  A ju  e  C°(£2)  for  j  =  1 , . . . ,  k—  1 
such  that  (6.88)  holds.  This  function  u  is  called  an  eigenfunction  corresponding  to 
the  eigenvalue  A. 

Theorem  6.22.5  Let  £2  C  Rm  be  a  bounded  regular  domain,  m  >  2,  k  e  N,  and 
k  >  l.  If  X  is  an  eigenvalue  of  the  Dirichlet  problem  for  the  Poisson  equation  and 
u  is  a  corresponding  eigenfunction,  then  pt  =  Xk  is  an  eigenvalue  of  the  Navier 
problem  (6.88),  and  u  is  a  corresponding  eigenfunction.  On  the  other  hand,  if  pi  is 
an  eigenvalue  of  the  Navier  problem  (6.88)  and  u  is  a  corresponding  eigenfunction, 
then  pi  >  0,  A  =  /z1^  is  an  eigenvalue  of  the  Dirichlet  problem  for  the  Poisson 
equation,  and  u  is  a  corresponding  eigenfunction. 

Proof  Suppose  first  that  A  is  an  eigenvalue  of  the  Dirichlet  problem  for  the 
Poisson  equation  and  u  is  a  corresponding  eigenfunction.  Then  u  e  C°°(£2)  by 
Theorem  6.22.3.  Easy  calculation  gives  that  (—A )ku  =  X ku  in  Q  and  u  =  Au  = 
•  •  •  =  A k~lu  =  0  on  3£2. 

Let  now  pi  be  an  eigenvalue  of  the  Navier  problem  (6.88)  with  an  eigenfunction  u. 
If  /z  =  0,  then  A k~lu  is  a  classical  solution  of  the  problem  Av  =  0  in  Q  and  v  =  0 
on  So,  A k~lu  =  0  (see  Theorem  6.3.1).  By  the  induction  argument,  we  obtain 
that  u  =  0.  That  is  a  contradiction.  Thus,  /z  ^  0.  Let  Gq  be  the  Green  function  of 
Q.  Proposition  6.4.1  and  Theorem  6.3.1  give  that  u  =  Gq(—Au)  and  (—A fu  = 
Gq(—  Ay+lu  for  j  =  1, . . . ,  k  —  1.  Thus,  u  =  G^(— A)ku  =  G^p^u.  Since  G^u  = 
pi~lu ,  we  have  /z-1  e  cr(G^).  Spectral  mapping  theorem  (Proposition  1.6.8)  gives 
that  there  exists  v  e  <j(Gq)  such  that  /z-1  =  vk.  The  operator  Gq  is  a  compact 
operator  in  L°°(£2)  by  Theorem  3.20.1.  Since  v  ^  0,  there  exists  a  nontrivial  <p  e 
L°°(Q ,  C)  such  that  G^cp  =  vcp  (see  Theorem  1.7.7).  According  to  Theorem  3.20.1, 
we  have  v  e  R,  and  we  can  choose  cp  e  C°°(£2).  Proposition  6.4.1  gives  that  (p  = 
Gqv~x(p  e  C°(£2)  and  cp  =  0  on  £2.  Moreover,  —  Acp  =  v~l(p  in  £2.  Thus,  A  =  v~l 
is  an  eigenvalue  of  the  Dirichlet  problem  for  the  Poisson  equation.  Theorem  6.22.3 
gives  that  A  >  0.  Clearly,  /z  =  Xk  >  0.  According  to  Theorem  6.22.3,  there  exists 
a  sequence  of  eigenfunctions  uj  e  C°(£2)  PI  C°°(£2)  of  the  Dirichlet  problem  for  the 
Poisson  equation  with  eigenvalues  A j  >  0  such  that  {uj}  is  a  complete  orthonormal 
sequence  in  L2(Q).  Moreover,  there  are  k(l),k(2)  e  N  such  that  A j  =  A  if  and  only 
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if  k{  1 )  <j  <  k(  2).  We  have 

cj  =  J  uuj  dHm 

Q 

by  Theorem  1.9.9.  Fix  j  e  N  such  that  Xj  ^  X.  We  have  proved  that  X k  is  an 
eigenvalue  of  the  Navier  problem  (6.88)  and  Uj  is  a  corresponding  eigenfunction. 
Thus,  GkQuj  =  X~kUj.  Since  Gq (x, y)  =  G^(y, x )  by  Proposition  3.9.12,  the  operator 
Gq  is  self-adjoint  in  L2(Q,  C ).  So,  is  a  self-adjoint  operator  in  L2(Q,  C),  too 
(see  Lemma  1.9.14).  Since  G^u  =  X ~ku  and  X~k  ^  X~k,  Proposition  1.9.17 
gives 


E< 

j=  i 


J  uuj  dl~Lm  =  0. 

Q 


Thus 


k{  2) 

u=  J2  cJuj 

j=K  1) 

is  an  eigenfunction  of  the  Dirichlet  problem  for  the  Poisson  equation  corresponding 
to  the  eigenvalue  X. 


6.23  Neumann  Problem  on  the  Halfspace 

In  this  section,  we  show  then  a  solution  of  the  Neumann  problem  for  the  Laplace 
equation  on  the  halfspace  that  is  given  by  the  single  layer  potential  corresponding 
to  the  boundary  condition. 

Denote  R+  =  {[x\, . . .  ,xm];xm  >  0},  R ™  =  {[x\, . . .  ,xm];xm  <  0}. 

Proposition  6.23.1  Let  u  be  a  classical  solution  of  the  Neumann  problem  Au  =  0 
in  Rnf  and  du/dn  =  0  on  3  Rnf.  Ifu(x )  =  o(  1)  as  \x\  ->  oo,  then  u  =  0. 

Proof  According  Corollary  2.4.3,  there  exists  x  e  3 Rnf  such  that  \u(x)\  =  M  = 
sup  \  u\.  Without  loss  of  generality,  we  can  suppose  that  u(x)  =  M.  If  u  <  M  on  Rnf, 
then  du(x)/dn  >  0  by  Proposition  3.5.1,  what  is  a  contradiction.  Thus,  there  exists 
y  G  Rf  such  that  u(y)  =  M.  Theorem  2.4.2  gives  that  u  =  M.  Since  u(z)  =  o(  1)  as 
|z|  cx),  we  infer  that  u  =  0. 
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Theorem  6.23.2  Let  g  G  C°(3 R+)  and  g(x)  =  0( \x\  1  01 )  as  \x\  ->  cx)  with  0  < 
a  <  =  suppose,  moreover,  that  g  has  a  compact  support  and 

j  g  dHi  =  0.  (6.89) 

dRm+ 


Put 


S+g(x) 


-f 


hm(x-y)g(y )  dHm-liy). 


dR™ 


(6.90) 


Then  u  =  2  S+g  is  unique  classical  solution  of  the  Neumann  problem  A  u  =  0  in  Rnf, 
du/dn{=  —3 mu)  =  g,  andu(x)  =  6>(1)  as  \x\  oo.  Ifm  =  2,  a(x)  =  0(|v|_1) 
as  |v|  — >  oo.  Ifm  >  2,  then  u(x )  =  0(|v|_a)  as  |v|  — >►  oo.  If  g  G  C^idR’f),  and 
0  <  A  <  1,  then  u  G  C]^{Rm+). 

Proof  u  G  H{Rrf)  by  Theorem  3.10.3  and  Propositions  3.9.2  and  3.11.2.  Fix  z  € 
dR”f .  Choose  cp  G  C^°  (7?m)  such  that  cp  =  1  on  a  neighborhood  to  of  z.  Theorem  on 
differentiability  of  parametrized  integrals  (Theorem  1 . 13.7)  gives  that  <S+g(l  —  cp)  e 
C°°(co)  and 


3g+k(i-y)]fe) 

3  n 


zmg(y)[i  ~^(y)] 
'Hm-i  (95(0;  l))|z  —  y\m 


&Hm-\(y)  =  0. 


Choose  a  bounded  domain  £2  C  R™  with  boundary  of  class  C°°  such  that  3 R™  PI 
spt<^>  C  3£2.  Put  g  =  0  on  Rm  \  3 Rff.  Since  S+(g<p)  =  SQ(gcp),  Proposition  6.7.1 
gives  that  <S+(g<p)  is  continuous  in  Rm.  According  to  Proposition  6.7.2 


95+(<?g)(z) 
3  n 


dsQ(<pg)(z)  i  ,,  , ,  i  ,, 

- Fn - =  -2g(z)-KQg(z)  =  -g(z). 


Thus,  du(z)/dn  =  23<S+g(z)/3a  =  g(z).  If  g  e  C}£(dR+)9  then  S+{cpg)  = 
SQ((pg)  G  C1,a(£2)  by  Proposition  6.10.4,  and  thus  u  G  C]^{RLf). 

If  m  =  2,  then  <S+g  =  0(\x\~l)  as  \x\  — >  oo  by  Proposition  3.1.6.  Let  now 
m  >  2.  According  to  Proposition  3.1.6 


/ 


g(y)hm(x  —  y)  d'Hm-i(y)  =  0( \x\2  m )  as  |x|  ->  oo. 


ar  nB(o;i) 
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Fix  a  constant  C  such  that  \h(y)\  <  C|  v  1  “  for  |  y  >  1.  Put  c  =  ‘Hm-2(<)B(Q;  1)  n 
dR")  and  d=(m-  1)).  Let x  e  Rm  and  |x|  >  2.  Then 


J  \g(y)hm(x - y)\  dHm-i(y) 

dR,fnB(x;\x\/2) 

<-  J 

dR"\.r\B(r,\x\/2) 


C2ac 

d 


i*r, 


f 


\g(y)hm{x - y)\  dUm-i(y) 


(jGa^;i<|j|<2U|}\5(x;U|/2) 


< 


/ 


.  1 2— m 


C\y\ 


-l— a  I 


d22~ 


dHm-iiy) 


{y€dRt^_',l<\y\<2\x\}\B(x;\x\/2) 


Cc2 


2m 


(m  —  2  —  a)d 

J  \g(y)hm(x  -  y)\  dUm-l 


dR"l\B(x;2\x\) 


< 


/ 


ci, 


d22~ 


da 


a^\5(jc;2|jc|) 


Thus,  u(x)  =  0(\x\  01 )  as  \x\  ->  oo. 

The  uniqueness  follows  from  Proposition  6.23.1. 

Proposition  6.23.3  Let  u  e  C1^™)  Pi  C2(7?™), 

9 

Am  =  0  m  R™  =  0  ^  9/r . 

922 

7^1  Vm(x)|  =  o(l)  or  u(x )  =  0(1)  as  |x|  — >  oo,  ^22  u  is  constant. 

Proof  Put  u(x  1, . . . ,  xm)  =  u(x  1, . . . ,  xm_i ,  — xm)  for  xm  <  0.  Then  u  e  H(Rm )  by 
Proposition  2.19.2.  The  rest  is  an  easy  consequence  of  Corollary  2.16.4. 

Proposition  6.23.4  Let  g  e  C°(dR+)  and  g(x)  =  0(\x\  1  01 )  as  \x\  00  with 

0  <  a  <  1.  If  m  =  2,  suppose ,  moreover,  that  g  has  a  compact  support  and  (6.89) 
holds.  Let  <S+g  be  given  by  (6.90).  Then  u  =  2 S+g  +  c  with  a  constant  c  is  a 
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general  form  of  a  bounded  solution  of  the  Neumann  problem  u  £  fl  C1^™) 

and  du/dn  =  g  on  3 Rnf. 

Proof  The  proposition  is  an  easy  consequence  of  Theorem  6.23.2  and  Proposi¬ 
tion  6.23.3. 


6.24  Symmetry  and  the  Dirichlet  Problem 

In  this  section,  we  show  that  a  solution  of  the  Dirichlet  problem  for  the  nonlinear 
Poisson  equation  with  a  symmetric  boundary  condition  is  also  symmetric. 

Theorem  6.24.1  Let  a,b  e  Rm,  \b\  =  1,  m  >  2,  c  £  Rl,  and  L  =  {x  e  Rm ;  ( x  —  a )• 
b  =  0}  be  a  hyperplane.  Denote  Tx  =  a  —  2[(x  —  a)  •  b]b  the  reflexion  mapping  with 
respect  to  L.  Let  £2  C  Rm  be  a  domain  symmetric  with  respect  to  L,  i.e.,  T(fl)  =  £2. 
Let  f  be  a  measurable  function  on  £2  x  Rl  such  that  fix,  •)  is  non-decreasing  and 
f(Tx ,  •)  =  f{x,  •)  for  each  x  £  £2.  Let  u  £  C°(£2)  and  u(Tx)  =  u(x)  for  x  £  d£2.  If  £2 
is  unbounded,  suppose  moreover  u(x)  c  as  \x\  ->  oo.  If  Au  =  fix,  u)  in  £2  in  the 
sense  of  distributions,  then  u  is  symmetric  with  respect  to  L,  i.e.,  uiTx )  =  uix)  for 
each  x  £  £2. 

Proof  We  can  change  the  coordinate  system  such  that  L  =  {x  =  [x\, ...  ,xm];xm  = 
0}  (see  Lemma  2.1.2).  Then  the  reflexion  mapping  is  T(x \,...,xm)  = 

[x\, . . .  ,xm-\,—xm\.  Put  vix)  =  uiTx).  Easy  calculation  yields  that  A vix)  = 
AuiTx).  Therefore,  Au(x)  =  AuiTx)  =  fiTx, uiTx))  =  fix,  vix)).  If  x  £  3£2,  then 
uix)  =  vix).  If  £2  is  unbounded,  then  vix)  ->  c  as  \x\  ->  cx).  Thus,  u  =  v  by 
Proposition  6.2.2. 

Theorem  6.24.2  Let  a,b  £  R2,  \b\  =  1  and  L  =  {x  £  Rm;  (x  —  a)  •  b  =  0}  be  a 
line.  Denote  Tx  =  a  —  2[(x  —  a)  •  b\b  the  reflexion  mapping  with  respect  to  L.  Let 
£2  C  R2  be  an  unbounded  domain  symmetric  with  respect  to  L,  i.e.,  T(^)  =  £2, 
such  that  £2  ^  R2.  Let  f  be  a  measurable  function  on  £2  x  Rl  such  that  fix,  •)  is 
non-decreasing  and  fiTx,  •)  =  fix,  •)  for  each  x  £  £2.  Let  u  £  C°(£2),  uiTx)  =  uix) 
for  x  £  3£2,  and  uix)  =  0(1)  as  \x\  oo.  If  Au  =  fix,  u)  in  £2  in  the  sense 
of  distributions,  then  u  is  symmetric  with  respect  to  L,  i.e.,  uiTx)  =  uix)  for  each 
xe£2. 

Proof  We  can  change  the  coordinate  system  such  that  L  =  {x  =  [x\,X2\',X2  =  0} 
(see  Lemma  2.1.2).  Then  T(x  1,^2)  =  [x\,  —X2].  Put  v(x)  =  uiTx).  Easy  calculation 
yields  that  An(x)  =  AuiTx).  Therefore,  A  vix)  =  AuiTx)  =  fiTx, uiTx))  = 
fix,  vix)).  If  x  £  9£2,  then  uix)  =  vix).  Since  v(x)  —  uix)  =  0(1)  as  |x|  ->  00, 
Proposition  6.2.3  gives  u  =  v. 

Example  6.24.3  The  condition  “/(x,  •)  is  non-decreasing”  in  Theorems  6.24.1,  and 
6.24.2  is  essential  as  this  example  shows. 
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Put  u(x,y)  =  (sin x) (sin y),  £2  =  (— tt,  n)  x  (0,  3tt),  £2  =R2\Q,L\  =  {[0 ,t];t  e 
R1},  and  L2  =  {[ t ,  3tt/2];  t  e  Z?1}.  Then  £2  and  £2  are  symmetric  with  respect  to  L\ 
and  L2,  u  =  0  on  3£2  =  3£2,  and  u(x,y )  =  0(1)  as  |[x,y]|  ->  00.  But  u  is  not 
symmetric  with  respect  to  L\  and  L2  because  A u  =  f(u ),  where  f(t)  =  —2 1  is 
decreasing. 

Theorem  6.24.4  Let  z  G  Rm,  r  >  0,  m  >  2,  azzd  c  G/?1.  Suppose  thatf  is  a  function 
on  (0,  00)  x  R1  such  thatf(t,  •)  A  non-decreasing  for  each  t  >  0.  If  u  G  C0(#(z;  r)), 
u  =  c  on  dB(z\  r),  and  Au(x)  =  f(\x—z\ ,  z/(x))  in  B(zm,  r)  in  the  sense  of  distributions, 
then  there  exists  cp  G  C°((0;  r))  szzc/z  z/(x)  =  (p(\x  —  z\).  Suppose,  moreover,  that 
f(t,s)  =  g(s)  e  Cj^(Rl).  Then  cp  is  a  monotone  function,  \(p'\  is  non-decreasing, 
u  e  Cl(B(z ;  r)),  and  one  of  the  following  cases  occurs: 

•  u  =  c. 

•  u  >  c  in  B(z;  r)  and  du/dn  <  0  on  3 B(z\  r). 

•  u  <  c  in  B(z\  r)  and  du/dn  >  0  on  3 B(z\  r). 

Proof  Fix  x,  y  e  B(z ;  r)  such  that  \x  —  z\  =  |  y  —  z\  and  1  /  y  Put  L  =  {w;  (w  — 
z)  •  (x  —  y)  =  0}.  Then  x  and  y  are  symmetric  with  respect  to  the  hyperplane  L. 
Since  u  is  symmetric  with  respect  to  the  hyperplane  L  (see  Theorem  6.24.1),  we 
have  u(x)  =  u(y).  Therefore  there  exists  cp  e  C°((0;  r))  such  that  u(x)  =  cp{\x  —  z|). 

Let  now  f(t,  s)  =  g(s)  e  Cj/^(Rl).  Put  h(x)  =  g(u(x))  for  |x  —  z\  <  r,  h(x)  =  0 
for  |x  —  z\  >  r  +  1,  and  h(x)  =  g(c)(r  +  1  —  |x  —  z|)  for  r  <  |x  —  z|  <  r  +  1. 
Then  h  is  a  continuous  function  with  compact  support.  Theorem  3.13.4  gives  that 
Vh  e  Cl(Rm).  Due  to  the  symmetry  of  h ,  there  exists  a  constant  d  such  that  Vh  =  d 
on  dB (z;  r).  Since  —  A Vh  =  h  =  g{u)  in  B{z\  r)  in  the  sense  of  distributions  (see 
Theorem  3.1.5),  A (u  +  VTz)  =  0  in  B(z’,  r)  in  the  sense  of  distributions.  Therefore, 
u  +  Vh  e  H(B(z;  r))  (see  Corollary  2.18.3).  Moreover,  u  +  Vh  e  C°(B(z;  r)),  and 
u  +  Vh  =  c  +  d  on  dB (z;  r).  The  uniqueness  of  the  Dirichlet  problem  for  the  Laplace 
equation  (Theorem  6.3.1)  gives  that  u  +  Vh  =  c  +  d  in  B(z\  r).  Thus,  u  =  —Vh  +  c-\- 
d  G  Cl(B(z\  r)).  Proposition  3.21.1  gives  that  \<p'(\x  —  z|)  =  |Vm(x)|  <  \S7u(y)\  = 
\cp'(\  y  —  z|)|  for  |x  —  z\  <  \  y  —  z\  <  r.  Denote  M  =  {t  e  (0;  r);  <p'(t)  =  0}.  Then 
M  =  (0,  t)  for  some  t  e  (0,  r).  Therefore,  cpr  does  not  change  the  sign,  and  cp  is  a 
monotone  function.  If  M  =  (0,  r),  then  u  =  c.  In  other  cases,  u  <  c  or  u  >  c  in 
B(z;  r),  and  du/dn  =  cp'  ^  0  on  dB (z;  r). 


6.25  Symmetry  of  the  Robin  Problem 

In  this  section,  we  prove  the  monotony  principle  for  the  Robin  problem  of  the 
nonlinear  Poisson  equation.  As  a  consequence,  we  obtain  that  a  solution  of  the 
Robin  problem  for  the  nonlinear  Poisson  equation  in  the  ball  depends  only  on  the 
distance  of  the  center  of  the  ball  provided  the  boundary  condition  is  constant. 
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Proposition  6.25.1  Let  £2  C  Rm,  m  >  2,  be  a  domain  with  boundary  of  class  Cl 
andf  be  a  measurable  function  on  £2  x  Rl  such  that  f(x,  •)  is  non- decreasing  for 
each  x  e  £2,  h  e  C°(9£2),  h  >  0,  0  e  C°(d£2 ,  Rm),  and  0(x)  •  nQ(x)  >  0  on  Q. 
Let  u,  v  e  Cl(£2),  ( du/d6 )  +  hu  >  (dv/dO)  +  hv  on  9£2  and  —A u(x)  +/(*,  u)  > 
—Av(x)  -\-f(x,v)  in  £2  in  the  sense  of  distributions.  If  £2  is  unbounded,  suppose 
moreover 


liminf  (u(x)  -  v(x))  >  0. 
|jc|  ->  oo 

X  G  £2 


•  Ifh  >  0  on  9£2,  then  u  >  v  in  £2. 

•  Suppose  that  d£2  is  of  class  C2.  Then  u  —  v  is  constant  or  u  >  v  in  £2.  If  h  ^  0, 
then  u  >  v  in  £2. 

Proof  Denote  V  =  {x  e  £2;u(x)  <  v(x)}.  Suppose  that  V  ^  0.  According  to 
Lemma  1.20.3,  there  exists  a  nonnegative  measure  pi  such  that  —  A (u  —  v)  +/(•,  u)  — 
/(•,  t;)  =  /x.  Since  — A(w  —  v)  =  p  — /(•,  u)  +/(•,  u)  >  0  on  V,  the  function  u  —  v 
is  superharmonic  in  V  by  Corollary  3.19.5. 

Put  M  =  inf{w(x)  —  v(x);x  e  £2}.  Then  M  <  0,  and  K  =  {x  e  £2;u(x)  — 
v(x)  =  M}  is  a  nonempty  closed  set.  Suppose  first  that  there  exists  v  e  AT  Pi  ^2. 
Then  there  exists  r  >  0  such  that  B(x;  r)  C  V.  The  superharmonic  function  u  —  v 
attains  its  minimum  in  v,  so  u  —  v  is  constant  in  B(x;  r)  by  Proposition  3.3.5.  Since 
K  D  Q  is  a  nonempty  open  closed  subset  of  the  connected  metric  space  Q,  we 
deduce  K  Pi  Q  =  Q.  Thus,  u  =  v  +  M.  If  there  exists  z  G  9^  such  that  h(z)  >  0, 
then  ( du(z)/d9 )  +  h(z)u(z)  -  [(dv(z)/d0)  +  h(z)v{z)\  =  h{z)M  <  0,  what  is  a 
contradiction. 

Suppose  now  that  =  0.  We  can  choose  z  £  9 £2  such  that  u(z)—v(z)  =  M  < 
u(x)  —  v(x)  for  all  x  G  £2.  Then  d(u  —  v)/d6  <  0  in  z.  If  h(z)  >  0,  then  (du(z) / d6 )  + 
h(z)u(z)  —  [(9u(z)/90)  +  h(z)v(z)]  <  h(z)M  <  0,  what  is  a  contradiction.  Let  now 
h(z)  =  0,  and  dQ  is  of  class  C2.  Since  u(z)  —  v(z)  <  0,  there  exists  8  >  0  such  that 
£2  fl  B(z\  8)  C  V.  Since  there  exists  an  open  ball  B  C  £2  Pi  B(z;  8)  such  that  z  G  dB 
(see  Lemma  1.17.11),  Proposition  3.5.1  gives  du(z)/d6  +  h(z)u(z)  —  [dv(z)/dd  + 
h(z)v(z)]  =  d[u(z )  —  v(z)]/d0  <  0,  what  is  a  contradiction. 

Theorem  6.25.2  Let  z  G  Rm,  r  >  0,  m  >  2,  a,  b  e  Rl,  and  a  >  0.  Suppose  that 
f  is  a  function  on  (0,  oo)  x  Rl  such  thatf(t,  •)  is  non-decreasing  for  each  t  >  0.  If 
u  G  C2(B(zm,  r))(lCl  (B(z',  r)),  du/dnB^ -\-au  =  b  on  dB(z\  r),  and  A u  =f(\x—z\,  u) 
in  B(z;  r),  then  there  exists  cp  G  C1((0;  r))  such  that  u(x)  =  <p(\x  —  z|). 

Proof  Without  loss  of  generality,  we  can  suppose  that  z  =  0.  Let  Ax  be  a  rotation 
with  center  0.  Put  v(x)  =  u(Ax).  Then  the  mapping  A  is  representable  by  a  matrix 
A  such  that  (Ax)  •  (Ax)  =  x  •  y.  Lemma  2.1.2  gives  Av(x)  =  f(\x\,  v(x))  in  Z?(0;  r). 
Clearly,  dv/dnB^  +  av  =  b  on  97? (0;  r).  According  to  Proposition  6.25.1,  there 
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exists  a  constant  M  such  that  v  =  u  +  M.  From  the  fact 

inf  u(x)  =  inf  v(x)  =  inf  u(x )  +M 

xGfi(0;r)  xGfi(0;r)  xGfi(0;r) 

we  infer  that  M  —  0.  Since  u(x )  =  u(Ax)  for  each  rotation  Ax,  there  exists  a  function 
(p  such  that  u(x )  =  <^(|x|). 
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Check  for 
updates 


Abstract  Chapter  7  studies  boundary  value  problems  for  the  Poisson  equation  in 
Sobolev  and  Besov  spaces  on  bounded  domains  and  also  in  homogeneous  Sobolev 
spaces  on  unbounded  domains. 


Chapter  7  studies  boundary  value  problems  for  the  Poisson  equation  in  Sobolev 
and  Besov  spaces  on  bounded  domains  and  also  in  homogeneous  Sobolev  spaces 
on  unbounded  domains.  First,  sections  are  devoted  to  the  Dirichlet  problem.  We 
prove  that  there  exists  a  unique  solution  of  the  Dirichlet  problem  in  Wl,2(Q)  where 
Q  C  Rm  is  an  open  set.  If  m  >  2,  then  Q  can  be  arbitrary.  If  m  =  2,  we  suppose  that 
Q  is  not  dense  in  R2.  We  show  that  there  exists  a  unique  solution  of  the  Dirichlet 
problem  for  the  Poisson  equation  in  the  Sobolev  space  or  in  the  Besov  space 

Bp,q(Q),  where  Q  is  a  bounded  domain  with  Ljapunov  boundary  and  1  <  p,q  <  o o, 
l/p  <  s  <  1  +  1  /p.  Then,  we  study  a  solution  of  the  Dirichlet  problem  in  the 
space  W2+k,p(£2)  where  k  e  No  and  Q  is  a  bounded  domain  with  boundary  of 
class  Ck+2.  For  bounded  domains,  we  compare  Perron- Wiener-Brelot  solution  of  the 
Dirichlet  problem  and  solutions  of  this  problem  in  Sobolev  and  Besov  spaces.  We 
are  also  interested  in  the  Dirichlet  problem  for  the  Poisson  equation  in  homogeneous 
Sobolev  spaces  Dk,p(Q)  on  exterior  domains.  We  prove  the  existence  of  a  solution 
and  characterize  the  set  of  all  solutions. 

Further,  we  study  the  Neumann  problem,  the  Robin  problem,  and  the  derivative 
oblique  problem.  We  find  a  necessary  and  sufficient  condition  for  the  existence  of  a 
solution  in  W1,2(£2)  for  a  domain  with  compact  Lipschitz  boundary  and  discuss  the 
uniqueness.  For  domains  with  compact  boundary,  we  study  the  Neumann  problem 
and  the  Robin  problem  in  and  in  D2,p(£2).  For  planar  domains,  we  are  able 

to  treat  these  problems  in  Dk,p(Q)  for  k  e  N. 

In  the  rest  of  the  sections,  we  study  the  transmission  problem  in  D1,i?(£2±),  the 
obstacle  problem  in  Wl,2(Q)  for  Q  bounded,  and  mixed  problems  in  W1,2(£2), 
Ws,p(Q),  Bp'q(Q),  and  Dlp(Q).  At  the  end  of  this  chapter,  we  study  eigenvalue 
problem  for  the  Dirichlet  problem,  for  the  Neumann  problem,  for  the  Robin 
problem,  and  for  the  mixed  problem.  We  compare  eigenvalues  of  these  problems. 
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7.1  The  Dirichlet  Problem  in  WK2(ft) 

In  this  section,  we  prove  that  there  exists  a  unique  solution  of  the  Dirichlet  problem 
in  Wl,2(Q)  where  Q  C  Rm  is  an  open  set.  If  m  >  2,  then  Q  can  be  arbitrary.  If 
m  =  2,  we  suppose  that  Q  is  not  dense  in  R2. 

Let  1  <  p  <  oo.  The  space  Dlp(Rm)  consists  of  those  functions  in  Lploc(Rm)  for 
which  all  generalized  derivatives  of  the  order  1  are  in  Lp(Rm).  Fix  a  bounded  open 
set  co.  Then  Dl,p(Rm)  is  a  Banach  space  with  the  norm 


INI Dl’P(Rm)  —  INIz^O)  +  II  |Vw|  II 


Moreover,  different  choices  of  co  give  equivalent  norms. 

Let  Q  C  Rm  be  an  open  set,  1  <  p,p'  <  oo,  l/p  +  l/p'  =  1.  Denote  by 
Dlp(£2)  the  closure  of  C^°(£2)  in  DXp{Rm)  and  by  D~l,p' (Q)  its  dual  space.  Denote 
IT1,P(^)  =  {cp\£2;  cp  G  D1,p(Rm)}  equipped  with  the  norm 

11/11^(0)  =  inf{MDl,nRm);cp  e  D'*{BT),f  =  <p\£l}. 

Denote  =  {u  e  LP(Q);  Wu  e  LP(Q,  Rm )}  equipped  with  the  norm 


\\u\\wl’P(n)  —  IIwIIlp(^)  +  II  \^u\  ll^(n)- 


If  Q  is  a  bounded  domain  with  Lipschitz  boundary,  then  Wl,p(Q)  =  and 

both  norms  are  equivalent. 

If  £2  C  Rm  is  a  bounded  open  set  with  Lipschitz  boundary,  then  u  e  Wl,2(Q)  is  a 
solution  of  the  Dirichlet  problem  for  the  Poisson  equation 


—  A  u=f  in  £2,  u  =  g  on 


(7.1) 


if  —  Aw  =  /  in  the  sense  of  distributions  and  the  trace  y^u  of  u  on  3 £2  is  equal  to 
g.  Clearly,  g  is  the  trace  of  some  function  g  e  W1,2(£2).  Theorem  3.19.3  gives  that 
/  G  D-1’2(£2).  Theorem  3.19.3  and  Proposition  1.24.3  give  that  u  G  IT1,2(£2)  = 
Wl,2(Q)  is  a  solution  of  the  problem  (7.1)  if  and  only  if  u  —  g  G  D1,2(£2)  and 


(7.2) 


° 

(or  equivalently  for  all  cp  G  D1,2(£2)). 

This  motivates  the  definition  of  a  solution  of  the  Dirichlet  problem  (7.1)  in 
IT1,2 (£2)  for  a  general  open  set  Q  C  Rm.  Instead  of  the  problem  (7.1),  we  shall 


7. 1  The  Dirichlet  Problem  in  W1,2  (£2) 
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study  a  more  general  problem.  Let  atj  e  ij  =  1, ...  ,  m,  be  such  that 

ay  =  a,ji  and  there  exists  a  positive  constant  v  such  that 

m 

v\y\2  <  ‘mtoyw  Wx’ y e  Rm-  (7.3) 

iJ= 1 

Suppose  moreover  that  c  e  has  compact  support,  c  >  0.  Iff  e  D~l,2(Q), 

g  e  1L1,2(£2),  we  say  that  u  e  1L1,2(£2)  is  a  solution  of  the  problem 

m 

—  di(aijdju )  +  cu  =f  in  £2,  u  =  g  on  (7.4) 

iJ=  1 

in  Wl,2(Q)  if  u  —  g  e  Dl,2(Q)  and 


/ 

£2  U 


ciij(dju)(di(p)  +  cmp 


ij=  1 


d  nm  =  (f,<p)  V<p€Cc°°(£2) 


(7.5) 


° 

(or  equivalently  for  all  cp  e  D1,2(Q)). 

Lemma  7.1.1  Let  £2  C  Rm  be  an  open  set,  m  >  2.  Ifm  =  2,  suppose  moreover  that 
£2  7^  7?2.  Le£  e  L°°(Rm),  ij  =  1, . . . ,  m,  such  that  a^  =  aji  and  there  exists 
a  positive  constant  v  such  that  (7.3)  holds.  Suppose  that  c  e  L°°(Rm)  has  compact 
support,  c  >  0.  Denote 


/ 

£2  L' 


iJ=  1 


aij(dj(p)(di^)  +  c(pf 


dU„ 


Then  ||^>||  =  sJupAp)  is  an  equivalent  norm  on  Dl  2(Q.). 
Proof  According  to  (7.3) 


(7.6) 


Ml2  =  (<p,<p)  > 

Since  atj,  c  e  L°°(Rm)  and  c  has  compact  support,  Lemma  1.25.4  and  Proposi¬ 
tion  1.25.8  give  that  ||  ||  is  an  equivalent  norm  on  D1,2(£2). 

Theorem  7.1.2  Let  £2  C  Rm  be  an  open  set,  m  >  2.  Ifm  =  2,  suppose  moreover 
that  £2  7^  R2.  Let  aij  e  L°°(Rm),  ij  =  1, . . . ,  m,  be  such  that  a^  =  ap  and  there 
exists  a  positive  constant  v  such  that  (7.3)  holds.  Suppose  that  c  e  L°°(Rm )  has 
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compact  support,  c  >  0.  Iff  e  D  1,2  (£2),  g  e  IT1,2  (£2)  then  there  exists  a  unique 
solution  u  of  the  Dirichlet  problem  (7.4)  in  1T1,2(£2).  Moreover 


INI  *1.2(0)  <C  11/11* 


>-l.2(£2) 


where  a  constant  C  depends  only  on  £2,  ay,  and  c.  Let  (  ,  )  be  given  by  (7.6), 


Then  F  e  D  1,2  (Q) .  Riesz  representation  theorem  (Theorem  1.9.10)  gives  that  there 
exists  unique  v  e  Dl2(Q)  such  that  (v,cp)  =  ( F,(p )  for  each  cp  e  D1,2(Q)  and 
(v,v)  =  ||  F\\2.  Clearly,  u  =  g  +  v  is  a  solution  of  the  problem  (7.1). 

Iff  =  0,  g  =  0,  then  F  =  0  and  thus  u  =  v  =  0. 


7.2  The  Dirichlet  Problem  and  Approximation  of  Domains 

Theorem  7.2.1  Let  Q  C  Rm  be  an  open  set,  m  >  2.  If  m  =  2,  suppose  moreover 
that  £2  ^  R2.  Let  ay  E  L°°(Rm),  ij  =  1, . . . ,  m,  be  such  that  a^  =  aji  and  there 
exists  a  positive  constant  v  such  that  (7.3)  holds.  Suppose  that  c  E  L°°(Rm)  has 
compact  support,  c  >  0.  Let  £1^  be  an  increasing  sequence  of  open  sets  such  that 
£2  =  UQk.  Letf  E  D_1,2(£2),  g  e  !T1,2(£2).  Let  ube  a  solution  of  the  problem  (7.4) 
in  IT1,2  (£2)  and  Uk  be  a  solution  of  the  problem  (7.4)  in  Wl'2(£lk)-  Extend  u k  by  g  on 
£2  \  Qfr.  Then  Uk  E  IT1,2  (£2)  and  Uk  — >  u  in  Wl,2(Q)  as  k  oo. 

Proof  Let  (  ,  )  be  given  by  (7.6),  ||<^||  =  yj(yp,  cp).  Then  Dl,1(Q)  is  a  Hilbert  space 
with  the  inner  product  (  ,  )  by  Lemma  7.1.1.  Define 


(F,<P)  =  (f,<p)-(g,<p),  (peDh2(Sl). 


Then  F  e  D  1,2  (£2).  Put  v  =  u  —  g,  Vk  =  Uk  —  g.  Clearly,  v  e  Dl  2(£2).  Since 
Vk  £  D1,2(Qk),  Vk  extended  by  0  is  in  Dl,2(Rm).  Thus,  Vk  E  Dl,2(Q).  Moreover, 


m 


Yj  dfaijdjv )  +  cv  =  F  in  Q ,  v  =  0  on  , 
ij=  1 


(7.7) 


m 


Vk  =  0  on  d£lf 


(7.8) 
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Since  Vk  are  solutions  of  the  Dirichlet  problem  (7.8)  and  v  is  a  solution  of  the 
Dirichlet  problem  (7.7),  by  virtue  of  Theorem  7. 1 .2,  we  receive 


Nil  =  sup{(F,w);w  €  |M|  <  1} 

<  sup{(f,  w);  v  e  D12(Q),  ||w||  <  1}  =  ||v||. 


Moreover, 


l|u  -  Vk\\2  =  ( V ,  V )  -  ( V ,  vk)  -  (vk,  V )  +  (vk,  vk) 

=  (v,  v)  -  (F,  vk)  -  (vk,  v )  +  (F,  vk)  =  ( V ,  v )  -  (vk,  v). 


Fix  €  >  0.  Then,  there  exists  cp  G  C^°(^)  such  that  \\v  —  (p\\  <  e/(2||r>||  +  1).  Since 
spt  (p  is  compact,  there  exists  n  G  N  such  that  spt  cp  C  Qn.  If  k  >  n ,  then 

II U  -  Vkf  =  ( V ,  V )  -  (vk,  V )  =  (v,  <p)  -  (vk,  (p)  +  (v,  V  -  (p)  -  (vk,  V-tp) 

<  { F,<p )  -  ( F,<p )  +  II u II  lit; -<p\\  +  II Util  lit;  -q>\\  <  2||u||e/(2||u||  +  1)  <  <?. 


7.3  The  Weak  Maximum  Principle 

In  this  section,  we  prove  the  monotony  principle  for  solutions  of  the  Dirichlet 
problem  for  the  Poisson  equation  in  Wl,2(Q).  As  a  consequence,  we  prove  the 
maximum  principle  for  solutions  of  the  Dirichlet  problem  for  the  Poisson  equation 
in  Wu(^). 

Let  £2  C  Rm  be  an  open  set,  J-,  Q  G  Remember  that  T  <  Q  if  ( J cp)  < 

(Q,  (p)  for  each  nonnegative  cp  G  C^°(^). 

If  Q  is  a  bounded  open  set  with  Lipschitz  boundary,  1  <  p  <  oo  and  u,v  G 
W1,p(^)  =  Wl,p(Q),  then  u  <  v  on  3^2  (in  the  sense  of  traces)  if  and  only  if 
( u  —  u)+  G  Wl,p(Q)  =  Dl  p(Q).  That  is  a  motivation  of  the  following  definition: 

Definition  7.3.1  Let  £2  C  Rm  be  an  open  set,  u,  v  e  W1,i?(^),  1  <  p  <  oo.  We  say 
that  u  <  v  on  3£2  if  (u  —  v)+  G  Dl,p(£2). 

Theorem  7.3.2  (Weak  Maximum  Principle)  Let  a  be  a  bounded  nonnegative 
measurable  function  in  Rm  with  compact  support  and  £2  C  Rm  be  an  open  set, 
m  >  2.  If  m  =  2,  suppose  moreover  £2  7^  R2.  If  u,  v  G  W1,2(£2),  —A u  +  au  < 
—Av  +  av  in  V'(Q)  and  u  <  v  on  dQ  then  u  <  v  in  Q. 

Proof  Put  w  =  (u  —  u)+.  Then,  Vw(i)  =  V(u  —  v)(x)  if  (u  —  v)(x)  >  0,  Vw(i)  =  0 

elsewhere  (see  Theorem  1.21.5).  Since  w  G  D1,2(^),  w  >  0,  there  is  a  sequence  cpk  G 

0 

C^°(^)  such  that  <pk  >  0  and  cpk  ->  w  in  D1,2(^)  as  k  —>  00  (see  Lemma  1.25.10). 


478 


7  Solutions  in  Sobolev  and  Besov  Spaces 


Since  —  A (u  —  v)  +  a(u  —  v)  <  0,  we  obtain  by  Theorem  3.19.3 

J (|Vw|2  +  a\w\2)  d l~Lm  =  J [V(w  —  v )  •  Vw  +  w(w  —  d)w]  dHm 

=  lim  /  [V(m  —  d)  •  +  w(w  —  d)<^]  dHm  <  0. 

k^oo  J 

Q 

Since  |Vw|2  >  0,  w|w|2  >  0,  we  infer  that  Vw  =  0  a.e.  in  Q.  Since 

l|V0||L2(n) 

° 

is  an  equivalent  norm  on  D1,2(£2)  by  Lemma  1.25.4  and  Proposition  1.25.8,  and 
w  G  £>1,2(£2),  we  infer  that  w  =  0. 

Corollary  7.3.3  Let  Q  C  Rm  be  an  open  set ,  m  >  2.  If  m  =  2,  suppose  that  £2  ^ 
R2.  Let  u,g  G  IT1,2 (£2),  M  be  a  constant,  —Au  =  f  in  V\£l).  Then,  f  G  D_1,2(£2). 
Suppose  that  u  =  g  on  3  £2.  Iff  <  0  wwd  g  <  M,  then  u  <  M  in  Q. 

Proof  Theorem  3.19.3  gives  that/  G  D_1,2(£2). 

If  £2  is  bounded  put  v  =  M  and  use  Theorem  7.3.2. 

Let  now  £2  be  unbounded.  Fix  a  bounded  open  set  co  such  that  To  C  £2.  Choose 
an  increasing  sequence  of  bounded  open  sets  £2k  such  that  C  and  £2  =  U^. 
Theorem  3.19.3  gives  that/  G  D~l,2(Qk)-  According  to  Theorem  7.1.2,  there  exists 
a  solution  u k  G  1T1,2(^^)  of  the  problem  —Auk  =  f  in  £2^,  =  g  on  3£2^.  We 

have  proved  that  <  M.  Theorem  7.2.1  forces  that  Uk  — >  w  in  W1,2(u;).  According 
to  Proposition  1.14.8,  there  exists  a  subsequence  such  that  Uk(j){x)  u(x)  for 
almost  all  x  E  co.  Thus,  u(x )  <  M  for  almost  all  v  G  co. 

Corollary  7.3.4  Let  Q  C  Rm  be  a  bounded  open  set  m  >  2,  a  G  L°°(£2)  a 
nonnegative  function.  Ifu  G  W1,2(£2),  —Aw  +  ww  <  0  m  V'ifl)  and  u  <  M  on  d£2, 
where  M  is  a  nonnegative  constant,  then  u  <  M  in  Q. 

Proof  Put  v  =  M.  Then  —Au  +  au  <  0  <  aM  =  —Ad  +  wd.  Now  we  use 
Theorem  7.3.2. 

Corollary  7.3.5  £2  C  Rm  be  a  bounded  open  set,  g  G  W1,2(£2)  Pi  C°(£2).  If 

u  G  W1,2(£2)  is  a  solution  of  the  problem  —  Au  =  0  in  Q,  u  =  g  on  d£2  then 

ming(x)  <  inf  u(x)  <  supw(v)  <  maxg(v). 

Proof  Let  M  =  max{g(v);v  G  3£2}.  For  n  G  N,  denote  gn  =  min(g,M  +  1/w). 
Theorem  1.21.5  and  the  fact  that  gn  =  g  on  a  neighborhood  of  3  £2  give  that  gn  G 
W1,2(£2).  Choose  an  open  set  con  with  Lipschitz  boundary  such  that  7bn  C  £2  and  g  — 
gn  =  0  on  a  neighborhood  of  Q  \  con.  Proposition  1.24.3  gives  g  —  gn  G  Wl,2(co)  C 
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D1,2(£2).  Since  u  —  gn  =  ( u  —  g)  +  (g  —  gn )  G  D 1,2  (£2),  the  function  u  is  a  solution  of 
the  problem  A u  =  0  in  Q,  u  =  gn  on  Corollary  7.3.3  gives  that  u  <  M  +  1/ft. 
Since  n  G  N  is  arbitrary,  we  deduce  that  u  <  M.  The  second  inequality  we  obtain 
using  this  inequality  for  —  u. 

Corollary  7.3.6  Let  £2  c  Rm  be  an  open  set  with  compact  boundary,  g  e  W1,2(£2)Pl 
C°(£2).  Ifm  =  2,  suppose  moreover  that  £2  ^  R2.  If  u  G  W1,2(£2)  is  a  solution  of 
the  problem  —  A u  =  0  in  £2,  u  =  g  on  d£2,  then 

sup|w(*)|  <  max  |g(x)|. 

xEd£2 

Proof  We  can  suppose  that  g  G  Dl,2(Rm).  Let  M  =  max{|g(v)|;x  G  3£2}.  For 

n  G  N,  denote  gn  =  max  (min  (g,  M  +  1  /ft),  —M  —  1  /ft).  Theorem  1.21.5  gives  that 

gn  G  Dl,1(Rm).  Proposition  3.38.4  gives  Dl,1(R2)  =  Dl2(R2).  If  m  >  2  then  g  G 

L2w/(m_2)(7^)  by  Proposition  3.38.5.  Since  gn  G  L2rn/(m~2\Rm),  Proposition  3.38.5 

forces  gn  G  Dl2(Rm).  Hence,  gn  G  Wl2(Q). 

° 

Since  g  —  gn  G  Dl  2(Rm)  and  g  —  gn  =  0  on  a  neighborhood  of  9  £2,  we  infer  that 
g  —  gn  G  D1,2(£2).  Since  ft  -  gw  =  (u  -  g)  +  (g  -  gw)  G  Z>1,2(£2),  the  function  ft  is 
a  solution  of  the  problem  A u  =  0  in  Q,  u  =  gn  on  dQ.  Fix  a  bounded  open  set  co 
such  that  To  c  £2.  Choose  an  increasing  sequence  of  bounded  open  sets  £2k  such  that 
co  C  Qx  and  Q  =  U^.  Then  there  exists  a  unique  solution  un ^  G  Wx,2(f2f)  of  the 
problem  A un^  —  0  in  un^  =  gn  on  Corollary  7.3.4  gives  that  \un^\  <  M  + 
l/n.  Theorem  7.2.1  forces  that  Uk  u  in  Wl,2(co).  According  to  Proposition  1.14.8, 
there  exists  a  subsequence  Ukcj),n  such  that  u^p^ix)  ->  ft(v)  for  almost  all  v  G  co. 
Thus,  \u(x)\  <  M+  ^  for  almost  all  v  G  u).  Since  ft  was  arbitrary,  we  infer  \  u(x)\  <  M 
for  almost  all  v  G  co. 

Theorem  7.3.7  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2,  /  G  L°°(£2),  g  G 
W1,2(£2)  Pi  L°°(£2).  If  u  is  a  solution  of  the  Dirichlet  problem  (7.1)  in  W1,2(£2),  then 
u  G  L°°(£2)  and 


(diam  £2)2 

II«IIloo(0)  <  ||g||L~(0)  +  2m  ll/lkoogl).  (7.9) 

Proof  According  to  Theorem  7.1.2,  there  exist  ux,U2  G  W1,2(£2)  such  that  —  Ami  = 
0  in  £2,  u\  =  g  on  3£2,  —Au2  =  f  in  Q,  U2  =  0  on  3  £2.  Corollary  7.3.3  used  for  u\ 
and -ft!  gives  \ux\  <  ||g||z.~(«)- 

We  can  suppose  that  0  G  £2.  Put  b  =  diam  £2, 

v(x)  =  \\fh°°(n)(b2  -  \x\2)/(2m). 

Then  v  e  W1,2(£!),  v  >  0  =  U2  on  dQ,  and 


-Au  =  ||/||l~(S2)  >f  =  -Am2- 
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Weak  maximum  principle  (Theorem  7.3.2)  forces 


u2<v<  b2\\f\\Loo{n)/(2m). 


The  same  reasoning  for  —  U2  gives  that  —  U2  <  v  <  Z?2||/||zo°(^)/(2m). 

The  uniqueness  of  a  solution  of  the  Dirichlet  problem  (Theorem  7.1.2)  gives 
u  =  u\  +  U2.  This  forces  the  estimate  (7.9). 


7.4  The  Poisson  Equation  in  Rm 

In  this  section,  we  study  solutions  of  the  Poisson  equation  in  Dk,p(Rm)  and  in 
Dk,p(Rm)  for  k  E  N  and  1  <  p  <  oo. 

Denote  by  £p(Rm )  the  closure  of  {A <p\ (p  G  C^°(Rm)}  in  D~l'p(Rm).  If p'  <  m  (i.e., 
if  p  >  m/(m  —  1))  then  £p(Rm )  =  D~1,p(Rm).  If  p'  >  m  (i.e.,  if  p  <  m/(m  —  1)), 
then  £p(Rm )  =  {v  e  D~lp(Rm);  (v,  1)  =  0}.  (See  Corollary  2.18.6.) 

Proposition  7.4.1  Let  1  <  p  <  oo,  m  g  N,  m  >  2.  If  u  e  D1,p(7?m)  Aw  e 
£p(Rm).  Fix  f  e  £p(Rm).  Then  there  exists  u  e  D1,/?(7?m)  such  that  Au  =  f.  If 

o  .  . 

p  <  m,  then  u  is  unique;  if  p  >  m,  then  Dl,p(Rm )  =  DL,p(Rm).  Moreover,  {t;  e 
D]  p(Rm);  Av  =  f}  =  {u  c;  c  constant  }. 

Proof  See  Propositions  3.38.3  and  3.38.4. 

Proposition  7.4.2  Let  1  <  p  <  oo,  m  e  N,  m  >  2.  If  u  e  D2p(Rm),  then 
Au  e  Lp(Rm).  Fix  f  G  Lp(Rm).  Then  there  exists  u  e  D2,p(Rm )  such  that  A u  =  f. 
Moreover,  {v  e  D2,p(Rm );  An  =  /}  =  {w  +  A  a  polynomial  of  the  first  degree 
}.  Ifp  <  m/2  then  {v  e  D2,p(Rm);  Av  =  /}  =  {w}.  If  m/2  <  p  <  m  then 
{v  G  D2,p(Rm);  Av  =/}  =  {u-\-c;c  constant}.  If p  >  m  then  D1,p  (Rm)  =  D2,p(Rm). 

Proof  Let  /  G  Lp(Rm).  According  to  Theorem  3.16.1,  there  exists  w  G  D2,p(Rm ) 

o 

such  that  Aw  =  /.  By  Proposition  3.16.5,  there  exists  w  G  D  p(Rm)  and  a 
polynomial  p  of  the  first  degree  such  that  w  =  u  +  p.  Hence,  A u  =  f.  Let  now 
n  G  D2,p(Rm);  Av  =/.  Thena-n  G  D2p(Rm),  A (u-v)  =  0.  So,  m-u  g  C°°(7?m)  by 
Theorem  2. 18.2.  Since  djdjfu  —  v )  G  LP(Rm )  and  Adjdk(u  —  v)  =  0,  Theorem  2.16.2 
gives  that  djdk(u  —  v)  =  0.  So,  w  —  n  is  a  polynomial  of  the  first  degree.  The  rest  is 
a  consequence  of  Proposition  3.16.5. 

Proposition  7.4.3  1  <  p  <  oo,  m,k  e  N,  m  >  2.  Then  there  exists  a  solution 

u  G  Dk+2’p(Rm )  o/Am  =/  if  and  only  iff  G  Dkp(Rm).  Iff  G  Dkp(Rm),  then  there 
exists  u  G  D/c+2,/;(7?m)  such  that  Au  =  f.  We  have  {u  G  D^+2,/7(/?m);  Aw  =  0}  = 
{  P  G  P^+i(Pm);  AP  =  0},  where  P^+i(Pm)  denotes  the  space  of  all  polynomials  of 
degree  at  most  k  +  1. 
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Proof  According  to  Theorem  3.42.1,  there  is  a  solution  u  G  Dk+2p(Rm)  of  A u  =f 
if  and  only  if  /  e  Dkp(Rm).  If  f  e  Dkp(Rm),  then  there  exists  u  G  Dk+2*(Rm) 
such  that  A u  =  /.  (See  Theorem  3.17.2.)  Clearly  {P  e  Pk+i(Rm);  A P  =  0}  C 
{u  e  Dk+2’P(Rm);  Au  =  0}.  Let  now  u  G  Dk+2,p(Rm),  A u  =  0.  Fix  multiindex 
a  such  that  \a\  =  k  +  2.  Since  3 au  e  Lp(Rm ),  it  is  a  tempered  distribution.  (See 
Sect.  1.20.)  Since  u  G  H(Rm )  by  Theorem  2.18.2,  3 au  e  H(Rm)  by  Corollary  2.2.9. 
Since  3 au  e  Lp(Rm)  Pi  H(Rm ),  Theorem  2.16.2  forces  3 au  =  0.  Since  3 au  =  0  for 
each  multiindex  a  with  \a\  =  k  +  2,  we  deduce  that  w  G  F^+i(7?m). 


7.5  The  Dirichlet  Problem  in  the  Half-Space 


In  this  section,  we  study  the  Dirichlet  problem  for  the  Poisson  equation  in  Wl,p  (R™), 
in  iT2,i?(R+)  and  in  D2,P(R for  1  <  p  <  oo. 

Lemma  7.5.1  Let  1  <  p  <  oo,  m  G  N,  m  >  2.  For  u  e  Dl,p(Rff),  define  Qu  =  u 
in  Rf,  Qu(x',xm )  =  —u(x',—xm)forxm  <  0.  Then,  Qu  G  D1,p(Rm).  If—Au  =  f  in 
Rfyf  G  L^iRf),  then  —  A  Qu  =  f  in  Rm  where  fix'  ,xm)  =  —f(x',  —xm)forxm  <  0. 

Proof  Clearly  u  =  0  on  Rm  \  Rf.  Put  u(x' ,xm)  =  u(x' ,  —xm).  Then  u  G  Dl,p(Rm). 

Thus,  Qu  =  u  -  u  e  Dl  p(Rm).  __ 

Let  now  —Au  =  f  in  Rf,f  G  L]oc(R™),  f(x' ,xm)  =  —f(x',—xm)  forxm  <  0. 
If  <p  e  C^°(Rm)  denote  <pi(xf,xm)  =  [(p(x',xm)  +  cp(x\  —  xm)]/2,  <p2(xf,xm )  = 
[(p(x',xm)  —  (p(x'f—xm)]/ 2.  Remark  that  cp  =  <p\  +  (p2,  (pi(xf,—xm)  =  (pi(x',xm), 
A(pi(x\—xm)  =  A^i(x',xm),  (p2(x',-xm)  =  -(P2(x',xm),  A(p2(x',-xm)  = 

—A(p2(x',xm).  Fix  r  >  0  such  that  cp  =  0  on  \  #(0;  r/2).  Since  0)  =  0,  we 
have  cp  G  !)(/?£)  by  Lemma  1.21.4.  By  virtue  of  the  Gauss-Green  theorem 

for  Sobolev  spaces  (Proposition  1.24.4)  and  Theorem  3.19.3, 


J  Qu{-Acp)  dPLm  =  J 


Qu(-Acp)  d Tim  =  /  Qu{-A(px)  d Hm  +  /  Qu(-A(p2)  dHt 


/■ 


-I 

Rm 


Qu(-A(p2)  dHm  =  2 


/  " 


(—A(p2)  dHm  =  2 


/ 


Vw  •  V(^2 


fi(0;r)n^ 


+ 


5(0;r)n/^ 


+ 


-  f  2  u-^-  dUm-x  =2 1 

a[5(0;r)n/?^] 

-I 

Rm 


Wu  •  V <^2  dHm  =  2  J 

f(P2  dHm  +  J  f<pi  dHm  =  I  f<P  dHm. 

Rm  Rm 


f(p2  d Hn 


Hence,  —  A Qu  =  /  in  Rm . 
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Proposition  7.5.2  Let  1  <  p,p',q  <  oo,  1/p  +  1  /p'  =  1.  TTze/z,  r/zere  exists  a 

o 

positive  constant  C  such  that  for  all  u  G  Dl,q(Rnf) 


I|Vm|| u>(R™)  <  C  sup 

<pe.M 


/ 


Vzz  • 

II  V<^llz/(/?!j_) 


dHm 


where  M.  =  {<^  G  PI  tTl0°(P™)  \  {0};  cp  has  compact  support  }. 

Proof  Let  zz  G  (/?+).  Then,  w  =  0  on  Rm  \  Fff.  For  cp  defined  in  Rm ,  denote 
( p(x',xm )  =  <p(xf,xm)  —  (p(xf,—xm),  <p(x',xm)  =  (p(x',xm)  +  (p(x',—xm).  Then, 
cp  =  (p/2  +  (p/2,  (p(xr ,—Xm)  =  —  (p(x',xm),  (p{x! ,  —  xm)  =  (p(x',xm).  According 
to  Proposition  3.38.2,  there  exists  a  positive  constant  M  such  that 

f  Vi?  •  V<z? 

I|Vv||^(/p»)  <  M  sup  /  j - d"Hm 

(peC°°(Rm)\{0}Jm  \\W(P\\Lp'(Rm) 


for  all  u  G  W^J(7?m).  If  for  cp  G  C^°(Rm)  denote  <p  =  (p  on  7?™,  cp  =  0  elsewhere 

then  cp  G  (see  Proposition  1.24.3).  Since  ||  V^H^/ <  2|| 

we  have 


llVallznn)  =  ~  llv^ll^(*m)  —  T  sup  f  TivTl — d^m 
2  z  <peC°°(Rm)\{0}Jm  WVtPW LP'(Rm) 

M  f  Vfi  •  V</>  +  Vfi  •  V<^ 

—  ~r  sup  /  - — - dHm 

4  ^Cc°°  (Rm)  Jm  1 1 V<^  1 1  Lp  (Rm) 

0 

M  f  Vzz  •  V</  M  f  S7u  •  V</ 

=  —  sup  /  - - - -  <  —  sup  /  - — — - 

4  (P  €  Cf°°  (/?'")  ll^^ll^  (/?"»)  2  p  e  Coo  (Ijm)  J  1 1  ^  1 1 LP'  (Rm) 

0  *  <P#0 


=  M 


sup 

<p  e  C™{Rm) 
<P  #  0 


/ 


r>m 

R+ 


Vzz  • 

II  II  LP'  (Rm) 


<  M  sup 

(peM 


/ 


Vzz  •  V(p 


dPLm- 


Theorem  7.5.3  Let  1  <  p  <  oo,  m  £  N,  m  >  2.  Then  A  A  azz  isomorphism  from 
b1’p(Rr£)  ontoD-^iR™). 

Proof  A  is  a  bounded  linear  operator  from  DUp(Rff)  to  D^^iRf)  by  Theo¬ 
rem  3.19.3.  If  u  G  bl’p(R™)  then 


(—A  u 


r+ 


Vm  •  V<p  dl-Lm, 


<p  e  b'  p'(R'l), 


(7.10) 
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where  p'  =  p/(p  —  1)  (see  Theorem  3.19.3).  Since  ||  V w ||z^(^)  is  an  equivalent 

o 

norm  on  DL,P(R™)  by  Lemma  1.25.4,  Proposition  7.5.2  forces  that  A  is  bounded 
below.  Thus,  A  is  one-to-one,  and  its  image  is  the  closed  subspace  of  D~l,p(R™) 
(see  Proposition  1.4.13).  Suppose  now  that  there  exists/  e  D~lp(R™)  \  {A m;  u  e 

Dl,p(R+)}.  Since  Dl,p' (R+)  is  reflexive  by  Lemma  1.25.3,  Proposition  1.5.3  gives 
that  there  exists  v  e  Dl,p' (R™)  such  that  (/,  v)  >  0,  (Am,  u)  =  0  for  all 
u  e  Dlp{Rrf).  By  virtue  of  (7.10),  we  obtain 

J  Vu-Wv  d nm  =0  Vw  e  Dhp(R™). 

R+ 

Proposition  7.5.2  forces  that  ||Vu|| =  0.  Since  is  an  equivalent 

norm  on  D  p  (Rf)  by  Lemma  1.25.4,  we  deduce  that  v  =  0.  That  is  a  contradiction 
with  the  fact  that  (/,  v)  >  0. 

Since  A  is  one-to-one  and  onto,  it  is  continuously  invertible  by  Theorem  1.6.3. 

Theorem  7.5.4  Let  l  <  p  <  oo,  m  e  N,  m  >  2.  Letf  <=  D~]p(Rtf),  g  e  W1* (&!{.). 
Then  there  exists  a  unique  solution  u  e  W1,p(Rlf)  of  the  Dirichlet  problem  —  Am  =  / 
in  Rf,  u  =  g  on  dRf.  Moreover, 

\\u\\ W]’P(Rnf)  —  M 

where  M  depends  only  on  m  and  p. 

Proof  Theorem  3.19.3  gives  that  A g  e  D~lp(R and 


He?  II  W]’P(R+)  II  / II D~l 


II  —  Ci  ll<?ll  ) 


with  Ci  dependent  only  on  m  and p.  Put  F  =  f  +  Ag.  According  to  Theorem  7.5.3, 

o 

there  exists  a  unique  v  e  DL,p(R1f)  such  that  —  Av  =  F.  Moreover,  there  exists  a 
constant  C2  depending  only  on  m  and  p  such  that  —  C2II  F\\D-i,P(Rm_y 

The  function  u  =  v  +  g  e  Wl,p(R is  a  solution  of  the  problem  —Am  =  f 
in  R™,u  =  g  on  dR"\_.  We  have  \\u\\Wi,p{Rm+)  <  \\g\\^i,P(Rn^  +  C2[\\f\\D-^(R^)  + 

ll<?ll  )]• 

Let  now  u  e  Wl,p(R be  a  solution  of  the  problem  —  Am  =  0  in  R™,  u  =  0  on 
3 RPf.  Then  u  =  0  by  Theorems  3.19.3  and  7.5.3. 

Proposition  7.5.5  Let  m  e  N,  m  >  2,  1  <  p  <  00,  f  e  Lp(Rff),  g  e  W2  /?(7?^.). 
Then  there  exists  u  e  such  that  Am  =  /  in  Rf,  u  =  g  on  3 Rf  in  the 

sense  of  traces.  Moreover,  {v  e  D2,p(Rnf);  Av  =  f  in  Rf,  v  =  g  on  3 Rf)  = 
{u(x)  +  axm;  a  is  constant  }. 
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Proof  It  is  satisfactory  to  suppose  that  g  =  0.  Define  fix'  ,xm)  =  —fix' ,  —  xm)  for 
xm  <  0.  According  to  Proposition  7.4.2,  there  exists  v  G  D2  p(Rm )  such  that  Av  =  /. 
Define  v(x',xm )  =  —v(x',  —xm).  Then,  v  G  D2p(Rm )  and  Av  =  f.  According  to 
Proposition  7.4.2,  there  exists  a  polynomial  P  of  the  first  degree  such  that  v  =  v  -\-P, 
i.e.,  -v(x',  0)  =  v(x',  0)  +  P(x',  0).  Clearly,  P  e  D2piRm).  Put  u  =  v+  P/2.  Then 
u  G  b2P(Rm ),  Au  =f  in  R™,  and  u(x' ,  0)  =  v(x',  0)  +  P(x' ,  0)/2  =  -P(x',  0)/2  + 
P(x',  0)/2  =  0. 

Suppose  now  that  u  G  D2/7(5+),  Au  =  0  in  R™,  u  =  0  on  3 R™.  Denote 
u(x',xm)  =  —u(x',—xm)  for  xm  <  0.  Fix  r  >  0.  Choose  cpr  G  C^°(Rl)  such  that 
(pr(t)  =  1  for  \t\  <  r,  (pr(t)  =  0  for  \t\  >  2 r.  Denote  ur(x)  =  (pr(\x\)u(x). 
Then  ur  G  Wlp(R ™  n  5(0;  2r)).  Lemma  7.5.1  gives  that  ur  e  ^(5(0;  2r)  and 
Au  =  A ur  =  0  in  5(0;  r).  Thus,  u  G  C°°(B(0;  r))  by  Theorem  2.18.2  and 
Corollary  2.2.8.  Hence,  u  G  D2p(Rm)  PI  C°°(5m),  Au  =  0  in  Rm.  Thus,  u  is  a 
polynomial  of  the  first  degree  (see  Corollary  2.16.4).  Since  u  =  0  on  3 R™,  we  have 
u(x)  =  axm. 

Proposition 7.5.6  Let  1  <  p,q  <  oo,  u  G  Dl,p(Rn_ ”).  If—Au  =  f  G  L^(5+), 

«  6 

Proof  Put f(x',xm)  =  —fix',  —Xm),  uix! ,xm)  =  — uipc' ,  —Xm)  for  <  0.  Then  w  G 
D1,/?(5m),  —Azz  =  /  in  5m  by  Lemma  7.5.1.  Since/  G  LqiRm),  Proposition  3.18.2 
gives  that  w  G  wf//iRm). 


7.6  Properties  of  a  Single  Layer  Potential 

In  this  section,  we  study  properties  of  single  layer  potentials  with  densities  from 
Sobolev  and  Besov  spaces. 

Proposition  7.6.1  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary, 
m  >  2,  0  <  s  <  1,1  <  p,q  <  oo.  Then,  SQ  is  a  bounded  linear  operator  from 
5^f  (3£2)  to  Bp{fs+l/piQ)  and  from  W~s’pi  3£2)  to  Wl-s+l!p'p(Si). 

Proof  Let  /  G  BPf/idSl).  Denote  p'  =  p/ip  —  1),  q'  =  q/iq  —  1).  Since 
the  trace  onto  3 £2  is  a  bounded  linear  operator  from  Bp^^pfQ)  to  Bp  ,q  (dQ) 
by  Theorem  1.24.7  and  /  G  [BP'd(dQ)]',  we  deduce  that  /  G  [Bp+^p, iRm)]' . 
Theorem  1.23.1  gives  that/  G  5/^r_1^/(5m)  =  5^_5+1^(5m).  Since/ is  compactly 
supported,  Proposition  3.18.5  gives  that  SQf  =  Vf  e  Bp,fs+l^piQ). 

Assume/  G  W~s,pidQ).  Theorem  1.23.3  gives  IT_^(3£2)  =  Bp_:pidQ).  Suppose 
s  ^  l/p.  Then  Snf  G  $\-s+\/p{Q)  —  Wl~s^p,p(Q)  by  Proposition  1.23.13. 

Let  now  s  =  l/p.  Since  the  trace  is  a  bounded  linear  operator  from  W1,p' i&) 
to  W^P'^'idQ)  =  wVP'P'idQ)  (see  Theorem  1.24.2)  and /  G  W~l^pidQ)  = 
[Wl/p,p' (d£l)]',  we  infer  that/  G  [W1,p/(Rm)]f.  Since/  G  W~l,piRm)  is  compactly 
supported,  Proposition  3.18.5  gives  SQf  =  Vf  G  IT1,7/^). 
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IfxeQ  and  fk  ->/  in  Bp_:q(dQ)  or  in  W^(3£2)  then  Sn/*(jt)  ->  SQf(x).  So, 
<S^  is  a  closed  linear  operator  from  Bpj_q  (3  £2)  to  Bpfs_x_x^p(Q)  and  from  IT_^(3£2)  to 
Wl~s+l/p,p(Q).  The  closed-graph  theorem  (Theorem  1.4.15)  gives  that  this  operator 
is  bounded. 

Proposition  7.6.2  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary, 
m  >  2,  0  <  s  <  1,  1  <  p,q  <  o o.  Iff  G  Lp(d£2),  then  SQf\d£2  is  the  trace 
of  SQf  ( i.e .,  ynSQf  =  SQf).  Iff  G  Bpj_q(d£l),  then  ynSQf  =  SQf  (the  trace  for 
Bp{ls+x/p(tt)).  Iff  G  W~s’p(  3£2),  fAen  *>5°/  =  SQf  (the  trace  for  Wi-s+i/pjf(Q)). 

Proof  If  /  G  Lp(d£2),  then  <S^/  G  W1,P(Q)  by  Propositions  5.2.2  and  5.2.8  and 
Lemma  1.28.1.  The  trace  of  SQf  coincides  with  the  nontangential  limit  of  SQf  by 
the  definition  of  the  trace.  So,  ynSQf  =  SQf  by  Proposition  5.2.2. 

Let  now /  G  Bpj_q(d£l).  Since  SQ  is  a  bounded  linear  operator  from  Bp_iq(d£l) 
to  Bp,fs_x_1/p(Q)  by  Proposition  7.6.1,  the  trace  y q  is  a  bounded  linear  operator 
from  Bpfs+l/p(Q)  to  Bp’fs( dQ)  by  Theorem  1.24.7,  <S^  :  Bp_iq(dQ )  ->  BPJS( 3Q) 
is  continuous  by  Corollary  5.4.11  and  C°(3£2)  is  a  dense  subset  of  Bp_:q(dQ )  by 
Theorem  1.23.1;  we  deduce  that  y^Snf  =  SQf. 

If  /  G  W^(3£2),  we  use  the  fact  that  /  G  W^(3£2)  =  Bp_ip( 3Q) 

(Theorem  1.23.3)  and  the  continuity  of  the  trace  operator. 

Theorem  7.6.3  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  m  > 
2,  0  <  s  <  1,  1  <  p,  q  <  oo.  Ifp  ^  2,  suppose  moreover  that  3£2  is  of  class  Cl,a 
with  0  <  o'  <  1.  Define  Pf  =  (/,  l)/nm-i(dQ),  T  =  SQ(I  -  P)  +  P. 

•  T  is  an  isomorphism  from  W^-1,77^^)  onto  Ws,p(d£l).  IfO  <  s  <  l,  then  T  is  an 
isomorphism  from  Bp,fx(  3£2)  onto  Bpyq(d£l). 

•  Let  m  >  2  or  dQ  C  B( 0;  1).  Then  SQ  is  an  isomorphism  from  IT*-1’77  (3  £2) 
onto  Ws,p(dQ).  If0<s<  l,  then  SQ  is  an  isomorphism  from  Bpfx(d£l)  onto 

Bp’q(  3£2). 

Proof  Suppose  first  that  s  =  0  or  5  =  1.  According  to  Proposition  5.18.1, 
it  is  enough  to  prove  that  T  is  an  isomorphism  for  m  >  2.  Since  SQ  is  an 
isomorphism  and  T  —  SQ  is  compact,  the  operator  T  is  Fredholm  with  index  0. 
(See  Theorem  1.8.3.)  Let /  G  ^“^(3^),  Tf  =  0.  Since  T  :  L2( 3S2)  ->  Wl2( 3Q) 
is  a  Fredholm  operator  with  index  0,  Lemma  1.8.4  gives  that /  G  L2(dQ).  Since 
Tf  =  0,  <S^  (/  -  P)f  =  -Pf  and  thus 


I  (I-P)fSa(l 

dQ 


P)f  &TLm-\ 


dTLm-i  =  0. 


Lemma  5.9.4  forces  (/  —  P)f  =  0.  Thus,  Pf  =  —SQ  (/  —  P)f  =  0  and /  =  Pf  +  (/  — 
P)f  =  0.  Since  T  :  VP_1,77(3£2)  — >  fF,77(3£2)  is  a  Fredholm  operator  with  index  0, 
it  is  onto.  Theorem  1.6.3  gives  that  T  is  an  isomorphism. 
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Let  0  <  s  <  1 .  The  proposition  is  a  consequence  of  the  interpolation  argument 
by  Proposition  1.23.12,  Theorem  1.22.1,  and  Proposition  1.10.3.  = 

Ws-p(‘dQ)  =  Bps’p(dS 2)  by  Theorems  1.23.3  and  1.23.1.) 

Proposition  7.6.4  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  Lipschitz 
boundary,  1  <  p  <  oo,  /  G  W~l^p,p(dQ). 

•  If  m  >  2  or  p  >  m  or  (/,  1)  =  0,  then  SQf  G  Dl,p(Q)  if  and  only  if  SQf  G 
W1,p(Rm). 

•  Ifp  >  m/(m  -  1),  then  SQf  G  Dlp(Rm). 

•  Let  p  <  m/(m—  1).  Then,  SQf  G  Dl,p  (£2)  if  and  only  if  (/,  1)  =  0.  If  this  is  true, 
then  SQf  e  Wlp(Rm). 

Proof  If  SQf  e  Dl,p(Q),  then  SQf  G  Dl,p(Rm )  by  Propositions  7.6.1  and  7.6.2, 
Lemma  1.21.12,  and  Proposition  1.24.3. 

If  SQf  g  Wl,p(Rm ),  then  SQf  G  D]  p(Q)  because  Wl,p(Rm)  C  D1,p(^).  Let  now 
SQf  G  Dlp(Q).  If  m  <  p,  then  SQf  e  Wlp{Rm)  because  Dlp{Rm)  =  Whp{Rm)  by 
Proposition  3.38.4.  Let  now  p  <  m.  If  m  >  2  or  (/,  1)  =0,  then  SQf(x)  -»  0  as 
|x|  oo  by  Proposition  3.1.6.  Thus,  SQf  G  W1,p(Rm)  by  Proposition  3.38.5. 

If  r  >  0,  then  SQf  G  Wl,p(£2  Pi  B( 0;  r))  by  Proposition  7.6.1.  Since  A SQf  = 
0  in  Q  by  Theorem  3.1.5,  we  have  SQf  e  C°°(£2)  by  Theorem  2.18.2  and 
Corollary  2.2.8.  Since  VSQf(x)  =  0(\x\l~m)  as  \x\  oo  by  Proposition  3.1.6, 
we  have  SQf  g  Dl,p(Q)  for p  >  m/(m  —  1). 

Let  p  <  m/(m  -  1).  If  SQf  G  Dl^(Q),  then /  =  -ASnf  G  £p(Rm )  =  {g  G 
D~lp(Rm );  (g,  1)  =  1}  by  Theorem  3.1.5,  Proposition  3.38.3,  and  Corollary  2.18.6. 
Let  now  (/,  1)  =  0.  Put  pr  =  p/(p  —  1).  Theorem  1.24.2  gives  that/  G 
[D1,i?  (/?m)]/  =  D~l,p(Rm).  Thus,/  G  £p(Rm).  According  to  Proposition  3.38.3,  there 
exists  cp  G  D1,p(Rm )  such  that  —A ip  =  /.  Since  —  A SQf  =  f  by  Theorem  3.1.5, 
we  have  A (SQf  —  cp)  =  0.  Thus,  (SQf  —  (p)  G  H{Rm)  by  Theorem  2.18.2. 
Proposition  3.1.6  gives  djSQf(x)  0  as  \x\  ->  oo.  Since  A3 ]j<p  =  djAcp  =  0  in  Q, 
we  have  3 )cp  G  /7(£2)  by  Theorem  2.18.2.  Since  dj(p  G  Lp(£l),  Proposition  2.17.4 
forces  dj(p(x)  — >  0  as  |jv:|  oo.  Thus,  dj(SQf(x)  —  (p{xf)  ->  0  as  |v|  ->  oo. 
Since  dj(SQf  —  cp)  G  H(Rm)  by  Corollary  2.2.9,  Theorem  2.16.1  forces  that 
dj(SQf  —  cp)  =  0  in  7?m.  Hence,  (<S^/  —  <£>)  is  constant  by  Lemma  1.20.1.  So, 
Sn/  G  Dl,p(Rm). 


7.7  Regularity  of  Double  Layer  Potentials 

In  this  section,  we  study  properties  of  VQ  and  Kq  with  densities  from  Sobolev  and 
Besov  spaces. 

Proposition  7.7.1  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
0  <  s  <  1,  1  <  p,  q  <  oo,  pf  =  p/(p  —  1),  qf  =  q/(q  M  1).  Then  Kq  is  a 
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bounded  linear  operator  on  Bp,q(d£2 )  (on  IU,i?(3£2)).  Its  adjoint  K'Q  is  a  bounded 
linear  operator  on  B^f'  (d  £2)  (on  W~s,p'  (3  £2) ). 

Proof  Kq  is  a  bounded  linear  operator  on  Lp(d£2)  by  Proposition  5.3.3.  and  on 
Wx,p(d£2)  by  Lemma  5.5.4.  By  the  interpolation  argument,  we  deduce  that  Kq  is 
a  bounded  linear  operator  on  Bp,q(dQ )  (see  Proposition  1.10.3,  Theorem  1.22.1, 
and  Proposition  1.23.12).  We  have  [£^(3^)]'  =  Bp_l/ (8Q)  by  Theorem  1.23.1. 
The  operator  K'Q  is  a  bounded  linear  operator  on  Bp_f  (3£2)  by  Proposition  1.5.11. 
Theorems  1.23.3  and  1.23.1  give  Ws,p(d£2)  =  Bp,p( 3£2),  =  Bpl_f  (d£2). 

Proposition  7.7.2  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary.  Let 
1  <  p,q  <  oo,  0  <  s  <  1.  Ifp  ^  2,  suppose  that  3  £2  is  of  class  C0,a  with  0  <  a  <  1. 
Then,  :  Ws’p( 3ft)  ->  Ws+lSp'p(£l),  :  Bpyq(dQ)  ->  Bpfl/p(£2)  are  bounded 
linear  operators. 

Proof  Let /  e  Ws’p(dQ)  (or /  e  Bpyq( d£2)).  Since/  e  Lp( 3fi),  VQf  is  an  LP- 
solution  of  the  Dirichlet  problem  A u  =  0  in  Q,  u  =  // 2  +  KqJ  on  3  £2  by 
Theorem  5.3.5.  The  operator  ^1  +  Kq  is  a  bounded  linear  operator  on  VU,i?(3£2) 
and  on  Bp’q(dQ)  by  Proposition  7.7.1.  If  m  >  2,  define  Tep  =  SQep |3£2,  Sep  = 
SQep\Q.lfm  =  2,  define  Pep  =  {ep,  1)/Hi(3ft),  Tep  =  [SQ(I  -  P)ep  +  Pep]\d£2, 
Sep  =  [<S^ (I  —  P)ep  -\-  Pep] | £2 .  Then,  T  :  W~hp(dQ)  ->  Lp(dQ),T  :  W5_1^(3^)  -> 
W^(3£2),  T  :  Bpfx(d£2)  ->  Bp’q(d£2)  are  isomorphisms  by  Proposition  5.18.1  and 
Theorem  7.6.3.  Then,  ST~l(f / 2  +  Kof)  is  a  unique  TT-solution  of  the  Dirichlet 
problem  Au  =  0  in  £2,  u  =  f/2  +  Kof  on  3£2  by  Propositions  5.18.2  and  5.18.3. 
Therefore,  VQf  =  ST~\f/2  +  Kof).  Since  5  :  Ws~hp( 3ft)  ->  Ws+xSp'p(£i), 
S  :  B™x( 3£2)  ->  Bps+Xip(£l)  are  bounded  linear  operators  by  Proposition  7.6.1, 
V9,  .  _>  Ws+Xtp,p(£l),  V :  Bp’q(d£2)  ->  ^f1//?(^)  are  bounded  linear 

operators. 

Proposition  7.7.3  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary, 
1  <  p  <  oo,  p'  =  p/(p  —  1).  Then  HQ(=  nQ  •  can  be  extended  as  a 

bounded  linear  operator  from  Wx~x^p,p(dQ)  to  W~x/p,p(d£2).  Iff  e  Wx~x^p,p(dQ) 
then  VQf  e  Wx’p(£2)and 

J  S7cp  ■  VDn/  d nm  =  ( Haf ,  <p)  Vcp  e  Wl'p' (V). 

Q 

Proof  VQ  :  Wl~l/p’p(dQ)  ->  WXp(£2)  is  a  bounded  linear  operator  by  Proposi¬ 
tion  7.7.2.  Denote  Tf  e  [Wx,p/  (Q)]'  by 

(Tf,  (p)  =  J  V<p-VVnfdHm. 

Then,  T  :  Wx~xtp,p(d£2)  ->  [Wx,p'  (£2)]'  is  a  bounded  linear  operator  by  Holder’s 
inequality  (Proposition  1.14.1).  If  ep  e  C^°(^),  then  ( Tf,ep )  =  0  by  Theo¬ 
rem  2.18.2.  Thus,  Tf  is  supported  on  3^.  Using  Theorem  1.24.2,  we  infer  that 
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T  :  Wl~ltp,p(d£l)  ->  W~l/p,p( dQ)  is  a  bounded  linear  operator.  If/  G  W1,i?(3£2), 
then  ( Tf ,  =  (//^/,  <p)  for  all  <p  G  C^°(Rm)  by  Theorem  5.5.2  and  Lemma  5.8.1. 
Since  C^°(Rm)  is  a  dense  subset  of  Wl,p' (£2)  by  Lemma  1.21.3,  we  deduce  that 
( Tf,cp )  =  ( HQf,cp )  for  all  cp  G  Wl,p'(£2).  Proposition  follows  from  the  fact  that 
Wl,p(d£2)  is  a  dense  subset  of  Wl~x^p,p(dQ)  (see  Theorems  1.23.3  and  1.23.1). 


7.8  Dirichlet  Problem  on  Sets  with  Cracks 


In  this  section,  we  look  for  a  solution  of  the  Dirichlet  problem  for  the  Poisson 
equation  in  W1,2(£2  \  T)  where  £2  C  Rm  is  a  bounded  domain  with  Lipschitz 
boundary  and  T  is  a  closed  subset  of  a  Lipschitz  surface. 

Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary.  Let  &>  =  &>+  be  a 
bounded  open  set  with  Lipschitz  boundary  such  that  C  £2 .  Denote  co-  =  £2  \ 
ul+.  Let  T  C  3 £2  be  closed.  For  u  G  W1,2(£2  \  T),  denote  by  [m]+  (by  [«]_)  the  trace 
of  u  with  respect  to  &>+  (with  respect  to  &>_),  respectively.  Let  /  G  D~l,2(Q  \T),g  G 
1/2( 3£2),  g+  G  Hl^2(dco),  G  ^/2(3tw)  be  given.  We  jay  fAaf  w  G  Wl2(Q  \  T) 
A  a  solution  of  the  Dirichlet  problem 

-A  u=f  infi\T,  (7.11) 

u  =  g  on  3£2,  [u]±  =  g±  on  T  (7.12) 

if  the  equation  (7.11)  is  fulfilled  in  the  sense  of  distributions  and  the  boundary 
conditions  (7.12)  are  fulfilled  in  the  sense  of  traces. 

(Remark  that  we  cannot  study  (7.11)  and  (7.12)  in  Wl,2(Q  \  T)  because  if  u  G 
W12(Q  \  T)  C  Wl  2(Rm)  C  Wl  2(Q),  then  [u}+  =  [u\-  on  T.) 

Theorem  7.8.1  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary.  Let 
co  =  <z>+  be  a  bounded  open  set  with  Lipschitz  boundary  such  that  oJ+  C  £2.  Denote 
co-  =  Q  \  do+.  Let  T  C  3ft  be  closed.  Let  f  G  D~l  2(Q  \  T),  g  G  tf1/2( d£2), 
G  Hlt2(dco),  g-  G  Hlt2(dco).  Define  G  =  g+  —  g-  on  T ,  G  =  0  elsewhere. 
Then  there  exists  a  solution  u  G  W1,2(£2  \  T)  q/7/ze  Dirichlet  problem  (7.11),  (7.12) 
if  and  only  if  G  G  Hl^2(dco).  This  solution  is  unique  and 

IMIw^CCAF)  -  C  (llglltf1/2^)  +  \\g+\\Hl/2(da>)  +  \\8-\\Hl/2(da)))  > 

where  C  depends  only  on  £2,  co,  and  T. 

Proof  If  there  exists  a  solution  w  G  W1,2(£2  \  T)  of  the  Dirichlet  problem  (7. 1 1)  and 
(7.12),  then  [m]  +  ,  [w]_  g  /71//2(3&>)  by  Theorem  1.24.2.  Since  G  =  [u]+  —  [u]-,  we 
infer  that  G  G  H1/2  (dco). 

Let  now  G  G  H1/2^)  =  W1/2’2(3ft).  Define  u  =  VMG.  Then  v  e  Wh2(co+), 
v  G  Wl  2(co-)  by  Proposition  7.7.2.  Since  G  =  0  outside  T,  one  has  v  G  C°°(£2\r). 
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By  virtue  of  characterization  of  Sobolev  spaces  in  Theorem  1.21.1,  we  deduce  that 
v  G  Wl  2(Q  \  T).  We  have  [v]±  =  ±(1  /2)G  +  KMG  by  Theorem  5.3.5.  So,  [u]+  - 
M-  =  G. 

Define  g  =  g  —  v  on  9  £2,  g  =  g-  —  [u]_  on  dco.  Then  g  g  Hl^2{dco-).  According 
to  Theorem  1.24.2,  there  exists  g  G  Wl,2(co±)  such  that  [g\±  =  g.  Characterization 
of  Sobolev  spaces  in  Theorem  1.21.1  gives  g  G  W1,2(£2).  But  Wl,2(Q)  =  W1,2(£2) 
by  Proposition  1.25.2.  According  to  Theorem  7.1.2,  there  exists  a  solution  w  G 
Wl'2(Q  \  T)  C  Wl'2(Q  \  T)  of  the  problem 

—A  w=f  in  £2  \  T,  w  =  g  on  9(£2  \  T). 

Since  w  G  Wl,2(Q  \  T)  =  Wl,2(Q),  we  deduce  that  w  =  g  on  9(£2  \  T)  in  the  sense 
of  traces. 

Put  u  =  v  +  w.  Then,  u  G  Wl,2(Q  \  T).  Since  G  =  0  outside  T,  Theorem  1.13.7 
gives  that  Av  =  0  in  Rm  \  T.  Thus,  —A u  =  f  in  £2  \  T.  Clearly,  u  =  g  on  9£2, 
[u\-  =  g~  on  T.  Since  [u]+  —  [v]-  =  —  g_,  we  obtain 

[u]+  =  [v]+  +  H+  =  ([v]+  -  [u]_)  +  ([v]-  +  M_)  =  (g+  - g -)  +  g-  =  g+ 
on  T. 

Let  now  u  G  W1,2(£2  \  T)  be  a  solution  of  the  Dirichlet  problem  (7.11),  (7.12) 
with /  =  0,  g  =  0,  =  g_  =  0.  Since  [w]+  =  [u]-  on  9  £2,  Theorem  1.21.1  gives 

that  u  G  W1,2(£2).  Define  F  e  [W1,2(£2)]'  by 

(F,cp)  =  J  Xu-Xcp  dHm. 

n 

Since  A u  =  0  in  £2  \  T,  we  have  (F,  cp)  =  0  for  cp  G  C^°(£2  \  T).  (See 
Theorem  3.19.3.)  Therefore,  F  is  supported  on  9(£2  \  T).  Since  u  =  0  on  d(Q  \  T), 
we  obtain 


J  \Vu\2dHm  =  {F,  u)  =  0. 

Q 

So,  u  is  constant  by  Lemma  1.20.1.  Since  u  =  0  on  9 £2,  we  infer  that  u  =  0. 
Denote  X  =  {h\T;  h  G  Hl^2{di 2)}  equipped  with  the  norm 


\W\x  =  inf{||^||^i/2(aw);  ^|T  =  h). 


The  operator  Tu  =  [—A u,  u\dQ ,  [w]  +  |T,  [w]_|T]  is  a  bounded  linear  operator  from 
Wl  2(Q\T)  to  JD_1,2(£2)x//1/2(9£2)xXxArby  Theorems  3.19.3  and  1.24.2.  We  have 
proved  that  T  is  one-to-one  and  onto.  So,  T  is  an  isomorphism  by  Theorem  1.6.3. 
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7.9  Integral  Representation 

If  we  discuss  the  uniqueness  of  boundary  value  problems  for  the  Poisson  equation, 
then  it  is  very  useful  to  express  a  solution  of  the  Laplace  equation  as  the  double  layer 
potential  corresponding  to  the  trace  of  the  function  plus  the  single  layer  potential 
corresponding  to  the  Neumann  condition.  In  this  section,  we  generalize  this  integral 
representation  for  functions  from  Sobolev  spaces,  from  Besov  spaces,  and  from 
homogeneous  Sobolev  spaces  for  domains  with  compact  Lipschitz  boundaries. 

If  u  e  C°°(Rm ),  £2  C  Rm  is  a  bounded  domain  with  smooth  boundary  and  u  is  a 
solution  of  the  problem 


—  Aw=/in£2,  du/dn  =  g  on  9£2,  (7.13) 


then  the  Green  identity  (Theorem  2.2.1)  gives 


d  n„ 


r  d<p 
7  “to 

aft 


dTirn-l 


J ftp  d nm  +  J  g<p  dUm-\ 

ft  3ft 


for  all  cp  e  C™  (Rm) .  If  F  =  fFLm  |  £2  +  gFLm-  \  |  d  £2 ,  then  Fisa  distribution  supported 
on  Q  and 

j  u(-A<p)  d nm  +  J  <mm-i  =  (F,  q>),  cp  e  Cc°°(Rm).  (7.14) 

ft  3ft 

This  motivates  our  definition  of  a  very  weak  solution  of  the  Neumann  problem. 

Suppose  that  1  <  p,  q  <  oo,  l/p  <  s  <  oo  and  £2  is  an  open  set  with  compact 
Lipschitz  boundary.  If  u  e  B^q(Q)  or  u  e  WS,P(Q)  or  u  e  Dkp(Q)  with  k  e  N, 
then  there  exists  the  trace  Yqu  e  Lp(d£2)  by  Theorem  1.24.7.  If  F  is  a  distribution 
supported  in  Q,  then  we  say  that  u  is  a  very  weak  solution  of  the  Neumann  problem 
—A u  =  F|£2  in  £2,  du/dn  =  F|3£2  in  9£2,  if  (7.14)  holds  true. 

The  following  lemma  is  a  generalization  of  the  theorem  on  three  potentials 
(Theorem  2.2.4). 

Lemma  7.9.1  Suppose  that  l  <  p,q  <  oo,  \/p  <  s  <  oo  and  £2  C  Rm  is  a 
bounded  open  set  with  Lipschitz  boundary.  Let  F  be  a  distribution  supported  in 
£2.  Suppose  that  u  e  Bp,q(£2)  or  u  e  IP,i?(£2).  If  u  is  a  very  weak  solution  of  the 
Neumann  problem  for  the  Poisson  equation  —  A u  =  F|£2  in  £2,  du/dn  =  F|9£2  on 
d£2,  then 


u  —  VF  F^u  —  hm  *  F  D^u. 
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Proof  Fix  z  G  £2  and  r  >  0  such  that  B(z\  4r)  C  £2.  Choose  \j/  G  C//°(B{z',  4 r)  such 
that  x/r  =  1  on  B(z\  3 r).  Denote  =  ux//,  w2  =  u  —  u\.  Then  u\  G  Bp,q(Q)  or  u\  G 
W*,p(£2),  has  a  compact  support  in  £2  (see  Lemma  1.23.9).  Denote  F\  =  —  A^i  in 
the  sense  of  distribution.  Since  i/i  =  0  on  a  neighborhood  of  3 £2,  we  see  that  u\  is  a 
very  weak  solution  of  the  Neumann  problem  —  =  F\  |  £2  in  Q,  du\  /dn  =  F\  |  3 £2 

on  dQ,  i.e.,  the  problem  —  A^i  =  F\  in  £2,  du\/dn  =  0  on  3£2.  Since  u\  =  0  on  3£2 
and  u\  has  compact  support,  we  have 

u\  =  So  *  iii  =  (—A hm)  *  u\  =  hm  *  (—Au\)  =  hm  *  F\  +  VQu\. 

Clearly,  U2  is  a  very  weak  solution  of  the  Neumann  problem  —  Aw2  =  F2 |£2  in 
£2,  du2/dn  =  F2 |3£2  on  3£2,  where  F2  =  F  —  F\.  Remark  that  —  Au2  =  F2  in  £2 
in  the  sense  of  distributions.  Since  U2  =  0  in  B(z\  3r),  we  have  F2  =  0  in  B(z\  3 r). 
Fix  v  G  B(z\  r).  Choose  <f>i  G  C^°(B(x;  2 r))  and  d>2  G  C^°(Rm)  such  that  Oi  =  1  on 
B(x ;  r)  and  d>2  =  1  on  a  neighborhood  of  £2.  Set  0(y)  =  hm(y  —  x)[  1  —  <Fi  (jy)] O2 Cy). 
Since  w2  =  0  in  B(x;  2 r)  and  Acp(y)  =  A hm(y  —  x)  =  0  in  Q  \  B(x;  2 r),  we  have  by 
the  definition  of  a  very  weak  solution 


■m-l  =  -VQU2. 


Since  cp(y)  =  hm(y  —  x)  on  sptF,  we  deduce 

U2 (x)  =  0  =  VQU2(x)  +  (F2,  =  VQU2(x)  +  (F2,  hm(-  —  x)) 

=  VQu2(x)  +  (hm  *  F2)(x). 


We  have  proved  that  w  =  wi  +  w2  =  /zm  *  F  +  in  B(z ;  r). 

Proposition  7.9.2  Suppose  that  l  <  p  <  00,  k  e  N  and  Q  C  Rm  is  an  unbounded 
open  set  with  compact  Lips chitz  boundary.  Let  F  be  a  distribution  supported  on  3 £2. 
If  u  G  Dk,p(£2)  is  a  very  weak  solution  of  the  Neumann  problem  for  the  Poisson 
equation  —  A u  =  0  in  £2,  du/dn  =  F  on  3£2,  then  there  exists  a  polynomial  P  of 
degree  at  most  k  —  1  such  that 


u  =  SQF  +  VQu  +  P. 


Proof  Choose  r  G  (0,  00)  such  that  3 £2  C  5(0;  r).  Define  co  =  £2  PI  B( 0;  r),f  =  F 
on  3 Q,f  =  du/dn  on  35(0;  r).  Choose  an  open  set  G  with  smooth  boundary  such 
that  32  C  G  C  G  C  5(0;  r),  and  f  G  Cc°°(5(0;r))  such  that  f  =  1  on  G.  If 
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cp  G  C™(Rm),  then 


d[B(0;r)\G] 


as(0;r) 


by  Theorem  2.2.1.  So,  u  is  a  very  weak  solution  of  the  problem  A u  =  0  in  co, 
du/dn  =f  on  3 go.  Lemma  7.9.1  gives 


u  =  SMf  +  VMu  in  co. 


(7.15) 


Define 


u-SqF-Vqu  on  £2 , 

Smr\du/dn)  +  VB^u  on  5(0;  r). 


P  = 


The  function  P  is  well  defined  by  (7.15)  and  harmonic  in  Rm.  Let  a  be  a  multiindex 
with  |a|  =  k.  Then  \d0lSQF(x)\-\-\d0l'DQu(x)\  Oas  \x\  ->  oo  by  Proposition  3.1.6. 
Since  3aw  G  LP(Q)  and  3aw  G  /7(£2)  by  Corollary  2.2.9,  Proposition  2.17.4  forces 
3 au(x)  0  as  \x\  ->  oo.  So,  daP(x)  0  as  |v|  ->  oo.  Since  3aP  G  H(Rm)  by 
Corollary  2.2.9,  we  obtain  by  the  Liouville  theorem  (Theorem  2. 16. 1)  that  3 01 P  =  0. 
Since  a  multiindex  a  with  |a|  =  k  is  arbitrary,  we  deduce  that  P  is  a  polynomial  of 
degree  at  most  k  —  1 . 


7.10  The  Dirichlet  Problem  in 


In  this  section,  we  prove  that  there  exists  a  unique  solution  of  the  Dirichlet  problem 
for  the  Poisson  equation  in  the  Sobolev  space  WS,P(Q)  or  in  the  Besov  space 
Bp,q(Q),  where  £2  is  a  bounded  domain  with  Ljapunov  boundary  and  1  <  p,q  <  o o, 
i ip  <  s  <  l  +  i /p. 

Let  £2  cTbea  bounded  open  set  with  Lipschitz  boundary,  1  <  p,  q  <  oo, 
l/p  <  s  <  oo.  We  say  that  w  G  WS,P(Q)  (or  u  G  P^(£2))  is  a  solution  of  the 
Dirichlet  problem 


A  u=f  in  £2,  a  =  g  on  3  £2 


(7.16) 


if  —  Aw  =  /  in  £2  in  the  sense  of  distributions  and  the  trace  of  u  is  equal  to  g. 


7.10  The  Dirichlet  Problem  in  WS’P(Q),  ££•«(£}) 
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Let  now  u  G  W1,/?(£2)  =  W1,p(£2).  If  u  is  a  solution  of  the  problem  (7.16),  then 
/  G  W_1,i?(£2)  by  Theorem  3.19.3  and  g  G  Wl~l/p,p(d£2)  by  Theorem  1.24.2.  Fix 
/  G  W_1,p(£2),  g  e  Wl~l/p,p(dQ).  According  to  Theorem  1.24.2,  we  can  suppose 
that  g  G  W1,/;(£2)  and  g  on  the  3£2  is  the  trace.  Then,  u  is  a  solution  of  the  Dirichlet 
problem  (7.16)  if  and  only  if  u  —  g  G  Wl'p(£2)  and 

Jvu-Vtp  d nm  =  {/,  <p)  V<p  e  Cc°°(£!) 

(or  equivalently  for  all  (p  G  W1,p' (£2)  =  Dlp' (Q)  with  p'  =  p/(p  —  1)).  (See 
Proposition  1.24.3  and  Theorem  3.19.3.) 

Theorem  7.10.1  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary,  m  > 
2,  1  <  p,q  <  co,  1/p  <  s  <  1  +  1//?.  Ifp^l,  suppose  moreover  that  3£2  is  of 
class  C 1,01  with  0  <  a  <  1. 

•  There  exists  a  solution  u  G  Bp,q(Q )  of  the  Dirichlet  problem  —A u  =  f  in  £2, 
u  =  g  on  d£2  if  and  only  if  g  G  #^5^(3^),/  e  Bp,f2(Q).  This  solution  is  unique 
and 


IImIIb?,?(q)  -  c[ll/l+2(n)  +  kll^1/;,(as2)] 

with  a  constant  C  depending  only  on  £2,  s,  p,  and  q. 

•  Iff  G  Bpf 2 (£2),  uo  G  Bp,q(£2),  then  there  exists  a  unique  u  G  Bp,q(£2)  such  that 

o 

—A u  =  f  in  Q,  u  —  uo  £  Bp,q(Q).  Moreover, 

—  C[\\f\\BPUQ)  +  \\uo\\4*w] 
with  a  constant  C  depending  only  on  £2,  s,  p,  and  q. 

Proof  We  can  suppose  that  £2  C  #(0;  1). 

Suppose  that  there  exists  a  solution  u  G  Bpyq(f2)  of  the  Dirichlet  problem 
(7.16).  We  have  g  G  Bpf^p(dQ)  by  Theorems  1.24.7.  Theorem  1.23.8  gives  that 
/  G  Bpf2(Q). 

Let  now  g  G  Bpfl/p(dQ),f  G  Bpf2(Q)  be  fixed.  We  can  suppose/  G  Bpf2(Rm). 
We  can  even  suppose  that  /  has  a  compact  support.  Then  Vf  G  Bp >q  (G)  for  all 
bounded  open  G  (see  Proposition  3.18.5).  Denote  by  h  the  trace  of  Vf.  We  have 
h  G  BpfXip(d£l)  by  Theorem  1.24.7.  According  to  Theorem  7.6.3,  there  exists  4*  G 
Bps\_l/p{ dQ)  such  that  SQ 4>  =  g-h  on  8Q.  Put  u  =  Vf+S^W.  Then,  u  G  Bp,q(£2) 
by  Proposition  7.6.1.  The  trace  of  u  is  equal  to  g  by  Proposition  7.6.2.  Moreover, 
—A u  =  f  in  £2  by  Theorem  3.1.5. 

Let  now  u  be  a  solution  of  the  problem  A u  =  0  in  £2,  u  =  0  on  3 £2.  Define  the 
distribution  F  by 
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Then  F  is  a  distribution  supported  on  Q.  Since  u  =  0  on  3 £2,  Theorem  1.24.9  gives 
that  u  e  BP,q(Q).  If  we  define  w  =  0  on  Rm  \  Q,  then  u  e  Bpq(Rm).  If  (p  e  C™(Rm) 
then 


(F,  <p)  =  f  u(—A(p)  c YHm. 

Rm 

Thus,  F  =  —  A w  in  Rm  in  the  sense  of  distributions.  Theorems  1.23.8  and  1.23.1  give 
F  e  Bpf2(Rm)  =  [Bp2^s  ( Rm )]'  with p'  =  p/ip  —  1),  q[  —  q/(q  —  1).  Since  A w  =  0 
in  Rm  \  9 £2,  the  distribution  F  is  supported  on  dQ.  Thus,  F  is  a  bounded  linear 
operator  on  the  space  of  traces  of  Bp2f/S  (£2),  i.e.,  on  Bp2^s_ ^(9£2)  =  ^_[?1^_(S(9fi) 
(compare  Theorems  1.24.7  and  1.24.9).  So,  F  e  by  Theorem  1.23.1. 

Lemma  7.9. 1  gives  that  u  =  SQF  in  Q .  According  to  Proposition  7.6.2,  we  have  0  = 
u  =  S^F  on  9£2.  Since  SQ  is  an  isomorphism  on  (9£2)  by  Theorem  7.6.3, 

we  deduce  that  F  =  0.  Thus,  u  =  0. 

Since  the  mapping  u  i->  [—  Aw,  y^u]  is  a  one-to-one  bounded  linear  operator 
Bp,q(Q)  onto  Bpf2(Q)  x  B^^idQ),  it  is  an  isomorphism  by  Theorem  1.6.3. 

Let  now /  e  Bpf2(Q),  wo  e  Bpyq(Q).  The  trace  yq  is  a  bounded  linear  operator 
from  Bpyq(Q)  to  Bpf}jp(£2)  by  Theorem  1.24.7.  So,  g  =  y^u  e  B^^idQ). 
Theorem  1.24.9  gives  that  w  e  Bp,q(£2)  is  a  solution  of  the  Dirichlet  problem 

o 

—A u  =f  in  £2,  u  =  g  on  d£2  if  and  only  if —Aw  =/  in  Q,  u  —  wo  e  Bp,q(Q). 

Theorem  7.10.2  Let  Q  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary,  m  > 
2,  1  <  p  <  oo,  l/p  <  s  <  1  +  1  /p.  Ifp  ^  2,  suppose  moreover  that  is  of  class 
C1,a  with  0  <  a  <  1. 

•  Then,  there  exists  a  solution  u  e  WS,P(Q )  of  the  Dirichlet  problem  —  Aw  =  /  in 
Q,  u  =  g  on  dQ  if  and  only  if  g  e  Ws~l^p,p(dQ),f  e  fL*-2,p(£2).  This  solution  is 
unique  and 


\\u\\ ws>p(n)  <  C[\\f\\Ws-2,p(n)  +  llgll^-i/^a^)]  (7.17) 

with  a  constant  C  depending  only  on  £2,  s,  and  p. 

•  If  wo  G  Ws,p(d£2),  f  e  WS~2,P(Q),  then  there  exists  a  unique  u  e  Ws,p(£2)  such 

o 

that  —  Aw  =  f  in  Q,  u  —  uo  e  Ws,p(£2).  Moreover, 

\\u\\ws’P(Q)  <  C[\\f\\ws~2’P(n )  +  \\uo\\ws’P(Q)]  (7.18) 

with  a  constant  C  depending  only  on  Q,  s,  and  p.  If  s  =  l,  then  u  is  a  unique 

o 

solution  of  the  problem  u  —  wo  e  W  ,p(£2), 

J  S7u-S7<p  =  (f,(p)  V<peCc°°(Q)  (7.19) 

Q 


o  , 

(or  equivalently  for  all  cp  e  Wl,p  (£2)  with  p'  =  p/(p—  1)). 
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Proof  We  can  suppose  that  £2  C  #(0;  1).  If  s  ^  1,  we  can  use  Theorem  7.10.1 
and  the  fact  that  Wsp(£2)  =  BP/(Q),  Ws~2'p<Sl)  =  Bpsf2(£2),  Ws~l^p(dQ)  = 
BPs-i /  (9^)  by  Proposition  1.23.13  and  Theorem  1.23.3.  Let  s  =  1.  We  can  suppose 

that  £2  C  #(0;  1).  The  uniqueness  follows  from  the  fact  that  W*,p(£2)  C  for 

t  <  s.( See  Lemma  1.21.16.) 

If  u  e  Wl,p(Q )  is  a  solution  of  the  problem  (7.16),  then  /  e  W~l,p(Q)  by 
Theorem  3.19.3  and  g  e  Wl~l/pp(dQ )  by  Theorem  1.24.2. 

Fix/  G  W~l,p(£2),  g  e  Wl~^p,p(dQ).  According  to  Theorem  1.24.2,  we  can 
suppose  that  g  G  W1,/?(£2)  and  g  on  the  is  the  trace.  Then,  u  is  a  solution  of  the 

o 

Dirichlet  problem  (7.16)  if  and  only  if  u  —  g  e  W l,p(£2)  and 

/v„.V* d Um  =  (/, <p)  Vcp  e  Cc°°(fi). 

Q 

(See  Proposition  1 .24.3  and  Theorem  3.19.3.)  According  to  Hahn-Banach’s  theorem 
(Theorem  1.5.2),  we  can  extend  /  as  an  element  f  G  W~l,p(Rm ),  such  that 
11/11 w~^p{Rm)  <  WfWw-^iny  Choose  (p  G  Cc°°(Rm)  such  that  <p  =  1  on  a 
neighborhood  of  £2.  Then,  cpf  G  W~l,p(Rm )  and  ||#/||w-i, />(/?>»)  5  Ci\\f\\w~l'P(n) 
with  Ci  depending  only  on  cp  and p.  Then,  V(cpf)  G  W1,/?(£2)  by  Proposition  3.18.5 
and  \\V(<pf)\\Wi*(Q)  —  C2W  f\\w~l’P(Q)  with  C2  depending  only  on  <p  and  p.  Denote  by 
h  the  trace  of  V(<pf).  Then,  h  G  W1_1/^(9^)  and  ||/i|| <  C3\\f\\w-i*(n) 
with  C3  depending  only  on  Q,  <p,  and  p  (see  Theorem  1.24.2).  According  to 
Theorem  7.6.3,  there  exists  4*  G  W~1^p,p( dQ)  such  that  <5^4*  =  g  —  h  on  d£2 
and 


W'&Ww-VP’PidQ)  —  C*\\g  ~  h\\wi-Op,p(dn)- 

Put  u  =  V{cpf )  +  <S^4>.  Then,  u  G  W1,i?(£2)  and  (7.17)  holds  by  Proposition  7.6.1. 
The  trace  of  u  is  equal  to  g  by  Proposition  7.6.2.  Moreover,  —A u  =  f  in  £2  by 

o 

Theorem  3.1.5.  Remember  that  u  =  g  on  3 £2  if  and  only  if  u  —  g  G  Wi,/?(£2).  (See 
Proposition  1.24.3.) 

Theorem  7.10.3  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary  and 
1  <  p,  q  <  00,  1  / p  <  s  <  1  +  1  /p.  Ifp  2  suppose  that  is  of  class  C 1,01  with 
0  <  a  <  1.  Let  c  G  L°°(£2),  c  >  0. 

•  There  exists  a  solution  u  G  Bp,q(Q)  of  the  Dirichlet  problem 

—  Au  +  cu=f  in  £2,  u  =  g  ondQ.  (7.20) 

if  and  only  if  g  G  2^5^  (3  £2),  /  G  Bpf2(Q).  This  solution  is  unique  and 

IM+(S2)  <  C[ll/l+2(fi)  +  ll£llfl£!1/p(3£2)] 

with  a  constant  C  depending  only  on  £2,  c,  s,  p,  and  q. 
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•  Iff  G  Bp'f_2(f2),  uo  G  Bp,q(£2),  then  there  exists  a  unique  u  G  Bp,q(Q)  such  that 

o 

—A u  +  cu  =  f  in  £2,  u  —  uo  G  Bp,q(£2).  Moreover, 

with  a  constant  C  depending  only  on  £2,  c,  s,  p,  and  q. 

Proof  The  mapping  u  i->  [—  Au,  y^u]  is  an  isomorphism  from  Bpyq(f2)  onto 
Bfy2m  xBpf^p(dQ)  by  Theorem  7. 10.1.  The  mapping  u  i->  cu  is  a  compact  linear 
mapping  from  Bp,q(Q)  to  Bpf2(£2)  by  Theorem  1.23.14,  Propositions  1.23.15  and 
1.23.13,  and  Theorem  1.7.4.  The  operator  T  :  u  i->  [—Au  +  cu,  y^u]  is  a  Fredholm 
operator  with  index  0  from  Bpyq(f2)  to  Bpf2(Q)  x  BpfXjp{ 3£2)  (see  Theorem  1.8.3). 

We  have  proved  that  T  :  B2fJ4  ->  B^^ifl)  x  B2fj4(d£2)  is  a  Fredholm 
operator  with  index  0.  We  have  B2,24(Q)  =  W3/4’2(£2)  by  Proposition  1.23.13, 
B2_:25/4(Q)  =  W-5/4’2(£2)  by  Proposition  1.23.13,  and  B2,24(d£2)  =  Wl^^(dQ)  by 
Theorem  1.23.3.  Since  T  :  W1,2(£2)  W_1,2(£2)  x  Wll2,2(£2)  is  an  isomorphism 

by  Theorem  7.1.2,  Lemma  1.8.4  gives  that  T  :  B2f2(f2)  ->  B^ifl)  x  B2xJ2(d£2), 
T  :  5™(£2)  ->  Bpl\(£l)  x  B™l/p(d£2),  T  :  Bpyq(£2)  ->  5™  (£2)  x  are 

isomorphisms. 

Let  now /  G  Bpf2(f2),  uo  G  Bp,q(£2).  The  trace  is  a  bounded  linear  operator 
from  Bpyq(£2)  to  by  Theorem  1.24.7.  So,  g  =  y^u  G  Bpf^p(dQ). 

Theorem  1.24.9  gives  that  u  G  Bpyq(f2)  is  a  solution  of  the  Dirichlet  problem 

o 

—A u-\-cu  =  f  in  £2,  u  =  gon  if  and  only  if —A u-\-cu  =  fin£2,  u—uo  G  Bp,q(f2). 

Theorem  7.10.4  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary  and 
1  <  p  <  oo,  l/p  <  s  <  1  +  l/p.  Ifp  ±  2,  suppose  that  is  of  class  Cl,a  with 
0  <  a  <  1  .Letce  c  >  0. 

•  Then,  there  exists  a  solution  u  G  Ws,p(£2)  of  the  Dirichlet  problem  (7.20)  if  and 
only  Iff  £  WS~2,P(Q),  g  G  Ws~llp,p(dQ).  This  solution  is  unique  and 

\\n\\ws’P(Q)  <  C[\\f\\ws~2’P(n )  +  llgll^-v^a^)]  (7.21) 

with  a  constant  C  depending  only  on  £2,  c,  s,  and  p. 

•  Iff  G  Ws~1,p(£2),  uo  g  W*,i?(£2),  then  there  exists  a  unique  u  G  W^(£2)  such 

o 

that  —  Au  +  cu  =  f  in  £2,  u  —  uo  G  W*,/?(£2).  Moreover, 

\W\\ws’P(Q)  <  C[\\f\\Ws-2,P(Q )  +  \\uo\\ws’P(n)]  (7.22) 

with  a  constant  C  depending  only  on  £2,  c,  s,  and  p. 

Proof  If  s  ^  1,  we  can  use  Theorem  7.10.3  and  the  fact  that  fP,i?(£2)  =  BP,P(Q), 
Ws~2'p<S2)  =  Bpf2(f2),  Ws-llp'p(d£2)  =  Bpfl/p(dQ).  (See  Proposition  1.23.13  and 
Theorem  1.23.3.)  Let  s  =  l.  The  uniqueness  follows  from  the  fact  that  W^(£2)  C 
WPP<S2)  for  t  <  s.  (See  Lemma  1.21.16.) 


7.10  The  Dirichlet  Problem  in  WS’P(Q),  ££•«(£}) 
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Define  T\u  =  [—A u,y^u\,  T2u  =  [—A u  +  cu,  y^u].  The  operator  T\  : 
W1,p(£2)  W_1,p(£2)  x  Wl~l/p,p(d£2)  is  an  isomorphism  by  Theorem  7.10.2. 

Since  T2  —  T\  :  Wl,p(Q)  ->  W_1,i?(£2)  x  W1~1^p,p(dQ)  is  a  compact  operator  by 
Lemma  1.21.8,  Proposition  1.21.9,  and  Theorem  1.7.4,  the  operator^  :  W1,p(£2)  ->► 
W_1,p(£2)  x  Wl~^p,p(dQ)  is  Fredholm  with  index  0  by  Theorem  1.8.3.  Since  it 
is  one-to-one,  it  is  onto.  Theorem  1.6.3  gives  that  T2  :  Wlp(£2)  W~l,p(£2)  x 

Wl~l/p,p(dQ)  is  an  isomorphism. 

Fix  M0  G  Whp(dQ),f  G  W_1^(ft).  Denote  F  =  f  +  Au0  -  cu0.  Then  F  G 
W_1^(ft)  and 

ll^llw-^cn)  —  \\f\\w~l’P(n)  +  Ci\\uo\\wl’P(dn) 

where  C\  depends  only  on  Q  and  p  (see  Proposition  1.21.11).  We  have  proved  that 
there  exists  v  G  W1,p(£2)  such  that  —Av+cv  =  F  in  Q,  v  =  0  on  3 £2  and 
\\v\\wl’P(n )  —  ^3 II  ^11  w~l’P(Q)’  where  C3  depends  only  on  Q  and p.  Proposition  1.24.3 

gives  v  G  W1,i?(£2).  Define  u  =  uo  +  v.  Then,  u  —  uo  G  Wl,p(£2),  —A u  +  cu  =  /, 
and  the  estimate  (7.22)  holds. 

Example  7.10.5  Fix  2  <  p  <  00.  We  show  that  there  exists  a  bounded  domain 
Q  with  Lipschitz  boundary  and  g  G  Wl,l~^p(dQ)  such  that  the  Dirichlet  problem 
Au  =  0  in  Q,  u  =  g  on  3£2  does  not  have  a  solution  u  G  Wl,p(Q).  Choose  a  G 
( 7tp/(p —  1), 2tt).  Denote  Ga  =  {x  =  [x\,x2]',xi  =  rcoscp,x2  =  rsincp,r  > 
0,0  <  (p  <  a}.  Define  w(r)  =  [u\(x),  u2(x)]  =  [r71^01  cos  ((pit/ a),  rn^ 01  sin((pjt/ a)] 
for  v  =  [r  cos  cp ,  r  sin  cp]  .  Easy  calculation  yields  that  u\  +  iu2  is  a  holomorphic 
function  in  Ga.  If  z  G  3  Ga,  then  there  exists  a  finite  limit  u(z)  of  u  and  u2(z)  =  0. 
Choose  a  bounded  open  set  Q  such  that  Q  Pi  #(0;  p)  =  Ga  Pi  B(0;  p)  for  some 
p  >  0  and  3£2  is  of  class  C°°  away  from  0.  Put  v  =  u2  on  Q,  g  =  v  on  3£2. 
Then  v  G  H(£2)  by  Proposition  2.20.2.  Clearly,  g  G  C°°(3£2).  Easy  calculation 
yields  that  cilx]71^01-1  <  \Vv(x)\  <  C2|v|7r/a_1  for  v  G  Q,  where  c\  and  C2  are 
positive  constants.  Since  /3  =  2tt /a  —  2  >  —  1  and  |Vr>(v)|2  <  c\ \x\P,  we  infer 
v  G  Wl,2(Q).  If  there  exists  a  solution  u  e  W1,p(£2)  of  the  problem  Au  =  0  in  Q, 
u  =  g  on  3 £2,  then  u  G  W1,2(£2)  by  Holder’s  inequality  (Proposition  1.14.1).  The 
uniqueness  of  a  solution  of  the  Dirichlet  problem  (Theorem  7.1.2)  gives  that  u  =  v. 
Since  y  =  p(jt/a  —  1)  <  7tp(p  —  1  )/(pjt)  —  p  =  —  1  and  \'Vv(x)\p  >  c^|v|y,  we 
deduce  v 

Corollary  7.10.6  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary, 

I  <  p  <  m/(m  —  1),  p'  =  p/(p  —  1)  and  pi  be  a  finite  real  measure  in  Rm.  Then, 

II  e  [W1^^)]'  c  If  g  €  W]-]/lKp(Q),  c  €  L°°(£2),  c  >  0,  and  8Q 

is  of  class  CLa  with  0  <  a  <  1,  then  there  exists  a  unique  u  e  VP1,P(£2)  such  that 
—Au  +  cu  =  pi  in  Q,  u  =  g  on  3 £2.  Moreover, 

IMIw^cn)  —  C[\fi\(Rm)  +  ||g|lw1-1/^(a^)] 


where  C  depends  only  on  Q  and  p. 
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Proof  Wl,p'  (£2)  C°(£2)  by  Theorem  1.21.13.  Thus,  there  exists  C\  such  that 

sup|<K*)|  <  Ci\w\\wWisl) 

JtGfi 


foxy  e  W'-P'Cn).  So, 


<  H(/Osup|<Kx)|  <  Ci|/i|(/?m)||^||H,iy(S2). 


Thus,  /x  G  [Wrl,p/(^)]'  and  ||/x||  <  C\\fi\(Rm).  The  rest  is  a  consequence  of 
Theorem  7.10.4. 

Corollary  7.10.7  Let  Q  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary  and 
1  <p<oo,  0<s<  2.  If  s  =  1  and  p  ^  2,  suppose  moreover  that  3  £2  is  of 
class  Cl,a  with  0  <  a  <  1.  Let  A u  =  0  in  Q  in  the  sense  of  distributions.  Then, 
u  G  WS,P(Q)  if  and  only  ifu  G  BP,P(Q).  Moreover, 


C  1\\u\\Ws,p(q)  <  IHI^n)  <  C||M||w^(n) 


where  a  positive  constant  C  depends  only  on  £2,  s,  and  p. 

Proof  Ws,p(fl)  =  BP,P(Q)  for  s  ^  1  or  p  =  2  and  the  corresponding  norms 
are  equivalent,  but  Wl,p(Q)  BP,P(Q)  for  p  ^  2.  (See  Proposition  1.23.13  and 
Lemma  1.23.6.) 

Suppose  now  that  5=1  and  p  2.  Let  u  G  U  Bp,p(£2).  Then,  the 

trace  u  G  TT1_1/^(3^)  =  Bpfl/p(dQ)  by  Theorems  1.24.2,  1.24.7,  and  1.23.3. 
According  to  Theorems  7.10.1  and  7.10.2,  there  exist  v  G  BP,P(Q )  and  w  G 
such  that  Av  =  Aw  =  0  in  Q,  v  =  w  =  u  on  dQ.  Choose  t  G  (1/p,  1). 
Then,  u,v,w  G  WLp(Q)  =  BP,P(Q)  by  Lemma  1.21.16  and  Proposition  1.23.7. 
Uniqueness  of  the  Dirichlet  problem  in  BP,P(Q )  (Theorem  7.10.1)  gives  that  u  = 
v  =  w. 

WS,P(Q)  D  H(£2)  is  a  closed  subspace  of  Ws,p(£2);  Bpp(£2)  Pi  H(£2)  is  a  closed 
subspace  of  Bpp(£2).  (See  Proposition  2.11.4.)  Since  W^(^)  Pi  H(£2)  =  BP’P(Q)  P 
H(Q),  the  corresponding  norms  are  equivalent  by  Proposition  1.3.6. 


7.11  Solutions  of  the  Dirichlet  Problem  in  Different  Senses 

In  this  section,  we  compare  solutions  of  the  Dirichlet  problem  for  the  Laplace 
equation  in  different  senses:  PWB- solutions,  L^-solutions,  and  solutions  in  Sobolev 
and  Besov  spaces. 


7.11  Solutions  of  the  Dirichlet  Problem  in  Different  Senses 
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Theorem  7.11.1  Let  Q  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary,  m  > 
2,  1  <  p  <  oo.  If  u  is  an  LP -solution  of  the  Dirichlet  problem 

A u  =  0  in  £2,  u  =  g  on  dQ  (7.23) 

such  that  Ma(Vu)  G  Z/(3£2),  then  u  is  a  solution  of  the  problem  (7.23)  in  W1,p(£2). 

Proof  u  G  Wl,p(Q)  by  Lemma  1.28.1.  So,  there  exists  the  trace.  By  the  definition 
of  the  nontangential  limit,  we  see  that  the  trace  is  equal  to  the  nontangential  limit. 

Theorem  7.11.2  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary,  m  > 
2,  1  <  p,q  <  oo,  \/p  <  s  <  1  +  1//?.  If  p  ^  2,  suppose  moreover  that  3£2  is  of 
class  C1,a  with  0  <  a  <  1. 

1.  Ifu  is  an  Lp-solution  of  the  problem  (7.23)  such  that  Ma(Vu)  G  LP(dQ),  then  u 
is  a  solution  of  the  problem  (7.23)  in  Ws,p(£2)  and  in  Bp,q(Q). 

2.  If  u  is  a  solution  of  the  problem  (7.23)  in  Ws,p(£l)  or  in  Bp,q(Q),  then  u  is  an 
LP  -solution  of  the  problem  (7.23). 

3.  If  u  is  an  LP -solution  of  the  problem  (7.23),  then  u  is  a  PWB-solution  of  the 
problem  (7.23). 

Proof  We  can  suppose  that  Q  C  B (0,1). 

(1)  According  to  Proposition  5.18.2,  there  exists  xj/  e  LP( dQ)  such  that  u  =  S^xf. 
Propositions  7.6.1  and  7.6.2  give  that  u  is  a  solution  of  the  problem  (7.23)  in 
Ws’p(£2)  and  inBpq(Q). 

(2)  We  can  suppose  that  s  <  l.  Since  WS,P(Q)  =  Bpq(Q)  by  Proposition  1.23.13, 
we  can  suppose  that  u  e  Bpyq(Q).  According  to  Theorems  7.10.1  and  7.6.3 
and  Propositions  7.6.1  and  7.6.2,  there  exists  a  unique  cp  e  Bpfx^p_ 
such  that  u  =  SQ(p  and  g  =  SQ(p.  Since  s  >  1/p,  Proposition  1.23.7  and 
Theorems  1.23.5  and  1.22.1  give<p  e  Bpsfx_x/p(d£l)  C  Fpl\(d£l)  =  W“^(3^). 
Corollary  5.18.4  gives  that  u  is  an  //-solution  of  the  problem. 

(3)  See  Theorem  5.16.2. 

Corollary  7.11.3  Let  Q  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary, 
m  >  2,  1  <  p,  q  <  oo,  0  <  s  <  1.  If  p  ^  2,  suppose  moreover  that  3  £2  is  of  class 
Cl,a  with  0  <  a  <  1.  Let  g  e  Lp(dQ).  Then,  there  exists  a  unique  PWB-solution 
u  of  the  Dirichlet  problem  A u  =  0  in  £2,  u  =  g  on  dQ.  If  g  e  Ws,p(dQ),  then 
u  e  Ws+l/p,p(£2).  Ifg  g  Bpyq( dQ),  then  u  e  Bpfl/p(Q). 

Proof  According  to  Theorem  5.16.2,  there  is  a  unique  PW/Lsolution  u  of  the 
Dirichlet  problem  A u  =  0  in  Q,  u  =  g  on  3 £2,  and  u  is  an  Lp- solution  of  the 
problem.  If  g  G  Bp,q  (3 £2),  then  there  exists  a  solution  v  G  Bp,^_^p(Q)  of  the  problem 
Av  =  0  in  Q,  v  =  g  on  3 £2  (see  Theorem  7.10.1).  If  g  e  W^,/?(3£2),  then  there 
exists  a  solution  v  G  Ws+l/p,p(Q)  of  the  problem  Av  =  0in£2,v  =  gon3£2  (see 
Theorem  7.10.2).  Theorem  7.11.2  gives  that  v  is  a  PWB-solution  of  the  problem. 
Thus,  u  =  v. 


500 


7  Solutions  in  Sobolev  and  Besov  Spaces 


Theorem  7.11.4  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2,  g  e  W1,2(£2)  nC°(£2). 
If  u  is  a  solution  of  the  Dirichlet  problem  A u  =  0  in  £2,  u  =  g  on  3£2  in  W1,2(£2), 
then  u  is  a  PWB -solution  of  this  problem. 

Proof  Since  g  G  C°(3£2),  there  exists  a  PWB-solution  v  of  the  Dirichlet  problem 
At;  =  0  in  Q,  v  =  g  on  3£2  by  Theorem  4.2.7.  Fix  an  open  set  co  with  Lipschitz 
boundary  such  that  co  C  £2.  Choose  an  increasing  sequence  of  open  sets  Qn  with 
Lipschitz  boundary  such  that  co  C  and  £2  =  UQn.  Denote  by  vn  the  PWB- 
solution  of  the  Dirichlet  problem  Avn  =  0  in  Qn,  vn  =  g  on  dQn.  Then  vn  — >  v 
in  co  by  Theorem  4.3.1.  According  to  Theorem  7.1.2,  there  exists  a  solution  un  of 
the  Dirichlet  problem  A un  =  0  in  Qn,  un  =  g  on  d£2n  in  Wl,2(£2n).  Theorem  7.2.1 
forces  that  un  —>  u  in  Wl,2(co).  According  to  Proposition  1.14.8,  we  can  suppose 
that  un  — >  u  almost  everywhere.  Since  un  =  vn  by  Theorem  7.11.2,  we  have  u(x )  = 
lim  un(x)  =  lim  vn(x )  =  v(x)  for  almost  all  x  e  co. 

Corollary  7.11.5  Let  £2  c  Rm  be  a  bounded  open  set  with  boundary  of  class  C1,01 
with  0  <  a  <  1,  m  >2,  l  <  p  <  oo.  Let  u  G  W1,p(£2)  be  a  solution  of  the  Dirichlet 
problem  —  A u  =f  in  £2,  u  =  g  on  d£2.  If  g  G  C°(3£2)  andf  G  Lq(f2)  with  q  >  m/2, 
then  u  G  C°(£2). 

Proof  Put  r  =  min (p,  q).  Define/  =  0  on  Rm  \  £2.  Then,  Vf  G  C°(£2)  PI  W1,r(£2) 
by  Theorem  3.13.3,  Proposition  3.13.2,  and  Theorems  3.14.5  and  1.21.13.  Since 
—A  Vf  =  fin  the  sense  of  distributions  by  Theorem  3. 1.5,  the  function  v  =  u  —  Vf  G 
W1,r(£2)  is  a  solution  of  the  problem  Av  =  0  in  Q,  v  =  G  :=  g  —  Vf  on  3£2.  So,  v 
is  a  PWB-solution  of  this  problem  by  Theorem  7.11.2.  Since  Q  is  a  regular  set  (see 
Theorems  4.5.7  and  4.5.8)  and  G  G  C°(3£2),  we  have  v  G  C°(£2). 

Corollary  7.11.6  Let  Q  C  Rm  be  a  regular  bounded  open  set,  m  >  2.  Let  u  G 
W1,2(£2)  be  a  solution  of  the  Dirichlet  problem  —A u  =  f  in  Q,  u  =  g  on  d£2.  If 
g  G  C°(£2)  andf  G  Lq{fl)  with  q  >  m/2,  then  u  G  C°(£2). 

Proof  Define/  =  0  on  Rm  \  £2.  Then,  Vf  G  C°(fi)  PI  D2,q(Rm)  by  Theorems  3.13.3, 
3.14.5,  and  1.21.13.  Fix  a  ball  B  such  that  Q  C  B.  By  virtue  of  Lemma  1.21.12, 
Theorem  1.21.13,  and  Proposition  1.14.1,  we  get  Vf  G  W2  m^2(B)  c  Wl,m(B)  C 
Wl,2(B).  Since  —A Vf  =  f  in  the  sense  of  distributions  by  Theorem  3.1.5,  the 
function  v  =  u  —  Vf  G  W1,2(£2)  is  a  solution  of  the  problem  Av  =  0  in  Q, 
v  =  G  =  g— Vf  on  3  £2.  So,  v  is  a  PWB-solution  of  this  problem  by  Theorem  7.  ID 4. 
Since  G  G  C°(3£2),  we  have  v  G  C°(£2). 

Corollary  7.11.7  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary.  Let 
u  G  W1,2(£2)  be  a  solution  of  the  Dirichlet  problem  —  A  u  =  f  in  £2,  u  =  g  on  3£2.  If 
g  G  C°(3£2)  andf  G  Lq(£2)  with  q  >  m/2,  then  u  G  C°(£2). 

Proof  According  to  Theorem  7.1.2,  there  exists  a  solution  h  G  W1,2(£2)  of  the 
problem  Ah  =  0  in  £2,  h  =  g  on  3 £2.  Theorem  7.11.2  gives  that  h  is  a  PWB- 
solution  of  the  problem.  The  set  £2  is  a  regular  set  by  Theorems  4.5.7  and  4.5.8.  So, 
h  G  C°(£2).  Since  u  is  a  solution  of  the  problem  —A u  =  f  in  Q,  u  =  h  on  3£2, 
Corollary  7.11.6  gives  u  G  C°(£2). 


7.13  The  Dirichlet  Problem  in  Dl,p  (£2)  on  Exterior  Domains 
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7.12  The  Maximum  Principle  in  Bps’q (ft ) 

Proposition  7.12.1  Let  Q  C  Rm  be  a  bounded  domain  with  boundary  of  class  Cx,a, 
0  <  a  <  1  <  p,q  <  oo,  \/p  <  s  <  1  +  l/p,  M  be  a  constant.  Suppose  that 
u  e  WS,P(Q)  or  u  e  Bp,q(Q).  If  Au  =  0  in  Q,  u  <  M  on  (in  the  sense  of  a 
trace),  then  u  <  M. 

Proof  Put  g  =  u  on  3 £2.  Then  g  <  M  almost  everywhere  on  dQ.  Theorem  7.11.2 
gives  that  u  is  a  PWB- solution  of  the  Dirichlet  problem  with  the  boundary  condition 
g  =  u.  If  x  e  Q  then 


(7.24) 


where  pff  is  the  harmonic  measure  relative  to  £2  and  x  (see  Corollary  4.4.6).  Since 
p^(dQ)  =  1  by  Theorem  4.4.1  and  is  absolutely  continuous  with  respect  to  the 
surface  measure  on  (see  Theorem  5.16.2),  (7.24)  gives  u(x)  <  M. 


7.13  The  Dirichlet  Problem  in  D1,p(ft)  on  Exterior  Domains 

In  this  section,  we  prove  the  existence  of  a  solution  of  the  Dirichlet  problem  for  the 
Poisson  equation  in  DXp(Q)  for  an  exterior  domain  with  Ljapunov  boundary  and 
characterize  the  set  of  all  solutions. 

Let  £2  C  Rm  be  an  unbounded  domain  with  compact  nonempty  boundary  of 
class  Cx,a  with  0  <  a  <  1,  and  1  <  p  <  oo.  Recall  that  DXp(Q)  consists  of  those 
functions  in  Lploc(Q)  for  which  all  generalized  derivatives  of  the  order  1  are  in  LP  (Q). 

Denote  by  DX,P(Q)  the  closure  of  C^°(^2)  in  DX,P(Q).  Denote  by  D_1/7(£2)  the  dual 
space  of  DX’P'(Q)  where p'  =  p/(p  -  1).  Denote  W1^(^)  =  { u\Q ;  u  e  Dlp(Rm)}. 
Remark  that  u  e  Dl,p(£2)  if  and  only  if  u  e  IT1,i?(£2)  and  the  trace  y^u  =  0.  If 
p  >  m,  then  Dx,p(f2)  =  Whp(£2).  If p  <  m,  thenD^(ft)  =  ^^(£2)  0  {c;  c  G  R1}. 
(See  Proposition  3.38.4.) 

We  say  that  u  e  Dl,p(Q)  is  a  solution  of  the  Dirichlet  problem  —  Au  =  f  in  Q, 
u  =  g  on  dQ  if  —  A u  =  f  in  £2  in  the  sense  of  distributions  and  the  trace  yQu  =  g. 

Lemma  7.13.1  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  nonempty 
boundary  of  class  C1,a  with  0  <  a  <  l,  and  l  <  p  <  oo.  If  u  e  Dl,p(Q )  is  a 
solution  of  the  Dirichlet  problem  —Au  =  f  in  £2,  u  =  g  on  dQ,  thenf  e  D~l,p(Q), 
g  e  Wx~x/p'p(dQ). 

Proof  f  e  £r^(ft)  by  Theorem  3.19.3.  If  dQ  C  5(0;  r),  then  u  e  Whp(Q  n 
5(0;  r))  by  Proposition  1.25.2.  Thus,  y^u  e  Wx~x^p,p(dQ)  by  Theorem  1.24.2. 

Lemma  7.13.2  Let  Q  C  Rm  be  an  unbounded  domain  with  compact  nonempty 
boundary  of  class  Cx'a  with  0  <  a  <  l,  m  >  2,  and  1  <  p  <  oo.  If  u  e  DX  p(Q) 
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is  a  solution  of  the  Dirichlet  problem  —A u  =  0  in  £2,  u  =  g  on  3£2  then  u  is  an 
LP -solution  of  this  problem. 

Proof  Fix  r  >  0  such  that  3£2  C  B( 0;  r).  Denote  g  —  u  on  37?(0;  r).  Then  u  G 
Wl,p(£2  D  B(  0;  r))  is  a  solution  of  the  problem  —  A  u  =  0  in  £2  PI  B(  0;  r),u  =  g  on 
3[£2  n  B( 0;  r)].  Theorem  7.11.2  gives  that  u  is  an  77-solution  of  this  problem. 

Since  |  Vw|  G  77(£2),  Proposition  2.17.5  gives  that  u  is  bounded  in  a  neighbor¬ 
hood  of  infinity.  Thus,  u  is  an  77-solution  of  the  problem  —  A u  =  0  in  £2,  u  =  g  on 
3  £2. 

Theorem  7.13.3  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  nonempty 
boundary  of  class  Cl,a  with  0  <  a  <  1,  m  >  2,  and  1  <  p  <  oo.  Denote  by  uo  the 
LP -solution  of  the  Dirichlet  problem  Auo  =  0  in  £2,  uq  =  0  on  3£2,  uo(x)  1  as 
\x\  ->  oo.  Fixf  g  D~lp(f2),  g  e 

•  Ifp  <  m/(m—  1),  then  there  exists  a  unique  solution  u  e  Dl,p(f2)  of  the  problem 

—  A  u=f  in  £2,  u  =  g  on  3£2.  (7.25) 

Moreover, 

IMId1^)  —  C[\\g\\wl-l/P’P(dn)  +  \\f\\D-l’P(Q)\  (7.26) 

where  C  depends  only  on  p  and  £2.  The  problem  (7.25)  withf  =  0,  g  =  1  does 
not  have  a  solution  in  1T1,;?(£2). 

•  If  m/  (m  —  1)  <  p  <  m,  then  there  exists  a  unique  solution  u  G  TT1,i?(£2)  of  the 
problem  (7.25).  Moreover, 

IHItv1’^)  —  C[\\§\\wl-l/P’P(dQ)  +  II/IId-1^)]  (7.27) 

where  C  depends  only  on  p  and  £2.  The  set  of  all  solutions  of  the  problem  (7.25) 
in  Dl,p(£2)  is  {u  +  cuo;  c  G  R1}.  Ifv  G  Dl,p(f 2)  is  a  solution  of  the  problem  (7.25), 
then  there  exists  c  G  Rl  such  that 

lim  <T)  v  dTLm-i  =  c.  (7.28) 

r— oo  J 
95(0;r) 

On  the  other  hand,  if  c  G  Rl  is  given,  then  v  =  u  - b  cuq  is  a  unique  solution 
v  G  Dl  p(i 2)  of  the  problem  (7.25)  such  that  (7.28)  holds.  Moreover, 

IMId1’^)  —  C[\\g\\w1-1/P’P(da)  +  \\f\\D~l’P(Q)  +  \c\]  (7.29) 

where  C  depends  only  on  p  and  £2. 

•  7j f  p  >  m,  then  there  exists  a  solution  u  G  W'1,/?(£2)  =  Dl,p(£2)  of  the  problem 
(7.25).  The  set  of  all  solutions  of  the  problem  (7.25)  in  Dl,p(£2)  is  {u  +  cuo\  c  G 
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Proof  According  to  Lemma  3.38.12,  there  exists  w  E  Wl,p(£2)  such  that  —  Aw  =f 
in  £2.  Denote  g  =  g  —  w  on  9£2.  Then,  g  e  W1~1^p,p(dQ)  by  Theorem  1.24.2.  If 
u  =  v  +  w,  then  u  is  a  solution  of  the  problem  (7.25)  in  Dli?(£2)  (or  in  Wl,p(£2))  if 
and  only  if  v  is  a  solution  of  the  problem 


—  Av  =  0  in  Q ,  n  =  g  on 


(7.30) 


in  D1,p(£2)  (or  in  W1,p(£2)). 

According  to  Theorem  7.6.3,  there  exists  cp  e  W~l/p,p(d£2)  with  (cp,  1)  =  0 
and  a  constant  c  such  that  SQcp  +  c  =  g  on  Denote  v  =  S^cp  +  c  in  £2. 
Then,  v  e  Wl,p(£2  D  5(0;  r))  for  every  r  >  0  by  Proposition  7.6.1,  and  g  is  the 
trace  of  v  by  Proposition  7.6.2.  Since  (cp,  1)  =  0,  we  have  |Vv(x)|  =  0(\x\~m)  as 
\x\  ->  oo.  Thus,  v  e  Dlp(Q).  Since  Av  =  0  in  Q  in  the  sense  of  distributions  (see 
Theorem  3.1.5),  v  is  a  solution  of  (7.30)  in  D1/?(£2). 

According  to  Theorem  7.6.3,  there  exists  cpo  E  LP{ dQ)  D  L2(dQ)  such  that 
SQ(po  =  1  on  32.  Put  uo  =  1  —  SQ(po.  Then,  uo  is  a  unique  IP- -solution 
of  the  problem  A  uo  =  0  in  Q,  uo  =  0  on  3£2,  uo(x )  1  as  \x\  oo. 

(See  Proposition  5.2.3  and  Theorem  5.15.4.)  Since  Ma(Vuo )  £  Lp(d£2)  (see 
Proposition  5.2.8),  Lemma  1.28.1  gives  that  u0  E  Wl,p(B( 0;  r))  for  all  r  >  0.  Since 
|  Vmo(jc)|  =  0(\x\l~m)  as  \x\  oo,  we  have  uo  E  Dlp(£2)  for p  >  m/(m  —  1). 

Let  now  w  E  Dl  p(Q)  be  a  solution  of  the  problem  (7.30).  Then  v  —  w  is  an  Lp- 
solution  of  the  problem  A u  =  0  in  £2,  u  =  0  on  3 £2  by  Lemma  7.13.2.  According 
to  Theorem  5.15.4,  there  exists  c  E  Rl  such  that  v  —w  =  cuo.  1), 

then  {cuo;  c  E  R1}  is  the  set  of  all  solutions  of  the  problem  Au  =  0  in  Q,  u  =  0  on 
in  Dl,p(£2). 

Let  now  p  <  m/(m  —  1).  We  show  that  uo  $  Dlp(£2).  Clearly,  uo  E  Dlp(£2)  if 
and  only  if  Sn(po  E  Dlp{Rm).  Since  SQ(po(x)  0  as  \x\  ->  oo,  Theorem  3.38.5 
gives  that  SQcp0  E  Dl  p(Rm)  if  and  only  if  SQ<p0  E  Dlp(Rm).  If  fdQ  (p0  d Hm-i  =  0, 


then 


Lemma  5.9.3  gives  (po  =  0,  what  is  a  contradiction.  Thus,  fdQ  cpo  dHm-\  0. 
Hence,  there  exist  positive  constants  a  and  r  such  that  |<S^<po(*)|  >  a\x\2~m  for 
\x\  >  r.  Fix  z  £  T  \  2.  According  to  Proposition  2.13.1,  there  exist  u\  E  H{Rm ), 
U2  E  H(Q)  and  a  constant  b  such  that  <S^<po(*)  =  u\(x)  +  U2(x)  +  bhm(x  —  z)  in 
£2  and  U2(x)  =  0(\x\l~m)  as  \x\  ->  oo.  Since  u\(x)  =  SQ(po(x)  —  U2(x)  —  bhm(x  — 
z)  — ^  0  as  \x\  ->  oo,  Theorem  2.16.1  gives  that  u\  =  0.  We  have  b  ^  0  because 
|<Sn^o(*)|  >  a\x\2~m  for  \x\  >  r.  Since  U2(x)  =  0{\x\l~m)  as  \x\  oo,  we  have 
|  V U2 (v) |  =  0( \x\~m)  as  \x\  oo  by  Proposition  2.12.1.  Therefore,  there  exist 
positive  constants  c\  and  C2  such  that  |V«Sn^o(*)|  >  c\\Vhm(x  —  z)|  >  C2\x\l~m  for 
\x\  >  r.  So,  SQcpo  $  Dl,p(£2)  because  p  <  m/(m  —  1).  Since  uo  $  D1,i?(£2),  there 
is  a  unique  solution  v  E  Dl,p(Q)  of  the  problem  (7.30).  Thus,  u  i->  [—Au,  y^u]  is  a 
one-to-one  linear  mapping  D1/?(^)  onto  D~l,p(£2)  x  Wl~l^p,p(dQ).  It  is  bounded  by 
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Theorems  3.19.3  and  1.24.2.  So,  it  is  an  isomorphism  by  Theorem  1.6.3.  Let  now 
v  e  Wl,p(Q)  be  a  solution  of  the  problem  Av  =  0  in  Q,  v  =  1  on  dQ.  Then  v 
is  an  //-solution  of  the  problem  by  Lemma  7.13.2.  According  to  Theorem  5.15.4, 
there  exists  a  constant  Vqq  such  that  v(x)  ->  Vqq  as  \x\  ->  oo.  Since  v  e  Wl,p(Q), 
we  have  =  0  (see  Proposition  3.38.5).  From  the  uniqueness  of  an  //-solution  of 
the  Dirichlet  problem,  we  infer  that  v  =  SQ(po  (see  Theorem  5.15.4).  But  SQ(po  $ 
Dl,p(Q),  what  is  a  contradiction. 

Let  now  m/(m  —  1)  <  p  <  m.  If  v  e  Dl,p(Q)  is  a  solution  of  the  problem  (7.25), 
then  there  exists  c  e  Rl  such  that  (7.28)  holds  by  Corollary  3.38.6.  Let  now  Cqo  be 
fixed.  Then,  there  exists  a  solution  v  e  D1,P(Q)  of  the  problem  (7.25).  Let  c  e  Rl  be 
such  that  (7.28)  holds.  Then  u  =  v  +  (cqo  —  c)uo  is  a  unique  solution  of  the  problem 
(7.25)  such  that 


95(0;r) 


Moreover,  u  e  fi71,/;(£2)  if  and  only  if  =  0  (see  Proposition  3.38.5). 
Theorems  3.19.3  and  1.24.2  give  that  u  i->  [—  Aw,  y^u]  is  a  bounded  one-to-one 
linear  mapping  Wl,p(Q)  onto  D~l,p(Q)  x  Wl~l^p,p(dQ).  So,  it  is  an  isomorphism 
by  Theorem  1.6.3.  Since  Wl,p(Q)  is  a  closed  subspace  of  D1,;?(£2)  of  codimension 
1  by  Lemma  3.38.11  and  e  Dlp(tt)  \  Whp(£2),  we  have  Dl'p(£2)  =  ^(£2)® 
{cwq;  c  g  R1}.  Thus, 


W  I — >- 


—Aw,  y^w,  lim 

r—^oo 


$ 


as(0;r) 


V  dnm-i 


is  a  bounded  one-to-one  mapping  Dlp  (£2)  onto/)  1,p(£2)  x  Wl  l/p,p(dQ)  xRl.  So, 
it  is  an  isomorphism  by  Theorem  1.6.3. 

Lemma  7.13.4  Let  £2  C  R2  be  an  unbounded  domain  with  nonempty  compact 
boundary  of  class  Cl,a  with  0  <  a  <  1,  and  1  <  p  <  oo.  If  g  G  Wl~1^p,p(dQ), 
then  there  exists  a  unique  LP -solution  u  of  the  problem  Au  =  0  in  Q,  u  =  g  on  dQ. 
Moreover,  u  is  a  solution  of  this  problem  in  Dlp(Q). 

Proof  According  to  Theorem  7.6.3,  there  exist  cp  G  W~x^p,p {dQ)  with  (cp,  1)  =  0 
and  a  constant  c  such  that  SQcp  +  c  =  g  on  dQ.  Denote  w  =  SQ(p  +  c  in  Q.  Fix 
r  >  0  such  that  3£2  C  B( 0;  r).  Then  w  G  Wl,p(Q  PI  B( 0;  r))  by  Proposition  7.6.1, 
and  g  is  the  trace  of  w  by  Proposition  7.6.2.  Define  g  =  u  on  3(£2  PI  #(0;  r)).  Then 
w  G  lT1,i?(£2PZ?(0;  r))  is  a  solution  of  Aw  =  0  in  £2P/?(0;  r),  w  =  g  on  3(£2P/?(0;  r)). 
Theorem  7.11.2  gives  that  w  is  an  //-solution  of  this  problem.  Since  w  is  bounded 
on  R2  \  /?(0;  r),  the  function  w  is  an  //- solution  of  the  problem  Aw  =  0  in  Q, 
u  =  g  on  dQ.  This  solution  is  unique  by  Theorem  5.15.3.  Since  (cp,  1)  =  0,  we 
have  |Vw(x)|  =  0{\x\~2)  as  \x\  oo.  Thus,  w  G  Dl,p(Q). 


7. 14  The  Dirichlet  Problem  in  W2+k * (ft) 
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Theorem  7.13.5  Let  £2  C  R2  be  an  unbounded  domain  with  nonempty  compact 
boundary  of  class  Cl,a  with  0  <  a  <  1,  and  1  <  p  <  oo.  Fix  z  £  R2  \  Denote  by 
uq  the  LP -solution  of  the  Dirichlet  problem  A u  =  0  in  Q,  u(x)  =  h2(x  —  z)  on  d£2. 
Put  mix)  =  h2(x  —  z)  -  Mo.  Letf  e  D~lp(Q),  g  e  W1_1/^(9^). 

•  If  1  <  p  <  2,  exists  a  unique  solution  u  e  Dl,p(£2)  of  the  problem 

(7.25).  Moreover,  the  estimate  (7.26)  holds  with  C  depending  only  on  p  and  £2. 

•  Let  2  <  p  <  oo.  Then,  there  exists  a  solution  u  e  Dl,p(£2)  of  the  problem  (7.25). 
The  set  of  all  solutions  of  the  problem  (7.25)  in  Dlp(£2)  is  {u  +  am;  a  e  R1}. 

Proof  According  to  Lemma  3.38.12,  there  exists  w  e  such  that  —  Aw  =  / 

in  £2.  Denote  g  =  g  —  w  on  9£2.  Then,  g  e  Wl~l/p,p(dQ)  by  Theorem  1.24.2. 
Lemma  7.13.4  gives  that  there  exists  a  solution  v  e  of  the  problem  Av  =  0 

in  Q,  v  =  g  on  dQ.  Put  u  =  v  +  w.  Then  u  is  a  solution  of  the  problem  (7.25)  in 
Dl,p(Q). 

According  to  Lemma  7.13.4,  there  exists  a  unique  .//-solution  uo  of  the  problem 
Auo  =  0  in  Q,  uo(x)  =  h2(x  —  z)  on  dQ,  and  uo  e  Dl,p(Q).  Since  c\\x  —  z\~l  < 
\Wh2(x  —  z)\  <  c2\x  —  z\~l  for  some  positive  constants  c\  and  c2 ,  the  function 
u\  ^  D1,i?(^)  if  and  only  if  p  >  2.  Moreover,  Ami  =  0  in  £2,  m  =  0  on  9£2. 

Let  now  u  e  Dl,p(£2)  be  a  solution  of  the  problem  A u  =  0  in  £2,  u  =  0  on  9£2. 
Since  |  Vm|  e  Lp(£2),  Proposition  2.17.6  gives  that  there  exists  a  e  Rl  such  that  the 
function  v(x)  =  u(x)—ah2(x—z)  is  bounded  in  a  neighborhood  of  infinity.  Fix  r  >  0 
such  that  dQ  C  #(0;  r).  Denote  g  =  v  on  97?(0;  r),  g(x)  =  —ah2(x—z)  on  d£2.  Since 
v(x)  =  u(x)  —  ah2(x  —  z)  =  —ah2(x  —  z)  on  9£2,  v  e  W1,p(£2  PI  B( 0;  r))  is  a  solution 
of  the  problem  Av  =  0  in  £2  PI  B( 0;  r),  v  =  g  on  d[Q  P  B( 0;  r)].  Theorem  7.11.2 
gives  that  v  is  an  Lp -solution  of  this  problem.  Since  v  is  bounded  in  a  neighborhood 
of  infinity,  v  is  an  Lp -solution  of  the  problem  Av  =  0  in  £2,  v(x)  =  —ah2(x  —  z)  on 
9£2.  Thus,  v  =  —auo  e  by  Lemma  7.13.4.  Hence,  u  =  au\.  If p  >  2,  then 

{am;  a  e  R1}  is  the  set  of  all  solutions  of  the  problem  A u  =  0  in  £2,  u  =  0  on  9£2 
in  Dl,p(£2).  Let  now  p  <  2.  Since  u  =  au\  £  D1,p(£2)  but  m  &  Dl,p(£2),  we  infer 
that  a  =  0.  Therefore,  u  =  0. 

Let p  <  2.  Then,  u  [—A u,  y^u]  is  a  one-to-one  linear  mapping  onto 

D~l,p(Q)  x  Wl~l/p,p(d£2).  It  is  bounded  by  Theorems  3.19.3  and  1.24.2.  So,  it  is  an 
isomorphism  by  Theorem  1.6.3. 


7.14  The  Dirichlet  Problem  in  W2+k'p  (ft ) 

In  this  section,  we  shall  study  a  solution  of  the  Dirichlet  problem  in  the  space 
W2+k,p(£2)  =  D2+Kp(£2)  where  k  e  No  and  £2  is  a  bounded  domain  with  boundary 
of  class  Ck+2. 
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Lemma  7.14.1  Let  1  <  p  <  oo,  v  G  LP(R™).  Fix  k  G  {1, . . . ,  m—  1}.  For  a  nonzero 
real  number  8,  denote 

p[ v(x)  =  v(xux2, . .  .,xk-i,xk  +  8,xk+u  ■  ■  ■  ,xm),  d[v  =  - . 

If  there  exist  positive  constants  C  and  r  such  that 

\\I%o\\ip<jeV<C,  0  <  8  <  r, 


then  dkv  e  L!‘(R'l). 

Proof  According  to  Theorem  1.5.9,  there  exists  a  sequence  8{n)  l  0  and  w  G 
Lp(Rnf)  such  that  D^v  converges  weakly  to  w  in  LP(Rnf).  Fix  now  cp  G  C£°(5+). 
By  the  substitution, 


/ 


cpD^v  d PLn 


Clearly,  DkS^(p  ->  d^cp  as  n  oo.  Fix  c  such  that  \V<p\  <  c.  Then  for  each 
x,  there  exists  z  such  that  DkS^(p(x)  =  3 k<p(z).  Hence,  \Dk8^cp\  <  c.  Since 
are  supported  in  the  same  compact  we  obtain  by  virtue  of  Lebesgue  lemma 
(Lemma  1.13.2), 

J  w(p  dPLm  =  -  lim  J  (Df8(n}(p)v  d FLm  =  -  j  (dk(p)v  d FLm. 


This  means  that  dkV  =  w  G  Lp{Rf). 

Proposition  7.14.2  Let  £2  C  Rm  be  a  bounded  open  set  with  boundary  of  class 
C2+k,  m  >  2,  k  G  No,  l  <  p  <  oo.  If  u  e  W1,p(£2),  A u  =  f  in  Q,  f  G  Wk,p(Q),  then 
U  G  W2+kp<Sl). 

Proof  We  prove  the  proposition  by  the  induction  argument.  Suppose  that  k  =  0  or 
that  the  proposition  is  true  for  k  —  1.  Proposition  3.18.2  gives  u  G  wf+k,p(Q).  So,  it 
is  enough  to  prove  that  u  is  of  class  W2+k,p  on  a  neighborhood  of  each  point  of  the 
boundary.  Fix  z  G  3£2.  Then,  there  exist  a  coordinate  system,  0  G  C2+k’°(Rm~1)  and 
p  >  0  such  that  z  =  0  and  £2  05(0;  p)  =  5(0;  p)  D  {[x', xm];x'  G  Rm~l,xm  > 

We  can  moreover  suppose  that  VO(O)  =  (0, . . . ,  0). 

Set p'  =  p/(p  —  1).  Denote 

A  =  [p  €  ||V*V(*p  <  1  } . 
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According  to  Proposition  7.5.2,  there  exists  a  constant  C\  >  1  such  that 


II  Vu||LP(/q.)  <  Cl  sup  [  Vi ;  •  V<p  d%m  Vu  e  W1,/?  (/?+). 
<pG.A  J 


(7.31) 


Let  C2  >  1  be  a  constant  such  that  | VO|  +  |V2d>|  <  C2.  Fix  r  G  (0;  p/4)  such 
that  |0|  <  p  and  |VO|  <  (4mCi)-1  for  |x'|  <  4r.  Choose  i/s  G  C™(B(0;2r)) 
such  that  if/  =  1  on  Z?(0;  r).  Put  w  =  xjru.  Then,  u  G  Wl,p(B( 0;  2r)  PI  £2),  spt  u  C 
Z?(0;  p/2),  g  =  Au  =  tyAu  +  2V^  •  Vw  +  g  Wk,p(Q).  Denote  w(x',xm )  = 
u(x',xm  +  <h(V)).  Then,  w(x\xm)  =  0  forxm  <  0.  If  0  ^  w(x)  =  w(V,;rm  —  ^(V)), 
then  |[x/,vm  —  d>(x')]|  <  p/2  and  |d>(V)|  <  p.  Thus,  w  is  supported  in  B(0',2p). 
Proposition  1.21.14  gives  that  w  G  Wl,p(Rm).  According  to  Proposition  1.21.15,  it 
is  enough  to  prove  that  w  G  W2+kp{Rm).  Since  u  G  Wf+k,p(B( 0;  2 r)  PI  Q),  we  have 
w  G  Wj£**(*+)-  Since  u(x',xm)  =  w(x',xm  —  0(v')),  easy  calculation  yields 


g(x)  =  A ,w(x)  +  I V<r>(V)|2 - -^2  -  2(3 i$(x'))  -  dmw(x)A<P(x') 

where  x  =  [x',xm  —  <1>(V)].  Define 


'■:=-A-|V,|^  +  b(W^. 


(7.32) 


Then, 


/z(x)  =  —g(x)  —  dmw(x)A<&(x).  (7.33) 


Since  dmw  G  Lp(Rm ),  we  have  /z  G  LP(RH+).  We  now  show  that  h  G  Wk,p(R+)  forces 
w  G  W2Jrk,p{Rm).  Suppose  first  that  k  =  0. 

We  show 


/ 


{Vw  •  Vcp  +  (dmq>)[\ V<D|2(3mw)  -  2VO 


Vw]}  =  j 


hep 


(7.34) 


for  ep  G  C^°(Rnl ).  Theorem  3.19.3  gives 


/  Vw  •  V<p  dHm  =  /  {—Aw)(p  dHm. 

R>n  Rm 


508 


7  Solutions  in  Sobolev  and  Besov  Spaces 


Since  does  not  depend  on  xm,  we  obtain  by  integration  per  partes  with  respect 
to  xm 


/ 


(9m<p)[|V<J>|2(9mw)  -  2VO  •  Vw]  d'Hff 
92w  .  .  92w 


/q.  y-i 

Adding,  we  get  (7.34). 

Fix  ft  G  {1, . . . ,  m  —  1}.  For  a  nonzero  real  number  8,  denote 

PSn<fi(x )  =  (p(x  \,X2,...,Xn-i,X„  +S,Xn+i,...,Xm),  D^cp  =  - . 

According  to  Theorem  1.21.2, 

W^n(P\\lJ’'  (Rm)  —  II  Wjj)' 

for  all  n ,  8  and  <p  G  C^°(Rm).  If  (p  G  then  G  and  according 

to  Holder’s  inequality  (Proposition  1.14.1), 

-  J {Vw-VD~S(p  +  (9m£>-V)[|V<I)|29mw-2V<l)  •  Vw]}  dUm 

nm 

R+ 

°^~J  hD~s<p  dHm  <  \\h\\mRV\\D-sq>\\^(RV  <  IWMIWH^. 

nm 

R+ 

So,  if  (p  e  A,  we  get  by  the  substitution 

II^IIlp(r?P  >  J {V£>*w-  V(p  +  |(9m<p)D^[|Vd>|29mw-2Vw  V <!>]}. 

r>m 

R+ 

Using  this  relation,  (7.31)  and  Holder’s  inequality  (Proposition  1.14.1),  we  get 

l|V£>fw||^  <  Ci  sup  f  VDsnw  •  V<p  dH,„ 

(peA  J 


<  Ci  {\\hWw  +  ||Z^[|V<f>|29mw]||w  +  ||2^[VwVcb]||„}. 
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If  a  and  /3  are  functions,  then  D8n(oiP )  =  (D8na)P8nfi  +  oiD8nP.  Since  for  each 
x  and  j  there  exists  z  such  that  D8ndjQ(x)  =  dnd )<L(z),  we  have  |D^VO|  < 
C2.  Similarly,  D8( dj®(x'))2  =  [P8ndj<§>(x)]dndj§>(z!)  +  9yO(x)9/19/d)(z/)  and  thus 
|^|VO(x/)|2|  <  2mC\.  Therefore  for  0  <  |<5|  <  r,  we  have  | D8n[Ww  • 

VO]|  <  J2j[\D8ndjw\  |P*VO|  +  \djw\\D8n$\]  <  {ACxyx\VD8nw\  +  mC2|Vw|;  and 
|^[|V<f>|29mw]|  <  \D8ndmw\\P8n\W^\2\  +  |9mw||Z)^|VO|2|  <  (4C!)-2|VD>|  + 
2mC2 1 9mw  | .  Hence, 


||VD^w||lp(^)  <  Ci||/z||lp(^)  +  -||VDjw||i^(^»)  +  2mCiC|||9mw||£>(#p 
2  , 

+  -  \\^Dnw\\zj>(R^)  +  2mCiC2||  Vw||^(/q_). 

Subtracting  (3/4)  ||  VD^w||lp  from  both  sides  we  obtain 

-\\D8nWw\\LP(R^_)  <  Ci||/i||^(/q_)  +  4mCiCf  ||  Vw||LP(/qj  <  oo. 

If  7  G  {1, . . .  ,ra},  then  {D8ndjw;  0  <  9  <  r}  is  a  bounded  subset  of  LP(R™).  So, 
9„9/w  G  Z/(/?™)  by  Lemma  7.14.1.  We  have  djdnw  =  dndjw  G  LP{RrHt).  To  finish, 
we  must  prove  that  92w/9x2  G  LP(R+).  According  to  (7.32),  we  have 


92w 

9x2 


m— 1 


=  (i  +  iv<D|2rME 


2(3;3>) 


32w 

dxmdxj 


e  //(/?”). 


Let  now  jfe  =  /  +  1,  /  e  No,  and  ft  e  Wl’p(R%)  force  w  e  W2+l’p(Rm).  Suppose 
that  ft  €  Wk-p(R’l).  Fix  n  e  { 1, . . . ,  m  -  1}.  We  know  that  w  e  W2+l-p(R™),  w  =  0 
on  3 R”.  Thus,  3„w  e  W1+l’p(R%)  and  3 nw  =  0  on  37?” .  Define 


32  m_1  82 

Hn  :=  —  A(3„w)  -  |VO|2  — (3„w)  +  £  2(3,3.)  — —  (3„w) 


for  9nw  by  the  same  way  like  h  for  w.  Using  dn  onto  (7.32),  we  get 

92  xi  w 

3 nh  =  -A(3 „w)  -  |V<F|2  — (3„w)  -  —  3„|V4>|2 


m— 1 


92  32 

E2(a7$)^:(9"w)  +  £ 


7=1 


7=1 


dxmdxj 
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Hence, 


c\2  m~ 1  o2 

H„  =  dnh  +  ^a„|V<D|2  e  Wl«(Rm+). 

Since  Hn  G  Wl,p(R +),  the  induction  assumption  forces  3 nw  G  W2+l,p (R™) . 
Therefore,  if  |of|  =  k  +  2  and  a  ^  (0, . . . ,  0,  k  +  2),  then  daw  G  LP(R™).  Since 


0  =  (i  +  ivoi2)-1 


e  Wk  p(R 1) 


we  deduce  that  w  e  W2+k,p(R™). 

We  are  now  able  to  finish  the  proof.  We  have  proved  the  proposition  for  k  =  0. 
Suppose  that  the  proposition  holds  for  k  =  l  G  No.  Let  k  =  l  +  1.  By  the  induction 
assumption  w  G  Wk+X,p (R+).  Then  (7.32)  gives  that  h  G  Wk,p(R™).  We  have  proved 
thatw  G  W2+^(^). 

Theorem  7.14.3  Let  £2  C  Rm  be  a  bounded  open  set  with  boundary  of  class  C2+k, 
m  >  2,  k  e  No,  1  <  p  <  oo,  c  G  Ck,0(£2),  c  >  0.  Then  there  exists  a  solution 
u  G  Wk+1,p(f2)  of  the  Dirichlet  problem  —A  u  +  cu  =  f  in  £2,  u  =  g  on  d£2  if  and 
only  tff  £  Wk,p(f2),  g  G  Wk+2~llp,p(dQ).  This  solution  is  unique  and 

IImIIw*+2<p(£2)  —  ^  [ll/ll  W*<p(£2)  +  \\g\\wk+2-l/P’P(dn)] 
where  C  depends  only  on  £2,  k,  p,  and  c. 

Proof  If  u  is  a  solution  of  the  problem,  then /  G  Wk,p(£2),  g  G  Wk+2~llp,p(dQ)  by 
Theorem  1.24.5. 

The  uniqueness  is  given  by  Theorem  7.10.4. 

Suppose  first  that  c  =  0.  According  to  Theorem  1.24.6,  there  exists  v  G 
Wk+2,p(f2)  such  that  v  =  g  on  d£2.  Denote/  =  /  +  Av.  Then,/  G  Wk,p(f2). 
According  to  Theorem  7.10.2,  there  exists  w  G  Wi,p(£2)  such  that  —  Aw  =  /  in  £2. 
Proposition  7.14.2  gives  that  w  G  W2+k,p(Q).  The  function  u  =  v  +  w  is  a  solution 
of  the  problem. 

Let  now  c  be  arbitrary.  We  have  proved  that  Tu  =  [—  Au,  y^u]  is  a  Fredholm 
operator  with  index  0  from  W2+Kp(£2)  to  x  W2+k~ Since  u^cu 

is  a  compact  linear  operator  from  W2+k,p(Q)  to  Wk,p(£2)  by  Lemma  1.21.8  and 
Theorem  1.7.4,  the  operator  Tc  :  u  i->  [—  Au  +  cu ,  y^u]  is  a  Fredholm  operator  with 
index  0  from  W2+Kp(£2)  to  W^(ft)  x  W2+k~x/p’p(d£2)  (see  Theorem  1.8.3).  Since 
Tc  is  one-to-one,  it  is  onto.  Theorem  1.6.3  forces  that  Tc  is  isomorphism. 

Theorem  7.14.4  Let  £2  C  Rm  be  a  bounded  open  set  with  boundary  of  class  C2Jrk, 
m  >  2,  k  G  No,  1  <  p,  q  <  oo,  c  G  Ck,0(Q),  c  >  0,  1  <  s  <  k  +  2.  Then  there  exists 
a  solution  u  G  Bp,q(f2)  of  the  Dirichlet  problem  —Au  +  cu  =  f  in  £2,  u  =  g  on  d£2 
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if  and  only  iff  e  Bpf2(f2),  g  e  Bpf^p(dQ).  This  solution  is  unique  and 


II /Ik; 


llsll^ 


■1  /p 


(3«) 


where  C  depends  only  on  ft,  k,  p,  q,  s,  and  c. 
Proof  The  operator 


T  :  u  i->  [—Aw  +  cw,  yqu] 


is  an  isomorphism  from  W2+k'p(Q)  to  Wk,p(£2)  x  1/p,p(dQ)  (see  Theo¬ 

rem  7.14.3)  and  from  W^(ft)  to  W~hp(Q)  x  Wl~l/pp(dQ)  (see  Theorems  7.10.4 
and  1.24.2).  Put  0  =  (s  -  1  )/{k  +  1).  Then 

Bp\/p(d£2)  =  [Wl-l/pp{d^),W2+k-l/pp{d^)]e,q 

by  Theorems  1.23.3  and  1.23.11.  If  /  is  integer,  then  Wlp(f2 )  =  FP,2(Q)  by 
Proposition  1.23.13.  Theorem  1.23. 16  gives 

[Wljf(Q),  Wk+2'p(Q)]e,q  =  Bp'q(Q), 

[W~lp(Q),  Wkp(Q)]e,q  =  Bpf2(Q). 

The  interpolation  theorem  (Proposition  1.10.3)  gives  that  T  is  a  bounded  linear 
operator  from  Bp,q(Q)  to  Bpf2(Q)  x  2^5^  (9  ft).  Using  the  interpolation  theorem 
onto  T~\  we  obtain  that  T  is  an  isomorphism  from  Bp,q(Q )  onto  Bpf2(Q)  x 

Corollary  7.14.5  Let  U,  ft  C  Rm  be  open  sets ,  m  >  2.  Suppose  that  L  =  U  D  9ft 
is  a  surface  of  class  Ck+2  with  k  e  No.  Let  1  <  p  <  oo,  u  e  Wxp(f2),f  e  Wk,p(Q), 
g  e  Wk+2~1/p’p(L),  Au=finQ,u  =  g  on  L.  Then  u  e  W^2,P(Q  U  L). 

Proof  u  e  W^y2'1’ (Q.)  by  Proposition  3.18.2.  Let  now  zeL.  Fix  r  >  0  such  that 
B(z,3r)  C  U.  Choosey  e  C™(B(z',2r))  such  that  cp  =  1  on  B  (z;  r).  We  can  choose  a 
bounded  open  set  co  C  B(0;  3r)  PI  ft  with  boundary  of  class  Ck+ 2  such  that  Z?(0;  2 r)  PI 
da)  =  B( 0;  2r)  n  9ft  C  L.  We  have  <pu  e  Wlj,(co)9  <pu  e  W^-^idco),  A (<pu)  = 
cpf  +  2Vw  •  Ncp  +  wA<^.  We  prove  by  the  induction  that  cpu  e  Wl+2,p(co)  for  l  = 
0, 1, . . .  ,k.  Suppose  first  that  /  =  0.  Since  u  e  Wxp>{co),  we  infer  that  A  (cpu)  e 
Lp(co).  So,  cpu  e  W2p(a))  by  Theorems  7.14.3  and  7.10.2.  Let  now  u  e  Wl+2,p(aj) 
and  /  +  1  <  k.  Then  A  {cpu)  =  (pf  +  2  Vw  •  V<p  +  wA^  e  Wl+l,p(co).  Hence, 
cpu  e  Wl+3,p((o)  by  Theorems  7.14.3  and  7.10.2. 

Corollary  7.14.6  Let  ft  C  Rm  be  a  bounded  domain  with  boundary  of  class  C°°. 
If  g  e  C°°(9ft),  c,f  e  C°°(ft),  c  >  0,  then  there  exists  a  unique  classical  solution 
u  e  C°°(ft)  of  the  Dirichlet  problem  -Au-\-cu  =f  in  £2,  u  =  g  on  d£2. 


512 


7  Solutions  in  Sobolev  and  Besov  Spaces 


Proof  According  to  Theorem  7.10.4,  there  exists  a  unique  solution  of  this  problem 
in  Theorem  7.14.3  gives  that  u  G  Wk,1(f2)  for  all  k  G  N.  Therefore, 

u  G  C°°(£2)  by  Theorem  1.21.13  and  Lemma  1.21.12. 

Proposition  7.14.7  Let  £2  C  Rm  be  a  bounded  open  set  with  boundary  of  class 
C1+k,  m>2,keN0,ce  Ck’°(Q),  c  >  0,  1  <  p  <  oo,  p'  =  p/(p-l),f  e  Wk-P(Q). 
If  it  e  C  (12 ),  then  u  is  a  solution  of  the  Dirichlet  problem  —Am  +  cu  =  /  in  £2, 
u  =  0  on  952  in  Wk+2,P(Q)  if  and  only  if 

J  u[—Acp  +  c<p]  dUm  =  J ftp  d Tim  (7.35) 

£2  £2 


for  all  tp  €  lW(52)  n  W2+k-p'(Q)  with  [-A <p  +  ctp]  e  L°°(£2). 

Proof  Suppose  first  that  u  is  a  solution  of  the  Dirichlet  problem  —  Au  +  cu  =  /  in  £2, 
u  =  0  on  3 £2  in  Wk+2,P(Q).  If  cp  e  fF1,i?/(£2)  Pi  W2+k,p'  (Q),  then  the  Gauss-Green 
theorem  for  Sobolev  spaces  (Proposition  1.24.4)  yields 


+  C(p\  d Um 


J  u[-Acp  +  ccp\  dPLm 


Q 


Q 


Au  +  cu]  d Pint 


dnm- 1  =  o. 


Let  now  (7.35)  hold  for  all  cp  e  W],p'  (£2)  Pi  W2+k,p' (fl)  with  [—A cp  +  ccp]  e 
L°°(£2).  According  to  Theorem  7.14.3,  there  exists  a  solution  v  G  Wk+2,p{fl)  of  the 
Dirichlet  problem  —Av  +  cv  =  /  in  £2,  v  =  0  on  3  £2.  Subtracting  (7.35)  for  u  and 
v,  we  obtain 


J (u  -  v)[—A <p  +  c<p\  d Hm  =  0 

Q 


for  all  cp  g  Wl,p'  (£2)  P  W2+k,p'  (£2)  with  —  A (p  +  ccp  e  L°°(£2).  Fix  f  e  C?°(£2). 
According  to  Theorem  7.14.3,  there  exists  a  solution  <p  G  Wk+2,p  (£2)  of  the 
Dirichlet  problem  —A cp  +  ccp  =  \j/  in  Q,  cp  =  0  on  3£2.  Since  <p  G  WL,P  (£2) 
by  Proposition  1.24.3,  we  have 

J (u  -  v)f  d PLm  =  j (u  —  v)[—A (p  +  c<p\  d PLm  =  0. 

£2  £2 


Thus,  u  —  v  =  0  in  £2  in  the  sense  of  distribution.  Hence,  u  =  v. 
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7.15  Exterior  Dirichlet  Problem  in  Dk+ 2  ,p  (S2  ) 

In  this  section,  we  prove  the  existence  of  a  solution  of  the  Dirichlet  problem  for 
the  Poisson  equation  in  Dkp(Q)  for  an  exterior  domain  with  boundary  of  class  Ck, 
where  k  G  N,  k  >  2,  1  <  p  <  oo. 

Theorem  7.15.1  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary  of 
class  C2,  m  >  2,  1  <  p  <  oo.  Iff  G  77  (£2),  g  e  W2~l^p,p(dQ),  then  there  exists 
u  G  D2,p(Q)  such  that  —  A u  =  f  in  £2,  u  =  g  on  d£2.  The  dimension  of  the  space 
{u  G  D2,p(£2);  A u  =  0  in  £2 ,  u  =  0  on  d£2}  is  m  +  1. 

Proof  Define/  =  0  outside  Q.  According  to  Theorem  7.4.2,  there  exists  v  G 
D2,p(Rm)  such  that  —  Av  =  /  in  Rm.  Put  g  =  g  —  v.  Then  g  G  W2~l^p,p(dQ)  by 
Theorem  1.24.5.  According  to  Theorems  5.15.3  and  5.15.4  and  Proposition  2.17.3, 
there  exists  an  77-solution  w  of  the  Dirichlet  problem  Aw  =  0  in  Q,  w  =  g  on 
3£2  such  that  w(v)  =  0( \x\2~m)  as  \x\  oo.  Fix  r  >  0  such  that  3£2  C  5( 0;  r). 
Put  g  =  w  on  35(0;  r).  According  to  Theorem  7.14.3,  there  exists  a  solution  w  G 
D2,p(Q  PI  5(0;  r))  of  the  problem  Aw  =  0  in  £2  Pi  5(0;  r),  w  =  g  on  3[£2  P  5(0;  r)]. 
Theorem  7.11.2  gives  that  w  is  an  77 -solution  w  of  that  problem.  The  uniqueness  of 
an  77-solution  of  the  Dirichlet  problem  gives  that  w  =  w  G  D2,P(B( 0;  r)  PI  Q)  (see 
Proposition  5.15.1).  Since  w(v)  =  0(\x\2~m),  Proposition  2.12.1  gives  |V2w(v)|  = 
0( \x\~m)  as  \x\  ->  oo.  Hence,  w  G  D2,P(Q).  The  function  u  =  v  +  w  is  a  solution 
of  the  problem. 

Denote  Vj(x)  =  xj  for  j  =  1, . . . ,  m.  If  m  >  2,  put  vm+i(x)  =  1.  If  m  =  2,  fix 
z  G  R2  \  £2  and  set  vm+\(x)  =  In  \x—z\  •  We  have  proved  that  there  exist  Wj  e  D2,P(Q ) 
such  that  Awj  =  0  in  Q,  wj  =  Vj  on  3£2,  and  Wj(x)  =  0{\x\2~m)  as  \x\  — >  oo.  Set 
uj  =  Vj  —  Wj.  Then,  uj  G  D2,p(Q)  are  linearly  independent,  A uj  =  0  in  £2  and  uj  =  0 
on  3£2. 

Let  now  u  G  D2p(£2),  Au  =  0  in  £2,  u  =  0  on  3£2.  Since  |  V2w|  G  LP(f2 ),  there 
exist  constants  ,am+  \  such  that  v(x)  —  P{x )  =  0(|v|2-m)  as  \x\  oo  for 

P(x)  =  a\Vi(x)  + - b  am+\Vm+i(x)  (see  Proposition  2.17.5).  Put  w  =  u  —  a\Uj  — 

- am+iwm+i.  Then,  w  G  D2,P(Q),  w  =  0  on  3£2,  w(x)  =  0(|v|2_m)  as  \x\  — >  oo. 

Fix  r  >  0  such  that  3£2  C  5(0;  r).  Put  h  =  0  on  3£2,  h  =  w  on  3[£2  PI  5(0;  r)]. 
Then  w  is  an  77-solution  of  the  Dirichlet  problem  Aw  =  0  in  Q  P  5(0;  r),  w  =  h  on 
d[£2  P5( 0;  r)]  (see  Theorem  7.11 .2).  So,  w  is  an  77-solution  of  the  Dirichlet  problem 
Aw  =  0  in  P,  w  =  0  on  3£2.  Since  w(x)  =  0(|v|2_m)  as  \x\  ->  oo,  Theorems  5.15.3 
and  5.15.4  give  w  =  0. 

Proposition  7.15.2  Let  £2  C  Rm  be  an  open  set  with  compact  boundary  of  class 
Ck+2,  andkj  e  No,  l  <  k,  1  <  p  <  oo.  Let f  G  Dkp(Q\  g  e  wk+2~x/pp{ 3£2). 
Suppose  thatf  =  0  outside  of  a  bounded  set.  If  u  G  7/+1,p(£2)  A  a  solution  of  the 
Dirichlet  problem  —  Au  =  f  in  £2,  u  =  g  on  3£2,  w  G  Dk+2,p(f2). 

Proof  For  Q  bounded,  see  Corollary  7.14.5.  Suppose  that  £2  is  unbounded.  Choose 
r  >  0  such  that  3£2  C  5(0;  r)  and /  =  0  on  £2  \  5(0;  r).  Then,  u  G  Dk+2'p(f2  P 
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5(0;  2 r))  by  Corollary  7.14.5.  Since  V'+'//|  e  U’(S2\B( 0;  2 r)),  Proposition  2.17.7 
gives  |  Vt+2«|  e  If(n  \  5(0;  2r)).  Hence,  u  e  Dk+2’P(Q). 

Theorem  7.15.3  Let  k  E  N,  £2  C  Rm  be  an  unbounded  domain  with  compact 
boundary  of  class  Ck+2,  m  >  2,  1  <  p  <  oo.  Then,  there  exists  a  solution 
u  E  Dk+2'p(fl)  of  the  Dirichlet  problem 

—A  u=fin£2,  u  =  g  on  d£2 

if  and  only  if  f  e  Dkp(Q),  g  e  Wk+2~l^p(dQ).  If  f  e  Wkj,(Q)t  g  e 
Wk+2~l/p,p(dQ),  then  there  exists  a  solution  u  G  Wk+2,p(fl)  of  the  problem.  The 
dimension  of  the  space  {u  G  Dk+2,P(Q);  A u  =  0  in  Q,  u  =  0  on  3£2}  is  equal  to 
dim  [H(Rm)  H  Pk+i(Rm)\,  where  H(Rm)  is  the  space  of  all  harmonic  function  in  Rm 
and  Pk+i(Rm )  is  the  space  of  all  polynomials  of  degree  at  most  k  +  1. 

Proof  Let  u  G  Dk+2,P(Q)  be  a  solution  of  the  problem  Au  =  f  in  Q,  u  =  g  on  dQ. 
Then /  G  Dkp(Q),  g  e  wk+2~l^{ 3ft)  by  Theorem  1.24.5. 

Let  now /  G  Dkp(Q),  g  e  Wk+2~x/p,p(d£l)  be  fixed.  We  can  suppose  that /  G 
Dkp(Rm).  Iff  g  W^(ft),  we  can  suppose  that /  G  Wkp(Rm).  (See  Lemma  1.21.12.) 
According  to  Theorem  3.42.1,  there  exists  v  G  Dk+2p(Rm)  such  that  —  An  =  /.  If 
/  G  Wkp(Rm ),  we  can  find  v  G  Wk+2'p{Rm)  by  Theorem  3.17.2.  Define  g  =  g  -  v. 
Then,  g  G  Wk+2~l/p’p(d£2)  by  Theorem  1.24.5.  If  w  is  a  solution  of  the  Dirichlet 
problem 


Aw  =  0  in  <2 ,  w  =  g  on  3ft  (7.36) 

then  u  =  v  +  w  is  a  solution  of  the  original  problem.  So,  it  is  enough  to  prove  that 
there  exists  a  solution  w  G  W2Jrk,p(fl)  of  the  problem  (7.36). 

We  show  that  there  exists  a  solution  w  G  W2+k,p(£l)  of  the  problem  (7.36). 
According  to  Theorems  5.15.3  and  5.15.4  and  Proposition  2.17.3,  there  exists  an 
LP- solution  w  of  the  Dirichlet  problem  Aw  =  0  in  ft,  w  =  g  on  3^  such 
that  w(x)  =  0(\x\2~m)  as  \x\  oo.  Fix  r  >  0  such  that  3ft  C  5(0;  r).  Put 
g  =  w  on  35(0;  r).  According  to  Theorem  7.14.3,  there  exists  a  solution  w  G 
Wk+2'P(fl  05(0;  r))  of  the  problem  Aw  =  0  in  ft  05(0;  r),  w  =  g  on  3[ft  05(0;  r)]. 
Theorem  7. 1 1 .2  gives  that  w  is  an  LP- -solution  w  of  that  problem.  The  uniqueness  of 
an  TT-solution  of  the  Dirichlet  problem  gives  that  w  =  w  G  D2+kp(B( 0;  r)  O  ft)  (see 
Proposition  5.15.1).  If  a  is  a  multiindex,  then  daw(x)  =  0(  as  \x\  ->  cx) 

by  Proposition  2.12.1.  Hence,  w  G  Dk+2’P(Q).  According  to  Lemma  1.21.12,  we 
can  extend  w  as  a  function  from  Dk+2’p(Rm).  Choose  cp  G  C^°(Rm)  such  that 
cp  =  1  on  5(0;  1),  cp  =  0  on  Rm  \  5(0;  2).  Then,  there  exists  a  constant  C\  such 
that  |3°V|  <  Ci  for  \a\  <  k  +  2.  Denote  cpn{x )  =  <p(x/n ),  wn  =  w<pn.  Then, 
wn  G  Wk+2'p(Rm )  =  Wk+2,p{Rm)  C  Wk+2,p (Rm)  (compare  Lemma  1.21.4).  If  p  is  a 
multiindex  with  |/3|  <  k  +  2,  then  \d^cpn\  <  C\n~ So,  there  exists  a  constant  C2 
such  that 


|V*+2[(1  -  (pn{x))w{x)}\  < 


ft  <  |v|  <  2ft 
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for  sufficiently  large  n.  For  sufficiently  large  n ,  we  have 

I \w-wn WPDk+2,p(Rm)  =  J  |  v*+2(w  -  w„ ) \p  d % 

B(0;2n)\B(0;n) 

^  (%Hm(B(Q-,2n))  Q 

—  nmp+pk 


Therefore,  w  e  Wk+2,p  (Rm) . 

Let  now  u  e  Dk+2,P(Q),  A u  =  0  in  £2,  u  =  0  on  dQ.  Put  h  =  du/dn. 
Proposition  7.9.2  gives 


u  =  SQh  +  P , 

where  P  e  Pk+\(Rm).  Denote  X  =  {Q  e  Pk+\{Rm)\  2(0)  =  0,  V2(0)  =  0}.  There 
exist  2i  £  P\(Rm)  and  22  £  X  such  that  P  =  Q\  +  22-  Put  v  =  SQh  +  2i-  Since 
u,  v  e  H(£2),  we  infer  that  Q2  =  u  —  v  e  H(£2) .  Moreover,  v  =  u  —  Q2  e  Dk+1,p(fl) 
is  a  solution  of  the  problem 

Av  =  0  in  Q ,  1;  =  —Q2  on  . 

Let  now  Q2  £  X  (1  H(Q)  be  given.  According  to  Theorem  7.15.1,  there  exists  a 
solution  v  e  D2  p(Q)  of  this  problem.  Proposition  7.15.2  gives  that  v  e  Dk+2,P(Q). 
So,  u  =  v  +  22  €  Dk+2,P(Q)  is  a  solution  of  the  problem  Au  =  0  in  Q,  u  =  0  on 
d£2.  By  virtue  of  Theorem  7. 15.1,  wededuce  that  the  space  {u  e  Dk+2’P(Q);  Au  =  0 
in  £2,u  =  0  on  has  dimension  equal  to  m  +  1  +  dim(X  PI  H(£2))  = 
dim  (Pk+l(Rm)nH(Q)). 


7.16  The  Perturbation  Problem 

Proposition  7.16.1  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2,  f  e  D~l,2(Q), 
g  e  Wh2(Q).  Fore  >  0,  denote  by  u€  a  solution  of  the  problem 

—  Au€  +  eu€=f  in  £2,  u€  =  g  on  dQ  (7.37) 

in  1T1,2(£2).  Then,  u€  ->  uo  in  IT1,2  (£2)  as  €  l  0. 

0 

Proof  According  to  Lemma  1.21.10,  we  can  suppose  that  IT1,2  (£2)  is  equipped  with 
the  norm  ||Vu||L2(n).  Hence,  there  exists  a  constant  C  >  1  such  that  \\v\\L2^  < 

C||VW||L2(0)foraUi;  €  W1,2(£2). 
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Put  v€  =  u€  —  g,  F  =  f  +  A g.  Then,  F  e  D~l,2(£2)  by  Theorem  3.19.3,  and  v€ 
is  a  solution  of  the  Dirichlet  problem  —  Av€  +  ev€  =  F  —  eg  in  Q,  v€  =  0  on  dQ. 
We  have 

J [Vd€  •  Vw  +  ev€w\  dHm  =  (F  —  eg,w)  Vw  e  W1,2(£2).  (7.38) 

Q 

o 

Since  v€  e  W1,2(£2),  we  obtain  for  €  <  1 

J [|Vue|2  +  euj]  <mm  =  { F-eg,ve )  <  [||  F||D-i,2(n)  +  k||D-i.2(£2)]||Vi;e||I,2(n). 

Q 

Since 


II 11^(0)  5  [II  ^IId-1-2^)  +  kll^W]HV^||L2w 


we  infer 


IIv^||l2(<3)  -  [II  F\\d~1’2(Q)  +  II^IId-1’2^)]-  (7.39) 

Since  v€  —  Vo  e  W1,2(£2),  (7.38)  gives 

J [Vue  •  V(ve  -  v0)  +  ev€(ve  -  d0)]  d Hm  -  J  Vd0  •  V(ue  -  v0)  d Hm 

=  ~  J  eg(ve  -  Do)  d nm. 

Using  this  relation,  Holder’s  inequality  (Proposition  1.14.1),  and  (7.39),  we  get 
J  |  V(t>e  —  d0)|2  =  —  J  e(v€  +  g)(ve  —  Vo)  <  e||we  —  d0||L2(S2)(||u€||L2(S2) 

Q  Q 

+  llg||L2(ft))  —  ^2^[||V^||L2(^)  +  ||g||L2(ft)  l|V(u6  —  ^o)||l2(^) 

<  2cC2|j  F\\d-i,2^q)  +  IlgllD-1-2^)  +  ||<g ||l2(£2)  0. 
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7.17  The  Singular  Perturbation  Problem 

Theorem  7.17.1  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2,  /  e  For 

€  >  0,  denote  by  u€  a  solution  of  the  problem 

—  eA u€  +  u€  =  f  in  £2,  u€  =  0  on  (7.40) 

in  P71,2(£2).  Then,  u€  —>  f  in  H~X(Q)  as  e  \  0. 

Proof  According  to  Lemma  1.21.10,  we  can  suppose  that  IP1,2  (£2)  is  equipped  with 
the  norm  ||Vw||L2(n). 

Since  u€  is  a  solution  of  the  problem  (7.40),  we  have 

J [eVu€  •  Vw  +  u€w\  d FLm  =  (/,  w)  Vw  e  1L1,2(£2).  (7.41) 

a 

Therefore, 


(/ 


eVu€  •  Vw  d FLm 


for  all  w  e  IP1,2  (£2).  Hence, 

\\f  —  u€\\h~1(Q)  —  l|V€M€  ||^(n).  (7.42) 

Suppose  that  does  not  converge  to  /  in  T/-1(£2)  as  e  — >  0+.  Then  there  exist 
<5  >  0  and  a  decreasing  sequence  of  positive  numbers  6  (ft)  such  that  e(n)  — >►  0  as 
o o  and  ||  V€(n)Me(n)||L2(n)  >  8. 

Putting  w  =  eu€,  we  get  from  (7.41) 

J [\Veu€\2  +  eu2]  dHm  =  (, f,eue )  <  ||/||ff-i(n)|| V<?we||L2(S2).  (7.43) 

n 

Therefore, 


llv^||22w  <  ||/||/f-i(^)|| Vgw€||L2(^). 
Dividing  this  inequality  by  ||  Veu€  ||L2(fi),  we  obtain 


I|VGI4||L2W  < 


(7.44) 
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°  ° 

Since  €(n)u€(n )  is  a  bounded  sequence  in  W1’2  (£2),  there  are  v  e  Wl,2(Q)  and  a 
subsequence  of  e(ri)u€(n )  which  converges  weakly  to  v  (see  Theorem  1.5.10).  So, 
we  can  suppose  that  €(n)u€(n )  converges  weakly  to  v  in  IT1,2  (£2).  Since  e(n)u€(n) 
converges  weakly  to  v  in  W1,2  (£2)  and  the  injection  is  a  compact  linear  operator  from 
fk1,2(£2)  to  L2(Q)  (see  Lemma  1.21.7),  Proposition  1.7.8  gives  that  e(n)u€(n)  ->  v 
in  L2(£2).  According  to  (7.43)  and  (7.44), 

IK«K(«)  11^)  <  e(n) |  J [|  V<?(«K(n)|2  +  e(n)u2e{n)]  d'H„, 

<  e(n)||/||//-i(fi)||Ve(n)Me(„)||i2(fi)  <  e(n)||/||^_1(fi)  ->  0. 

Thus,  v  =  0.  Since  e(«)w€(„)  converges  weakly  to  v  =  0  in  W1,2(£2),  we  obtain  by 
(7.43) 


0  <  S2  <  lim  ||V<?(n)nf(„)||22(m 

<  lim  /  [|Ve(n)nf(n)|2  +  e(n)u2(tl)]  dHm  =  lim  (/,  e(n)ne(„))  =  0 
n^oo  J  K  )  n-^oo 

what  is  a  contradiction. 

Proposition  7.17.2  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2,  f  e  L2(Q).  For 
e  >  0,  denote  by  u€  a  solution  of  the  problem  (7.40)  in  Wl,2(£2).  Then  u€  f  in 
L2(Q)  as  e  \  0. 

Proof  Since  u€  is  a  solution  of  the  problem  (7.40),  we  have 

JjwdHm  VweWu(£2). 

For  w  =  u€,  we  obtain  using  Holder’s  inequality  (Proposition  1.14.1) 

Ikll^Q)  <  el|Vwe  ||£2(£2)  +  \\ue\\2L2(Q)  =  J  fu€  dUm  <  \\ue\\L2(n)\\f\\L2(n). 

Q, 

Dividing  by  \\u€\\Lim,  we  get 


II^IIl^)<  II/IIl^)-  (7.45) 

Since  u€  is  bounded  in  L2(Q),  we  can  choose  from  each  sequence  e(n)  \  0  a 
subsequence  e(n(j))  such  that  u€(n(jp  converges  weakly  to  some  v  in  L2(£l).  (See 
Theorem  1.5.10.)  Since  converges  weakly  to  v  in  H~l  (£2)  and  — >  /  in 
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H  1(^2)  by  Theorem  7.17.1,  we  infer  that  ue(n{j))  converges  weakly  to  /  in  L2(£l). 
Since  u€  converges  weakly  to  /  in  L2(Q)  as  e  \  0,  we  get  by  virtue  of  (7.45) 

\\u€  —  /IIl2(^)  =  \MlHq)  +  II/IIl2w  —  ^  J  fu€  d FLm 

Q 

<  2||/||^(n)  -2  Jfue  d nm  ->  0. 

Q 


7.18  The  Green  Function  and  Sobolev  Spaces 

In  this  section,  we  study  the  Green  function  G^(x,y)  =  hm(x  —  y)  —  g^(x,y).  We 
prove  that  (•,  y)  is  a  solution  of  the  Dirichlet  problem  A u  =  0  in  Q,  u  =  hmf,y ) 
on  3 £2  in  W1,2(£2),  in  W^(£2),  and  in  Bpyq(fl). 

Proposition  7.18.1  Let  £2  C  Rm  be  a  nonempty  domain,  m  >  2.  If  m  =  2,  suppose 
moreover  that  £2  is  bounded.  Let  G^(x,y)  =  hm(x  —  y)  —  g^(x,y)  be  the  Green 
function  ofQ.  Fix  y  G  Q.  Then  gn(-,  y)  is  a  solution  of  the  Dirichlet  problem 

—A u  =  0  inQ,  u(x)  =  hm{x  —  y)  on  3£2 


in  W12(Q). 

Proof  Choose  r  >  0  with  B(y;3r)  C  £2  and  <p  G  C°°(Rm )  such  that  cp  =  0  in 
B(y;  r)  and  <p  =  1  in  Rm  \  B(y;  2 r).  If  m  >  2,  set  f(x)  =  (p{x)hm{x  —  y).  Then, 
/  G  C°°(Rm).  Since  |V/(x)|  =  G(|v|1_m)  as  \x\  ->  oo,  we  have/  G  Dl,2(Rm). 
Sine e/(v)  0  as  |v|  ->  oo,  Proposition  3.38.5  gives  that/  G  Dl,2(Rm).  If  m  =  2, 
choose  \j/  G  C?°  (7?m)  such  that  x/s  =  1  on  a  neighborhood  of  Q  and  put  f(x)  = 
(p(x)\l/(x)h2(x  -  y).  Then,/  G  C™(R2). 

According  to  Theorem  7.1.2,  there  exists  a  unique  u  G  W1,2  (£2)  such  that  Aw  =  0 
in  Q,  u  =  f  on  3£2.  Theorem  2.18.2  gives  that  u  G  H(Q).  Choose  an  increasing 
sequence  of  bounded  domains  Qk  with  boundary  of  class  C°°  such  that  UQk  = 
Q  and  B(y;  3 r)  C  According  to  Corollary  3.9.6  and  Proposition  3.9.8,  there 
exist  Green’s  functions  Gk(x,y )  =  hm(x  —  y)  —  gk(x,y)  of  Qk-  Lemma  3.9.9  and 
Theorem  6.4.2  give  that  gk(-,y)  is  a  classical  solution  of  the  Dirichlet  problem 

—  Auk  =  0  in  Qk,  Uk=f  on  dQk-  (7.46) 

Proposition  6.12.1  gives  that  g&(-  —  y)  G  Cl(£2k),  so  gk(-  —  y)  is  a  solution  of  the 
problem  (7.46)  in  Wl,2(Qk)-  If  oo  is  a  bounded  open  set  such  that  oo  C  £2,  then 
gkO,y)  — >  u  in  L2(oo)  by  Theorem  7.2.1.  Proposition  2.11.4  gives  that  gy/-,y)  ->  u 
locally  uniformly  in  £2.  Since  hm(x  —  y)  —  gk(x,  y)  =  Gk(x,  y)  ->  G(x,  y)  =  hm(x  — 
y)  —  g^  (*,  y)  by  Theorem  3.9.13,  we  infer  that  g^  (v,  y)  =  u(x). 
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Proposition  7.18.2  Let  £2  C  Rm  be  a  bounded  domain,  m  >  2.  Let  G^(x,y)  = 
hm(x  —  y)  —  g^(x,y)  be  the  Green  function  ofQ.  Ify  G  £2,  then  (*,y)  G  Wl,2(Q) 
and 


ll«£2 (-> v)IIwi.2(£2)  <  cdistCy.an)1  m. 

with  a  constant  C  dependent  only  on  £2. 

Proof  Choose  cp  G  C°°(Rm ))  such  that  cp(x)  =  0  for  \x\  <  1/4,  and  cp(x)  =  1 
for  \x\  >  1/2.  Define  fy(x)  =  hm(x  —  y)<p(fx  —  y)/  dist(y,  3£2))  for  y  G  12  and 
x  G  Rm.  Then  fy(x)  =  hm(x  —  y)  for  \x  —  y\  >  dist(/y,  3£2)/2  andfy(x)  =  0  for 
\x  —  y\  <  dist(/y,  3^2) / 4.  Fix  r  >  0  such  that  £2  C  B( 0;  r).  Easy  calculation  yields 
that  there  exists  a  constant  C\  such  that  | fy(x)\  +  |V^(x)|  <  C\  dist(y,  3£2)1_m  for 
x  G  Z?(0;  r),  y  G  £2.  Thus,  there  exists  a  constant  C2  such  that 

\\fy\\w^w,r))  <  C2dist(j, Vyen. 

Proposition  7.18.1  gives  that  gnO,y)  is  a  solution  of  the  problem 

Au  =  0  in  £2,  u  =fy  on  3£2 

in  Wl,2(f 2).  According  to  Theorem  7.1.2,  there  exists  a  constant  C3  dependent  only 
on  £2  such  that 


||<?£2  (*5  y)  II  wri’2(^2)  —  ^*3  ll/ylliv1’2^)* 

According  to  Proposition  1.25.2,  there  exists  a  constant  C4  such  that 

ll/ll <  C4\\f\\w^(B(0;r))  V/  €  Wh2(B( 0;  r))  =  Wl’2(B(0;  r)). 
Hence, 

IlgaO.y)  11^(0)  <  C3\\fy\\^Hmr))  <  C2C3C4dist()', VyeV. 

Proposition  7.18.3  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary, 
m  >  2.  Let  G^(x,y)  =  hm(x  —  y)  —  g^(x,y)  be  the  Green  function  of  £2.  Let 
1  <  p,q  <  oo,  l/p  <  s  <  1  +  1  /p.  Ifp  7^  2,  suppose  moreover  that  3£2  is  of  class 
C 1*“  with  0  <  a  <  1.  Ify  G  Q,  then  gn(-,y)  G  WSJ,(^1)  n  EP«(i 2)  and 

II^O,y)lkv(fi)  +  <  Cdist(y,  9£2)1_m  (7.47) 

with  a  constant  C  that  does  not  depend  on  y.  If  p  <  m/(m  —  1),  then  G^f,y)  e 
Wl’P(Q). 
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Proof  Put  fy(x)  =  hm(x  —  y).  According  to  Propositions  7.18.1  and  1.25.2,  the 
function  g q  (•,  y )  is  a  solution  of  the  Dirichlet  problem 

An  =  0  in  £2,  u  =fy  on  3£2 

in  Wl,2(Q).  According  to  Theorems  7.10.1  and  7.10.2,  we  have  g^(-,y)  G 
Wsp(Q)  H  Bfq(Q)  and 

ll£« -  ClWfy\\BP’ll/p(dQ)’ 

||gft(*>y)||w^(ft)  —  Cl\\fy\\ws-1/P’P(dQ)’ 

where  C\  does  not  depend  on  y.  Easy  calculation  yields  that  there  exists  a  constant 
C2  such  that 

\hm(x-y)\  +  \S7hm(x-y)\  <  C2  dist( y,  9^)1_m, 
forx  G  3£2,  y  G  £ 2.  (Compare  Corollary  2.9.6.)  Thus, 

WfyWw^m  <Cidist(y,dQ,y-m, 


where  a  constant  C3  does  not  depend  on  y.  According  to  Proposition  1.23.7  and 
Theorems  1.23.3, 1.23.5,  and  1.22.1,  there  exists  a  constant  C4  that  does  not  depend 
on  y,  such  that 


Wfy  \\ws~l/P'P(dn)  +  —  CiWfyWw^pidQ)- 

This  gives  (7.47)  with  C  =  C1C3C4. 

Let  now  p  <  m/(m—  1).  Clearly  there  exists  a  constant  C5  such  that  | hm(x  — 
y)|  +  |V/im(x  —  y)|  <  Cslv  — y|1_m  forx,y  G  £2.  Thus,  hm(-  — y)  G  W1,/?(£2).  Since 
gn(-,y)  e  W1*# 2),  we  obtain  Gn(-,y)  G  Whp(Q). 

Corollary  7.18.4  Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  C2Jrk, 
m  >  2,  k  G  No.  Let  Gq  (x,  y)  =  hm(x  —  y)  —  gQ  (x,  y)  be  the  Green  function  ofi 2.  Let 
\<p,q<oc,l<s<k  +  2.IfyeQ,  then  gn(-,y)  G  Wk+2’p(ti)  D  Bp’q(Q). 

Proof  Put  ^(x)  =  hm(x  —  y).  According  to  Propositions  7.18.1  and  1.25.2  the 
function  gQ  (•,  y)  is  a  solution  of  the  Dirichlet  problem 

An  =  0  in  £2,  u  =  fy  on  3£2 

in  Wl,2(Q).  We  have  g^(-,y)  G  W1,i?(£2)  by  Proposition  7.18.3.  According  to 
Theorem  7.14.3,  one  has  g^(-,y)  G  W2+kp(£l).  Theorem  7.14.4  forces  g^(-,y)  G 
BPq(Q). 
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7.19  Strong,  Weak,  and  Very  Weak  Solution 
of  the  Robin  Problem 

In  next  sections,  we  shall  study  the  Neumann  problem  and  the  Robin  problem  for 
the  Poisson  equation  in  Sobolev  and  Besov  spaces.  First  we  define  a  strong  solution, 
a  weak  solution,  and  a  very  weak  solution  of  these  problems.  We  show  that  a  strong 
solution  is  also  a  weak  solution,  and  a  weak  solution  is  also  a  very  weak  solution. 

We  have  shown  that  a  classical  solution  of  the  Robin  problem  for  the  Laplace 
equation 


Au  =  0  in  £2 ,  - — b  hu  =  g  on  d£2 

on 

is  an  Lp- -solution  of  the  problem.  An  LP- -solution  of  the  problem  is  a  sort  of  a  strong 
solution  of  the  problem.  (The  equation  Au  =  0  in  £2  is  satisfied  in  a  classical  sense, 
and  the  boundary  condition  is  satisfied  in  the  sense  of  a  nontangential  limit.) 

In  this  chapter,  we  study  a  strong  solution  of  the  Robin  problem  for  the  Poisson 
equation 


—  Au=fin£2,  - — b  hu  =  g  on  3£2  (7.48) 

on 

in  another  sense.  Suppose  that  £2  C  Rm  is  a  domain  with  locally  Lipschitz  boundary 
and  u  e  D2p(Q)  with  1  <  p  <  oo.  Then,  Au  e  LP(Q)  and  the  traces  y^u  and 
YadjU  are  fromL^c(3£2)  (see  Theorem  1.24.1).  If  h  e  L°°(3£2),/  e  LP(Q),  and 
g  e  Lploc(dQ),  we  say  that  u  e  D2,p(f2)  is  a  strong  solution  of  the  problem  (7.48)  if 
Au  =  f  in  £2  in  the  sense  of  distributions  and  the  boundary  condition  du/dn  +  hu  = 
g  on  3  £2  is  fulfilled  in  the  sense  of  traces.  (If  h  =  0,  we  call  it  a  strong  solution  of 
the  Neumann  problem  for  the  Poisson  equation.) 

Now  we  define  a  weak  solution  of  the  Robin  problem  for  the  Poisson  equation 
in  Z)1,/7(£2)  (and  therefore  in  W1,p(£2)  C  D1,p(£2)).  If  u  e  C°°(Rm ),  £2  C  Rm  is  a 
bounded  domain  with  smooth  boundary  and  u  is  a  solution  of  the  Robin  problem 
(7.48),  then  the  Gauss-Green  theorem  (Theorem  1.19.1)  gives 


/ 


Vw  •  W(p  +  J  hu(p  —  f/v+f 
an  n  an 


V<p  e  C™(Rm). 


If  F=fHm\£2+  1 3£2 ,  then 


/ 


Vu  •  Vcp  dHm 


(F,<P) 


V (p  e  C™(Rm). 


(7.49) 


This  motivates  our  definition  of  the  Robin  problem  for  the  Poisson  equation  in 
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Let  £2  C  Rm  be  an  open  set  with  locally  Lipschitz  boundary,  m  >  2,  1  <  p  <  oo, 
p'  =  p/  (p—V),h  G  L°°(9£2),  F  G  [Wl,p'  (Q)]' .  Then  u  G  Dl,p(£2)  is  a  weak  solution 
of  the  Robin  problem 

du 

-Au  =  F\£2  in  £2 ,  —  +  hu  =  F\d£2  on  3  £2  (7.50) 

on 

if  (7.49)  holds.  If  h  has  compact  support,  then  u  G  Dl  ,p(Q )  is  a  weak  solution  of  the 
Robin  problem  (7.50)  if  and  only  if  (7.49)  holds  for  all  (p  G  Wl,p'  (£2). 

We  cannot  study  the  problem  for  F  G  [Dl,p'  (Q)]'  because  for  Dl,p' (£2) 
W1,i?/(£2),  there  exists  F  G  [D1,p'  (£2)]7  which  is  not  a  distribution. 

We  define  a  very  weak  solution  of  the  Robin  problem  for  the  Poisson  equation  in 
Besov  and  Lizorkin-Triebel  spaces.  If  u  G  C°°(Rm),  £2  C  Rm  is  a  bounded  domain 
with  smooth  boundary,  h  G  L°°(9£2)  and  u  is  a  solution  of  the  Robin  problem  (7.48) 
then  the  Green  identity  (Theorem  2.2.1)  gives 

U  (^  +  hfj  dHm-i  =  f  f<p  dUm  +  J  g<p  dHm-i 

£2  3£2  £2  3£2 


for  all  <p  G  C^°(Rm).  If  F  =  fHm\ ^  +  gFLm-i\d£2,  then  F  is  a  distribution  supported 
on  £2  and 

J  u(-A<p)  +  /  u  +  hfj  =  (F,  <p),  cp  e  C?{Rm).  (7.51) 

Q  dQ 

This  motivates  our  definition  of  a  very  weak  solution  of  the  Robin  problem. 

Suppose  that  1  <  p,q  <  oo,  l/p  <  s  <  oo  and  £2  is  an  open  set  with  compact 
Lipschitz  boundary.  If  u  G  Bp,q(f2)  or  u  G  Fp,q(f2)  or  u  G  Dxp(f2),  then  there  exists 
the  trace  y^u  G  Lp(d£2)  by  Theorem  1.24.7.  If  F  is  a  distribution  supported  in  £2, 
h  G  L°°(3£2),  then  we  say  that  u  is  a  very  weak  solution  of  the  Robin  problem  (7.50) 
if  (7.51)  holds  true. 

Proposition  7.19.1  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary, 
m>2,  l  <p  <oo,  he  L°°(d£2),f  g  Lp(i 2),  g  g  Lp(dQ).  Denote  F  =  fFLm\£2  + 
gUm- 1|9£2-  Then F  g  [Whp'(Q)]',  where p'  =  p/(p-\).Ifu  G  D2p(Q )  =  W2’^(£2) 
is  a  strong  solution  of  the  Robin  problem  for  the  Poisson  equation  (7.48),  then  u  is 
a  weak  solution  of  the  Robin  problem  for  the  Poisson  equation  (7.50)  in  Wl,p(Q)  = 
W^(£2). 

Proof  The  trace  is  a  bounded  linear  operator  from  Wl,p' (Q)  to  Lp\ 3 £2)  by 
Theorem  1.24.1.  Theorem  1.14.3  gives  that/7  G  [Wl,p' (£2)]' . 

Let  cp  G  Wl,p  (£2).  According  to  the  Gauss-Green  theorem  for  Sobolev  spaces 
(Proposition  1.24.4) 
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Proposition  7.19.2  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
m  >  2.  Suppose  1  <  p  <  oo,  p'  =  p/(p  —  1),  h  e  L°°(3£2). 

•  Let  F  be  a  distribution  supported  on  Q.  If  there  exists  u  G  Dl,p(Q)  that  is  a 
very  weak  solution  of  the  Robin  problem  for  the  Poisson  equation  (7.50),  then 
F  e  [Whp'(Q)]'. 

•  Let  F  e  [Wl,p  (£2)]'.  Then  u  G  Dl,p(Q)  is  a  very  weak  solution  of  the  Robin 
problem  for  the  Poisson  equation  (7.50)  if  and  only  if  u  is  a  weak  solution  of 
(7.50). 

Proof  Suppose  first  that  F  G  [W1,p' (Q)]f  and  u  G  Dl,p(Q)  is  a  weak  solution  of 
(7.50).  Let  (p  G  C™(Rm).  Fix  r  >  0  such  that  spt  ep  G  B(0’r).  According  to  the 
Gauss-Green  theorem  for  Sobolev  spaces  (Proposition  1.24.4) 


-  / 


u(—Acp )  + 


/  “( 


3  cp 
3  n 


+  hep 


a[^nfi(o;r)] 


■  / 


Vu  •  Vep  + 


/ 


a[^nfi(o;r)] 


So,  u  is  a  very  weak  solution  of  (7.50). 

Let  now  F  be  a  distribution  supported  on  £2  and  u  G  Dl,p(Q)  be  a  very  weak 
solution  of  (7.50).  Define  a  distribution  G  by 


huep. 


Then  G  G  [Wl,p' (Q)]f  by  Theorems  1.24.1  and  1.14.3.  Since  u  is  a  weak  solution 
of  the  problem  —  A u  =  G |£2  in  £2,  du/dn  +  hu  =  G |3£2  on  3£2,  it  is  a  very  weak 
solution  of  the  problem.  Thus,  G  =  F.  Hence,  F  G  [Wl,p  (£2)]'  and  u  is  a  weak 
solution  of  (7.50). 


7.20  The  Neumann  Problem  in  W1,2(S2) 

In  this  section,  we  study  the  Neumann  problem  for  the  Poisson  equation  in  D1,2(£2) 
for  a  general  domain  and  in  W1,2  (£2)  for  a  domain  with  compact  Lipschitz  boundary. 
We  find  a  necessary  and  sufficient  condition  for  the  existence  of  a  solution  and 
discuss  the  uniqueness  of  a  solution. 


7.20  The  Neumann  Problem  in  Wl  2  (£2) 
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Proposition  7.20.1  Let  £2  c  Rm  be  a  domain,  m  >  2,  F  e  [Dl,2(Q)]f.  Then  there 
exists  u  e  D1,2(£2)  such  that 

J  Vu-V(p  d Hm  =  (F,  <p >  V<p  e  D*’2(£2)  (7.52) 

n 

if  and  only  if  (F,  1)  =  0.  This  solution  is  unique  up  to  an  additive  constant. 

Proof  Put  (p  =  1.  If  u  is  a  solution  of  the  problem  (7.52),  then 

(F,  1)  =  J  Vw  •  S7<p  dFLm  =  0. 
n 

Suppose  now  that  (F,  1)  =  0.  Fix  a  nonempty  bounded  open  set  co  such  that 
To  c  £2.  Put 


to  £2 


Then  ||  ||  is  a  norm  on  Dl’2(£ 2).  Put 


V  =  {u  e  £>U(Q);  /  u  dFLm  =  0} 


7"' 


If  we  define  the  inner  product 

(u,  v ) 

then  V  endowed  with  this  inner  product  is  a  Hilbert  space  and  the  corresponding 
norm  is  ||  ||.  Riesz  representation  theorem  (Theorem  1.9.10)  gives  that  there  exists 
u  e  V  such  that  (7.52)  holds  for  all  cp  e  V.  Since  DX  2{i 2)  is  the  direct  sum  of  V 
and  the  space  of  constant  functions,  we  infer  that  u  is  a  solution  of  the  Neumann 
problem  (7.52). 

Let  u  and  v  be  two  solutions  of  the  problem  (7.52).  Then, 

J  |V(w  -  v)\2  dFLm  =  J  Vw-V(w  —  v)  d FLm  —  J  Vi;*V(w  —  v)  d FLm 

=  (F,u—  v)  —  (F,  u  —  v)  =  0. 

Since  V(w  —  v)  =  0  in  £2,  u  —  v  is  constant  (see  Lemma  1.20.1). 


J  Vu-Vv  dFLm , 
£2 
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Theorem  7.20.2  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  m  > 
2,  F  G  [Wl'2(Q)]f. 

•  If  £2  is  unbounded  and  m  >  2,  then  there  exists  a  unique  weak  solution  u  e 
W1,2(£2)  of  the  Neumann  problem  —  A  u  =  F|£2  in  £2,  du/dn  =  F|3£2  on  3£2. 

•  IfQ  is  bounded  or  m  =  2,  then  there  exists  a  weak  solution  u  e  W1,2(£2)  of  the 
problem  —  A  u  =  F|£2  in  £2,  du/dn  =  F|3£2  on  3£2  if  and  only  if(F,  1)  =  0.  This 
solution  is  unique  up  to  an  additive  constant. 

Proof  If  £2  is  bounded  or  m  =  2,  then  £>1,2(£2)  =  W1,2(£2)  by  Proposition  1.25.2 
and  Lemma  3.38.11.  Proposition  7.20.1  gives  that  there  exists  a  solution  u  e 
W1,2(£2)  of  the  problem  —A u  =  F|£2  in  £2,  du/dn  =  F|3£2  on  3£2  if  and  only 
if  (F,  1 )  =  0  and  this  solution  is  unique  up  to  an  additive  constant. 

Let  now  £2  is  unbounded  and  m  >  2.  Then  F>1,2(£2)  =  W1,2(£2)  ®  {c;c  e  R} 
(see  Lemma  3.38.11).  We  extend  F  onto  F>1,2(£2)  by  (F,  cp  +  c)  =  (F,  cp)  for  <p  e 
W1,2(£2),  c  e  R.  According  to  Proposition  7.20.1,  there  exist  w  e  F>1,2(£2)  such  that 
(7.52)  holds.  This  w  is  unique  up  to  an  additive  constant.  So,  there  exists  a  unique 
solution  u  e  W1,2(£2)  of  the  problem  —A  u  =  F|£2  in  £2,  du/dn  =  F|3£2  on  3£2. 


7.21  The  Robin  Problem  in  W1,2(ft)  for  the  Helmholtz 
Equation 


In  this  section,  we  study  a  solution  of  the  Robin  problem  for  the  Helmholtz  equation 
in  W1,2(£2)  and  in  W1,2(£2).  We  prove  the  monotony  principle  and  the  existence  of 
a  unique  solution  of  the  problem. 

Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  h  e  L°°( 3 £2), 
1  <  p  <  oo,  p'  =  p/(p  —  1).  Suppose  that  c  e  L°°{Rm)  has  compact  support.  If 
F  e  [Wl,p' (Q)]' ,  then  u  e  W1,p(£2)  is  a  weak  solution  of  the  problem 

3  u 

—  Au -\- cu  =  F\Q  in  £2,  - — \- hu  =  F\dQ  on  3  £2  (7.53) 

dn 

if  u  is  a  weak  solution  of  the  problem  —A u  =  —cuFLm |£2  +  F|£2  on  £2,  = 

—huPLm-\\d£l  +  F|3£2  on  3£2. 

Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary,  1  <  p  <  oo, 
p'  =  p/(p  —  1),  c  e  L°°(£2),  h  e  L°°(3£2).  If  F  e  then  u  e  Whp(Q)  is 

a  weak  solution  of  the  Robin  problem  (7.53)  if 

J \Wu  •  N(p  +  cucp]  dPLm  +  J  hucp  =  (F,  <p)  V<p  e  C//°(Rm) 
q  dn 


or  equivalently  for  all  cp  e  Wl,p  (£2). 
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Proposition  7.21.1  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
c  G  L°°(Rm),  h  G  L°°(3£2),  and  h,c  >  0.  Suppose  that 


(7.54) 


Let  X  =  fL1,2(£2)  or  X  =  1L1,2(£2).  IfX  =  fL1,2(£2),  suppose  that  c  has  compact 
support.  Let  u  G  X  be  a  weak  solution  of  the  Robin  problem  —Xu  +  cu  =  F\Q  in 
£2,  du/dn  +  hu  =  Tj3£2  on  3£2,  where  F  G  X'.  If  F  >  0  (i.e.,  F  is  a  nonnegative 
measure ),  then  u  >  0. 

Proof  u~  =  max(— u,0)  G  djU~(x )  =  —3 )u(x)  for  u(x)  <  0,  3 )u~{x)  =  0 

elsewhere  (see  Theorem  1.21.5).  So,  u~  G  X  by  Proposition  1.25.2,  Lemma  3.38.11, 
and  Proposition  3.38.5.  Since  F  >  0,  u~  >  0,  we  have 


c,  h  >  0  forces  Vw_  =  0  a.e.  in  £2,  cu~  =  0  a.e.  in  £2,  hu~  =  0  a.e.  on  3£2. 
Since  Xu~  =  0  on  domain  £2,  we  infer  that  u~  =  a ,  where  a  is  a  constant  (see 
Lemma  1.20.1).  The  relations  cu~  =  0  a.e.  in  £2,  hu~  =  0  a.e.  on  3 £2  in  conjunction 
with  (7.54)  imply  a  =  0.  Since  u~  =  0,  we  deduce  u  >  0. 

Theorem  7.21.2  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
c  G  L°°(Rm),  h  G  L°°(3£2),  h  >  0,  inf xenc(x)  >  0.  If  F  g  [Wh2(Q)]'f  then  there 
exists  a  unique  weak  solution  u  G  fP1,2(£2)  of  the  problem  —Xu  cu  =  F\Q  in  £2, 
du/dn  +  hu  =  Tj3£2  on  3£2.  Moreover, 


ll«IIW(0)  —  ^11  ^11  [W1’2^)]'* 


where  a  constant  C  depends  only  on  £2,  c  and  h. 

Proof  Since  the  trace  is  a  bounded  linear  operator  form  W1,2(£2)  to  L2( 3£2)  by 
Theorem  1.24.1,  the  inner  product 


gives  an  equivalent  norm  on  VP1,2  (£2).  According  to  Riesz  representation  theorem 
(Theorem  1.9.10),  there  exists  a  unique  u  G  VP1,2 (£2)  such  that  a(u ,  v )  =  (F,  v) 
for  all  v  G  TL1,2(£2).  Moreover,  ^ a(u,  u)  =  ||F||.  The  uniqueness  follows  from 
Proposition  7.21.1. 

Theorem  7.21.3  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  c  G 
L°°(Rm)  have  compact  support,  c  >  0,  h  G  L°°(3£2),  h  >  0.  Suppose  that  (7.54) 
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holds.  If  F  e  [W1,2(^)]/,  then  there  exists  a  unique  weak  solution  u  E  iT1,2(£2)  of 


the  problem  —  A u  cu  =  F\Q  in  £2,  du/dn  +  hu  =  F|3£2  on  3£2.  Moreover, 


INItV1’2^)  —  ^11  ^11  [W1  ’2(^)]'’ 


where  a  constant  C  depends  only  on  £2,  c,  and  h.  If  there  exists  f  E  L2oc(Q)  such 
that  F  =  f  in  £2,  then  u  E  wfQ^  (£2). 

Proof  Define  the  operators  L\,  L2  from  IT1,2  (£2)  to  [IT1,2  (£2)]' 


The  operator  L\  is  a  Fredholm  operator  with  index  0  by  Theorem  7.20.2,  and  the 
operator  L2  is  compact  by  Theorem  1.24.1,  Lemma  1.21.8,  and  Theorems  1.14.3 
and  1.7.4.  So,  L\  +  L2  is  a  Fredholm  operator  with  index  0  by  Theorem  1.8.3.  If 
(Li  +  L2)u  =  0,  then 


(7.55) 


Since  Wu  =  0  on  £2,  there  is  a  constant  a  such  that  u  =  a  (Lemma  1.20.1).  The 
relations  (7.55)  and  (7.54)  give  that  a  =  0.  Since  L\  +  L2  is  a  Fredholm  operator 
with  index  0,  it  is  an  isomorphism  by  Theorem  1.6.3,  and  u  =  (L\  +  L2)~lF  is  a 
unique  weak  solution  of  the  problem. 

Suppose  now  that  there  exists/  E  Ljoc(Q)  such  that  F  =  f  in  £2.  Then  —  A u  = 
f—cu  in  the  sense  of  distributions  in  £2  (see  Theorem  3. 19.3).  If  and  do  are  bounded 
open  sets  such  that  To  C  do  C  do  C  £2,  then  /  —  cu  E  L2{do)  and  u  E  W2,2(co)  by 
Proposition  3.18.2. 

Corollary  7.21.4  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  h  E 


L°°(3£2),  h  >  0,  fdQ  h  dHm-i  >  0.  Define 


Then,  (  ,  )  is  an  inner  product  on  VP1,2 (£2),  and  the  corresponding  norm  ||  ||  is 
equivalent  on  IT1,2(3£2). 

Proof  If  ( u ,  u)  =  0,  then  Wu  =  0  in  £2,  hu  =  0  on  3£2.  Since  £2  is  connected,  there 
exists  a  constant  c  such  that  u  =  c  (see  Lemma  1.20.1).  Thus, 


Since  fdQ  h  dHm-i  >  0,  we  infer  that  c  =  0.  Therefore,  (  ,  )  is  an  inner  product. 
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According  to  Theorem  1.24.1,  there  exists  a  constant  C\  such  that 

INI  <Ci|M|*i,2(n)  Vn  e  Wu(£2). 

Now,  we  prove  the  opposite  inequality.  According  to  Theorem  7.21.3,  there  exists 
a  constant  C2  such  that  for  all  u  G  W1,2(£2) 

llMll#,1'2(S2)  —  ^ 2  sup{(w,  v),  V  E  W  '  (£2),  IMI#1’2^)  <  1}. 

If  v  E  W1,2 (£2)  and  \\v\\^i,2^  <  1,  then  Schwarz’s  inequality  (Proposition  1.9.3) 
gives 

(u,v)  <  |M||M|  <  \\u\\Ci\\v\\wi,2{Q)  <  Ci||m||. 


Thus, 


llwllwi. 2(n)  <  C2C1NI. 


7.22  Boundary  Integral  Equation  Method 
for  the  Neumann  Problem 

Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary.  We  would  like  to 
calculate  a  solution  u  e  W1,2(£2)  of  the  Neumann  problem 

3m 

Au  =  0  in  £2,  =f  on  9£2.  (7.56) 

3n 

Since/  G  H~^2(3Q)  C  [W1’2(^)]/,  we  know  whether  such  a  solution  exists 
(Theorem  7.20.2).  There  are  many  numerical  methods  that  enable  us  to  calculate 
a  solution.  One  of  them  is  the  boundary  element  method.  The  core  of  this  method  is 
to  express  a  solution  by  a  potential  and  to  solve  the  corresponding  integral  equation 
on  the  boundary.  In  principle,  there  are  direct  and  indirect  integral  equation  methods. 
In  the  direct  method,  we  utilize  the  representation 

u  =  SQf  +  u  in  £2 . 

So,  it  is  enough  to  calculate  the  trace  of  u.  By  virtue  of  boundary  behavior  of 
potentials,  we  obtain  the  integral  equation 


u  =  Si2f  +  -u  +  Kqu. 
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In  the  indirect  integral  equation  method,  we  look  for  a  solution  in  the  form  u  = 
SQ(p  with  an  unknown  density  cp  G  H~l^2(dQ).  If  m  =  2,  we  suppose  moreover 
that  (cp,  1)  =  0.  So,  we  are  to  solve  the  equation 

f  -  K'Q<p  =/. 

In  this  section,  we  show  that  we  can  solve  these  equations  by  the  successive 
approximation. 

Lemma  7.22.1  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  m  >  2. 
Let  u  G  W1,2(£2),  A u  =  0.  If  £2  is  unbounded,  suppose  moreover  u(x)  0  as 
\x\  oo.  If  we  denote 

(F,  cp)  =  J  Vu-Vcp  d mm,  <p  €  C™(Rm), 

a 

then  F  e  C  [W'1'2(£2)]';  u  is  a  weak  solution  of  the  Neumann  problem 

A u  =  0  in  £2,  du/ dn  =  F  on  3£2  and 

u  =  VQu  +  S^F  =  V^u  +  (du/dn).  (7.57) 

Proof  Clearly,  F  e  [Wl,2(Q)]'.  Since  A u  =  0,  Theorem  2.18.2  gives  that  F  is 
supported  on  3£2.  So,  F  G  [Hl/2(dQ)]f  =  H~l^2(dQ)  (see  Theorems  1.24.2  and 
1.23.3,  Lemma  1.23.6,  and  Theorem  1.23.5).  The  function  u  is  a  weak  solution  of 
the  problem  A u  =  0  in  £2,  du/dn  =  F  on  3  £2  by  the  definition. 

Suppose  first  that  Q  is  bounded.  Then,  u  G  W1’2 (£2)  =  W1,2(£2)  =  F2,2(£2) 
is  a  very  weak  solution  of  the  problem  A u  =  0  in  £2,  du/dn  =  F  on  3 £2  (see 
Propositions  7.19.2,  1.25.2,  and  1.23.13).  Lemma  7.9.1  gives  (7.57). 

Let  now  £2  be  unbounded.  We  have  proved 

u  =  VQnmr)u  +  SQnmr\du/dn )  in  £2  n  B(0;  r). 

Since  u(x)  0  as  \x\  — >  oo,  we  have  3 au(x)  =  0( \x\2~m~^)  for  m  >  2  and 
3 au(x)  =  0(\x\~l~^)  for  m  =  2  (see  Proposition  2.17.3).  Letting  r  ->  oo,  we 
obtain  (7.57). 

Lemma  7.22.2  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  m  >  2. 
LetueWl’2(Q),  Au  =  0. 

•  Ifm  >  2,  then  there  exists  x/r  G  H~l^2(dF2)  such  that  u  =  SQ\l/(=  Vif). 

•  If  m  =  2,  then  there  exist  a  constant  c  and  f  G  H~l^2(dQ)  with  =0  such 

that  u  =  +  c. 

Proof  Choose  u  G  W1,2(Rm)  such  that  u  =  u  on  Q.  According  to  Theorem  7.1.2, 
there  exists  v  G  W1,2(Rm  \  £2)  such  that  Av  =  0  in  Rm  \£2  and  v  =  u  on  3£2.  If  we 
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define  u  =  v  on  Rm  \  £2,  then  u  e  Wl,2(Rm).  (Compare  Proposition  1.24.3.)  Denote 
x/r  =  —A u.  Then,  xj/  e  £2(Rm)  C  D~l,2(Rm )  =  [Dl,2(Rm)]'  by  Proposition  3.38.3. 
If  m  =  2,  then  {x/f,l)  =  0  by  Corollary  2.18.6.  Since  A u  =  0  in  Rm  \  d£2, 
the  distribution  x/r  is  supported  on  3£2.  So,  xj/  e  [Hx/2(d£2)]f  =  77_1/2(3£2)  (see 
Theorems  1.24.2  and  1.23.3,  Lemma  1.23.6,  and  Theorem  1.23.5). 

Suppose  first  that  m  >  2.  Then  u  e  L2m/(m~2)  (Rm)  by  Proposition  3.38.5. 
Proposition  2.17.4  gives  that  u(x)  0  as  \x\  — >  oo.  According  to  Proposition  3.1.8, 
we  have  u  =  Vx//  =  S^xjr. 

Let  now  m  =  2.  We  have  A  (u  —  Vx//)  =  Oin  the  sense  of  distributions  by 
Theorem  3.1.5.  So,  u  —  Vx//  e  H{Rm)  C  C°°(Rm )  (see  Theorem  2.18.2  and  Corol¬ 
lary  2.2.8).  Moreover,  3 )(u  —  Vx//)  e  H(Rm )  by  Corollary  2.2.9.  Proposition  3.1.6 
gives  that  3 )Vx/r(x)  =  0( \x\~2)  as  \x\  ->  oo.  This  forces  3 )(u  —  Vxjr)  e  L2(Rm). 
Theorem  2.16.2  gives  3 ){u  —  Vx//)  =  0.  So,  the  function  u  —  Vx//  is  constant  (see 
Lemma  1.20.1). 

Proposition  7.22.3  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary, 
0  <  ^  <  1,  1  <  p,q  <  oo,  he  L°°(  3£2).  If  p  ^  2,  suppose  moreover  that  3£2 
is  of  class  C1,a  with  0  <  a  <  1.  Then,  f  ^  f/2  —  KqJ  +  SQ(hf),  f  i->  f/2  + 
Kof  +  SQ  (hf)  are  bounded  linear  Fredholm  operators  with  index  0  on  Bp,q(3Q); 
(1  / 2)7— K'q  +  hSQ,  (1  /  2)I+K'q  +  hSQ  are  bounded  linear  Fredholm  operators  with 
index  0  on  BPJS( 3  £2).  Denote  X  =  {/  e  BPJS( 3  £2);  (/,  1)  =  0}.  Then  K'Q(X)  c  X. 
7/ £2  A  (2  bounded  domain,  then  [(1/2)7  —  X^](7^(3£2))  =  X,  and  (1/2)7  —  K'Q 
is  an  isomorphism  on  X.  If  £2  is  an  unbounded  domain,  then  (1/2)7  —  K'Q  is  an 
isomorphism  on  Bpj_q  (3 £2)  and  on  X. 

Proof  Denote  co  =  Rm  \  £2.  For  m  >  2,  denote  T\  =  (1/2)7  +  Kq  +  SQ 
and  T2  =  (1/2)7  +  +  SM.  For  m  =  2,  define  P/  =  <feQf  d77i,  Pi  = 

(i/  +  A:n)(/  -  P)  +  5n(/  -  P)  +  P,  T2  =  (±7  +  KW)(I  -  P)  +  Sa(I  -  P)  +  P. 
Propositions  5.14.7  and  5.14.8  give  that  T\  and  T2  are  isomorphisms  on  7/(3£2)  and 
on  Wl,p( 3£2).  Proposition  1.23. 10  gives 

(Lp(dfi),  Whp( dQ))Stq  =  Bp’q( 3£2). 

Using  Proposition  1.10.3  on  T\,  T/] ,  T2  and  P/1 ,  we  obtain  that  Pi  and  T2  are 
isomorphisms  on  Bpyq(d£2).  Since  =  5"  and/  i->  (hf)  are  compact  operators 
on  Bfq(d£2)  by  Corollary  5.4.10,  the  operators/  i->  f/2  +  Kof  +  SQ(hf),f  i-> 
f/2  +  KMf  +  SQ(hf)  =  f/2  —  K^f  +  SQ(hf)  are  Fredholm  operators  with  index 
0  (see  Theorem  1.8.3).  Since  these  operators  are  Fredholm  operators  with  index  0 
in  Bp^q'  (3£2)  with  p'  =  p/ (p  —  l),  q'  =  q/(q  —  1),  the  adjoint  operators  (1  /2)7  + 
Xq  +  hSQ,  (1/2)7  —  Xq  +  hSQ  are  Fredholm  operators  with  index  0  in  Bp_:q(d£2) 
(see  Theorems  1.8.2  and  1.23.1). 

Iff  e  X  H  Lp(d£2),  then  K'J  e  X  by  Lemma  5.9.6.  Since  X  n  Lp( 3S2)  is  a  dense 
subset  of  X  by  Theorem  1.23.1,  we  infer  that  K'Q(X)  C  X.  So  (1/2)7  —  K'Q  is  a 
Fredholm  operator  with  index  0  on  X  by  Lemma  1.8.8. 
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Suppose  first  that  Q  is  a  bounded  domain.  The  operator  (1/2)7  —  K'Q  is  an 
isomorphism  on  the  space  {/  e  W~l,p( 3£2);  (/,  1)  =  0}  by  Theorem  5.20.6. 
Lemma  1.8.4  forces  that  the  operator  (1  /  2)7  —  K'Q  is  an  isomorphism  on  X.  If/  =  1 , 
then  [(1/2)7  —  K'^]f  e  X  by  Lemma  5.9.6.  Thus,  [(1/2)7  —  K'^\ (Bp_fs  (3£2))  =  X. 

Let  now  £2  be  an  unbounded  domain.  Then  (1/2)7  —  K'Q  is  an  isomorphism  on 
W_1,i?(3£2)  by  Theorem  5.20.7.  Lemma  1.8.4  gives  that  the  operator  (1  /2)7  —  K'Q  is 
an  isomorphism  on  Bpj_qs  (3£2).  Since  [(1  /2)7  —  K'Q](X)  C  X ,  we  infer  that  [(1  /2)7  — 
7^](X)  =  X.  Therefore,  (1  /2)7  —  K'Q  is  an  isomorphism  on  X  by  Theorem  1.6.3. 

Proposition  7.22.4  Let  Q  C  R2  be  an  open  set  with  compact  Lipschitz  boundary. 
Denote 


£2(dQ)  =  £2(R2);sptpi  C  d£2}. 

Then  £2( dQ)  =  {pi  e  77“1/2(3^);  (pi,  1)  =  0}.  If  pi  e  £2{dQ),  then  Vpt  e 
D12(R2)  n  771/2(3^2).  The  space  £2(dQ)  is  a  Hilbert  space  equipped  with  the  inner 
product 


(fi.Vv)  =  J 

R 2 


XV Pi  •  VVv  &TL2. 


The  corresponding  norm  is  equivalent  to  the  norm  ofH~l^2(dQ).  The  space  of  real 
measures  pi  with  finite  energy  in  R2  supported  on  dQ  and  pi(R2)  =  0  is  a  dense 
subset  of  £2{d£l). 

Proof  £2(R2)  =  {pi  e  D~l’2(R2);  (pi,  1)  =  0}  by  Corollary  2.18.6.  We  have 
{pi  G  D~X  2(R2)\ spt/x  C  3£2}  =  77_1/2(3£2)  by  Theorems  1.24.2  and  1.23.5.  Thus, 
£2{d£l)  =  {pi  e  77“1/2(3^);  (pi,  1)  =  0}. 

Let  pi  G  C'(dQ)  with  finite  energy  and  pt(R2)  =  0.  Then,  V pi  G  Dl  l{R2)  by 
Proposition  3.41.2.  According  to  Proposition  3.38.3,  we  have  —XV pi  G  £2{R2). 
Since  —A V pi  =  pi  by  Theorem  3.1.5,  we  deduce  that  pi  G  £2{R2).  Thus,  pi  G 
£2(dQ). 

Let  pi  e  £2(dQ).  Then  there  are/^  G  C°°(3£2)  such  that//Hi|3£2  ^  pi  in 
77_1/2(3£2)  by  Theorems  1.23.1  and  1.23.5.  Clearly 

[  fk  dHi  (pi,  1)  =  0. 


Putting 


Tk=  (fk-6  fk  dHi  )Hi|3^, 

V  JdQ  J 

we  have  pik  pi  in  77_1/2(3£2),  spt  ptk  C  dQ,  and  ptjfB2)  =  0.  Moreover,  pik  have 
finite  energy  by  Propositions  5.2.2  and  1.14.1. 
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V  is  a  bounded  linear  operator  from  £2 (9  £2)  equipped  with  the  norm  from 
//-1/2(9£2)  to  //1/2(9^2)  by  Theorem  7.6.3.  Thus,  (/ i,v)g  :  =  (/z,  Vv)  is  well 
defined.  Let  /z  G  £T2  (3^2).  We  have  proved  that  there  exists  a  sequence  of  real 
measures  /z^  g  C'(dQ)  with  finite  energy  and  ptkiR2)  =  0  such  that  pk  — >  /x  in 
H~1/2 (dQ).  Then 


(/X^, 


-f 


R2 


S7V/ik  •  V/z„  d%2 


by  Theorem  3.41.3.  Since  /x^  /x  in  77  1/2(9^2)  and  V  \ik  ->  V/z  in  771/2(9^2),  we 
have 


J  |VV/Z£  —  VV/z„|2  d^2  =  (f^k  ~  /z«,  /z&  ~  ^n)s  0,  asM^oo. 

R2 

Thus,  {VV/z^}  is  a  Cauchy  sequence  in  L2{R2).  Fix  r  >  0.  Proposition  7.6.1  yields 
that  V  is  a  bounded  linear  operator  from  £2(9£2)  equipped  with  the  norm  from 
H~l/2(dQ)  to  Wl,2(B( 0;  r)).  So,  V  \ik  is  a  Cauchy  sequence  in  Dl,2(R2).  Therefore, 
there  exists  u  G  Dll(R2)  such  that  V  p,k  ->  w  in  D1,2(R2).  Since  V/z*;  ->  V /z 
in  W1,2(#(0;  r))  for  arbitrary  r  >  0,  we  infer  that  V/z  =  u.  So,  V/z  G  DX1(R2) 

and  V/z^  -»  V/z  in  Dl,2(R2).  If  v  G  £2 (9 £2),  choose  a  sequence  of  real  measures 

Vk  G  C'(9£2)  with  finite  energy  and  vk(R2)  =  0  such  that  vk  ->  v  in  //_1/2(9£2). 
Then 

(/x,  v)s  =  lim  (/JLk,vk)e  =  1™  f  VV/z^  •  VVv*  dU2  =  [  VV/z  •  VVv  dH2. 

k  —>oo  k — >00  J  J 

R2  R2 


If 


0  =  (p, 11)  £  =  J \WVp\2dU2, 

R2 

then  VV/x  =  0  in  R2  and  V/x  is  constant  (see  Lemma  1.20.1).  According  to 
Theorem  3.1.5,  we  have  /x  =  —A V/x  =  0.  Hence,  (  ,  )g  is  an  inner  product  on 
£2(9£2). 

£2 (9 £2)  is  a  closed  subspace  of  £2{R2).  If  /z  G  £2 (9 £2)  and  V/x  is  constant, 
then  /x  =  0.  Proposition  3.38.3,  Theorem  3.1.5,  and  Proposition  1.25.6  give  that 
^(/z,  p)g  is  an  equivalent  norm  on  £2 (9 £2). 

Proposition  7.22.5  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary. 

The  space  £2 (9£2)  is  a  Hilbert  space  equipped  with  the  inner  product  ( f,g)s  = 
{f,SQg).  If  m  >  2,  then  £2(9^)  =  H~l^2(dQ)  and  both  norms  are  equivalent. 
If  m  =  2,  then  £2(d£l)  =  {/  G  //_1/2(9£2);  (/,  1)  =  1}  and  both  norms  are 


534 


7  Solutions  in  Sobolev  and  Besov  Spaces 


equivalent.  Iff  £  £2(8X2),  then  u  =  SQf  £  IT1,2  (£2)  is  a  weak  solution  of  the 
Neumann  problem  A u  =  0  in  £2,  8u/8n  =  g  on  8X2,  where  g  =  f/2  —  K'^f.  The 
operator  ^I—K'Q  is  a  bounded  linear  Fredholm  operator  with  index  0  in  £2  (9  £2).  The 
spaces  Ker((l / 2)1  —  K'Q)  and  ((1/ 2)1  —  K'^)(£ 2 (9 £2))  are  orthogonal  complements 
in  £2(dQ).  Denote  by  T  the  restriction  0/ (1/2)7 +  7^  onto  ((1/2)7  —  7^)(£2(9£2)). 
Then  \\T\\e  <  1. 

Proof  The  space  £2(8X2)  is  a  Hilbert  space  equipped  with  the  inner  product 
(/,  g)s  =  {f,SQg)  by  Propositions  3.40.2  and  7.22.4.  If  m  >  2,  then  £2(8X2)  = 
H~l/1(8X2)  and  both  norms  are  equivalent  (see  Proposition  3.40.3).  If  m  =  2, 
then  £2(dX2)  =  {/  e  H~l^2(8X2)\  (/,  1)  =  1}  and  both  norms  are  equivalent  (see 
Proposition  7.22.4).  If/  =  f\ -\-  if2  £  £2(8X2;  C),  we  denote/  =  f\  —  if2.  The  space 
£2(8X2;  C)  equipped  with  the  inner  product  (/,  g)g  =  (/,  g)  is  a  Hilbert  space,  too. 
If/  =/  +  */2  e  £2(8X2;  C),  then 

(/,/)£  =  l  VSQf-VS^fdUm=  l \VSQf\2dHm. 

Rm  Rm 


by  Lemma  3.40.1  and  Proposition  7.22.4. 

Let /  £  £2(8X2).  Then  SQf  £  Dl2(Rm)  n  H(Rm  \  8X2)  by  Propositions  3.40.2 
and  7.22.4.  So,  SQf  e  IT1,2  (£2).  Put  g  =  f/2  —  K'^f.  Then  u  =  SQf  is  a  very 
weak  solution  of  the  Neumann  problem  A u  =  0  in  X2,  8u/8n  —  g  on  3  £2  by 
Lemma  5.20.4.  Define 


(F,  (p)  =  J  Nu-Ncp  dPLm. 

Q 

Clearly,  F  £  [W1,2  (£2)]'  and  u  is  a  weak  solution  of  the  Neumann  problem  —Au  =  F 
in  X2 ,  8u/ 8n  =  F  on  8X2.  Then  F  =  g  by  Proposition  7.19.2.  So,  u  =  SQf  is  a  weak 
solution  of  the  Neumann  problem  Au  =  0  in  X2,  8u/8n  =  g  on  8X2. 

Xl  —  K'q  is  a  bounded  linear  Fredholm  operator  with  index  0  in  the  space 
B2-i/2(8X2)  =  F2_^i2(8X2)  =  H~l^2(8X2)  by  Proposition  7.22.3  and  Theorems  1.23.6 
and  1.23.5.  Since  Kf^(£2(8X2))  C  £2(8X2)  by  Proposition  7.22.3,  \l  —  K'Q  is  a 
Fredholm  operator  with  index  0  in  £2(8X2)  by  Lemma  1.8.8. 

If/  =  /1  ~\~if2  £  £2(8X2,C),  then  SQfj  is  a  weak  solution  of  the  Neumann  problem 
A u  =  0  in  X2,  8 u/dn  =  [(1/2)7  —  KrQ]fj  on  Since  SQfj  £  IT1,2  (£2),  we  have 


([(1/2)7  —  K'Q]f  ,f)g  =  ([(1/2)7  —  K'Q]f,  SQfj) 

=  J  VSnf-V&>fdHm  =  j  \VSnf\2dHm>0. 

Q  Q 
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Since  the  operator  \l  —  K'Q  is  positive,  it  is  self-adjoint  by  Proposition  1.9.20.  If 
(fj)s  =  1,  then 


0  < 


=  / |ViSfi/|2  -  / |V5fi/|2  =  (fJ)e  =  L 
S  Q  Rm 


According  to  Proposition  1.9.16,  we  have  cr((l/2)7  —  K'Q)  C  (0,  1).  Since  the 
operator  (1/2)7  —  K'Q  is  self-adjoint,  it  is  normal.  According  to  Proposition  1.9.21, 
the  spaces  Ker(^7  —  K'Q)  and  (^7  —  K'Q)(£ 2(8^))  are  orthogonal  complements  in 
£2 (9 £2).  Since  \l  —  K'Q  is  a  Fredholm  operator  with  index  0  and  7  —  T  =  \l  —  K'Q 
on  ^2(9^),  7  —  T  is  a  Fredholm  operator  with  index  0  by  Lemma  1.8.8.  According 
to  Proposition  1.9.16,  we  have  o(T)  C  (0,  1).  Since  Ker((  1/2)7  —  K'^)  PI  [(1/2)7  — 
K'q](£ 2)  =  {0},  the  operator  7  —  T  is  one-to-one.  Since  it  is  a  Fredholm  operator 
with  index  0,  it  is  onto.  Theorem  1.6.3  forces  that  7  —  T  is  an  isomorphism.  Thus, 
cr (7  —  T)  C  (0, 1).  Since  o' (7  —  T)  is  a  closed  set  by  Lemma  1.6.5,  there  exists 
€  G  (0, 1)  such  that  cr(7  —  T)  C  (g, 1).  Hence,  o(T)  C  (0,  1  —  e).  Since  T  is 
self-adjoint,  Proposition  1.9.16  gives  that  ||r||£;  <  1. 

Theorem  7.22.6  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  Lipschitz 
boundary,  m  >  2,  /  G  H~l^2(dQ).  Then  there  exists  a  unique  solution  u  G  W1,2(£2) 
of  the  Neumann  problem  (7.56).  Moreover,  there  exists  a  unique  \j/  G  H~l^2(dQ) 
such  that  u  =  SQ\f.  Fix  t/^o  £  H~l^2(dQ).  Define  fik  by  the  induction  by 

k  =  “V'fc-i  +/•  (7.58) 

Then  ^  ^  in  H~l^2(dQ).  Moreover, 

II  fk  ~  tJs \\h~1/2(3Q)  -  Cqk\\\f\\H-l/2(dn)  +  ll^o||//-i/2(a^)],  (7.59) 

where  constants  C  G  (0,  00),  q  G  (0, 1)  depend  only  on  Q. 

Proof  According  to  Theorem  7.20.2,  there  exists  a  unique  solution  u 
of  the  Neumann  problem  (7.56).  According  to  Lemma  7.22.2,  there 
77-1/2(9£2)  such  that  u  =  SQx//.  Proposition  7.22.5  gives  that 

l-f-K'^=f.  (7.60) 

The  operator  ^7  —  K'Q  is  an  isomorphism  on  77_1/2(9£2)  =  B2y^2(dQ)  by 
Proposition  7.22.3.  This  gives  that  ^  is  a  unique  solution  of  the  Eq.  (7.60).  Thus, 
there  exists  a  unique  ifr  G  77-1/2(9£2)  such  that  u  = 

We  rewrite  the  Eq.  (7.60)  to 


G  Wl2(Q) 
exists  i/s  G 


f  +  /• 


(7.61) 
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According  to  Proposition  7.22.5,  there  exists  a  constant  g  G  ( 0,1)  such  that 


+  K'Q(p 


£ 


for  all  (p  e  £2(dQ)  =  H  1/2(3 £2).  Define 


T(p  —  -<p  +  +/. 


If  cp,  e  £2(dto),  then 


II  —  T<p\\s  =  -(<p  -  <l>)  +  K'Q(<p  -  <f>)  s<q\\((p-(p)\\s- 

Fix  x/s o  G  /7_1/2(3^)  =  £2(dQ).  Theorem  1.4.18  gives  that  xjrk  ->  x/s  in  £2(3£2)  and 

k  k 

Wt-tkWs  <  / — ll^i  -^olk  <  [(?+  i)||iMk  +  ||/lk]. 

l - q  y-q 


According  to  Proposition  7.22.5,  there  exists  positive  constant  C\  such  that 
CpMs  <  M\H-VHdQ)  <  Cx\\cp\\£ 
for  all  cp  g  //-1/2(3£2).  Therefore,  xfk  — >►  xf/  in  //_1/2(3£2)  and 


2C2  it 

i  -<? 


-v2(a^)  +  ll^oll//-i/2(a^)J- 


Theorem  7.22.7  Q  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary.  Let 
f  G  H~l/2(d£2)  be  such  that  there  exists  a  solution  u  G  IT1,2  (£2)  =  IT1,2  (£2)  of 
the  Neumann  problem  (7.56),  i.e.,  (/,  1)  =  0.  Fix  x/zq  £  H~{^2(dQ).  Define  xj/^  by 
the  induction  by  (7.58).  Then,  there  exists  x)/  in  H~l/2(d£2)  such  that  x//k  x/f  in 
H~l/2(dQ).  Moreover,  the  estimate  (7.59)  holds  with  constants  C  G  (0,  oo),  q  G 
(0, 1)  that  depend  only  on  £2.  The  function  u  =  SQxjz  is  a  solution  of  the  Neumann 
problem  (7.56)  in  W1’2  (£2). 

Proof  Denote  X  =  {g  G  H~x^2(d£l)\  (g,  1)  =  0}.  Theorem  7.20.2  forces  that/  G  X. 

The  operator  —  K'Q  is  an  isomorphism  on  X  by  Proposition  7.22.3.  According 
to  Proposition  7.22.5,  there  exists  a  constant  q  G  (0, 1)  such  that 


:<P  +  Kq<P 


5  q\\(p\\s 

£ 


V<p  GX. 
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Since  \l  —  K'n  is  a  Fredholm  operator  with  index  0  on  77  1 /2  (dQ)  and  [(1  /2)7  — 
K'Q](H~l/2(dQ))  =  X  (see  Proposition  7.22.3),  we  deduce  dim  Ker[(l/2)7— = 
1.  Since  ^7  —  K'Q  is  an  isomorphism  on  X ,  there  exists  /z  e  77_1/2(9£2)  \  X  such  that 
Ker[(  1/2)7  -  K'n]  =  { th ;  Clearly, 

77_1/2(9£2)  =X©{^;tG^}. 

Lemma  5.20.4  gives  that  <S^/z  is  a  very  weak  solution  of  the  Neumann  problem 
A u  =  0  in  £2,  du/dn  =  0  on  9£2.  According  to  Theorem  5.20.6,  there  exists  a 
constant  c  such  that  SQh  =  c  in  Q. 

Let  now  t/'o  £  77_1/2(9£2)  be  fixed.  Since  77_1/2(9£2)  =  X  ®  {7/z;  £  e  R1},  there 
exist  \j/o  e  X  and  t  e  R1  such  that  V'o  =  tyo  +  V^o  with  \/so  =  th.  If  we  define 

fk  =  \  fk-i  +  +/,  ^  =  ^-i  +  K'nfk- 1,  (7.62) 

then  \j/k  =  \jrk  4-  Since  [(1  /2)7  —  =  0,  we  have 

^i  =  ^o-  [(1/2)7  -^o  =  ^o. 


By  the  induction  step,  we  obtain  \[/k  =  \j/0. 

Define  on  X  the  operator  T  by 

T(P  =  +/• 

If  cp,  (/)  e  X ,  then 


-(^-0)  +  ^(^-0) 


<  #110  —  0)IU 


Remember  that  a  norm  ||  \\g  is  equivalent  on  X  with  the  original  norm  (see 
Proposition  7.22.5).  Theorem  1.4.18  gives  that  there  exists  \jf  e  X  such  that  ^  \j/ 


in 77-1/2(3£2)  and 

k  k 

\\t  -  Ms  <  -  Ms  <  -r^—[(q  +  l)||^o||f  +  \\f\\s]- 

1  —  q  1  —  q 

According  to  Proposition  1.22.5 ,  there  exists  positive  constant  C\  such  that 


Cl  l\\(p\\e  <  ll^ll^-i/2(an)  <  C/IMk 
for  all  cp  e  X.  Therefore, 


2C2 

II  ^  ~  ^k\\H~l/2(dQ)  —  j  CJk 
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Define  \fr  =  xfr  +  x/tq.  Then  ifk  ^  in  H  1/2(dQ).  According  to  Corollary  1.4.9, 
there  exists  a  constant  C2  >  1  dependent  only  on  £2  such  that 

ll^oll//-i/2(a^)  <  CiWtyoWH-VHdn)- 


Since  \[r  =  ft,  we  obtain 


II  ^  < 


2C2C2 


Let  k  —>  00  in  (7.62).  Then,  we  obtain  xfr  =  ^xjr  K^xfr  f  and  therefore 
—KfQ\/r  =  /.  So,  <S^  is  a  solution  of  the  Neumann  problem  (7.56)  in  W1,2(£2) 
(see  Proposition  7.22.5).  Since  Sn\fr  =  tc  in  Q,  the  function  SQ\j/  is  a  solution  of 
the  Neumann  problem  (7.56)  in  W1’2 (£2). 

Theorem  7.22.8  £2  C  R2  be  an  unbounded  domain  with  compact  Lipschitz 

boundary.  Let  f  G  H~l^2(d£2)  be  such  that  there  exists  a  solution  u  G  W1,2(£2)  of 
the  Neumann  problem  (7.56),  i.e.,  f  G  £2(9£2)  =  {g  G  77_1/2(9£2);  (g,  1)  =  0}. 
Fix  xfo  G  77_1//2(9£2).  Define  fik  by  the  induction  by  (7.58).  Then  there  exists  x/r  in 
£2(9£2)  such  that  xj/k  — >  xfr  in  H~l^2(dQ).  Moreover,  the  estimate  (7.59)  holds  for 
k  >  1  with  constants  C  G  (0,  00)  andq  G  (0, 1)  that  depend  only  on  £2.  The  function 
u  =  SQ\f  is  a  solution  of  the  Neumann  problem  (7.56)  in  IT1,2  (£2). 

Proof  f  G  £2(dQ)  by  Theorem  7.20.2. 

The  operator  2/  —  K'Q  is  an  isomorphism  on  H~l^2(dQ)  by  Proposition  7.22.3. 
According  to  Proposition  7.22.5,  there  exists  a  constant  q  G  (0, 1)  such  that 


<  q\\<p\\t 


Vcp  G  £2{dQ). 


We  now  show  that  there  exists  h  G  L2(d£2)  \£2(dQ)  such  that  jh  +  K'^h  =  0. 
Denote  co  =  R2  \  £2.  Let  co\ , . . . ,  o)k  be  components  of  &>.  Denote 

Y  :=  {<p  g  L2(d£2);  f  cp  dUi  =  0  Wj  =  1, . . . ,  k}. 

dcoj 


If  (p  G  L2(dco),  then  S^cp  is  an  L2-solution  of  the  Neumann  problem  A u  =  0 
in  co,  du/dn  =  ^cp  —  K'Mcp  on  dco.  (See  Lemma  5.2.1,  Propositions  5.2.2  and 
5.2.8,  and  Theorems  5.4.8  and  5.4.7.)  Thus,  [(1/2)7  -  K'J(L2(dQ ))  C  Y  by 
Lemma  5.9.1.  The  operator  2/  —  is  a  Fredholm  operator  with  index  0  on 
L2(dco)  by  Proposition  5.9.9.  Since  the  codimension  of  [(1/2)7  —  K'M\(L2 (9£2))  in 
L2(  3  £2)  is  at  least  k,  there  exist  linearly  independent  (p\,...,(pk  e  L2(d £2)  such  that 


7.22  Boundary  Integral  Equation  Method  for  the  Neumann  Problem 


539 


[(1  / 2)7  —  K'M\(pj  =  0.  Denote 


c 


ij 


=  I  <p,  m  ■ 

d(Oj 


Suppose  first  that  the  matrix  C  =  (cy)  is  not  regular.  Then  there  exist  constants 
ot\, . . . ,  ctk  with  |ofi |  +  •  •  •  +  \oik\  >0  such  that  (p  =  ot\(p\  +  •  •  •  +  OLkWk  £  Y.  Since 
SM(p  is  an  L2-solution  of  the  Neumann  problem  Au  =  0  in  co,  du/dn  =  0  on  dQ, 
there  exist  constants  d\,...,dk  such  that  SMcp  =  dj  on  coj.  (See  Theorem  5.9.10.) 
Thus,  SM(p  =  dj  on  3 coj  (see  Proposition  5.2.2).  Since  cp  e  Y,  we  obtain 


<p  dHi  =  0. 


3  co 


Lemma  5.9.3  forces  that  cp  =  0.  But  it  is  a  contradiction  with  the  fact  that  cp\, ...  ,cpk 
are  linearly  independent  elements  of  L2(dco).  Thus,  the  matrix  C  =  (cy)  is  regular. 
Therefore,  there  exist  constants  such  that  h  =  ot\cp\  +  •  •  •  +  cikVk  ¥ 

£2(dQ).  Moreover,  0  =  \h  -  K’Ji  =  \h  +  K'nh. 

DenoteZ  =  {th\  t  e  R1}.  ThenZ  C  Ker (|/+K^)  andif_1/2(3^2)  =  £2 (3£2)®Z. 
According  to  Corollary  1.4.9,  there  exists  a  constant  C\  e  (1,  oo)  such  that 

ll^ll#-1^)  +  11011 1^-1  (an)  —  Cill^  +  <P\\H-l(dQ)  e  Slim,  e  Y. 

Let  now  xpo  £  //_1/2(9£2)  be  fixed.  Then,  there  exist  e  £2(dQ)  and  \po  e  Z 
such  that  i/f0  =  \/f0  +  \[r0.  If  we  define 

tk  =  \tk-\  +  Kn^k-i  +  /,  fk  =  \$k-\  +  K'nfk-u 

then  fa  =  \j/k  +  fa-  Since  \po  £  Ker [(1/2)/  +  K'n ],  we  have  =  0  for  k  >  1. 
Thus,  fa  =  ^  for  k  >  1 . 

Define  on  £2  (3  £2)  the  operator  T  by 

T(p  =  ^(p+K'Qcp  +/. 


If  <p,  (f)  e  £2(d£2),  then 


\\T<P-T4>\\s 


-(cp-^^K'^cp-cp) 


£  <  q\\(<p-(p)\\£. 


Remember  that  a  norm  ||  \\g  is  equivalent  on  £2(dQ)  with  the  original  norm  (see 
Proposition  7.22.5).  Theorem  1.4.18  gives  that  there  exists  \fr  e  £2(dQ)  such  that 
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\jfk  xjr  in//  1/2(3^)  and 

k  k 

II ^  “  Me  <  y- — Wf\  -  M\e  <  — [{q  +  l)ll^olU  +  ll/lld- 

1 -q  1  -q 

According  to  Proposition  7.22.5,  there  exists  positive  constant  C2  such  that 

C2l\\(p\\s  <  IMItf-i/2(an)  <  CilMk 

for  all  <p  G  £2(9^2).  Therefore,  for  k  >  1 


2C2  Jfc 


II  ^  -  ^ll^-i/2(a^)  =  II  ^  -  MH-W(dn)  < 


+  11^011^-1/2(3^) 
We  have 


]  ~  1 


2QC2 


2qk 


-!/2(9Q)  +  IIVfo||i/-l/2(aS2)j- 


xj/  =  lim  x/fk  =  lim 

00  k^oo 


:tyk  +  +  / 


:^+^+/ 


and  therefore  jx/r  —  K'Qxjr  =  /.  Since  x/r  G  ^(9^),  Proposition  7.22.5  gives  that 
is  a  solution  of  the  Neumann  problem  (7.56)  in  W1,2(£2). 

Theorem  7.22.9  L^/  £2  C  Rm  be  an  unbounded  domain  with  compact  Lipschitz 
boundary,  m  >  2,  f  e  //_1/2(3£2).  Fix  x/sq  g  Z/1//2(9£2).  Define  fik  by  the  induction 
by 


1*  =  +  KQtJfk-i  +  Snf.  (7.63) 

77z£/t  exists  x/r  G  Hl/2(d£2)  such  that  x//k  —>  x/r  in  //+2( 3  £2).  Moreover, 

II  fk  —  Vrll^1/2(a^)  -  C^[ll/lltf-v2(a£2)  +  ll1Aoll//i/2(a^)],  (7.64) 

where  constants  C  G  (0,  00),  q  G  (0, 1)  depend  only  on  £2.  Define 


u  =  SQf  +  VQx/r. 


Then,  u  G  W1,2(£2)  is  a  unique  solution  of  the  Neumann  problem  (7.56),  and  x/r  is 
the  trace  of  u. 

Proof  According  to  Proposition  3.40.3,  we  have  ^(9^2)  =  H~l/2( 3£2)  and  both 
norms  are  equivalent.  Since  Z/1//2( 3  £2)  is  the  dual  space  of  the  space  H~l^2( 3 £2),  we 
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can  define  on  Hl^2(dQ)  the  equivalent  norm 

Me  =  sup{| (g,f)\-,ge  tf-1/2( 912),  ||g||£  <  1}. 

So,  there  exists  a  constant  C\  >  1  such  that 

CTlME<M^a)<CxME. 

The  operator  \l  —  K'n  is  an  isomorphism  on  //_1/,2(912)  =  fi+2(912 )  by 
Proposition  7.22.3.  According  to  Proposition  7 .22.5,  there  exists  a  constant  q  e 
(0, 1)  such  that  ||  (1  /2)7  +  K'Q  \\E  <  q.  Since  (1  /2)7  +  Kq  is  the  adjoint  operator  of 
(1/2)7  +  K'q,  Proposition  1.5.11  gives  that  || (1/2)7  +  Kq\\e  <  q. 

Since  /  e  77— 1//2 (3^2)  =  7?^2(9£2),  Theorem  7.6.3  gives  that  SQf  e 
+,(912)  =  HV2(d£l)  and 


ll<^/llif1/2(9n)  <  C2||/IIh-1/2(9S2) 


with  a  constant  C2  >  1  depending  only  on  12.  For  (p  e  // 1,2  (  9 12 ),  define 

Tip  =  +  Kncp  +  Snf. 


We  have 


||2>-7WU  = 


1 


+  Kn(<p-4>) 


<  q\\((p  -  <P)\\e- 


Fix  \[r 0  e  //^2(912).  Theorem  1.4.18  gives  that  there  exists  1//  €  Hl^2(d  12)  such  that 
^  in  H1/I2(d  12)  and 

k  k 

\\f  -  Me  <  7^ — IIVo  -  V^olU  5  7^ — [(<7  +  1)\\Me  +  ll^/IU. 


1  -<7 


1  -<7 


Thus, 


11^  -  Mh^qq)  < 


2  C\C2 
1  -q 


ll/lltf-l/2(3£2)  +  WMIh1/2^) 


According  to  Theorem  7.20.2,  there  exists  a  unique  solution  v  e  Wl,2(Q)  of  the 
Neumann  problem  (7.56).  According  to  Lemma  7.22.2,  there  exist  <p  e  77_1//2(9£2) 
such  that  v  =  SQ(p.  Proposition  3.1.6  forces  that  v(x)  0  as  \x\  oo. 
Lemma  7.22.1  gives 


t;  =  SQf  +  VQv 


in  Q . 


542 


7  Solutions  in  Sobolev  and  Besov  Spaces 


Using  boundary  behavior  of  boundary  layer  potentials  (Proposition  7.6.2  and 
Theorem  5.3.5),  we  obtain 


V  =  snf  + 


2I  +  Kq 


Thus,  [(1/2)7  —  Kq]v  =  SQf.  Since 


x)/  =  lim  xfk  =  Snf  +  lim 
oo  >oo 


1 


tI  +  Kq 


tyk- 1  —  $Qf  + 


1 


;I  +  Kn 


xjr, 


we  have  [(1/2)7  —  K^x/z  =  SQf.  Therefore, 


[(1/2)7  -  KM  -  v)  =  0. 

Since  [(1/2)7  — X^]  is  an  isomorphism  on  77-1/2  (dQ),  the  operator  [(1/2)7  —  Kq]  is 
an  isomorphism  on  771//2 (dQ)  (see  Proposition  1.6.4).  Since  [(1/2)7— Kq](x/z  —  v)  = 
0,  we  infer  that  x/z  —  v  =  0.  Hence,  x/z  =  v  is  the  trace  of  v  and  u  =  v. 

Theorem  7.22.10  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary.  Let 
f  G  77-1/2(3£2)  be  such  that  there  exists  a  solution  u  G  W1,2(£2)  =  W1,2(£2)  of 
the  Neumann  problem  (7.56),  i.e.,  (/,  1)  =  0.  Fix  x/zq  g  Hl^2(dQ).  Define  xjzk  by 
the  induction  by  (7.63).  Then,  there  exists  x/z  in  771//2(3£2)  such  that  xjzk  x/z  in 
771/2(3^2).  Moreover,  the  estimate  (7.64)  holds  with  constants  C  G  (0,  cx)),  q  G 
(0, 1)  dependent  only  on  £2.  Define 


u  =  SQf  +  VQ  x/z. 


Then,  u  G  W1,2(£2)  is  a  solution  of  the  Neumann  problem  (7.56)  and  x/z  is  the  trace 
ofu. 

Proof  Denote  X  =  {g  G  77_1/2(3£2);  (g,  1)  =  0}.  Theorem  7.20.2  forces  that/  G  X. 

The  operator  ^7  —  K'Q  is  an  isomorphism  on  X  by  Proposition  7.22.3.  According 
to  Proposition  7.22.5,  there  exists  a  constant  q  G  (0, 1)  such  that 

\\\<P+Kn<P\\s<qMe  V^gI 

We  have  [(1/2)7  -  K'Q](H~^2(dQ))  =  X  by  Proposition  7.22.3.  Therefore, 
the  codimension  of  the  range  of  [(1/2)7  —  K'n\  is  equal  to  1.  Since  ^7  —  K'Q  is  a 
Fredholm  operator  with  index  0  on  T7_1/2(3£2)  by  Proposition  7.22.3,  we  deduce 
dim  Ker[(l / 2)7  —  K'Q\  =  1 .  Since  ^7  —  K'Q  is  an  isomorphism  on  X,  we  infer 

77-1/2(3£2)  =  X  ©  Ker  -  K'q 
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The  space  of  constant  functions  Po(Rm)  is  a  subset  of  Ker[(l/2)7  —  Kq] 
by  Proposition  5.3.2.  Since  (1/2)7  —  Kq  is  a  Fredholm  operator  with  index 
0  on  771/2(3^2)  (see  Proposition  7.22.3),  we  have  dimKer[(l/2)7  —  Kq]  = 
codim[(l/2)7  —  K'Q](H~l^2(dQ))  =  1  by  Theorem  1.8.2.  Therefore,  Ker[(l/2)7  — 
Kn]  =  fo(Rm)-  Clearly,  P0(Rm)  =  {g  e  (f,  g)  =  0  V/  e  X}. 

Denote  X  =  [(1/2)/  —  A'q](//I/2(9^)).  According  to  Proposition  1.5.13,  we  have 
X  =  {g  e  //1/2(3^);(/,g)  =  0  V/  €  Ker[(l/2)/  -  /^]}.  Since //“1/2(3Q)  = 
X  ®  Ker[(l/ 2)1  —  K'n],  we  deduce 

Hl/2(dQ )  =  X®P0(Rm). 

Moreover,  X  is  isomorphic  with  the  dual  space  of  X.  We  can  endow  X  by  the  norm 
||g|U  =  sup{|(/,g>|;/  e  X,  \\f\\e  <  1}. 

Since  ||  ||^r  is  an  equivalent  norm  on  X ,  we  deduce  that  ||  ||#  is  an  equivalent  norm 
on  X.  Therefore,  there  exists  C\  >  1  such  that 

Q  1  ll^ll//1/2(a^)  <  Me  <  Ci\\g\\Hl/2(dn)- 

According  to  Proposition  7.22.5,  there  exists  q  G  (0, 1)  such  that  || \cp  +  K'^cp \\g  < 
q\\(p\\s  for  all  (p  e  X.  Proposition  1.5.11  gives 

\\\<P  +Kq<p\\e  <  qhh  V(p  ei 
Fix  a  solution  v  G  W1,2(£2)  of  the  Neumann  problem  (7.56).  Then 


v  =  SQf  +  VQv 


by  Lemma  7.22.1.  The  boundary  behavior  of  potentials  (Proposition  7.6.2  and 
Theorem  5.3.5)  gives 


v  =  +  Kqv  +  SQf. 

Thus,  SQf  =  [(1/2)7  -  Kq]v  g  X. 

Let  now  ^  G  771/2(3^2)  be  fixed.  Since  771//2(3£2)  =  X  ®  Po(Rm ),  there  exist 
\//q  g  X  and  i/^o  €  Po(Rm )  such  that  \//q  =  \[r 0  +  ^o-  If  we  define 

fa  —  “Y^-i  +  Kn'&k-i  +  ^  =  2^k~l  +  (7.65) 

theni/^  =  Since  =  (l/2)^oby  Proposition  5.3.2,  we  have  \jr\  =  yjr  q. 

By  the  induction  step,  we  obtain  \frk  =  \j/0. 
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Define  on  X  the  operator  T  by 


Tip  =  -<p  +  Kaip  +  Saf . 


If  (p,  4>  e  X ,  then 


\\Tip-T(p\\E  =  -(cp-M+Kniip-M 


<  q\\(<p  ~<P)\\e- 


Theorem  1.4.18  gives  that  there  exists  e  X  such  that  \jrk  — f  in  Hi/2(<:)Q )  and 

k  k 

U  -  Me  <  -  Me  <  t —[(q  +  Oll^olU  +  l|5a/||£]. 

1  —  q  1  —  q 

According  to  Corollary  5.4.1 1,  there  exists  C2  >  1  independent  of/  such  that 
\\SQf\\Hl/2(dn)  —  C2\\f\\H~l/2(dQ)- 

Therefore, 


\\f  -  Mh'ihzq.) 


2 CfC2  k 
— 1 — q 

1  -q 


ll//-!/2(3fi)  +  IIVfoll//i/2(3fi) 


Define  \jr  =  +  r//o-  Then  V//c  V7  'n  W'/2(9fl).  According  to  Corollary  1.4.9, 

there  exists  a  constant  C3  >  1  dependent  only  on  Q  such  that 


Since  \jr  =  ^  we  obtain 


II  ^  ~  ll//!/2(a^)  — 


2C2C2C3  t 

— r - g 

1 


ll/ll//-1/2(a^)  +  11^011^1/2(3^) 


Let  &  — >  00  in  (7.63).  Then  we  obtain  =  ^\[r  Kqx//  +  «Sn/  and  therefore 
^x/f  —Kqx//  =  SQf.  Since  ^ v  —  ^ u  =  <S^/,  we  deduce  that  x/f  —  v  e  Ker[(l /2)7  — 
=  7*0  (^m).  Thus,  there  exists  a  constant  c  such  that  xj/  =  v  +  c  ondQ.By  virtue 
of  Proposition  5.3.1, 


u  =  SQf  +  =  5n/  +  VQ(v  +  c)  =  v  +  c 


in  Q.  Thus,  x/r  =  v  +  c  is  the  trace  of  v  +  c  =  u.  Since  v  e  IT1,2  (£2)  is  a  solution 
of  the  Neumann  problem  (7.56),  we  infer  that  u  =  v  +  c  e  Wl,2(Q)  is  a  solution  of 
the  Neumann  problem  (7.56),  too. 
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Lemma  7.22.11  Let  £2  C  Rm  be  a  bounded  open  set  with  compact  Lipschitz 
boundary.  Let  1  <  p,q  <  oo,  —  1  <  s  <  0.  Iff  G  Bpyq(d£2),  then  K^S^f  =  S^K'^f. 

Proof  Since  SQ  =  Kq  =  —K0J,  K'q  =  —K'M  for  co  =  Rm  \  £2,  we  can  suppose 
that  £2  is  bounded. 

Let /  G  Lp(d£2).  Then  KQSQf  =  S^K'J  by  Proposition  5.7.1.  Since  Z£(3£2) 
is  a  dense  subset  of  Bpyq(d£2)  (compare  Theorem  1.23.1),  the  operators  SQ  : 
Bpyq{ m  ->  B™x (3S2),  :  2^(3  £2)  ->  ^^(3^),  ^  :  *™(3£2)  -> 

Bpyq(d£2)  are  continuous  (see  Corollary  5.4.11  and  Proposition  7.7.1);  we  deduce 
that  KQSQf  =  S^K'J  for  all /  e  Bpyq( 3£2). 

Theorem  7.22.12  Let  £2  C  R2  be  an  unbounded  domain  with  compact  Lipschitz 
boundary.  Let  f  G  H~l^2( 3£2)  be  such  that  there  exists  a  solution  u  G  W1,2(£2)  of 
the  Neumann  problem  (7.56),  i.e.,  f  G  £2 (3^2)  =  {g  G  /7_1/2(3£2);  (g,  1)  =  0}. 
Fix  xfo  G  Hl/2(d£2).  Define  xfk  by  the  induction  by  (7.63).  Then  there  exists  \[r  G 
Hl/2(dQ)  such  that  ifk  — >  xf  in  Hl^2(d£2).  Moreover,  the  estimate  (7.64)  holds  for 
k  >  l  with  constants  C  G  (0,  00),  q  G  (0, 1)  dependent  only  on  £2.  Define 


u  =  SQf  +  VQty. 


Then,  u  G  IT1,2  (£2)  is  a  solution  of  the  Neumann  problem  (7.56)  and  x/f  is  the  trace 
ofu. 

Proof  f  G  <?2(9£2)  by  Theorem  7.20.2. 

The  operator  ^ I  —  K'Q  is  an  isomorphism  on  7f_1//2( 3£2)  by  Proposition  7.22.3. 
According  to  Proposition  7.22.5,  there  exists  a  constant  q  G  (0, 1)  such  that 


2<P  +  K'nV 


<  q\\<p\\s 

£ 


V<p  G  £2(3£2). 


Denote  X  =  {<S^g;  g  G  £2(d£2)}.  According  to  Theorem  7.6.3, 
Hl/2(dQ)  =  X®P0(R2), 


where  Po(^2)  is  the  space  of  constant  functions.  Clearly,  X  is  isomorphic  to  the  dual 
of  £2(3^2).  We  define  the  norm  ||  \\E  on  X  by 


IMU  =  sup{| {gi(p)\i 8  G  £2(dQ),  \\g\\s  <  1}. 


Since  ||  \\g  and  ||  ||^-i/2(g^)  are  equivalent  norms  on  £2(8^2)  by  Proposition  7.22.4, 
there  exists  a  constant  C\  >  1  such  that 

Ci 1  ll^ll^1/2(a«)  —  IMU  —  Ci\\(p\\Hi/2^  V(p  g  X. 

K'q  is  a  bounded  linear  operator  on  £2(dQ)  by  Proposition  7.22.5.  If  <p  G  X,  then 
there  exists  g  G  £2(8^2)  such  that  (p  =  SQg.  Then,  K&(p  =  KnS^g  =  SQK'Qg  e  X 
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by  Lemma  7.22.11.  Thus,  Kq(X)  C  X.  Since  Kq  is  the  adjoint  operator  of  K'Q, 
Proposition  1.5.11  gives 


-cp  +  KQ(p 


<q\Wh  Vyex. 


Let  now  t/^o  £  Hl^2(dQ)  be  fixed.  Then,  there  exist  \j/o  G  X  and  G  Po(R2) 
such  that  x/f0  =  \j/0  \[r0.  If  we  define 


1  ~  ~  1  ~ 

=  -^-i  +  Kntyk- 1  +/,  fa  =  2^k~l  +  ^^“1» 


then  fa  =  fa  +  _ 

Denote  a;  =  7?2  \  £2.  Since  t/'o  is  constant,  we  have  X^o  =  —K^ o  =  —fa/ 2 
by  Proposition  5.3.2.  Therefore,  \jr 0  G  Ker[(l/2)7  +  Thus,  =  0  for  k  >  1. 
Hence,  fa  =  fa  for  k  >  1 . 

Define  the  operator  T  on  X  by 


T<p  =  -cp+  Kncp  +  Snf. 


If  (p,  4>  G  X,  then 


||7V-7^||£=  -(<9-0)+ffa(<9-0)  <  q\\((p  -  <p)\\E. 

1  E 

Theorem  1.4.18  gives  that  there  exists  x/r  G  X  such  that  fa  — >  \jf  in  771//2(9£2)  and 

k  k 

\\f  ~  f kh  <  — \\fa  -  V^o I \e  <  y- — [( q  +  l)||^olU  +  ||<S^/IU]. 

1  —  q  1  —  q 


According  to  Corollary  5.4.1 1,  there  exists  a  constant  C2  >  1  dependent  only  on  £2 
such  that 


\\^Qf\\Hl/2(dQ)  —  C2\\f\\H~l/2(dn)- 

According  to  Corollary  1.4.9,  there  exists  a  constant  C3  dependent  only  on  Q  such 
that 


Wfa\\Hl/2(dQ)  <  C3  ||  V/'o||//i/2(a^). 


If  k  >  1,  then  xf/  =  xj/  ,  xj/k  =  fa,  and  thus 


II  ^  —  Vrtllfli/2(a£2)  < 


2C2C3C?  t 

— i - -q 

1  -q 


Il/lli/-1/2(as2)  +  IIV'o||i/i/2(an) 
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We  have  supposed  that  there  exists  a  solution  v  e  Wu(£2)  of  the  Neumann 
problem  (7.56).  Since  |Vu|  e  L2(£2),  there  exist  constants  c\  and  c 2  such  that  for 
w(x)  =  v(x)—ci  —c2  In  \x\,  we  have  w(x)  —>  0  as  \x\  00  (see  Proposition  2.17.6). 

Since  w  is  harmonic  in  £2  \  {0},  Proposition  2.17.3  gives  |Vw(x)|  =  0{\x\~2)  as 
\x\  ->  00.  Thus,  | Ve2 In |jc| |  =  |V(u  —  w)\  €  L2(£2  \  {0}).  Since  |Vc2ln|x||  = 
c2\x\~\  we  deduce  that  c2  =  0.  Thus,  w  =  v  —  c\  e  Dl2(Q)  =  W1,2(£2) 
(Proposition  3.38.4)  is  a  solution  of  the  Neumann  problem  (7.56).  Lemma  7.22.1 
gives 


w  =  VQw  +  SQf. 


According  to  boundary  behavior  of  potentials  (Proposition  7.6.2  and  Theo¬ 
rem  5.3.5),  we  obtain 


We  have 


w  —  —  w  +  Kqw  +  5  /. 


xfr  =  lim  xf/k  =  lim 
k->  00  k->  00 


1 


-  x\rk  +  Kq  i/sk  +  S  f 


=  -f+Knir  +  S^f. 


Thus,  (x/r—w)  =  ^(x//—w)+Kq  ( x/f—w ).  The  operator  (1/2 )I—K'Q  is  an  isomorphism 
on  77_1/2(3£2)  by  Proposition  7.22.3.  Since  (1/2)7  —  Kq  is  an  isomorphism  on 
7/1/2(3^)  by  Proposition  1.6.4  and  [(1/2)7  —  Kq](x//  —  w)  =  0,  we  infer  that 
xj/  —w  =  0.  Thus,  xjr  =  w  is  the  trace  of  w,  and  u  =  VQ  xfr  +SQf  =  Tf1  w+SQf  =  w 
is  a  solution  of  the  Neumann  problem  (7.56). 


7.23  Successive  Approximation  for  Dirichlet  Problem 


Let  £2  C  Rm  be  a  bounded  domain  with  connected  Lipschitz  boundary.  Let  g  e 
771//2(3£2).  According  to  Theorem  7.1.2,  there  exists  a  unique  solution  u  e  Hl(Q) 
of  the  Dirichlet  problem 


Aw  =  0  in  £2,  u  =  g  on3£2.  (7.66) 

We  would  like  to  calculate  it. 

In  the  indirect  integral  equation  method,  we  look  for  a  solution  in  the  form  of  a 
double  layer  potential  with  an  unknown  density  xjr  e  771//2(3£2).  Then,  u  =  V^x/f  is 
a  solution  of  the  Dirichlet  problem  (7.66)  in  771  (£2)  if  and  only  if 


[(1/2)7  +  Kq]x//  =  g. 
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(See  Proposition  7.7.2  and  Theorems  7.11.2  and  5.3.5.)  So,  we  are  to  solve  this 
equation. 

In  the  indirect  integral  equation  method,  we  use  the  integral  representation  of 
a  solution  of  the  Dirichlet  problem.  Let  u  e  Hl  (£2)  be  a  solution  of  the  Dirichlet 
problem  (7.66).  Then,  the  normal  derivative  3 u/ 3 n  e  [H1^)]'  is  given  by 

(du/dn,(p)  =  J  Wu  •  Wcp  dHm,  (peHl(Q). 

Q 


Lemma  7.22.1  gives  that  du/dn  e  H  !/2(3£2)  and 

3  u 


3  n 


Vug  in  Q . 


(7.67) 


So,  we  need  to  calculate  du/dn.  (Remark  that  (du/dn,  1)  =  0  by  Theorem  7.20.2.) 
Calculating  the  normal  derivative  in  (7.67),  we  obtain 


3  u 
3  n 


-I-K' 


du  dvag 

3  n  +  3  n 


(7.68) 


by  Proposition  1.22.5.  So,  we  are  to  solve  this  equation. 

Theorem  7.23.1  Let  £2  C  Rm  be  a  bounded  domain  with  connected  Lipschitz 
boundary.  Let  g  e  H 1/2(3^)  and  u  e  Hl(£2)  be  a  solution  of  the  Dirichlet  problem 
(7.66).  Then  dV^g/dn  —  HQg  e  H~l/2(d£2).  The  normal  derivative  du/dn  is  a 
unique  solution  of  the  equation 

f  =  [(1/2)1 -K'Q]f  +  HQg  (7.69) 

in  Fixfo  e  H~l^2(Q)  and  put 

fk  =  [(1/2)7  -  7^]/*-i  +  Hng,  keN. 

Then  fk  ->  du/dn  in  H~l/2(d£2).  Moreover,  there  exist  constants  q  e  (0, 1)  and 
C  G  (0,  oo)  dependent  only  on  Q  such  that 

\\du/dn  -fk\\H~l/2(dQ)  -  C<2k  [ll<^ll^1/2(a^)  +  ||/o||//-1/2(a^)]  •  (7.70) 

The  function  u  is  given  by  (7.67). 

Proof  dVQg/dn  =  HQg  e  H~l^2(dQ)  by  Proposition  7.7.3.  Moreover  there  exists 
a  constant  C\  dependent  only  on  £2  such  that 


l|77^g||tf-i/2(a^)  <  CiHgH^ao). 
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We  have  du/dn  e  77_1/2( dQ)  by  Lemma  7.22.1,  and  (7.68)  forces  that  du/dn  is  a 
solution  of  (7.69).  Denote  co  =  Rm  \Q.  Since  (1/2)7  —  K'M  =  (1/2)7  +  K'Q  is  an 
isomorphism  on  H~l^2(dQ)  by  Proposition  7.22.3,  du/dn  is  a  unique  solution  of  the 
Eq.  (7.69)  in  T7-1/2(£2).  Since  (du/dn,  1)  =  0  by  Theorem  7.20.2,  the  single  layer 
potential  SQ  (d u/ dn)  e  W1,2(co)  is  a  weak  solution  of  the  Neumann  problem 


Av  =  0  in  co, 


dv 

dn 


-I  -  K' 

2  " 


du 

dn 


=  HQg  on  3 co 


by  Proposition  7.22.5.  According  to  Theorems  7.22.6  and  7.22.8  and  Proposi¬ 
tion  7.22.5,  there  exists/  e  77_1/2(3£2)  such  that  fk  f  in  the  space  77_1/2(3£2), 
[(1/2)/  —  K'a]f  =  Hag  and 

\\f  ~fk\\H~i/2(dn)  —  [\\Hn g\\H-i/2(dty  +  ||/o||if-i/2(as2)] 

where  constants  q  e  (0, 1),  C2  G  (0,  00)  depend  only  on  Q.  Since  [(1/2)7  — 
K'M](du/dn)  =  HQg  =  [(1/2)7  —  K'M]f  and  the  operator  [(1/2)7  —  KrM\  is  an 
isomorphism  on  77-1//2(3£2)  by  Proposition  7.22.3,  we  infer  that  if  =  du/dn. 
Clearly,  the  estimate  (7.70)  holds  with  C  =  C1C2. 

Theorem  7.23.2  Let  £2  C  Rm  be  a  bounded  domain  with  connected  Lipschitz 
boundary.  Let  g  g  771//2(3£2)  and  u  g  Hl(Q)  be  a  solution  of  the  Dirichlet  problem 
(7.66).  Then  there  exists  a  unique  solution  f  G  Hl^2(dQ)  of  the  equation 


[(1/2)7  +  Kn\f  =  g. 


Fixfo  e  77ly/2(£2)  and  put 


fk  =  [(\/2)I-Kn\fk-x+g,  keN. 

Thenfk  — >  /  in  Hl^2(dQ).  Moreover,  there  exist  constants  q  G  (0, 1)  and  C  G  (0,  00) 
dependent  only  on  £2  such  that 

\\f  ~fk\\Hl/2(dQ)  —  Cyk  [ll£llJf/1/2(a^)  +  Wfo\\Hl/2(dQ)] »  k  >1.  (7.71) 

We  have  u  =  VQf. 

Proof  Denote  co  =  Rm  \Q.  The  operator  \l  —  K'M  =  ^7  +  K'n  is  an  isomorphism 
on  77_1/2(3£2)  by  Proposition  7.22.3.  So,  \l  +  KQ  is  an  isomorphism  on  Hl^2(dQ) 
by  Proposition  1.6.4.  Hence,  there  exists  a  unique  solution/  G  771//2(3£2)  of  the 
equation  [(1/2)7  +  K^]f  =  g.  The  function  VQf  is  a  solution  of  the  Dirichlet 
problem  (7.66)  in  Hl(£2)  by  Proposition  7.7.2  and  Theorems  7.11.2  and  5.3.5.  The 
uniqueness  of  the  Dirichlet  problem  gives  that  u  =  VQf  (see  Theorem  7.1.2). 
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According  to  Proposition  7.22.5,  there  exists  a  constant  q  e  (0,1)  such  that 

||(l/2)Vr-^|U  =  ||(l/2)Vr+Oll£<9ll^ll£  y^e£2(dQ).  (7.72) 

Suppose  first  that  m  >  2.  Then  £2{d£l)  =  H~l^2( d£2).  We  define  the  norm  ||  \\E 
on  H^2(dQ)  by 


Me  =  sup{|(t/f,  (p)\;x/s  e  £2(dQ),  \\x//\\s  <  1}.  (7.73) 

Since  ||  \\E  and  ||  ||#-i/2(a^)  are  equivalent  norms  on  H~l^2{d£l)  by  Proposi¬ 
tion  7 .22.5,  there  exists  a  constant  C\  >  1  such  that 

C\  1  \\<p\\Hl/2(dn)  —  Me  <  CiH^H^on)  (7.74) 

for  all  cp  G  Hlt2(d£l).  Since  Kq  is  the  adjoint  operator  of  K'Q,  Proposition  1.5.11 
gives 


\\(l/2)<p-KQ<p\\E<q\\<p\\E  (7.75) 

for  all  cp  G  Hl/2(dQ).  Define 

T(p  =  (1/2)99  —  Kq(p  +  g. 

If  cp,  xj/  G  Hl/2(dQ),  then  \\Tcp  —  T\//\\E  <  q\\cp  —  xjr\\ E.  Theorem  1.4.18  gives  that 
fk  ->f  in//1/2 (9  £2)  and 

k  k 

Wf-fkh  <  -p-ll/i  -foh  <  Y—  [||*IU  +  11/olU] . 

1  -q  1  -q 

Thus, 


c 2 

11/ -fk\\Hl/2(dQ)  -  A  Qk  \\\g\\Hl/2(dn)  +  11/olUW  • 

Let  now  m  =  2.  Then  £2(9£2)  =  G  //_1/2(9£2);  {x//,  1)  =  0}.  Denote  X  = 
g  G  £2(dQ)}.  According  to  Theorem  7.6.3, 

H 1/2  (9fi)  =  X©P0(P2), 

where  Po(P2)  is  the  space  of  constant  functions.  Clearly,  X  is  isomorphic  to  the  dual 
of  £2(dQ).  We  define  the  norm  ||  \\E  onX  by  (7.73).  Since  ||  \\E  and  ||  \\H~l/2(dQ)  are 
equivalent  norms  on  £2(dQ)  by  Proposition  7.22.4,  there  exists  a  constant  C\  >  1 
such  that  (7.74)  holds  for  all  <p  G  X.  The  operator  K'Q  is  an  operator  on  £2(dQ)  by 
Proposition  7.22.5.  If  <p  G  X,  then  there  exists  xj/  G  £2 (9 £2)  such  that  cp  =  S^x/f. 
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Then,  KQ<p  =  =  SQK'Q\//  e  X  by  Lemma  7.22.11.  Thus,  Kq(X)  C  X. 

Since  Kq  is  the  adjoint  operator  of  K'n,  Proposition  1.5.11  and  (7.72)  give  (7.75) 
for  all  (p  G  X.  Let  now/o  G  Hl/2( dQ)  be  fixed.  Then  there  exist  /o,g  G  X  and 
/o,  g  e  P0(R2)  such  that/o  =  %  +/o,  g  =  g  +  g.  If  we  define 

fk  =  ~fk- 1  -  +  g,  /*  =  -fk- 1  -  +  g, 

then/^  =  /&  +/£.  Since /o  is  constant,  we  have  KqJq  =  fo/ 2  by  Proposition  5.3.2. 
Therefore, =  g  for  k  >  1.  Define 

T(p  =  (\/2)<p  -  KQcp  +  g,  (p  EX. 

If  (p,\js  e  X,  then  ||7^  —  Tig|k  <  g||<p  —  Theorem  1.4.18  gives  that  there  exists 
/  G  X  such  that/^  ->►/  in  771/2(3^)  and 

ll/-/fclk  5  "r~ — ll/i  ~/olk  <  t — —  [IlglU  +  ll/olk]  • 

1  —  q  1  —  q  L 

By  virtue  of  (7.74),  we  get 


-2  Tk 


CzCj‘ 

11/ — /clk1/2(a^)  5  .  [ll^ll^oii)  +  ll/olki/2(a^)]  • 

1  c 


(7.76) 


Since  fk  =  g  for  k  >  1 ,  we  have 


f  +  g=  lim  fk=  lim  \fk  -  Kafk  +  g 
k—>oo  k — ^oo 


- 

ri  1 

— 

k-H 

(f  +  g)+g- 


Since  [(1/2)7  +  KQ](f  +  g)  =  g,  we  deduce  that /  +  g  =  f.  Thus,  fk  ->•  /  in 
771/2(3f2).  According  to  Corollary  1.4.9, 

Ilgll/f'/^aQ)  —  C2||g||tfi/2(an)>  li/ollHl/2(3Q)  5  C^ll/ollffi^aa). 
where  a  constant  C2  depends  only  on  Q.  By  virtue  of  (7.76), 

\\f  -fk\\Hl/2(dQ)  —  ll(/  +  g)  -  (fk  +  g)lltfV2(an) 

[llg||tfi/2(an)  +  ll/olki/2(a^)]  • 


< 


C2C2^ 


1  -q 
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7.24  The  Robin  Problem  in  Bp/ ?(ft) 

In  this  section,  we  study  the  Neumann  problem  and  the  Robin  problem  for  the 
Poisson  equation  in  the  Sobolev  space  fP,/?(£2)  and  in  the  Besov  space  Bpyq(Q) 
for  a  bounded  domain  £2  and  1  <  p,q  <  oo,  l/p  <  s  <  1  +  1//?.  If  p  =  2,  we 
suppose  that  £2  has  Lipschitz  boundary,  if  p  2  we  suppose  that  £2  has  Ljapunov 
boundary.  We  find  a  necessary  and  sufficient  condition  for  the  existence  of  a  solution 
and  discuss  the  uniqueness. 

Suppose  that  F  is  a  closed  subset  of  Rm,  1  <  p,  q  <  oo,  and  —  oo  <  s  <  0.  Define 
Bpq(F)  =  {T  G  Bpq(Rm );  sptT  C  F},  Wsp(F )  =  {T  e  Wsp{Rm );  sptT  C  F). 

Let  now  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary.  Denote  p’  = 
p / (p  —  1),  qr  =  q/(q—  1).  If  T  G  [Bp!_f\ti)\  (or  T  G  [W~sj/ (&)]'),  define  (T,  <p)  = 
(T,<p\Q).  Then,  T  e  [Bp!_f\Rm)]f  =  Bpq(Rm )  (or  T  e  [W~s^ {Rm)]f  =  Ws'p(Rm)), 
respectively  (see  Theorems  1.23.1,  1.23.3, 1.23.5,  and  1.22.1).  Since  T  is  supported 
on  £2,  one  has  T  G  Bp'q(f2)  (or  T  G  VF',/?(£2)),  respectively.  Thus,  [Bp/_f'(Q)]f  is 
continuously  imbedded  into  Bp,q(Q),  and  [W~s,p  (£2)]'  is  continuously  imbedded 
into  Ws’p(ti).  _  __ 

Suppose  now  that  l/p  <  —s.  Let  T  g  Bpyq(f2)  (or  T  e  Ws,p(£2)).  For  cp  g 
B^_f'  (Q),  choose  an  extension  cp  G  Bp_/_f'  (Rm)  of  cp  (or  for  <p  G  W~s,p'  (£2),  choose 
an  extension  cp  G  W~s,p  ( Rm )).  Define  (T,  cp)  =  ( T ,  cp).  If  (p  is  another  extension, 
then  (p  =  cp  on  £2  by  Theorem  1.24.7.  Since  T  is  supported  on  £2,  one  has  (T,  cp)  = 
( T ,  cp ),  and  T  is  well  defined  as  a  term  of  [Bp_/f'  (£2)]'  (or  [W~s,p'  (£2)]'),  respectively. 
So,  we  can  identify  [W~s'p' (£2)]'  =  WS’P(Q),  [Bp/f' (£2)]'  =  Bpyq(l 2). 

Proposition  7.24.1  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary, 
0  <  s  <  1,  1  <  p,  q  <  oo.  If  f  G  Bpyq(d£2)  then  u  =  SQf  G  (i 2)  is  a  very 

weak  solution  of  the  Neumann  problem  A  u  =  0  in  £2,  3  u/ 3  n  =  if/ 2  —  K'Qf  on  3£2. 
Iff  G  W~l^p,p{d^2),  then  u  =  SQf  G  Wl,p(£2)  is  a  weak  solution  of  the  Neumann 
problem  A u  =  0  in  £2,  du/dn  =  f/2  —  K'Qf  on  3£2. 

Proof  If  f  G  Bp_fs{ 3£2),  then  SQf  G  by  Proposition  7.6.1.  If  f  G 

L°°(3£2),  then  SQf  is  a  very  weak  solution  of  the  Neumann  problem  A u  =  0 
in  £2,  du/dn  =  f/2  —  K'^f  on  3£2  by  Lemma  5.20.4.  Let  now  f  G  Bpy_q{ 3£2). 
Choose  fk  £  L°°(3£2)  such  that  fk^f  in  Bpy_q{ 3£2).  Then  fkt 2  —  K'^fk  — > 
f/2  —  K'Qf  in  Bpyq{  3£2)  by  Proposition  7.7.1  and  SQfk  in  Bi+i/p-s(Q) 

by  Proposition  7.6.1.  If  cp  G  C^°(Rm),  then 

{f/ 2  -  K’aty,  cp)  =  lim  (^k/2  -  K'a^k,  cp)  =  lim  f  (SQfk)(-A(p)  d Hm 

k — >oo  k — >oo  J 

+  J (Snfa)j^  Mim-i  =  J (Sn\lr)(-A<p)  dHm  +  J (Sn dnm-i  . 

dQ  J  ft  dQ  J 


7.24  The  Robin  Problem  in  Bpyq (£2) 


553 


Let  now  f  e  W~1/pp( dQ).  Then  SQx/f  e  Whp(Q)  by  Proposition  7.6.1. 
Therefore,  there  exists  F  e  [Wl,p  (£2)]'  such  that  Snx/r  is  a  weak  solution  of  the 
Neumann  problem  —  A  u  =  F  in  £2,  du/dn  =  F  on  9  £2.  The  function  SQ  x/r  is  a  very 
weak  solution  of  this  problem  by  Proposition  7.19.2.  According  to  Theorem  1.23.3, 
one  has  W~l/p,p( 9 £2)  =  Bp_f^p(dQ).  We  have  proved  that  SQx/f  is  a  very  weak 
solution  of  the  Neumann  problem  Am  =  0  in  £2,  du/dn  =  x/f/2  —  K'Qx/f  on  3£2. 
Thus,  F  =  x/r/2  —  K'^xf/.  So,  SQx/s  is  a  weak  solution  of  the  Neumann  problem 
A u  =  0  in  £2,  du/dn  =  x/s/2  —  K^x/s  on  3£2. 

Proposition  7.24.2  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary, 
1  <  p,q  <  oo,  l/p  <  s  <  1  +  l/p,  h  e  L°°( 3£2),  h  >  0.  Ifp  2,  suppose 
moreover  that  3£2  is  of  class  Cl,a  with  0  <  a  <  1.  Let  u  e  Bp,q(i 2)  be  a  very  weak 
solution  of  the  Robin  problem  Au  =  0  in  £2,  du/dn  +  hu  =  0  on  3£2.  Then,  u  is 
constant.  If  fdQ  h  dHm-i  >  0,  then  u  =  0. 

Proof  Since  du/dn  =  —hu,  Lemma  7.9.1  gives  that  u  =  Vnu  —  SQ(hu)  in  £2. 
We  have  u  e  Bp,f^p(dQ)  C  LP{ 3 £2)  by  Theorem  1.24.7,  Proposition  1.23.7,  and 
Theorem  1.23.4.  Using  the  nontangential  limit,  we  obtain  u  =  u/2-\-  Kqu  —  S^hu 
(see  Theorem  5.3.5  and  Proposition  5.2.2).  The  operator/  \-^f/2  —  K$f  +  SQ(hf ) 
is  a  Fredholm  operator  with  index  0  in  BpfX/p{ dQ)  (see  Proposition  7.22.3)  and  in 
W1,2(3£2)  by  Proposition  5.14.4,  Corollary  5.4.10,  and  Theorem  1.8.3.  Since  m/2  — 
Kqu  +  SQ(hu)  =  0  on  3£2,  Lemma  1.8.4  gives  u  e  W1,2(3£2).  Since  u  =  VQu  — 
SQ(hu )  in  £2,  we  have  Ma(u)  e  L2(3£2)  (see  Theorem  5.3.5  and  5.2.2),  Ma(Wu )  e 
L2(3£2)  (see  Theorem  5.5.2  and  Proposition  5.2.8).  Lemma  1.28.1  gives  that  u  e 
W1,2(£2).  Proposition  7.19.2  forces  that  u  e  Wl,2(Q)  is  a  weak  solution  of  the  Robin 
problem  Am  =  0  in  £2,  du/dn  +  hu  =  0  on  3 £2.  If  h  =  0,  then  u  is  constant  by 
Theorem  7.20.2.  If  fdQ  h  &TLm-\  >  0,  then  u  =  0  by  Theorem  7.21.3. 

Proposition  7.24.3  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary, 
1  <  p,q  <  oo,  p'  =  p/(p—l),  q'  =  q/(q—l),  l/p  <  s  <  1  +  l/p,  h  e  L°°(3£2).  If 
p  2,  suppose  moreover  that  3£2  is  of  class  C1,a  with  0  <  a  <  1.  For  u  e  Bp,q(£ 2) 
or  u  e  WS,P(Q),  define  the  distribution  T^u  by 


( ThU ,  (p)  =  J  u 


(“A <p)  d Um  + 


7(i+%,)“ 


dUm- 1. 


Then  T \  is  a  bounded  linear  operator  from  Bp,q(f 2)  to  [Bp2fis  (£2)]'  and  from  W1,p(£2) 
to  [Whp'(Q)]\ 

Proof  Without  loss  of  generality,  we  can  suppose  that  £2  C  #(0;  1).  Theo¬ 
rems  1.24.7  and  1.24.2  give  that  there  exists  a  constant  C\  such  that 


\\u\\ifs’ll/p(dn)  <  Ci\\u\\BPfi(ny 


\\u\\wl~l/P’P(dn )  —  C\WuWwl’P(n)- 
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According  to  Theorem  1.24.1,  Proposition  1.23.7,  and  Theorem  1.23.4,  there 
exists  a  constant  C2  such  that 

\\hu\\u>(QQ)  <  \\hu\\u>3Q)  <  C2\\u\\wi,P(ny 

Since  the  trace  is  a  bounded  linear  operator  from  Wl,p  (£2)  to  LP  (3 £2)  and  from 
(^)  t0  Lp'  (3£2),  Theorem  1 . 14.3  gives  that  Th  —  To  is  a  bounded  linear  operator 
from  #^(£2)  to  [Bp2^s  (£2)]r  and  from  Wl,p(£2)  to  [Wl,p' (£2)]' . 

Theorem  7.6.3  gives  that  there  exists  /  such  that  SQf  =  u  on  3 £2, 

\\f\\w~l/P’P(dn)  —  C3\\u\\Wi,p{Qy 

According  to  Proposition  7.6.1, 

ll<5^/ll^(fi)  —  C4||w||^(^),  \\SQf\\WhP(Q)  <  QIM|wi,/7(^). 

Proposition  7.24.1  gives  that  T0(SQf )  =  f/2  —  K'^f.  Denote  w  =  u  —  SQf.  Then 
w  =  0  on  3  £2.  Define  w  =  0  on  Rm  \  Q.  Then  w  e  2)  C  Bpq(Rm)  for 
u  e  Bp’q(Q)  and  w  e  Wlj,(Q)  C  Whp(Rm)  for  u  e  Wlj,(Q)  (see  Theorem  1.24.9 
and  Proposition  1.24.3).  If  cp  e  C^°(Rm),  then 

{Tqw,  <p)  =  /  (- wAcp )  d Um. 


Thus,  T0w  =  —Aw.  Choose  a  bounded  open  set  G  with  smooth  boundary  such  that 
£2  C  G.  Theorem  1.23.8  and  Proposition  1.21.11  give 

\\TM\]?s±2{g)  —  ^sIMI  EPs’q(Rm)  —  ^5(1  +  Q)  ||w||flj(n), 

\\ToW\\w~l'P(G)  —  C5\\w\\wl’P(Rm)  —  ^5(1  +  C4)\\u\\wl,p(ny 


Since  Tow  is  supported  on  £2,  Theorem  1.23.1  forces 

(Q)Y  -  +  ^4)  ll^ll^(^), 

\\Tow\\[wl’P' (Q)]'  -  ^(1  +  C4)\\u\\Wl,P(Q). 


Proposition  7.7.1  gives  that 

II//2  ~  —  ^Qllwll^p.^), 

II//2  —  —  Cell /II  —  C3Q  IMIw1^)- 
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Since  the  trace  is  a  bounded  operator  from  B\fis  (£2)  to  Bp2fis_Xjp,(di2)  (The- 

orem  1.24.7)  and  Bps ^(dSl)  =  (9  £2)]'  =  [<4-i /p'W]'  by 

Theorem  1.23.1,  we  infer  that 

II//2  — ^iikv(W<c7||M||W), 

\\f/^~^Qf\\[Wl^'(^)Y  —  ^7 \\u  || 

Since  T0u  =  T0w  +  T0SQf  =  T0w  +// 2  —  7f^/,  we  obtain 

II To w || <  [C7  +  Cs(l  +  C^llull^), 

l|Tow||[wiy^/  <  [C7  +  Cs(l  +  C4)]||w||wi,P(^). 

Lemma  7.24.4  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  1  < 

p,q  <  00,  p'  =  p/(p  —  1),  q'  =  q/{q  —  1),  —  1  <  s  <  0.  If  p  ^  2,  suppose 
moreover  that  3  £2  is  of  class  C1,a  with  0  <  a  <  1.  Let  h  e  L°°( 3  £2),  h  >  0.  Define 
Pf=  (f,l)/Hm-i(dQ).  DenoteT  =  (1/2)7  -  7^  +  &Sn,  T  =  [(1/2)7  —  A^](/ — 
P)  +  /z[<S^(7-P)  +  P]. 

•  If  fdQ  h  dHm-i  >  0  and  m  >  2,  then  T  is  an  isomorphism  on  Bps,q( 3  £2). 

•  If  fdQ  h  AT-Lm-i  >  0  and  m  =  2,  then  T  is  an  isomorphism  on  Bp,q(d£l). 

•  lfh  =  0  and  £2  is  unbounded,  then  T  is  an  isomorphism  on  Bp,q{d£l). 

•  Ifh  =  0  and  £2  is  bounded,  then  T  is  an  isomorphism  on  {/  e  Bps,q(d£l)\  (/,  1)  = 
0}. 

Proof  The  operators  T  and  T  are  Fredholm  operators  with  index  0  in  Bp,q(d£l)  by 
Proposition  7.22.3  and  Theorem  1.8.3.  If  fdQ  h  dFLm-\  >  0  and  m  >  2  (m  =  2), 
then  T  (T)  is  an  isomorphism  on  W~l,‘ p(dQ)  by  Theorem  5.20.8.  If  h  =  0  and  £2 
is  unbounded  then  T  is  an  isomorphism  W~l,p(d£2)  by  Theorem  5.20.7.  If  h  =  0 
and  £2  is  bounded,  then  T  is  an  isomorphism  on  {/  e  W~l,p(dQ);  (/,  1)  =  0}  by 
Theorem  5.20.6.  Lemma  1.8.4  gives  the  proposition. 

Theorem  7.24.5  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary,  1  < 
p,q  <  co,  p'  =  p/{p  —  1),  q'  =  q/{q  — \),  \/p  <  s  <  1  +  l/p,  h  G  L°°(3£2), 
h  >  0,  fdQ  h  dHm-\  >  0.  7/p  /  2,  suppose  moreover  that  3  £2  is  of  class  C1,01  with 
0  <  a  <  1.  Let  F  be  a  distribution  supported  on  £2.  Then,  there  exists  a  very  weak 
solution  u  e  Bp,q(i 2)  of  the  Robin  problem 

—  Aw  =  7^|  ^2  ini 2,  du/dn  +  hu  =  F|3£2  on  dQ  (7.77) 

if  and  only  ifF  e  [Bp2fis  (£2)]'.  This  solution  is  unique  and 

IMIiC(fi)  ^  cITH[<4 '(«)]' 


where  a  constant  C  depends  only  on  £2,  p,  q,  and  s. 
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Proof  Suppose  first  that  u  is  a  very  weak  solution  of  the  Robin  problem  (7.77). 
Proposition  7.24.3  gives  that  F  G  [Bp2fs  (£2)]'.  If  F  =  0,  then  u  =  0  by 
Proposition  7.24.2. 

Suppose  now  that  F  G  [ff2-s  (£2)]'  is  given.  Define  F  by 

(F,cp)  =  (F,cp\n),  <peBp'4(Rm). 


Then,  F  G  [Bp2^s  ( Rm )]'  =  Bpf2(Rm )  (see  Theorem  1.23.1).  Since  F  is  supported 
in  £2,  we  can  define  v  =  hm  *  F.  We  have  —Av  =  F  by  Theorem  3.1.5.  Since 
F  G  Bpf2(Rm),  Proposition  3.18.5  forces  v  G  B^,q(Q).  Define 


(G,  <p)  =  J  v(-A<p)  d Um  +  J  v  +  hcp^j 

n  an 


dPCm-l 


Then  v  is  a  very  weak  solution  of  the  problem  —  Av  =  G|£2  in  £2,  dv/dn  +  hv  = 
G|3£2  on  3£2.  So,  G  G  [Bp2^s  (£2)]'.  Since  —  Av  =  G  in  £2  and  —  Av  =  F,  we  deduce 
that  F  =  G  in  £2.  Thus,  F  —  G  is  supported  on  3  £2.  Using  properties  of  traces 
of  F>2—s  (£2)  (see  Theorem  1.24.7),  we  deduce  that  F  —  G  e  [Bp2fs_ l^p,(dQ)]'  = 

If  m  >  2,  define  Pf  =  0;  for  m  =  2,  define  Pf  =  <^Qf  &H\.  We  shall  look  for  a 
very  weak  solution  of  the  Robin  problem 

3  w 

—  Aw  =  0  in  £2,  — - \- hw  =  F  —  G  on  3£2  (7.78) 

on 


in  the  form 


Sf  =  Sn(I  -  P)xfr  +  Px\r 

with  x)/  e  3fi).  Proposition  7.24.1  gives  that  Sxf/  is  a  very  weak  solution  of 

the  problem  (7.78)  if  and  only  if 

(^1  -  K'fj  (I  -  P)x/r  +  hSx/r  =  F  -  G.  (7.79) 

The  operator  [(1/2)7  —  K'Q](I  —  P)  +  hS  is  an  isomorphism  on 

by  Lemma  7.24.4.  Therefore,  there  exists  a  solution  \fr  G  Bp'fx_xip(d£l)  of  the 

Eq.  (7.79).  Hence,  S\fr  G  Bps,q(Q)  is  a  very  weak  solution  of  the  problem  (7.78). 
So,  v  +  S\/f  G  Bp,q(Q)  is  a  very  weak  solution  of  the  Robin  problem  (7.77). 

Define  the  distribution  Thu  by 

( Thu,<p)  =  J  u{—Acp)  d PLm  +  J 


+  hmp  )  d77m_i. 
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Remark  that  u  is  a  very  weak  solution  of  the  Robin  problem  (7.77)  if  T^u  =  F. 
Proposition  7.24.3  gives  that  Th  is  a  bounded  linear  operator  from  Bp,q(Q)  to 
\F>2—s  (^)]r-  We  have  proved  that  Th  is  one-to-one  and  onto.  Theorem  1.6.3  gives 
that  it  is  an  isomorphism. 

Theorem  7.24.6  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary,  1  < 
p  <  oo,  p'  =  p/ (p  —  T),  l/p  <  s  <  1  +  1/p,  he  L°°(  3£2),  h  >  0,  fdQ  h  dPLm-\  >  0. 
Ifp  ^  2,  suppose  moreover  that  3  £2  is  of  class  C1,a  with  0  <  a  <  1.  If  F  is  a 
distribution  supported  on  £2,  then  there  exists  a  very  weak  solution  u  G  WS,P(Q)  of 
the  Robin  problem  (7.77)  if  and  only  ifF  G  [W2~s,p  (£2)]r.  This  solution  u  is  unique 
and 


\\u\\ws’P(Q)  <  C\\  F\\[W2-s,P'(Q)y 


where  a  constant  C  does  not  depend  on  F.  If  s  >  1,  then  u  is  a  unique  weak  solution 
of  the  Robin  problem  (7.77). 

Proof  Suppose  first  that  s  =  1.  If  there  exists  a  very  weak  solution  u  G  Ws,p(£2)  of 
the  Robin  problem  (7.77),  then  F  G  [Wl,p' (Q)]'  by  Proposition  7.19.2.  Moreover, 
u  G  Wl,p(Q)  is  a  very  weak  solution  of  (7.77)  if  and  only  if  u  is  a  weak  solution  of 
this  problem. 

If  u  G  Wl,p(£2)  is  a  very  weak  solution  of  (7.77)  with  F  =  0,  then  u  =  0  by 
Corollary  7.10.7  and  Proposition  7.24.2. 

Suppose  now  that  F  e  [Wl,p' (Q)]'  is  given.  Define  F  by  (F,  cp)  =  (F,  (p\Q)  for 
(p  G  Wx,p'  (Rm).Then  F  G  [Whp' (Rm)]'  =  W~X  p(Rm).  Since  F  is  supported  in  Q,  we 
can  define  v  =  hm  *  F.  We  have  —Av  =  F  by  Theorem  3.1.5.  Proposition  3.18.5 
gives  that  v  e  W1/7(^2).  Define  G  e  [Wl,p' (Q)]'  by 

(G,<p)  =  /  Vu  •  V(p  dPLm  +  J  hvcp  dFLm-i. 

Q  dQ 

The  function  v  is  a  weak  solution  of  the  problem  —Av  =  G\£2  in  Q,  dv / dn  +  hv  = 
G\dQ  on  3£2.  If  cp  g  C^?°(£2),  then 

{G,  cp)  =  J  v(-A (p)  d Um  =  ( F,<p ) 
a 

by  Theorem  3.19.3.  Thus,  F  —  G  is  supported  on  3£2.  Using  properties  of  traces 
of  (Theorem  1.24.2),  we  deduce  that  F  -  G  e  [Wl~^p'’p' = 

W~l/p’p( 3£2).  One  has  F  —  G  G  Bp_f1/p( dtl)  by  Theorem  1.23.3.  According  to 
Theorem  7.24.5,  there  exists  a  very  weak  solution  w  G  Bl['p  (£2)  of  the  Robin  problem 


—Aw  =  0  in  £2 . 


— — \- hw  =  F  —  G  on  3£2. 
on 
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Corollary  7.10.7  gives  that  w  e  Thus,  u  =  v  +  w  is  a  weak  solution  of  the 

Robin  problem  (7.77)  in  W1-^). 

For  v  e  define  Tv  e  [^'(£2)]'  by 

{Tv,<p)  =  /  S7v-S7(p  &Hm  +  J  hvcp  dT-Lm-i. 

q  do, 

T  is  a  one-to-one  bounded  linear  operator  from  onto  [W1,p  (£2)]'.  Theo¬ 

rem  1.6.3  gives  that  T  is  an  isomorphism. 

Let  now  s  ^  1.  Then  Ws’p(£2)  =  BP/(Q),  [W2~s’p' (£2)]'  =  [Bp2*'s  (£2)\  by 
Theorem  1.23.3.  Theorem  7.24.5  gives  the  proposition. 

Theorem  7.24.7  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary,  1  < 
p,  q  <  oo,  p'  =  p/  (p  —  1),  q[  =  q/  (q  —  1),  l/p  <  s  <  1  +  1  /p.  Ifp  2,  suppose 
moreover  that  9  £2  is  of  class  Cl,a  with  0  <  a  <  1.  Let  F  be  a  distribution  supported 
on  £2. 

•  Then  there  exists  a  very  weak  solution  u  e  Bp,q(£2)  of  the  Neumann  problem 

-Nu  =  F\£2  in  £2,  du/dn  =  F\dQ  on  dQ  (7.80) 

if  and  only  if  F  e  [Bp2^s  (^)]r,  (F,  1)  =  0.  Ifu  is  a  very  weak  solution  of  the 
problem,  then  a  general  form  of  a  solution  is  u  +  c  where  c  is  a  constant.  Ifu  is 
a  solution  of  the  problem  such  that 

J  u  dTLm  =  0  (7.81) 

Q 


then 


IImIIb?'?(£2)  -  clip'll 

where  a  constant  C  depends  only  on  £2,  p,  q,  and  s. 

•  Then  there  exists  a  very  weak  solution  u  e  Ws,p(£2)  of  the  Neumann  problem 
(7.80)  if  and  only  if  F  e  [W2~s,p'  (£2)]' ,  (F,  1)  =  0  .Ifu  is  a  very  weak  solution 
of  the  problem,  then  a  general  form  of  a  solution  is  u  +  c  where  c  is  a  constant. 
If  s  >  1,  then  every  very  weak  solution  is  a  weak  solution  of  the  problem  in 
Wl,p(Q).  Ifu  is  a  solution  of  the  problem  such  that  (7.81)  holds,  then 


5  c||  Z^ll  [W2~S’P' (Q)Y 


where  a  constant  C  does  not  depend  on  F. 
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Proof  If  s  ^  1,  then  Ws-p(£l)  =  Bpp(f2),  [W2~s’p' (Q.)}'  =  [Bp'Ps(Q.)]'  by 
Proposition  1.23.13. 

Suppose  first  that  u  is  a  very  weak  solution  of  (7.80).  Proposition  7.24.3  gives 
that  F  e  [B'^JQ)]'  for  u  e  andF  e  [W1’p'(^)]'  forn  e  Wlp(Q).  Ifcp  =  1 


then 


Suppose  now  that  F  =  0.  If  u  e  Bp,q(Q),  then  u  is  constant  by  Proposition  7.24.2. 
If  u  G  Wl,p(Q),  then  u  e  BP,P(Q)  by  Corollary  7.10.7,  and  thus  u  is  constant. 

Let  F  =  0.  If  u  is  constant,  then  u  is  a  weak  solution  of  the  Neumann  problem 
(7.80)  in  Wl,p(Q).  According  to  Proposition  7.19.2,  it  is  a  very  weak  solution  of  the 
problem. 

For  h  e  L°°( 9£2)  and  u  e  Bp’q(Q)  or  u  e  W1,i?(£2),  define  the  distribution  Thu  by 


The  operator  T\  —  To  =  I  is  compact  from  Bp,q(Q)  to  Z/(9£2)  and  from  W1,/?(£2) 
to  Lp(dQ)  (see  Theorems  1.24.1,  1.24.7,  and  1.23.14,  Proposition  1.23.15,  and 
Theorems  1.23.4  and  1.7.4).  Since  the  trace  is  a  bounded  linear  operator  from 
F>2—s  (£2)  to  Lp'  (9£2)  and  from  Wl,p'  (£2)  to  Lp'  (9£2),  the  operator  T\  —  To  is  a  compact 
linear  operator  from  Bp’q(£ 2)  to  [Bpfis  (£2)]'  and  from  W],P(Q)  to  [Wl,p' (Q)]'  (see 
Theorem  1.7.4).  Since  T\  is  an  isomorphism  from  Bpyq(i 2)  to  [BP2-s  (£2)]'  and  from 
Wl,p(i 2)  to  [Wl,p'  (Q)]'  (see  Theorems  7.24.5  and  7.24.6  and  Proposition  7. 19.2),  the 
operators  To  :  Bp’q(Q)  ->  [Bp^s  (£2)]',  T0  :  W1,i?(£2)  [Wl,p'  (£2)]'  are  Fredholm 
with  index  0  (see  Theorem  1.8.3).  We  know  that  Ker  To  is  the  space  of  constant  func¬ 
tions.  Since  T0(Bp’q(Q))  C  {F  e  [Bp2lq'(Q)Y;  (/,  1)  =  0},  T0(Wl*(G))  C  {F  e 
[Wl’p\Q)Y;  (/,  1)  =  0},  we  deduce  7b(B™(£2))  =  {F  e  [ Bp'lq'(Q)Y ;  (/,  1)  =  0}, 
r0(W1^(^2))  =  {F  e  [Wl,p'(Q)Y;  (/,  1)  =  0}.  Theorem  1.6.3  gives  that  To  : 
{u  e  BP«(Q);fQudHm  =  0}  ->  {F  e  [Bp'lq' (Q)Y ;  (f ,  1)  =  0},  T0  :  {u  e 
W1,p(£2);  fQ  u  d FLm  =  0}  {  F  e  [Wl,p'(Q)Y',  (/,  1)  =  0}  are  isomorphisms. 

Let  now  F  e  [Wl,p\Q)Y  and  u  e  W1,i?(£2)  be  a  very  weak  solution  of  the 
Neumann  problem  (7.80).  Then  u  is  a  weak  solution  of  the  problem  (7.80)  by 
Proposition  7.19.2. 

Corollary  7.24.8  Let  £2  c  Rm  be  a  bounded  domain  with  boundary  of  class  Cl,a, 
0  <  a  <  1.  Let  h  e  L°°(9£ 2),  h  >  0.  Let  v  be  a  finite  real  measure  supported  on 
9£2.  Let  pi  be  a  finite  real  measure,  |/x|(7?m  \Q)  =  0.  If  fdQ  h  dFLm-\  =  0,  suppose 
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moreover  that  fi(Rm )  +  v(Rm)  =  0.  Then,  there  exists 

ue  P)  Whp(£, 2) 

1  <p<mj  (m—  1) 


that  is  a  weak  solution  of  the  problem 


—Au  =  pi  in  Q,  - — \-  hu  =  v  on  dQ . 

on 

If  fdQ  h  dTLm- 1  >  0,  then  this  solution  is  unique.  If  fdQ  h  dTLm-\  =  0,  then  this 
solution  is  unique  up  to  an  additive  constant. 

Proof  Denote  p  =  pi-\-v.  Fix/?  E  (1,  m/(m—l)).  Denote/?'  =  /?/(/?  — 1).  Since/?'  > 
m,  Whp'(Q)  ^  C°’°(£2)  by  Theorem  1.21.13.  Thus,  p  E  [Whp\^)]'.  According 
to  Theorems  7.24.7  and  7.24.6,  there  exists  a  weak  solution  u  E  Wl,p(Q)  of  the 
problem.  If  fdQ  h  dTLm-\  >  0,  then  this  solution  is  unique.  If  fdQ  h  dTLm~\  =  0, 
then  this  solution  is  unique  up  to  an  additive  constant.  So,  u  E  for  all 

q  E  (1,  m/(m  —  1)). 


7.25  The  Neumann  Problem  in  the  Half-Space 

In  this  section,  we  study  the  Neumann  problem  for  the  Poisson  equation  in 
^t,p(^m),  where  1  <  p  <  oo.  We  find  a  necessary  and  sufficient  condition  for 
the  existence  of  a  solution  and  discuss  the  uniqueness. 

Lemma  7.25.1  Let  1  <  p  <  oo,  m  e  N,  m  >  2.  For  u  e  Dl,p(Rnf),  define  Pu  =  u 
inR™,  Pu(x\ xm)  =  u(x' ,  —xm)  for xm  <  0.  Then,  Pu  e  Dlp{Rm).  If  u  E 
then  Pu  E  Wl,p(Rm).  If  p  <  m,  then  Dl,p(R™)  =  Whp(R™)  ©  Rl.  If  p  >  m,  then 
Wl'p(R™)  =  DXp{Rnf). 

Proof  The  characterization  of  functions  from  Sobolev  spaces  (Theorem  1.21.1) 
gives  that  Pu  E  D1,p(Rm).  If  p  >  m,  then  Pu  E  Dl,p(Rm )  by  Proposition  3.38.4. 
So,  u  E  WX  p{Rm). 

Let  now  p  <  m.  If  u  E  W],P(R+),  then  u  can  be  extended  as  a  function 
from  Whp(Rm).  So,  u  E  Proposition  3.38.5.  Therefore,  Pu  E 

Lpm/(m-p)(Rm)  and  Pu  E  Whp(Rm)  by  Proposition  3.38.5.  In  particular,  1  ^ 
Dlp(R™)  \  If  v  E  Dlp(R™),  then  Pu  E  Dlp(Rm).  According  to 

o 

Proposition  3.38.4,  there  exists  a  constant  c  such  that  Pv  —  c  e  Dl  p(Rm).  Hence, 
v-ce  W'p(R'l). 
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Proposition  7.25.2  Let  1  <  p,p'  <  oo,  l/p -\- l/p'  =  l,  m  e  N,  m  >  2.  Then  there 
exists  a  positive  constant  C  such  that  for  all  u  G 

_1  f  Vw  •  Vc9 

c  1||V«||iP(J*-.)  <  sup  /  77^-1 - <  C||Vm||^(^). 

+  vew'S(RVJ„  \\V<P\\l/(Rl)  + 

|Vp|#o  + 

Proof  The  right  inequality  is  a  consequence  of  the  Holder  inequality  (see  Proposi¬ 
tion  1.14.1). 

Let  now  u  G  Wl,p{Rf).  Put  u(x',xm)  =  u(x',—xm)  for  xm  <  0.  Then 
u  G  Wl,p(Rm )  by  Lemma  7.25.1.  For  cp  defined  in  Rm ,  denote  cp(xf,xm)  = 
(p(x',xm)  -  (p(xf,  —Xm),  ip(x',xm)  =  <p(xf,xm)  +  <p(xf,  -Xm).  Then  cp  =  ip/ 2  +  ip/ 2, 
— xm)  =  —  (p(x',xm),  ip(x' ,  — xm)  =  (p(x',xm).  According  to  Proposition  3.38.2, 
there  exists  a  positive  constant  M  such  that 


II  Vu|| LP(Rm)  <  4^ 


sup 

pec~(#»)\{0} 


/ 


Vi?  •  V<^ 

II  llz/(7?m) 


dHm 


for  all  v  e  Dlp(Rm).  Since  II Vv\\u>'(Rm)  —  2||  we  have 


1  M  f  Nu  •  V<^ 

IIVmUlp^)  =  -||Vm||lp(*»>)  <  —  sup  /  - d"Hm 

"h  2  2  ¥>eC°°(Km)\{0}  ./  II  V^lll/(flm) 

M  f  Vm • V5 +  Vm • Vffi 

=  —  sup  /  - j-=— | j - cl'W,H 

4  <p  eC™(R"‘)  J  II  VlPllz/(fl™) 

<P#0 

M  f  'Wu-Vip  M  C  Vu-Vip 

=  —  sup  /  -  <  —  sup  I  - - - 

4  <p  sCf’ffl”)  2  HWIIz/(k>»)  2  (o  e  Cf°(Rm)  Jm 
¥>  #  0  (/>  #  0 

M  r  Nu-Nip  C  Vu-Vcp 

2  <peC™(Rm)J  \\y  (pWir' (R’l)  2  p  6  )  l  IIWII  z/prp 

<p#o  +  |V<p|#0  + 


Theorem  7.25.3  1  <  p,p'  <  oo,  l/p  -\-  l/p'  =  l,  m  G  N,  m  >  2,  F  G 

[lTlp  (ft™)]'.  Ifp  >  m/(m  —  1)  (7.e.,  p'  <  m),  then  there  exists  a  solution  u  G 
Neumann  problem 


du 

dn 


F  ondR ™. 


-  An  =  F  in  Rff, 


(7.82) 
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Ifp  <  m/(m—  1)  (i.e.,  p'  >  m),  then  there  exists  a  solution  u  G  W l,p(Rrf)  of  the 
Neumann  problem  (7.82)  if  and  only  if  {F,  1)  =  1.  Ifp  <  m,  then  this  solution  is 
unique.  If  p  >  m,  then  this  solution  is  unique  up  to  an  additive  constant. 

Proof  Fix  a  nonempty  bounded  open  set  co  such  that  cd  C  R™ .  Denote 

f(v)  =  J  v  d Um. 

CO 


Then  ||Vu||^(/jm)  +  \f(v)\  is  an  equivalent  norm  on  Wl,p(Rm)  by  Proposition  1.21.9. 
So, 


IMU  :=  inf{||Vu||iP(Km)  +  |/(v)|;  v  e  Whp(Rm),u=  v  on  7?”} 
is  an  equivalent  norm  on  W]p(Rff).  Clearly, 

I|Vm|| u{R^)  +  \f(u)\  <  HU. 

Put  v  =  u  in  R+,  v(x',xm )  =  u(x',—xm)  for  xm  <  0.  Then  v  G  Wl,p(Rm)  by 
Lemma  7.25.1.  Therefore, 


HU  -  \\^v\\u’(Rm)  +  1/001  —  2\\Wu\\ip(iq_)  +  \f(u)\. 

Thus,  ||  Vm||lp(/^_)  +  |/(w)|  is  an  equivalent  norm  on  Wl,p(R™).  If  we  denote  X  = 
{u  G  Wx,p  (Rfff^)  =  0},  then  \\Xu\\lp^)  is  an  equivalent  norm  onX. 

If  M  G  Wl’p  (R™),  define 


Xu  •  Xcp  d FLm, 


(p  G  Whp\R™). 


Then  Tp  is  a  bounded  linear  operator  from  W1,p(Rrf)  to  [W1,p'  (R^)]' .  Proposi¬ 
tion  7.25.2  gives  that  Tp  :  X  ->►  [Wl,p' (R™)]'  is  a  bounded  below.  Thus,  TP(X)  is 
a  closed  subspace  of  [Wl,p  (R+)]'  by  Proposition  1.4.13.  Since  X  is  a  subspace  of 
codimension  1,  Proposition  1.3.7  forces  that  Tp(W1,p(R™))  is  a  closed  subspace  of 
[W^P'iR™)]'. 

Let  now  Tpu  =  0.  Then,  HVwHpqj  =  0  by  Proposition  7.25.2,  i.e.,  u  is 
constant.  Denote  u(x',xm )  =  u(x',—xm)  for  xm  <  0.  Lemma  7.25.1  gives  that 
u  G  Wl,p(Rm).  If  p  <  m,  then  u  =  0  by  Proposition  1.25.8  and  KerT^  =  {0}. 
Ifp  >  m,  then  1  G  Wl,p(R™)  by  Proposition  1.25.8  and  KerT^  =  Po(Rm)  (i.e.,  the 
space  of  constant  functions). 
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Since  (Tpu,v)  =  (Tprv,u),  we  have  T'p  =  Tp.  Proposition  1.5.13  gives  that 
Tp(Wl*(B™))  =  {/  g  (/,  u)  =0Vue  Ker7>}.  If  p'  <  m  (i.e., /?  > 

m/(m  —  1)),  then  Tp(Wl,p (R™))  =  [W1,pf  (R™)]' .  If p'  >  m  (i.e.,  if  p  <  m/(m  —  1)), 
then  TpiW^iR™))  =  {F  e  [W1^^)]';  (F,  1)  =  0}. 

Corollary  7.25.4  Let  1  <  p,p'  <  oo,  1//?  +  I/p'  =  I,  m  e  N,  m  >  2,  F  G 
[Z>1,p/ (/?+)]'.  77z^n  /Tzere  exists  u  e  D1,P(R™)  such  that 

J  Vu-S7(p  dHm  =  {F,  <p)  V<p  €  Diy  (/?'+)  (7.83) 

R+ 

if  and  only  if  (F,  1)  =  0.  This  u  is  unique  up  to  an  additive  constant. 

Proof  Let  u  be  a  solution  of  the  problem  (7.83).  Since  cp  =  1  is  an  element  of 
D1,p'  (Rf),  we  have 


Vu  •  V<^  d7Zm  =  0. 


Let  now  (F,  1)  =  0.  According  to  Theorem  7.25.3,  there  exists  w  e  Wl'p(Rf)  C 
D1^/^)  such  that  (7.83)  holds  for  every  cp  e  W1’^™).  Let  now  f  G  Dlp'(R ™). 
According  to  Lemma  7.25.1,  there  exist  cp  G  Wl,p  (R+)  and  a  constant  c  such  that 
x/r  =  (p  +  c.  Since  (F,  1)  =  0,  we  have 

J  Vu  •  Vi/f  dPLm  =  J  Vu-Vcp  d FLm  =  {F,cp)  =  (F,\//). 


Let  now  w  be  a  solution  of  the  problem  (7.83)  with  F  =  0.  According  to 
Lemma  7.25.1,  there  exist  u  G  W1,P(R+)  and  a  constant  c  such  that  u  =  u  +  c. 
Clearly,  w  is  a  solution  of  the  problem  (7.83)  with  F  =  0,  too.  Theorem  7.25.3  gives 
that  is  constant.  Thus,  u  is  constant,  too. 


7.26  The  Neumann  Problem  and  the  Robin  Problem 
in  W2’p(fl) 

In  this  section,  we  study  the  Neumann  problem  and  the  Robin  problem  for  the 
Poisson  equation  in  W2,P(Q)  for  a  bounded  domain  with  boundary  of  class  C 2  and 
1  <  p  <  oo.  We  find  a  necessary  and  sufficient  condition  for  the  existence  of  a 
solution  and  discuss  the  uniqueness. 
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Proposition  7.26.1  Let  £2  C  Rm  be  a  bounded  open  set  with  boundary  of  class  C2, 
f  e  LP(i 2),  1  <  p  <  oo,  p'  =  p/(p  -  1).  Ifu  e  Wl'p(Q), 

J  Vu-V<p  d nm  =  J ftp  <mm,  V<p  e  W'  P'(R'"), 

£2  Q, 


i.e.,  u  is  a  solution  of  the  problem  A u  =  f  in  £2,  du/dn  =  0  on  d£2,  then  u  e 
W2p(Q). 

Proof  We  can  suppose  that  u  e  Wl,p(Rm )  and  u  has  compact  support  (see 
Lemmas  1.21.12  and  1.21.17).  Proposition  3.18.2  gives  that  u  e  So,  it 

is  enough  to  prove  that  u  is  of  class  W2,p  on  a  neighborhood  of  each  point  of  the 
boundary.  Fix  z  e  9 £2.  Then  there  exist  a  coordinate  system,  d>  e  C2,0(Rm~l)  and 
pi  >  0  such  that  z  =  0  and  £2  Pi  B( 0;  pi)  =  B( 0;  pi)  Pi  {[x',xm\;x'  e  Rm~]  ,xm  > 
0(v')}.  We  can  moreover  suppose  that  V<D(0)  =  (0, . . . ,  0).  Fix  a  constant  Ci  >  1 
such  that  |V<D|  +  |V2d>|  <  C\.  Define  P(x',xm)  =  (x',xm  +  0(v')),  P~l(x',xm)  = 
(x',  xm  —  &(x')).  Easy  calculation  yields  that  the  Jacobi  determinants  corresponding 
to  the  mappings  P  and  P~l  are  equal  to  1.  If  v  e  Wl,q(Rm)  has  compact  support 
and  1  <  q  <  oo,  then  v  o  P,  v  o  P~l  e  Wl,q(Rm )  by  Proposition  1.21.14.  Put 
/  =  0  outside  £2,/i  =  /  o  P.  Clearly,  f\  e  Lp(Rm).  Define  w  =  u  o  P.  Then, 
w  e  W1,p(Rm )  has  compact  support.  Since  u  =  wo P_1,  we  have  3 mu  =  3 mw  o P_1, 
dju  =  djw  o  P~l  -  (3 mw  o  P-1)^®  for  j  =  1, . . .  ,m  -  1.  If  <p  e  (Rm)  is 
supported  in  P(0;  pi),  then  by  virtue  of  the  substitution 


f  M<P°  P)  dHm  =  j  ftp  d  Hm 

Rn_ ]_  n 


J  Vu-V(p  =  J  j  (3ww)[3m(<p  of)] 

a  Rf  ^ 


m—  1  \ 

+  ypJ,w  -  (dj®)(dmw)][dj((p  oP)  —  (dj<&)dm((p  o  />)]  j  dHm. 


We  can  choose  p2  e  (0;  p\ )  such  that  P  1  (.8(0;  p2))  C  B(();  p\ ).  So,  if  <p  e 
Wlp'(B(0;p2)),  then 

p  p  m—  1  p 

J  Vw  •  Vip  dH„,  =  J  (pfi  dnm  +  J2j  [(3mw)(3,'4>)(3^) 

j= 1 

+(3m*>)(3/$)(3/w)  -  (3y<f>)2(3mH')(3m(p)]  d«m.  (7.84) 


Denote 


-4  =  ^V(^);l|V^IU(flp<  l}. 


7.26  The  Neumann  Problem  and  the  Robin  Problem  in  W2,P(Q) 


565 


According  to  Proposition  7.25.2  and  Lemma  7.25.1,  there  exists  a  constant  C2  >  1 
such  that 


\\^v\\u’(Rrl)  <  c2  sup  [  Vv  -Vcp  d7~Lm  Vv  e  Dl,p(R™). 
^  <peA  J 

R'l 


(7.85) 


Fix  r  e  (0;  P2/4)  such  that  |0|  +  |VO|  <  l/(6mC2  +  1)  for  |V|  <  4r.  Choose 
x/f  G  C£°(B(0;2r))  such  that  ^  =  1  on  5(0;  r ),  0  <  xj/  <  1.  Put  t jr(x',xm)  = 
[x//(x'  ,xm)  +  xff(x' ,  —xm)]/2.  Taking  xj/  instead  of  1/^,  we  can  suppose  moreover  that 
x//(x',  —xm)  =  \l/(x',xm).  For  <p  G  define 

(p(x',xm)  =  (p(xf,  \xm\ ),  w(x',xm )  =  w(x ',  |xm|). 

Then  w  G  W^(/r),  cp  G  Whp' (Rm)  by  Lemma  7.25.1.  Since  w  e  Wlp(B(0;2r), 
<p  G  W1,p/  (B(0;2r))9  Theorem  1.21.13  and  Lemma  1.21.12  give  that  there  exist 
q(l)  G  (p,  00)  and  q(2)  G  (p' ,  00)  such  that  w  G  Lq^(B(0;  2 r)),  cp  e  Lq^2\B( 0;  2r)). 
According  to  Holder’s  inequality,  there  exists  a  constant  q  G  (l,oo)  such  that 
wcp,  wdj(p,  cpdjW  G  Lc/(B(0:  2r)).  Since  dj (Jpw)  =  <pdjw  +  wdj(p ,  we  have  wcp  G 
VP1 (5(0;  2 r)).  Since  x/r  is  supported  in  5(0;  2r),  Green  formula  for  Sobolev  spaces 
(Proposition  1.24.4)  gives 

0=  J  W(p^- dnm- 1=  J  [(V^r)  •  V(w<p)  +  W(p&f\  AUm 

3fi(0;2r)  fi(0;2r) 

=  2  J  [(Vx/r)  •  S7(w<p)  +  w<pA^]  dHm. 

Hence, 


J  (VV'O  •  v(w^)  =  J 

R’l  R™ 


—wcpAx/r  dHm. 


Using  this  equality,  we  obtain 


J  Vcp  ■  V(fw)  dUm 


/  [V(^)  •  Vw  +  wV^  •  ^  •  Vw]  dHm 

R’l 


■  J  [V(V^)  •  Vw  +  •  V(w<p)  —  2(pVx/r  •  Vw]  d%m 

r>m 

R+ 


J  [V(x//(p)  ■  Vw  —  <p(wAx//  +  2Vi/f  •  Vw)]  d"Hm. 
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Put/2  =  wAx//  +  2 •  Vw.  Since  w  G  W1,p(/?m)  and  \jf  G  C^°(Rm),  we  have 
/>  £  Lp(Rm).  Moreover, 


J  Vcp  ■  V(Vfw)  dHm 


J  Vw  •  V(i Ircp)  d T-Lm 


(7.86) 


Fix  k  G  { 1 , . . . ,  m  —  1}.  For  a  nonzero  real  number  8 ,  denote 

e  0  —  (p 

pk(p{x)  =  (p{xx,x2,  ...,xk-i,xk  +  8,xk+u...,  xm),  Dk<p  =  - - - . 

We  estimate  ||Z)|  V (wt/f)  ||z^(^) .  According  to  Theorem  1 .21 .2,  there  exists  a  positive 
constant  C3  such  that 


II LP'  (Rm)  —  ^3  ||  ||  LPf  (Rm) 

for  all  k ,  5,  and  cp  G  If  cp  g  W1,i?/ (/?+),  we  define  (p(x',xm )  =  <^(V,  — vm) 

for  vm  <  0.  Then,  cp  G  W1  ,p' (Rm)  by  Lemma  7.25.1.  So, 

\\DSMW{rv<C3\\^\\^{rv  VcpeWl’P'(Rl).  (7.87) 

If  (p  G  A  then  G  W1,P'(R™).  Using  substitution,  (7.86)  and  (7.84) 


[  [D{V{wf)\  •  V<p  d  Wm  =  j  [V(wt^)]  •  W(Dk8(p)  d% 

Rm+  R * 

=  J  Vw  •  V (x/rDp(p)  dUm  -  J (Dpcp)f2  dHm  =  J (Dp<p)(f \f  - f2 )  dH„ 

iq_  Rn_ ]_  r\ 

m—  1  » 

+  D  I  [(dmW)(dj®)dj(fDp(p)  +  (dj$)(djw)dm(fDp(p) 

j=1n 

m—  1  ~ 

-(370)2(3mw)3m(^Z)/V)]  d?Zm  -  Y1  j  {(9^)^[^(9mw)( 3/0)] 


y-t^m 


+ 


+(3m^)D^[^(370)(37w)]  -  (3m<^)D^[^(3J0)2(3mw)]}  d?Zm 
f  \Dpcp\m  +  I/2I  +  2(m—  l)|V^||Vw|(|V<D|  +  |V<D|2)]  d?4 
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Put/3  =  |/i|  +  |/2|  +  2(m-l)|V^||Vw|(|V<&|  +  |V<D|2).  Then/,  e  By 

virtue  of  Holder’s  inequality  (Proposition  1.14.1), 


p  m—  1  p 

J  [DlV(wf)]  •  V<p  dUm  <  J2  J  {(dj<p)Dsk[(dj^)dm^w)} 


j— 1  R17\ 


+(dm<p)Dl[(dj<t>)dj(fw)]  -  (dm<p)Dsk[(dj^)2dm( fw)]}  d H„ 


n—  1 


7=1 


+  ||Z)^[w(9y-0)  (3mVr)]lli/’(*+)|  +  ||/3||lp(^)||^  (p\\u>\r> 


Clearly,  w(3;0)(3/^),  w(3iO)2(3/^)  e  W1,7*  (/?+).  We  can  choose  a  constant  C4 
such  that  \\w(dj®)(di\lf)\\wi,P  <  C4,  ||w(3i-0)2(3/^)||wi,P  <  C4,  ||/3||z^  <  C4, 
||V(^w)||lp  <  C4.  If  a  and  /3  are  functions,  then  D8k(af3)  =  (D8ka)P8kP  +  aD8kp. 
Using  (7.87), 

f  [D8kV(wf)]-V(pdUm  <  f  (m-  1)|V^|[2|V0>|  +  |  VO|2]|Z)fV(^w)|  dHm 
+  J (m-  l)[2|£»i(V<D)|  +  |^(|VO|2)]P*[|V(^w)||W|]  d«m 

nm 

R+ 

+(m  —  1)C3C4  +  C.QIIV^II^^. 

Since  for  each  x  and  j  there  exists  z  such  that  D8kdjd>(x)  =  3^3 )0(z),  we 
have  |Dj[VC>j  <  C\.  Similarly,  Dsk\ VO(v/)|2  =  and  thus 

|Z)f|VO(vO|2|  —  mC\.  If  |x'|  <  4r,  then  |VO(x')|  <  l/(6mC2  +  1).  Since 
spt  x//  C5(0;  2 r),  we  have  for  0  <|5|<r 

J [D[V{w\lr)\  ■  S7<p  dHm  <  2^-2-||  V^||^(s„)||Z)fV(i/w)||LP(R»j_) 

nm 

R+ 

+(m-  l)(2Ci  +  mC2)||V(i/fH’)||LP(R»j_)||V^||il,/(^)  +mC3C4. 
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Since  <p  e  A  was  arbitrary,  we  obtain  using  (7.85)  and  ||  V(^w)|| lp(r^)  <  Q 


<  -\\D%V (i/rw) )  +  wC2C4(2Ci  +  mC?  +  C3). 


Subtracting  (1  /2)  ||Z>£V (t/^w)  ||#>(#« )  from  both  sides,  we  obtain 

\\D[V{fw)\\u{Rrn+)  <  2mC2C/±(2C\  +  mCj  +  C3). 


If  j  G  {1, . . .  ,  m},  then  {D8kdj(\j/w);0  <  8  <  r}  is  a  bounded  subset  of  LP(R™). 
Lemma  7. 14.1  gives  that  dkdj(\/fw)  G  Lp(Rrf).  Hence,  djdkW  =  dkdjW  G  Lp(B(0;  r)). 

Now,  we  prove  32w/3v2  G  Lp(B(0;  r)).  Since  u(x',xm)  =  w(xf,xm  —  ^(x'))  and 
Au  =/,  easy  calculation  yields 


where  x  =  [v',vm  —  0(x')].  Thus, 


This  gives  32w/3v2  G  Lp(B(0;r)).  Since  w  G  W2,p(B(0;  r)),  the  function  u  = 
w  o  P~l  is  of  class  W2,p  on  a  neighborhood  of  0. 

Theorem  7.26.2  Let  £2  C  Rm  be  a  bounded  open  set  with  boundary  of  class  C2, 
1  <  p  <  00.  Then  there  exists  a  strong  solution  u  G  W2'p(fl)  of  the  Neumann 
problem 


—  Au  =  f  in  Q,  -—=  g  on  d£2 
on 


(7.88) 


if  and  only  iff  G  LP(Q),  g  g  Wl  l/p,p(dQ)  and 


(7.89) 
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This  solution  is  unique  up  to  an  additive  constant.  Ifu  e  W1,p(£2)  is  a  strong  solution 
of  the  Neumann  problem  such  that 


J  u  d TLm  =  0, 

Q 


(7.90) 


then 


llwllw2^(ft)  <  C[||/||z^)  +  (7.91) 

where  a  constant  C  depends  only  on  £2  and  p. 

Proof  Let  u  e  W2,P(Q)  be  a  strong  solution  of  the  Neumann  problem  (7.88). 
Clearly,  /  e  LP(Q).  Theorem  1.24.6  forces  that  g  e  W1~l^p,p(dQ).  Proposi¬ 
tions  7.19.1  and  7.19.2  give  that  u  is  a  very  weak  solution  of  the  problem  (7.88). 
Hence,  the  relation  (7.89)  holds  by  Theorem  7.24.7.  Moreover,  this  solution  is 
unique  up  to  an  additive  constant  by  Theorem  7.24.7. 

Let  now /  e  LP(Q),  g  e  W1~1^p,p(dQ)  be  such  that  (7.89)  holds.  According  to 
Theorem  1.24.6,  there  exists  v  e  W2,p{fl)  such  that  dv/d n  =  g  on  9£2.  Denote 
/  =  —  Av.  Since  v  is  a  strong  solution  of  the  Neumann  problem 

dv 

—Av=finQ,  —=g  ondQ, 
on 

we  have  that 

J  f  dTim  +  J  g  dTLm-i  =  0. 

Q  dti 

Since 


J  (f-f)dHm  =  0 

Q 

there  exists  a  weak  solution  w  e  fk1,p(^)  of  the  Neumann  problem 

dv 

—Av  =  (/  — /)  in  Q ,  =  0  on  c)Q . 

On 

(See  Theorem  7.24.7.)  We  have  w  e  W2,P(Q)  by  Proposition  7.26.1.  Theo¬ 
rem  1.24.6  gives  that  g  =  dw/dn  e  Wl~l^p,p(dQ).  Proposition  7.19.1  forces  that 
g  =  0.  Thus,  u  =  v  +  w  e  W2'p(fl)  is  a  strong  solution  of  (7.88). 

Denote  by  X  the  set  of  all  u  e  W2'p(£l)  satisfying  (7.90)  and  by  Y  the  space  of  all 
[f,g\  e  LP(Q)  x  Wl~l/p'p( dto)  satisfying  (7.89).  Then,  T  :  u  \->  [-Au,du/dn\ 
is  a  bounded  linear  operator  from  X  to  Y  by  Theorem  1.24.6.  We  have  proved 
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that  T(X)  =  Y  and  KerT  =  {0}.  Hence,  T  :  X  — >  Y  is  an  isomorphism  by 
Theorem  1.6.3. 

Theorem  7.26.3  Let  U,  £2  C  Rm  be  open  sets,  m  >  2.  Suppose  that  L  =  U  PI  3  £2 
A  a  surface  of  class  C 2.  1  <  /?  <  oo,  w  G  Wtfc(Sl),  i.e.,  u  G  Wl,p(co)  for  each 

bounded  open  set  co  with  To  c  £2.  Ler/  g  Lp(£2),  g  e  Wl~l^p,p(L),  h  g  Cl(L), 
Au  =  —f  in  £2,  3 u/ dn  +  hu  =  g  on  L,  i.e., 

J  Vu-Vcp  d TLm  +  J  hucp  dHm-i  =  J ftp  d TLm  +  J  g(p  dTLm-\ 

Q  dQ,  Q  L 

for  all  cp  G  C^°(Rm)  such  that  cp  =  0  on  d£2  \  L.  Then,  u  G  wf^(£2  U  L),  i.e., 
u  G  W2,p  (co)  for  each  bounded  open  set  co  with  To  C  £2  U  L. 

Proof  —Au  =  f  in  £2  in  the  sense  of  distribution  by  Theorem  3.19.3.  So,  u  G 
wf^(£2)  by  Proposition  3.18.2. 

Let  now  z  G  L.  Choose  r  >  0  and  a  bounded  open  set  co  C  B(z;  3r)  Pi  £2  with 
boundary  of  class  Ck+2  such  that  B(z ;  3r)  C  U  and  B(z;  2r)  Pi  £2  =  B(z;  2 r)  Pi  co. 
Choose  if  G  C^°(B(z;2r))  such  that  x/r  =  1  on  B(z;r).  Then,  xj/u  G  W1,/?(£2)  by 
Lemma  1.21.17.  Denote  g  =  g  —  hu.  Then,  —Au  =  f  in  £2,  du/dn  =  g  on  L, 
and  g  G  w]~l/p,p(L)  by  Theorem  1.24.5  and  Lemmas  1.21.6  and  1.21.17.  Since 
u  G  W1,p(co ),  there  exist  Uk  G  C^°(Rm)  such  that  w  in  as  k  oo.  (See 

Lemma  1.21.3.)  Fix  cp  G  Cc(Rm).  We  can  choose  cp  G  C^°(Rm)  such  that  ^  =  cp  on 
To  and  ^  =  0  on  3£2  \  L.  By  virtue  of  Lemma  1.21.17  and  Theorem  1.19.1, 


/ 


S/(x//u)  -Wcp  dHm  =  lim  /  V  (xj/Uk)  •  V<p  d'H™  =  lim 
k—^oo  J  k^o o 


-  J  $A(fuk)  dUn 

CO 

—  I  Tp(^rAuk  +  2V^  •  +  UkAx/r)  dHm 


3co  J  L  co 


3  co 


+  I  <p\  ir—  +  w*  —  I  d7Cm_i 


■/' 


—  /  •  Vm  +  d7Cm  +  /  Vu—  dHm-\. 


=  lim  f 

k — >-oo  J 
co 

/■ 


•  V(i l/cp)  d Tln 


dxjr 


3  co 


F 


— (2V^  •  Vw  +  mA^)  on  &>, 


Denote 
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Then  F  e  LP(Q),  G  e  W1_1/^(9<w)  by  Theorem  1.24.2.  Since  f  =  0  on  S2  \  co, 
we  obtain 


J  V(^w)  •  Wcp  dTLm  =  J  Vw  •  V(^)  dHm  +  J  (pF  dTLm  +  J  Gcp  dTLm-\ 


-f 


Q 

iff  +  F)<P  dHm  +  J  gf<p  dT-Lm-i  +  J 

L  do) 


dco 

G(p  dl~Lm—\ . 


Define  G  =  G  +  gx/f  on  dco  H  L,  G  =  G  on  dco  \  L.  Then  G  G  VP1  and 


J  W(x/m)  •  V<p  dHm 

O) 


J  iff  +  F)(p  dUm  +  J  G(p  dHm-u 

0)  da) 


so  xj/u  e  Wl,p(co)  is  a  weak  solution  of  the  Neumann  problem  —Av  =  fxj/  +  F  in 
co ,  9u/9n  =  G  on  9&>.  Theorems  7.26.2  and  7.24.7  give  that  xj/u  G 

Proposition  7.26.4  £2  C  Rm  be  a  bounded  open  set  with  boundary  of  class  C 2 , 

\  <  p  <  oo.  Let  h  e  C\dQf,  h  >  0,  h  #  0,/  G  Z/(£2),  g  G  Wl~l^p(dQ)  and 
u  G  W2,p(fl)  be  a  strong  solution  of  the  Robin  problem 

du 

—  Au=finQ,  - — b  hu  =  gondQ.  (7.92) 

dn 

Iff  >  0,  g  >  0,  then  u  >  0. 

Proof  u  is  a  weak  solution  of  (7.92)  by  Proposition  7.19.1.  Define =  min (/,  k), 
g£  =  min(g,/:).  According  to  Theorem  7.24.6,  there  exists  a  weak  solution  Uk  G 
W^(£2)  H  W1’2(^)  of  the  problem 


—A Uk  =  fk  in  £2 ,  — - b  =  g^  on  9£2 . 

dn 

Moreover  Uk  — ►  w  in  fk1,/?(£2)  as  ^  ^  oo.  Since  fk  >  0,  g£  >  0,  we  have  ^  >  0  by 
Proposition  7.21.1.  According  to  Proposition  1.14.8,  we  can  choose  a  subsequence 
such  that  Uk(j)(x)  ->  w(v)  for  almost  all  v  G  £2.  Therefore,  w  >  0. 

Theorem  7.26.5  £2  c  a  bounded  open  set  with  boundary  of  class  C2, 

1  <  p  <  oo.  h  G  C*(9£2),  h  >  0,  h  ^  0.  Then  there  exists  a  strong  solution  u  G 
W2,p(i 2)  of  the  Robin  problem  (7.92)  if  and  only  iff  G  Lp(f2),  g  G  Wx~x^p,p(di 2). 
This  solution  is  unique,  and  the  estimate  (7.91)  holds  with  a  constant  C  that  depends 
only  on  i 2,  h,  and  p. 

Proof  Let  u  G  W2,p(i 2)  be  a  strong  solution  of  the  Robin  problem  (7.92).  Clearly, 
/  g  LP(i 2).  Theorem  1.24.6  and  Lemmas  1.21.17  and  1.21.16  force  that  g  G 
Wl~l/p,p(dQ).  Iff  =  0,  g  =  0,  then  u  =  0  by  Proposition  7.26.4. 
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Let  now  /  e  LP(Q ),  g  e  Wl~x^p,p(dQ).  According  to  Theorem  7.24.6,  there 
exists  a  weak  solution  u  e  W1,i?(£2)  of  the  Robin  problem  (7.92).  Theorem  7.26.3 
gives  that  u  e  W2,P(Q).  By  virtue  of  Proposition  7. 19. 1 ,  we  deduce  that  u  is  a  strong 
solution  of  (7.92). 

The  operator  T  :  u  i->  [— Au,  du/dn  +  hu\  is  a  bounded  linear  operator  from 
W2,p(Q)  onto Lp(Q)xWl~l/p,p (3£2)  (compare Theorem  1.24.6).  Since  Ker  T  =  {0}, 
the  operator  T  is  an  isomorphism  by  Theorem  1.6.3. 


7.27  The  Neumann  Problem  in  Dl,p (ft)  on  Exterior  Domains 

In  this  section,  we  study  the  Neumann  problem  for  the  Poisson  equation  in  D1,/?(£2) 
for  an  unbounded  domain  £2  with  compact  Ljapunov  boundary  and  1  <  p  <  oo.  We 
find  a  necessary  and  sufficient  condition  for  the  existence  of  a  solution.  We  prove 
that  two  solutions  differ  by  a  constant. 

Lemma  7.27.1  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  Lipschitz 
boundary,  1  <  p  <  oo,  /  e  W_1//i?,i?(3£2).  If  p  <  m/(m—  1),  suppose  moreover 
that  (/,  1)  =  0.  Put  g  =  f/2  —  K'^f.  Then,  SQf  is  a  weak  solution  of  the  Neumann 
problem 


—  Au  =  0  in  Q, 


-—=  g  on  dQ. 
on 


(7.93) 


in  W^(£2). 

Proof  SQf  e  W1,i?(£2)  by  Proposition  7.6.4.  Let  cp  e  C™(Rm).  Fix  r  >  0  such  that 
3 £2  U  spt  99  C  B( 0;  r).  Denote  to  =  £2  D  B( 0;  r).  Since/  =  0  on  3#(0;  r),  we  have 
SQf  =  SMf.  So,  SQf  is  a  weak  solution  of  the  problem 

—Av  =  0  in  co,  —  =  -  —  K'f  on  3 to. 

3  n  2  " 

(See  Proposition  7.24.1.)  Since  cp  =  0  on  3#(0,  r),  we  have 

{g,cp)  =  {f/2-K'J,<p)  =  I  Vcp-VSnfdHm  =  I  V<p-VSnfdHm. 

CO  ^2 

Lemma  7.27.2  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary  of 
class  Cx,a ,  0  <  of  <  1,1  <  p  <  00.  If  u  e  D1,p(i 2)  is  a  weak  solution  of  the 
Neumann  problem  (7.93)  with  g  =  0,  then  u  is  constant. 

Proof  Fix  r  >  0  such  that  3  £2  C  B(0;  r)  and  denote  to  =  £2  Pi  #(0;  r).  Define 
g  =  du/dn  on  dB(0;  r).  By  virtue  of  the  Gauss-Green  theorem  (Proposition  1.24.4), 
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we  deduce  that  u  is  a  weak  solution  of  the  Neumann  problem 


Au  =  0  in  co,  —  =  £  on  doo. 
an 


Lemma  7.9.1  gives 


u  =  Scog-\-Vcou  in  co. 


(7.94) 


Define 


v  = 


SB(0;r)g  +  £>b(0 ;r)u  in  5(0;  r), 
u  —  Tf1  u  in  Q . 


Since  g  =  0  on  3 £2,  the  relation  (7.94)  gives  that  v  is  well  defined  on  £2  PI  B(0;  r). 
So,  v  e  H(Rm).  Since  |Vw|  e  LP(Q),  we  have  that  u(x)  =  c(|v|)  as  \x\  oo 
by  Propositions  2.17.5  and  2.17.6.  Since  VQu(x)  0  as  \x\  ->  oo,  we  deduce 
v(x)  =  o(\x\)  as  \x\  — >  oo.  According  to  Corollary  2.16.4,  there  exists  a  constant  c 
such  that  v  =  c.  So, 


u  =  Tf1  u  +  c  in  £2 . 


Using  limit  at  the  boundary  (Theorem  5.3.5),  we  obtain 


The  trace  u  e  Wl~l^p,p(dQ)  by  Theorem  1.24.2.  The  operator  (1/2)7  —  Kq  is  an 
isomorphism  on  Wx~ltp,p (d£l)  by  Proposition  7.22.3  and  Theorem  1.23.3.  Denote 
G  =  Rm  \  Q.  Since  m/2  —  =  c  and  c/2  —  T^c  =  c/2  +  7fGc  =  c  by 

Proposition  5.3.2,  we  deduce  u  =  c  on  3 £2.  Thus,  u  =  VQu  +  c  =  —VGc  +  c  =  c 
by  Proposition  5.3.1. 

Theorem  7.27.3  Lc£  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary  of 
class  C1,a,  0  <  a  <  1,  m/(m  —  1)  <  p  <  oo,  p'  =  p/(p  —  1).  IfF  e  [lT1,7?/(^)]/, 
then  there  exists  a  weak  solution  v  e  iT1,/7(£2)  C  Dl,p(fl)  of  the  Neumann  problem 


—  Av  =  F\Q  in  Q ,  —  =  on  d£2. 


3  n 


(7.95) 


77zc  general  form  of  a  solution  of  the  problem  in  Dl,p(Q )  A  u  +  c  where  c  is  a 
constant. 
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Proof  If  we  define  (F,  cp)  =  (F,<p\Q),  then  F  e  D  l,p(Rm).  According  to 
Propositions  3.38.3  and  3.38.4  and  Corollary  2.18.6,  there  exists  w  G  Wl,p(Rm) 
such  that  -  Aw  =  F  in  Rm.  Define  g  G  [Wlj/ (Q)]'  by 


Q 


If  <p  e  then  ( g ,  cp)  =  0  by  Theorem  3.19.3.  So,  g  is  supported  on  By 

virtue  of  Theorem  1.24.2,  we  deduce  that  g  G  [Wl~l^p',p' (dQ)]'  =  W~l^p,p(dQ). 

T  =  (1/2)7  —  K'q  is  an  isomorphism  on  W~^p,p(dQ)  =  by 

Proposition  7.22.3.  Put  u  =  S^T~lg.  Then,  u  G  W1,P(Q)  is  a  weak  solution  of 
the  Neumann  problem  (7.93)  by  Lemma  1 .21  A. 

v  =  w  +  u  G  Wl,p(Q)  is  a  weak  solution  of  the  Neumann  problem  (7.95).  If  c  is 
constant,  then  v  +  c  G  Dl,p(Q)  is  a  weak  solution  of  the  Neumann  problem  (7.95), 
too.  Let  now  x/r  G  Dl,p  (^)  be  another  weak  solution  of  the  Neumann  problem  (7.95). 
Then,  v  —  x//  is  constant  by  Lemma  7.27.2. 

Theorem  7.27.4  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary  of 
class  C1,a,  0  <  a  <  1,  and  1  <  p  <  m/(m  —  1),  p'  =  p/(p  —  1).  IfF  G  [W1,p'  (9^)]r, 
then  there  exists  a  weak  solution  v  G  of  the  Neumann  problem  for  the 

Poisson  equation  (7.95)  if  and  only  if  (F,l)  =  0.  The  general  form  of  a  solution  of 
the  problem  is  v  +  c  where  c  is  a  constant. 

Proof  Let  v  G  D1,/7(£2)  be  a  weak  solution  of  the  Neumann  problem  (7.95).  Define 
(p  =  1.  Since p'  >  m,  we  have  that  cp  G  Wl,p'  (Q)  by  Lemma  3.38.11.  Thus, 


(F,  1)  =  /  Vv  •  Vcp  dFLm  =  0. 


Q 


If  F  =  0,  then  v  is  constant  by  Lemma  7.27.2. 

Suppose  now  that  F  G  [Wl,p' (dQ)]'  be  such  that  ( F ,  1)  =  0.  If  we  define 
(F,<p)  =  (F,cp\Q),  then  F  e  [Wlp' (Rm)]f  =  D~lp(Rm).  Since  (F,  1)  =  0,  we 
have  F  G  £p(Rm )  by  Corollary  2.18.6.  According  to  Propositions  3.38.3  and  3.38.4, 
there  exists  w  G  Wl,p(Rm)  such  that  —Aw  =  F  in  Rm.  Define  F  G  [^’^(Sfi)]'  by 


(F,<p)  =  j  Vw-V^  dp, 

Q 

Since  w  is  a  weak  solution  of  the  Neumann  problem 


Vw  •  Wcp  dHm. 


Aw  =  F|^in^,  ——=  F\d£2  on  d£2 , 

on 
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we  deduce  that  (F,  1)  =  0.  Define  g  =  F  —  F.  Then,  (g,  1)  =  0.  If  cp  G  C£°(Q), 
then  (g,<p)  =  0  by  Theorem  3.19.3.  So,  g  is  supported  on  9£2.  By  virtue  of 
Theorem  1.24.2,  we  deduce  that  g  G  [Wx~x^p',p'  (dQ)]'  =  W~x^p,p{dX2). 

Denote  X  =  {/  G  W~x^p,p(dQ);  (f,  1)  =  0}.  Proposition  7.22.3  says  that 
(1/2)7  —  K'q  is  an  isomorphism  on  W~x^p,p(dQ)  =  (d£l)  and  on  X.  Put 

u  =  SQT~xg.  Then  u  G  W1,i?(£2)  is  a  weak  solution  of  the  Neumann  problem 
(7.93)  by  Lemma  7.27.1.  Therefore,  v  =  w  +  u  G  WX,P(Q)  is  a  weak  solution  of  the 
Neumann  problem  (7.95).  If  c  is  constant,  then  v  +  c  G  Dx,p(Q)  is  a  weak  solution 
of  the  Neumann  problem  (7.95),  too. 


7.28  The  Robin  Problem  in  D1,p(Sl)  on  Exterior  Domains 

In  this  section,  we  study  the  Robin  problem  for  the  Poisson  equation  in  D1/?(£2)  for 
an  unbounded  domain  with  compact  Ljapunov  boundary  and  1  <  p  <  oo.  We  prove 
the  existence  of  a  solution  and  discuss  the  uniqueness. 

Lemma  7.28.1  Let  Q  C  Rm  be  an  unbounded  domain  with  compact  boundary  of 
class  Cl,a  with  0  <  a  <  1.  Let  u  e  Dl,p(Q)  with  1  <  p  <  m/{m  —  1),  h  e  L°°(dQ), 
h  >  0,  fdQ  h  dl-Lm-i  >  0.  Ifu  is  a  weak  solution  of  the  homogeneous  Robin  problem 
Xu  =  0  in  £2,  du/ dn  +  hu  =  0  on  dQ,  then  u  =  0. 

Proof  We  show  that  u  e  Dl,p' (£2),  where p'  =  p/(p—l).  Fix  r  >  0  such  that  9£2  C 
7?(0;  r).  Define  h  =  0  on  97?(0;  r),  g  =  0  on  9£2,  g  =  du/dnB^  on  9 £2.  Using  the 
Gauss-Green  theorem  (Theorem  1.19.1),  we  deduce  that  u  is  a  weak  solution  of  the 
Robin  problem 

du 

Xu  =  0  in  £2  PI  7?(0;  r),  - — b  hu  =  g  on  9[f2  PI  B( 0;  r)]. 

on 

Since  g  e  Wx~x/p' (d[Q  n  5(0;  r)])  c  [W1^?(^)]/,  Theorem  7.24.6  gives  that  u  e 
WX’P'(Q  H  5(0;  r))).  Since  |  Vk|  G  Lp(i 2),  Proposition  2.17.7  forces  u  G  DXp'(Q). 

Since  p'  >  m,  we  have  DXpfi 2)  =  W1,/?,(^)  by  Lemma  3.38.11.  Since  u  G 
Wx,p  (^),  the  definition  of  a  weak  solution  of  the  Robin  problem  gives 


Thus,  Xu  =  0  in  £2,  hu  =  0  on  9^2.  Since  Xu  =  0,  there  exists  a  constant  c  such 
that  u  =  c  in  £2  (see  Lemma  1.20.1).  Since  0  =  fdQ  hu  &Km-\  =  c  fdQ  h  dHm-\ 
and  fdQ  h  dHm-\  >  0,  we  infer  that  c  =  0. 

Proposition  7.28.2  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary 
of  class  Cx,a  with  0  <  a  <  1.  Let  1  <  p  <  oo,  h  G  L°°(9£2),  h  >  0,  fdQ  h  >  0.  For 
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f  e  W~llp’p{dQ),  define 


(7.96) 


Tf=  (I  —  P)f  +  h[SQ(I  -  P)f  +  Pf], 


(7.97) 


Then  T  is  an  isomorphism  on  W  l^p,p(dQ).  If  g  G  W  l^p,p(dQ),  then 
u  =  SQ  (/  —  P)T~xg  +  PT~lg 


(7.98) 


is  a  weak  solution  of  the  Robin  problem  for  the  Laplace  equation 


A u  =  0  in  £2,  - — b  hu  =  g  on  3£2 

on 


(7.99) 


in  D1,P(Q). 

Proof  T  is  a  Fredholm  operator  with  index  0  on  3£2)  by  Proposition  7.22.3 
and  Theorem  1.8.3.  Let /  e  VT1/pp(dQ)(=  Bp_f1/p( dQ)  by  Theorem  1.23.3).  Then 
u  =  SQ(I  —  P)f  +  Pf  G  Dl,p(£2)  is  a  weak  solution  of  the  Robin  problem  (7.99) 
with  g  —  Tf.  (See  Lemma  7.27.1.)  Let  now  Tf  =  0.  Fix  q  G  (1  ,m/(m  —  1). 
Then  /  G  W~ltq-q(d£l)  by  Lemma  1.8.4.  Since  u  G  Dl’q(dST)  is  a  weak  solution 
of  the  Robin  problem  (7.99)  with  g  =  0,  Lemma  7.28.1  forces  that  u  =  0.  Thus, 
SQ  (I  —  P)f  =  —Pf  is  constant.  So,  SQ(I  —  P)f  G  Dlp(fl)  is  a  weak  solution 
of  the  homogeneous  Neumann  problem  Av  =  0  in  Q,  dv/dn  =  0  on  Thus, 
[(1/2 )I-K'Q\(I-P)f  =  0  by  Lemma  7.27.1.  So,  (I-P)f  =  0  by  Proposition  7.22.3. 
Hence,  -Pf  =  SQ  (I-P)f  =  0.  Thus,/  =  (I-P)f+Pf  =  0.  Since  T  is  a  Fredholm 
operator  with  index  0  on  W~l^p,p(dQ)  with  trivial  kernel,  it  is  onto.  Theorem  1.6.3 
gives  that  T  is  an  isomorphism. 

Theorem  7.28.3  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary  of 
class  Cl,a  with  0  <  a  <  1.  Let  1  <  p  <  oo,  p'  =  p/(p  —  1),  h  G  L°°(3^),  h  >  0, 

faah>o,FG\wi^m'- 

•  There  exists  a  weak  solution  v  G  Dlp(f2)  of  the  Robin  problem  for  the  Poisson 


equation 


—  Av  =  F|£2  in  £2,  — — b  hv  =  F|3^2  on  d£2. 


(7.100) 


3  n 


Ifp  <  m/(m—  1),  then  this  solution  is  unique. 

•  Ifm/(m  —  1)  <  p,  then  there  exists  a  weak  solution  v  G  1T1,P(£2)  C  Dl,p(£2)  of 
the  Robin  problem  for  the  Poisson  equation  (7.100).  If  moreover,  p  <  m,  then 
this  solution  is  unique. 
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•  Let  F  =  0,  m/(m—l)  <  p.  Then  the  space  of  weak  solutions  of  the  Robin  problem 
(7.100)  in  D]  ,P(Q)  has  dimension  1  ( and  does  not  depend  on  p). 

Proof  Fix  z  e  Rm  and  r  >  0  such  that  B(z’,  r)  fl  Q  =  0.  According  to 
Corollary  2.18.6,  there  exists  a  constant  c  such  that  for 


B(z;r) 


one  has  F  e  £p(Rm).  Remark  that  F  =  F  on  a  neighborhood  of  £2.  According  to 
Propositions  3.38.3  and  3.38.4,  there  exists  w  e  Wl,p(Rm)  such  that  —  Aw  =  F  in 
Rm.  Define  g  by 


Vw  •  V (p  dFim  —  /  hwcp  dPLm-\ . 


Theorem  1.24.2  forces  that  g  e  [Wl,p'  (Q)]' .  If  <p  e  C%°(Q),  then  (g,cp)  =  0  by 
Theorem  3.19.3.  So,  g  is  supported  on  dQ.  By  virtue  of  Theorem  1.24.2,  we  deduce 
that  g  G  [W'-Vp'^idn)]'  =  W-V^idSt). 

Let  T  be  given  by  (7.97),  where  P  is  prescribed  by  (7.96).  Then,  T  is  an 
isomorphism  on  W~1^p,p(dQ),  and  u  =  SQ(I  —  P)T~lg  +  PT~lg  is  a  weak 
solution  of  the  Robin  problem  for  the  Laplace  equation  (7.99)  in  DltP(Q).  (See 
Proposition  7.28.2.)  So,  v  =  w  +  u  e  Dl  p(Q)  is  a  weak  solution  of  the  original 
problem  (7.100).  If  p  <  m/(m—  1),  then  this  solution  is  unique  by  Lemma  7.28.1. 
If  p  >  m,  then  u  E  Dlp(Q)  =  ^(£2)  by  Lemma  3.38.11. 

Let  now  m/(m  —  1)  <  p  <  m.  Then,  m  >  2.  We  show  that  there  exists  a 
weak  solution  of  the  Robin  problem  in  Wl,p(Q).  The  operator  T  :=  (1/2)7  — 
K'q  +  hS Q  is  a  Fredholm  operator  with  index  0  on  =  W~l^p,p(dQ) 

by  Proposition  7.22.3  and  Theorem  1.23.3.  The  operator  T  is  an  isomorphism 
on  W_1,/7(3£2)  by  Theorem  5.20.8.  Hence,  T  is  an  isomorphism  on  W~l^p,p(dQ) 
by  Lemma  1.8.4.  The  function  u  =  SQT~lg  e  W1,p(£2)  is  a  weak  solution 
of  the  Robin  problem  for  the  Laplace  equation  (7.99)  by  Lemma  1 .21  A.  Thus, 
v  =  w  +  u  e  W1,i?(£2)  is  a  weak  solution  of  the  original  problem  (7.100). 

Let  now  F  =  0,  p  >  m/(m  —  1),  m  >  2.  If  u  e  Dl,p(Q)  is  a  weak 
solution  of  (7.100),  then  u  is  a  very  weak  solution  of  the  problem  (7.100).  (See 
Proposition  7.19.2).  Remark  that  du/dn  =  —hu.  According  to  Proposition  7.9.2, 
there  exists  a  constant  c  such  that 


u  =  VQu  —  SQhu  +  c. 


Properties  of  single  layer  potentials  and  double  layer  potentials  give  that  u  is  a  very 
weak  //-solution  of  the  problem  (7.100).  The  space  of  very  weak  //-solutions  of 
the  problem  (7.100)  has  dimension  1  by  Theorem  5.20.8.  Let  c  e  Rl  be  given. 
According  to  Theorem  5.11.5,  there  exists  a  unique  Lp-  solution  u  of  the  problem 
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(7.100)  such  that  u(x )  — >  c  as  \x\  oo.  Remark  that  this  solution  does  not  depend 
on p.  Choose  r  G  (0,  oo)  such  that  3£2  C  5( 0;  r).  Since  Ma(u),Ma(Wu )  G  LP(dQ), 
Lemma  1.28.1  gives  that  u  G  Wl,p(£2  PI  5(0;  2r)).  Since  u(x )  ->  c  as  |jc|  — >  oo, 
Proposition  2.17.3  gives  that  \  Wu(x)\  =  0{\x\l~m)  as  \x\  -»  oo.  So,  w  G  5>1,i?(£2). 
Lemma  5.8.1  gives  that  u  is  a  weak  solution  of  (7.100).  If  p  <  m,  then  u  G  W1,/7(£2) 
if  and  only  if  c  =  0,  i.e.,  if  u  =  0.  (See  Proposition  3.38.5.) 

Let  now  F  =  0,  m  =  2,  p  >  2.  If  u  G  D1,p(£2)  is  a  weak  solution  of  (7.100), 
then  u  is  a  very  weak  solution  of  the  problem  (7.100).  (See  Proposition  7.19.2.)  Fix 
z  G  R2  \  £2.  Since  |  Vw|  G  LP(Q),  there  exist  constants  a  and  b  such  that  u{x)  —  a  — 
Mn  \x— z\  =  0(|v|_1)  as  \x\  —>  oo.  (See  Proposition  2. 17.6.)  Define  p(x)  =  In  \x—z\, 
Vb(x)  =  u(x)  —  bp ,  d>  =  dp/dn  +  hp  on  9fi.  Then  G  D1,i?(^),  because  p  >  2. 
The  function  ^  is  a  very  weak  solution  of  the  problem  (7.99)  with  g  =  — 
Choose  r  G  (0,  oo)  such  that  C  ^(0;r).  Since  G  fklj?(£2  PI  5(0;  2r))  and 
Vb  is  bounded  on  ^  \  5(0;  r),  Theorem  7.11.2  gives  that  Ma(vb)  G  Lp(dQ),  and 
there  exists  a  nontangential  limit  of  Vb  at  almost  all  points  of  3 £2.  So,  Vb  is  a  very 
weak  LP- solution  of  the  problem  (7.99).  According  to  Theorem  5.20.8,  there  exists  a 
unique  very  weak  Lp- solution  of  the  problem  (7.99).  If  V\  is  a  very  weak  LP- solution 
of  the  problem  (7.99)  with  g  =  — d>,  then  Vb  =  bv\.  So,  u  =  b(v\  +  p).  So,  the 
dimension  of  the  space  of  weak  solutions  of  (7.100)  in  Dl  p(£2)  is  at  most  1.  We 
now  show  that  there  exists  a  nontrivial  solution  of  the  problem  (7.100)  in  D1^(^). 
Clearly  p  G  D1,i?(£2)  is  a  weak  solution  of  the  Robin  problem 

3p 

A p  =  0  in  £2 ,  - — f-  hp  =  d>  on  3£2 . 

an 

But  p  =  SQ(I  —  5)r-10  +  5T_10  is  another  weak  solution  of  this  problem. 
According  to  Proposition  3.1.6,  we  have  p(x)  =  0(1)  as  \x\  ->  oo.  Since  p(x)  oo 
as  \x\  —>  oo,  we  infer  that  ^  =  p-pG  Dl,p(Q)  is  a  nontrivial  weak  solution  of  the 
Robin  problem  Ax//  =  0  in  £2,  3 \jr/ 3 n  +  h\j/  =  0  on  3£2. 


7.29  The  Neumann  and  the  Robin  Problem  in  D2  ,p  (ft ) 
on  Exterior  Domains 


In  this  section,  we  study  the  Neumann  problem  and  the  Robin  problem  for  the 
Poisson  equation  in  D2,p(£2),  where  £2  C  Rm  is  an  unbounded  domain  with  compact 
boundary  of  class  C2  and  1  <  p  <  oo.  We  prove  the  existence  of  a  solution  and 
show  that  the  space  of  solutions  for  the  homogeneous  boundary  condition  and  the 
Laplace  equation  has  dimension  m  +  1 . 

Lemma  7.29.1  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary  of 
class  C 2  and  h  G  Cl(d£l),  h  >  0,  l  <  p  <  oo,  gG  Wl~1^p,p(dQ).  If  u  is  a  weak 
solution  in  Dlp(fl)  of  the  Robin  problem  A  u  =  0  in  Q,  du/dn  +  hu  =  g  on  3£2  or 
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if  u  is  an  LP -solution  of  this  problem,  then  u  G  is  a  strong  solution  of  this 

problem. 

Proof  If  u  is  an  LP -solution,  then  u  G  WXlopc(QP)  by  Lemma  1.28.1.  Fix  r  >  0  such 
that3£2  C  5(0;r).Thenw  G  Dlp(Q  H5(0;  r))  by  Theorem  7.26.3  and  Lemma  5.8.1. 
If  u  G  Dlp(f2),  then  u  G  D2p(fl)  by  Proposition  2.17.7.  If  u  is  an  //-solution  of 
the  Robin  problem  in  £2,  then  u(x )  =  0(1)  as  \x\  — >  oo  by  Lemma  1.28.2.  So, 
|V2w(x)|  =  0(\x\~m)  as  \x\  oo  by  Proposition  2.17.3.  Hence,  u  G  D2,p(£2).  So,  u 
is  a  strong  solution  of  the  problem  by  Proposition  7.19.1. 

Theorem  7.29.2  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary  of 
class  C 2  and  h  G  Cl(dQ),  h  >  0,  1  <  p  <  oo.  Then  there  exists  a  strong  solution 
u  G  D2  ,p(Q  )  of  the  Robin  problem  for  the  Poisson  equation 

du 

—  A  u=fin£2,  - — b  hu  =  g  on  3£2 .  (7.101) 

on 

if  and  only  iff  G  LP(Q)  and  g  G  Wl~l^p,p(dQ). 

Proof  If  u  G  D2  p(Q)  is  a  strong  solution  of  the  problem  (7.101),  then /  G  LP(Q) 
and  g  G  Wl~l/p,p(d£2)  by  Theorem  1.24.2  and  Proposition  1.25.2. 

Let  now /  G  LP(Q)  and  g  G  Wl~l^p,p(dQ)  be  given.  Define/  =  0  on  Rm  \  £2. 
According  to  Proposition  7.4.2,  there  exists  v  G  D2,p(Rm )  such  that  —Av  =  f  in  Rm. 
Define 


g  =  g  —  - - hv  on  3£2 . 

on 

Then  g  G  Wl~l/p,p(d£2)  by  Theorem  1.24.5.  We  find  a  strong  solution  w  G  D2p(£2) 
of  the  Robin  problem 


—  Aw  =  0  in  £2 .  — - \- hw  =  g  on  dQ.  (7.102) 

on 

Suppose  first  that  h  =  0.  The  operator  (1/2)  —  K'Q  is  an  isomorphism  on  Z/(3£2) 
by  Theorem  5.11.4.  Define  \[r  =  [(1/2)/  —  K'Q]~lg ,  w  =  SQ\//.  Fix  r  >  0  such  that 
3£2  C  #(0;  r).  Define  co  =  £2  Pi  B( 0;  r),  xj/  =  0  on  3£2.  Then  w  =  G  Wl,p(co) 
is  a  weak  solution  of 

3  w  1 

Aw  =  0  in  &>,  -—  = -\l/ —  K'xls  on  3£2 . 

3  n  2  a>Y 

(See  Proposition  7.24.1.)  Since  if  =  0  on  35(0;  r),  we  see  that  =  g 

on  3£2,  \  f  —  K'^xj/  =  dw/dn  G  Wl~1^p,p(dQ)  on  35(0;  r).  Thus,  w  G  D2'p(oo)  by 
Theorem  7.26.3.  Since  |V2w(x)|  =  0(\x\~m)  by  Proposition  3.1.6,  we  infer  that 
w  G  Dlp(i 2).  So,  w  is  a  strong  solution  of  (7.102)  by  Proposition  7.19.1.  Thus, 
u  =  v  +  w  G  D2,p(i 2)  is  a  strong  solution  of  the  original  problem  (7.101). 
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Let  now  h  ^  0.  According  to  Theorem  7.28.3,  there  exists  a  weak  solution  w  e 
D1,p(£2)  of  the  problem  (7.102).  Lemma  7.29.1  gives  that  w  e  D2,P(Q)  is  a  strong 
solution  of  the  problem  (7.102).  Thus,  u  =  v  +  w  e  D2,P(Q )  is  a  strong  solution  of 
the  original  problem  (7.101). 

Proposition  7.29.3  Let  Q  C  Rm  be  an  unbounded  domain  with  compact  boundary 
of  class  C 2  and  h  e  C1^^),  h  >  0,  1  <  p  <  oo.  Then,  the  space  of  all  solutions 
u  e  D2,p(Q)  of  the  Robin  problem  (7.101)  withf  =  0,  g  =  0  has  dimension  m  +  1. 

Proof  In  the  rest  of  the  proof,  suppose  that  /  =  0,  g  =  0.  If  u  e  D2  p(Q)  is  a 
solution  of  (7.101),  then  3 u/ 3 n  =  —hu  and  Proposition  7.9.2  gives 

w  =  VQu-SQhu  +  P,  (7.103) 


where 


P(x)  =  ao  +  tfqvi  + - b  amxm.  (7.104) 

Suppose  first  that  h  =  0.  If  a  solution  w  e  D2,P(Q)  of  (7.101)  is  given  by  (7.103), 
then  v  =  V^u  is  an  77-solution  of  the  Neumann  problem 

dv  3  P 

Ai;  =  0in^,  —  =  — —  on  3^,  v(x)  ->  0  as  \x\  oo.  (7.105) 

on  on 

(See  Theorems  5.3.5,  5.5.2,  and  7.11.2.)  Let  ao, . . .  ,am  be  given,  and  P  have  a  form 

(7.104) .  Since  P  is  harmonic  in  Rm  \  £2,  Corollary  2.2.3  gives  that 

C  3  P 

I  3 n  d^m_1  =  °* 

According  to  Theorem  5.11.4,  there  exists  a  unique  77-solution  of  the  Neumann 
problem  (7.105).  Lemma  7.29.1  forces  that  v  e  D2p(Q)  is  a  strong  solution  of 

(7.105) .  Hence,  u  =  v  +  P  e  D2  p(Q)  is  a  strong  solution  of  the  original  problem 
(7.101). 

Let  now  h  ^  0  and  m  >  2.  If  a  solution  u  e  D2p(Q)  of  (7.101)  is  given  by 
(7.103),  then  v  =  VQu  —  SQhu  is  an  77-solution  of  the  Robin  problem 

dv  3  P 

Av  =  0  in  Q ,  — — 1 -  hv  =  —— - hP  on  3^ ,  v(x)  0  as  \x\  — >  oo.  (7.106) 

on  on 

(See  Theorems  5.3.5  and  5.5.2;  Propositions  3.1.6,  5.2.3,  and  5.2.8;  and  The¬ 
orems  5.4.7  and  7.11.2.)  Let  ao,...,am  be  given,  and  P  have  a  form  (7.104). 
According  to  Theorem  5.11.5,  there  exists  a  unique  77-  solution  of  the  Robin 
problem  (7.106).  Lemma  7.29.1  forces  that  v  e  D2,P(Q )  is  a  strong  solution  of 

(7.106) .  Hence,  u  =  v  +  P  e  D2,P(Q )  is  a  strong  solution  of  the  original  problem 
(7.101). 
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Suppose  now  h  ^  0  and  m  =  2.  Let  a  solution  u  E  D2,P(Q )  of  (7.101)  be  given 
by  (7.103).  Fix  z  E  R2  \  £2.  According  to  Proposition  2.17.6,  there  exists  a  constant 
a  such  that  a  In  \x  —  z|  —  S^hu(x)  =  0(1)  as  \x\  ->  cx).  Put 

P(x)  =  a\X\  +  •  •  •  +  amxm  —  a  In  \x  —  z|,  (7.107) 

v  =  u  —  P.  Then  v  is  an  Lp -solution  of  the  Robin  problem 

dv  dP 

Ar>=0in£2,  - — \-  hv  =  — - hP  ondQ.  (7.108) 

on  on 

(See  Theorems  5.3.5  and  5.5.2;  Propositions  3.1.6,  5.2.3,  and  5.2.8;  and  Theo¬ 
rems  5.4.7  and  7.11.2.)  Let  a,a\, . . .  ,am  be  given,  and  P  have  a  form  (7.107). 
According  to  Theorem  5.11.5,  there  exists  a  unique  Lp-  solution  of  the  Robin 
problem  (7.108).  Lemma  7.29.1  forces  that  v  E  D2,P(Q)  is  a  strong  solution  of 
(7.108).  Hence,  u  =  v  +  P  e  D2,P(Q)  is  a  strong  solution  of  the  original  problem 
(7.101). 


7.30  The  Neumann  and  the  Robin  Problem  in Dk’p(&) 
for  a  Planar  Domain 

In  this  section,  we  study  the  Neumann  problem  and  the  Robin  problem  for  the 
Poisson  equation  for  a  domain  Q  C  R2  with  compact  boundary  of  class  Ck+ 2 , 
k  E  A.  If  £2  is  bounded,  we  look  for  a  solution  in  Wk+2,P(Q)  and  in  Bp,q(£2), 
where  1  <  p,  q  <  oo  and  2  <  s  <  k  +  2.  If  £2  is  unbounded,  we  look  for  a 
solution  in  Dk+2,p(£2).  We  find  a  necessary  and  sufficient  condition  for  the  existence 
of  a  solution  and  characterize  the  space  of  solutions  for  the  homogeneous  boundary 
condition  and  the  Laplace  equation. 

Theorem  7.30.1  Let  £2  C  R2  be  a  bounded  domain  with  boundary  of  class  Ck+2, 
k  E  No,  1  <  p  <  oo.  Then  there  exists  a  solution  u  E  Wk+2,p(£2)  of  the  Neumann 
problem 


—  A  u  =  f  in  £2 , 


3  u 
3  n 


=  g  on  3£2 


(7.109) 


if  and  only  iff  E  Wk,p(£2),  g  E  Wk+X  ]/p,p(d£2)  and 

J  f  d Hm  +  J  g  dHm-i  =  0. 

n  dQ 


(7.110) 
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This  solution  is  unique  up  to  an  additive  constant.  Ifue  Wk+1,p(£l)  is  a  solution  of 
the  Neumann  problem  (7.109)  such  that 


J  u  d TLm  =  0, 

Q 


(7.111) 


then 


\W\\wk+2’P(Q)  —  C  [ll/ll wk>p(Q)  +  ll^llw*+1-1/^(an)]  (7.112) 

where  a  constant  C  does  not  depend  on  g  andf. 

Proof  Let  u  e  Wk+2,P(Q)  be  a  solution  of  the  problem  (7.109).  Then /  e  Wk,p(Q) 
and  g  e  Wk~x~l~l^p,p(Q)  by  Theorem  1.24.5.  Theorem  7.26.2  gives  (7.110).  Iff  =  0, 
g  =  0,  then  u  is  constant  by  Theorem  7.26.2. 

Let  now  /  and  g  satisfy  (7.110).  We  show  the  existence  of  a  solution.  Suppose 
first  that  the  boundary  3£2  is  connected  and  /  =  0.  Denote  by  r  = 
a  unit  tangential  vector  on  9  £2.  The  tangential  derivative  3/3r  is  a  mapping  from 
Wk+ 2-l/^(3^)  onto 


{<p  €  Wk+2~l/p’p(dQ );  f  <p  dUm-i  =  0}. 

JdQ 

(Compare  Proposition  1.21.11.)  So,  there  exists  h  e  Wk+2~l^p,p(dQ)  such  that 
3 h/ 3r  =f.  According  to  Theorem  7.14.3,  there  exists  a  solution  v  e  Wk+2,P(Q)  of 
the  Dirichlet  problem 


Af  =  0in^,  v  =  h  on  3^2. 

The  function  v  is  an  L^-solution  of  this  problem  by  Theorem  7.11.2.  According 
to  Proposition  5.15.5,  there  exists  cp  e  W1,/7(3^)  such  that  v  =  V^cp.  Denote 
\j/  =  — dcp/dr ,  u  =  SQ\/f.  Since  \fr  e  Lp(dQ ),  there  exist  the  nontangential 
limits  of  u  and  Wu  at  almost  all  point  of  3 £2,  and  Ma(u)  +  Ma(Wu)  e  Lp(d£2). 
(See  Propositions  5.2.2  and  5.2.8  and  Theorem  5.4.7.)  Hence,  u  e  Wlp(^)  by 
Lemma  1.28.1.  Since  3\u  =  32r»  e  Wk+lp(£2),  3 =  —d\v  e  Wk+lp(£2)  by 
Corollary  5.5.3,  we  infer  that  u  e  Wk+2,P(Q).  The  trace  of  3 )u  is  equal  to  the 
nontangential  limit  of  3 )u  by  Theorem  7.11.2.  According  to  Corollary  5.5.3, 

3  u  dv  3  h 
3  n  dr  dr 

Hence,  u  is  a  solution  of  the  Neumann  problem  (7.109). 

Let  now /  and  g  satisfy  (7.110)  and  the  boundary  3 £2  be  connected.  According 
to  Theorem  7.14.3,  there  exists  w  e  Wk+2,p(£l)  such  that  —Aw  =  /  in  Q. 
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Theorem  1.24.5  and  Lemma  1.21.17  give  that  dw/dn  G  Wk+X  1/p,p(dQ).  Since 


C  f  dw 

/  /  d  Tim  +  I  dHm-1  =  0, 

Q  dQ 


we  have 


9ft 


dnm-i 


bi-Hz-* 

n  a^  n  a^ 


We  have  proved  the  existence  of  a  solution  u  G  W^+2,p(£2)  of  the  problem 

a  .  __  dv  3 w  _  _ 

Au  =  0  in  <2 .  —  =  g  —  —  ondS2. 

on  on 

Clearly,  u  =  w  +  v  e  Wk,p(Q)  is  a  weak  solution  of  (7.109). 

Let  now /  and  g  satisfy  (7.110)  and  the  boundary  3 £2  be  disconnected.  According 
to  Theorem  7.26.2,  there  exists  a  solution  u  G  W2,p(fl)  of  the  problem  (7.109). 
We  use  the  induction  argument.  Suppose  that  k  G  N  and  there  exists  a  solution 
u  G  Wk^Up(Q)  of  the  problem  (7.109).  Since  Q  is  compact,  there  exist  open 
sets  U\, . . .  ,Ul  such  that  Q  C  C/i  U  •••  U  C4  and  Qj  =  Uj  Pi  Q  is  a  domain 
with  connected  boundary  of  class  Ck+1.  According  to  Lemma  1.18.1,  there  exist 
<Pj  G  C^°(R2)  such  that  spt (p  C  Uj  and  <p\  +  •••  +  <pL  =  1  on  We  have 
(pjU  G  Wk+lp(Qj),  A (<pju)  =  (pjAu  +  2 Wcpj  •  Vu  +  uAcpj  G  Wk,p(Qj),  d(ucpj)/dn  = 
u(d<p/dri)  +  (p{du/dn )  G  Wk+l~ltp,p  (d£l)  by  Theorem  1.24.5.  We  have  proved  that 
u<pj  G  Wk+2,p(flj).  Therefore,  u<pj  G  WkJr2,p{fl).  Hence,  w  =  +  •••  +  ucpL  G 

W*+2^(ft). 

The  operator 


7: 


w  d^2 


is  a  bounded  linear  operator  from  Wk+2,p(fl)  onto  {[/,  g,  c\  G  W^(^)  x 
w*+i-i/P(3S2)  x  T?1;/^/  d^2  +  /a^g  dUx  =  0}.  Since  it  is  one-to-one,  it  is 
an  isomorphism  by  Theorem  1.6.3. 

Theorem  7.30.2  Let  £2  C  R2  be  a  bounded  domain  with  boundary  of  class  Ck+2, 
k  G  No,  1  <  p  <  oo,  h  G  Ck+l{ 3 £2),  h  >  0,  h  ^  0.  Then  there  exists  a  solution 
u  G  Wk+2,p(fl)  of  the  Robin  problem 


—  A u  =  f  in  £2,  - — f-  hu  =  g  on  3£2 

on 


(7.113) 
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if  and  only  iff  G  Wk,p(Q),  g  G  Wk+X  x/p,p(dQ).  This  solution  is  unique,  and  the 
estimate  (7.112)  holds  with  a  constant  C  that  does  not  depend  on  g  andf. 

Proof  Define  T\u  =  [—Au,du/dn],  T2U  =  [—Au,du/dn  +  hu\.  The  oper¬ 
ator  T\  is  a  Fredholm  operator  with  index  0  from  Wk+2,p(£l)  to  x 

Wk+l~l/P’P(dQ )  by  Theorem  7.30.1.  The  operator  T2  —  T\  is  a  compact  operator 
from  Wk+1’p(£l)  to  Wk'p(Q)  x  WkJrl~l/p'p(d£l)  by  Theorems  1.24.5,  1.23.3,  and 
1.23.14  and  Lemma  1.21.17.  Hence,  T2  is  a  Fredholm  operator  with  index  0  from 
Wk+ 1,p(£l)  to  Wk,p(Q)  x  Wk+l~l/p,p( 9£2)  by  Theorem  1.8.3.  The  operator  T2  is  an 
isomorphism  W2,P(Q)  to  LP(Q)  x  Wx~x^p,p(dQ)  by  Theorem  7.26.5.  Therefore,  T2 
is  an  isomorphism  from  Wk+1,P(Q)  to  Wk,p(Q)  x  Wk~x~x~x^p,p(dQ)  by  Lemma  1.8.4. 

Theorem  7.30.3  Let  £2  C  R2  be  a  bounded  domain  with  boundary  of  class  Ck+1, 
k  e  N,  1  <  p,q  <  00,  2  <  s  <  k  +  2,  he  Ck+X(d£2),  h  >  0,  h  ^  0.  Then 
there  exists  a  solution  u  e  Bp,q(fl)  of  the  Robin  problem  (7.113)  if  and  only  if 
f  e  fl™(£2),  geBl  This  solution  is  unique  and 


IMIs?’^)  -  C  ll/lls^C^)  +  ll£llfl£!1_1//,(an)] 


(7.114) 


where  a  constant  C  does  not  depend  on  g  andf. 

Proof  The  operator  Tu  =  [—A u,  du/dn  +  hu]  is  an  isomorphism  from  Wk+2,P(Q) 
to  Wkj,(Q)  x  Wk+x~x/p( 3S2)  and  from  W2'p(Sl)  to  LP(Q)  x  Wx~x/p(d£l)  by 
Theorem  7.30.2.  Put  6  =  (s  —  27) /k.  Then 

[wl-l'p*(dn),  wk+l-l'p’p(dn)]e,q  =  bp ^_l/p(a) 


by  Theorems  1.23.3  and  1.23.11.  We  have  Wlp(i 2)  =  FP’2(Q)  for  l  e  N0  by 
Theorems  1.23.4,  1.23.5,  and  1.22.1.  Theorem  1.23.16  gives 

[w2’p(tt),  Wk+2’p(Q)]e,q  = 

[L”(Q),  Wk'p{Fl))fjq  =  B'y2(Q). 


The  interpolation  argument  (Proposition  1.10.3)  gives  that  T  is  an  isomorphism  from 
(«)  to  Bpy2(S2)  x  BPs^_l/p(dQ). 

Theorem  7.30.4  Let  £2  C  R2  be  a  bounded  domain  with  boundary  of  class  Ck+2, 
k  G  N,  1  <  p,q  <  oo,  2  <  s  <  k  +  2.  Then,  there  exists  a  solution  u  G  Bp,q(Q)  of 
the  Neumann  problem  (7.109)  if  and  only  iff  G  Bpf2(Q),  g  G  and 

(7.110)  holds.  This  solution  is  unique  up  to  an  additive  constant.  Ifu  G  Bp,q(Q)  is  a 
solution  of  the  Neumann  problem  (7.109)  satisfying  (7.111),  then  (7.114)  holds  with 
a  constant  C  that  does  not  depend  on  g  andf. 


7.30  The  Neumann  and  the  Robin  Problem  in  Dk,p(Q)  for  a  Planar  Domain 
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Proof  The  operator 


T  \  u\-> 


Q 


u  &H2 


is  an  isomorphism  from  Wk+2,p(fl)  to 

{[f,g,c\  €  Wkj’(Q)  X  Wk+l~l,p  {dQ.)  x  Rl;  [  fdH2+  f  gdHi=  0} 

Jn  Jdn 


and  from  W2,P(Q)  to 

{[f,g,c]eLp(Q)xWl~1/p(dQ)xRl;  f  f  dU2  +  f  g  dHi  =  0} 

JQ  JdQ 

by  Theorem  7.30. 1 . 

Put  0  =  (s  —  2 )/k.  Then 

[Wl-llp'p(dO),  Wk+l-llp’pm)]e,q  =  fl™_1/p(£2) 

by  Theorems  1.23.3  and  1.23.11.  We  have  WLp (12 )  =  Fp,2(£2)  for  /  e  No  by 
Theorems  1.23.4,  1.23.5,  and  1.22.1.  Theorem  1.23.16  gives 

[W2'p(Q.),  Wk+2'p{Q.)]e,q  =  Bp’q(Q.), 

[Lp(a),Wkp(a)]e.q  =  B™2(Q). 

The  interpolation  argument  (Propositions  1.10.1  and  1.10.3)  gives  that  T  is  an 
isomorphism  from  Bp'q  (£2)  t  o{[f,g,c\  e  Bpsf2(Q)  x5^?1_1//?(3^)  xRl;  fQf  d^2  + 

fBagm  =  o}. 

Proposition  7.30.5  Let  £2  C  R2  be  an  open  set  with  compact  boundary  of  class 
Ck+2,  keN,  l  <p  <  oo.  Letf  e  Dkp(fl),  g  e  W^-^idQ)  andh  e  Ck+\d£l). 
Suppose  thatf  =  0  outside  of  a  bounded  set.  If  u  e  Dk+l,p(Q)  is  a  solution  of  the 
Robin  problem  (7.113),  then  u  e  Dk+2,P(Q). 

Proof  Suppose  first  that  Q  is  bounded.  Then  u  is  a  solution  of  the  Neumann  problem 
—A u  =  f  in  Q,  du/dn  =  g  —  hu  on  3£2.  Proposition  1.25.2,  Theorem  1.24.5,  and 
Lemma  1.21.17  give  that  g  -  hu  e  Wk+l-l/p^{dQ).  Thus,  u  e  Wk+2'p(£l)  = 
Dk+2’p(£l)  by  Theorem  7.30.1. 

Suppose  now  that  Q  is  unbounded.  Choose  r  >  0  such  that  3  £2  C  #(0;  r)  and 
/  =  0  on  £2  \  B( 0;  r).  Since  | Vk+lu\  e  LP(Q  \  B( 0;  2r)),  Proposition  2.17.7  gives 
that  |  Vk+2u\  G  Lp(£2  \  B( 0;  2r)).  Define  h  =  0  and  g  =  du/dn  on  35(0;  2 r).  Then 
—A u  =  f  in  ^  PI  5(0;  2 r),  du/dn  +  hu  =  g  on  d[£2  PI  5(0;  2r)].  We  have  proved  that 
u  e  Dk+2’P(Q  H  5(0;  2r)).  Hence,  u  e  Dk+2'P(Q). 
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Theorem  7.30.6  Let  £2  C  R2  be  an  unbounded  domain  with  compact  boundary  of 
class  Ck+1,  k  e  No ,  h  e  Ck+l(d£l),  h  >  0  and  1  <  p  <  oo.  Then  there  exists 
a  strong  solution  u  e  Dk+2,P(Q)  of  the  Robin  problem  (7.113)  if  and  only  iff  e 
Dk,p(Q)  and  g  e  Wk+x~x^p,p (3£2).  Iff  =  0,  g  =  0,  /7z£/i  f/ie  s/race  0/0//  strong 
solutions  u  e  Dk+2,p(fT)  of  the  Robin  problem  (7.113)  has  the  dimension  equal  to 
dim[tf  (R2)  H  Pk-\-\fR  ) ],  where  H(R  )  is  the  space  of  all  harmonic  function  in  R 
and  Pk+\(R2)  is  the  space  of  all  polynomials  of  degree  at  most  k  +  1. 

Proof  For  k  =  0,  see  Theorem  7.29.2  and  Proposition  7.29.3.  In  the  rest  of  the 
proof,  we  suppose  that  k  e  N. 

If  u  e  Dk+2,p(fl)  is  a  solution  of  the  Robin  problem  (7.113),  then /  e  Dkp(fl) 
and  g  e  Wk+1~1/pp(dQ)  by  Theorem  1.24.5. 

Let  now  /  e  Dkp(Q)  and  g  e  Wk+l~x/p’p( 3S2)  be  given.  According  to 
Theorem  7.15.3,  there  exists  v  e  Dk+2,P(Q)  such  that  —Av  =  f  in  £2.  Define 
g  =  g  —  dv/dn  —  hv  on  Then,  g  e  Wk+1~1^p,p(dQ)  by  Theorem  1.24.5 
and  Lemma  1.21.17.  According  to  Theorem  7.29.2,  there  exists  a  strong  solution 
w  e  D2,p(Q)  of  the  problem 


—Aw  =  0  in  Q ,  — - b  hw  =  g  on  . 

on 

By  virtue  of  Proposition  7.30.5  and  induction  argument,  we  deduce  that  w  e 
Dk+2’P(Q)'  Thus,  u  =  v  +  w  e  Dk+1,p(£l)  is  a  strong  solution  of  the  original 
problem  (7.113). 

Let  now /  =  0,  g  =  0.  If  u  e  Dk+2,p(fl)  is  a  strong  solution  of  the  Robin  problem 

(7.1 13) ,  then  du/dn  =  —hu  and  Proposition  7.9.2  give 

u  =  VQ  -  SQhu  +  P, 

where  P  e  Pk+X(R2).  Denote  X  =  {Q  e  Pk+  X(R2);  Q( 0)  =  0,  VQ( 0)  =  0}.  There 
exist  Q\  e  P\ (R2)  and  Q2  e  X  such  that  P  =  Q\  +  Q2.  Put  v  =  —  SQhu  +  Q\. 

Since  u,  v  e  H(Q),  we  infer  that  Q2  =  u  —  v  e  H(Q).  Moreover,  v  =  u  —  Q2  e 
Dk+2,P(Q)  is  a  strong  solution  of  the  problem 

dv  902 

Au=0inft,  —  +hv  =  — ^  -  hQ2  on  8Q.  (7.115) 

on  on 

Let  now  Q2  £  X  Pi  H(£2)  be  given.  According  to  Theorem  7.29.2,  there  exists 
a  solution  v  e  D2,P(Q)  of  the  problem  (7.115).  Proposition  7.30.5  gives  that 
v  e  Dk+2’P(Q).  So,  u  =  v  +  Q2  £  Dk+2,p(fT)  is  a  strong  solution  of  the  problem 

(7. 113) .  By  virtue  of  Proposition  7.29.3,  we  deduce  that  the  space  of  strong  solutions 
of  (7.113)  in  Dk+2,P(Q)  has  dimension  equal  to  m  +  1  +  dim(X  D  H(£2))  = 
dim(Pk+l(R2)  D 
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7.31  Oblique  Derivative  Problem  in  W1,2(S2) 

Let  Q  C  Rm  be  a  domain  with  compact  Lipschitz  boundary.  Let  A  =  (« a y)  be  a 
matrix  function  of  the  type  m  x  m.  Let  dy  e  Cl(Rm)  be  functions  with  compact 
support  such  that  aji  =  —dy.  Define  the  tangential  vector  function 

r  =  A(x )nQ 


and  put 


0  =  nQ(x)  +  t(x). 

We  shall  study  the  following  oblique  derivative  problem 


j  m 

A u  =  in  Q,  0  •  S/u  H —  nj(didy)u  +  hu  =  F|3£2  on  3£2  (7.116) 


O-i 


in  W1,2(£2).  We  find  a  necessary  and  sufficient  condition  for  the  existence  of  a 
solution  and  discuss  the  uniqueness. 

To  define  a  weak  solution  of  the  problem,  suppose  first  that  u ,  dy  e  C2(Rm).  If 
(p  e  C^°(Rm),  then  we  get  by  the  Gauss-Green  formula 

/C  i  du  m  1  ' 

<p(-Au)  dUm  +  /  <p  \  —  +  ^  nAaifiiu  +  -w3 iay\  +  hu 

n  L  {  U  ^=1  J 

f  m  1 

—  /  *  V u  +  [ciijdj(pdiU  +  <2ij(pdidjU  +  (djdy)(pdiU  +  ~(p(didy)djU 

Q  *'*/= 1 

1  1  f 

~u(di&ij)dj(p  +  —(pu3jd }  dl~im  +  I  cphu 


Since  we  have 

'y^j(djdjaij)u(p  =  0,  ciijcpdidjU  =  0. 

ij 
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Thus, 


/  m '  1 

{ W(p  •  Wu  +  [ctijdjCpdiU  +  ( djdij)(pdiU  —  -(p(dj<2ij)diU 

Q  ^'=1 

~ u(3jaif) }  d Ifm  H-  j*  cphu  dPCm — \. 

dQ 

This  motivates  our  definition  of  the  weak  solution  of  the  problem  (7.1 16). 

Let  F  G  [IT1,2  (£2)]'.  We  say  that  u  G  IT1,2  (£2)  is  a  weak  solution  of  the  oblique 
derivative  problem  (7.116)  if 

(u,<p)AM=  {F,<p)  V<pewl’2(£2), 


where 


r  m  l 

(u,  (p)A,h  :=  /  {V^  •  Vw  +  y ^[ajjdjcpdjU  +  -(dja^cpdiU 

q  (l=l 

~  (3 jaif)u3  i(p\  |  d FLm  J*  (phu  Whim — l* 

Lemma  7.31.1  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  h  G 
L°°(9£2).  Let  A  =  (aif)  be  a  matrix  function  of  the  type  m  x  m.  Suppose  that  aij  G 
Cl(Rm )  are  functions  with  compact  support  such  that  aji  =  —a^.  Let  F  G  [IT1,2  (£2)]' 
and  u  G  IT1,2  (£2)  be  a  solution  of  the  oblique  derivative  problem  (7.116).  If<p£ 
C^°(£2),  then 


(F,  (p)  =  (u,  (p)A,h  =  J  Vm  •  V<p  dFLm-  (7.117) 

n 

Therefore,  —A  u  =  F  in  Q  in  the  sense  of  distributions. 

Proof  Suppose  first  that  u  G  C^°(7?m),  atj  G  C2(Rm).  By  the  same  reasoning  as  in 
the  beginning  of  this  section,  we  obtain 

{F,  (p)  =  (u,(p)A,h  =  -  J  (pAudFLm- 

n 


According  to  Theorem  3.19.3,  we  have 


(F,  cp)  =  (u,  (p)A,h  = 


f 


Wu  •  Wcp  dPLm. 
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Let  now  u  e  W1,2(Q),  atj  G  C2(Rm).  According  to  Proposition  1.25.2  and 
Lemma  1.21.3,  there  exists  a  sequence  Uk  G  C™(Rm)  such  that  Uk  ->  u  in  IT1,2  (£2). 
Thus, 


(«,  <P)A,h 


lim  (uk,  <p)am  = 

k—^oo 


lim  f 

£—►00  J 


Vuk  ■  dUm 


/ 


Va  •  Vcp  dFLm. 


Let  now  u  G  W1,2(£2),  fly  G  Cl(Rm).  Choose  a  nonnegative  function  0  e  C°°(Rm ) 
supported  in  5(0;  1)  such  that 


/  f(x)  dUmix)  =  1. 

Rm 


For  6  >  0,  put  0^(v)  =  <p(x/e)/em,  a\-  =  Ay  *  0€.  Then  a!  G  C^°(Rm)  and  a|  — >►  fly- 
in  C1,0(£2).  (See  Sect.  1.15.)  Denote  by  A6  the  matrix  (a|).  Then, 


(m,  <^)a,/z  =  lim(w, 


/ 


Va  •  Vcp  &Hm. 


Since  (7.117)  holds  for  all  cp  G  C£°(Rm),  Theorem  3.19.3  gives  that  —A u  =  F  in 
Q  in  the  sense  of  distributions. 

Lemma  7.31.2  Let  Q  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  h  e 
L°°(3£2).  Let  A  =  ( a if)  a  matrix  function  of  the  type  m  x  m.  Suppose  that  ay  G 
C!(5m)  are  functions  with  compact  support  such  that  ap  =  —ay.  If  u  G  IT1,2  (£2), 
then 

(u,u)Ath  =  J \Vu\2dHm  +  J  h\u\2  d'Hm~\ .  (7.118) 

n  dQ 

Proof  Since  aji  =  —fly,  we  have 

m 

Yj  aydiudjU  =  0. 
ij=  1 

This  gives  (7.118). 

Theorem  7.31.3  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  h  G 

L°°(3£2),  h  >  0,  fdQh  &Hm-\  >  0.  A  =  (fly)  /?£  a  matrix  function  of  the 
type  m  x  m.  Suppose  that  fly  G  C 1  (5m)  are  functions  with  compact  support  such 
that  aji  =  —ay.  Define  the  tangential  vector  function  r(x)  =  A(x)nQ(x),  and  put 
0  =  nQ  +  r.  IfF  G  [W1’2^)]',  then  there  exists  a  unique  solution  u  G  W1,2(£2)  of 
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the  oblique  derivative  problem  (7.116).  Moreover, 


l|K||*i.2(n)  <Cimi[*i.2W  (7.119) 


with  a  constant  C  that  does  not  depend  on  F. 
Proof  If  we  W1,2(£2),  then 


( u,u)A,h  =  J  | Vm|2  dKm  +  J  h\u\2  dl-Lm-i 

Q  dQ 

by  Lemma  7.31.2.  According  to  Corollary  7.21.4,  we  have  that  (  ,  )a,h  is  an  inner 
product  on  W1’2  (£2),  and  the  corresponding  norm  ||  || A,h  is  equivalent  to  the  original 
norm.  Let  now  F  e  [IT1,2  (£2)]'.  According  to  the  Riesz  representation  theorem 
(Theorem  1.9.10),  there  exists  a  unique  u  e  W1’2  (£2)  such  that 

(u,v)AM  =  {F,v)  Wv  e  Wu(f2). 


Moreover, 


MWh  —  II  ^11  [W1’2(^)]/‘ 

Theorem  7.31.4  Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary,  h  = 
0.  Let  A  =  (, Ay )  be  a  matrix  function  of  the  type  mxm.  Suppose  that  ay  e  C1  (Rm)  are 
functions  with  compact  support  such  that  aji  —  —aij.  Define  the  tangential  vector 
function  r(x)  =  A(x)nn(x)  and  put  0  =  nQ  +  r.  Fix  F  e  [1L1,2(^)]/. 

•  If  £2  is  unbounded  and  m  >  2,  then  there  exists  a  unique  solution  u  e  1L1,2(^) 
of  the  oblique  derivative  problem  (7.116).  Moreover,  the  estimate  (7.119)  holds 
with  a  constant  C  that  does  not  depend  on  F. 

•  V 


/  |  nMij\2  dHm-i  >  0,  (7.120) 

9Q  'V=i 

then  there  exists  a  unique  solution  u  e  IT1,2  (£2)  of  the  oblique  derivative  problem 
(7.116).  Moreover,  the  estimate  (7.119)  holds  with  a  constant  C  that  does  not 
depend  on  F. 

•  Let 


njdiaifi2  d H 


m—  1 


=  0. 


(7.121) 
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Suppose  that  £2  is  hounded  or  m  =  2.  Then  there  exists  a  solution  u  e  Wl,2(Q)  of 
the  oblique  derivative  problem  (7.116)  if  and  only  if  {F,  1)  =  0.  If  u  e  Wl,2(Q) 
is  a  solution  of  the  oblique  derivative  problem  (7.116),  then  a  general  form  of  a 
solution  of  the  problem  (7.116)  in  W1,2(£2)  is  v  =  u  +  c,  where  c  is  an  arbitrary 
constant.  If  u  e  W1,2(£2)  is  a  solution  of  the  oblique  derivative  problem  (7.116), 
then 

\\^u\\ l2(8Q)  —  C\\F\\ 

if  moreover 

I  udnm-i  =0  (7.122) 

then 


WUWwl’2(Q)  —  ^11 


Here  a  constant  C  does  not  depend  on  F. 

Proof  For  u  e  W1,2(Q),  define  the  distributions  T$u  and  T\u  by 

(Tqu,  (p)  =  (u,cp)A, o,  ( Tiu,cp )  =  (u,<p)A>  1. 

Then  To  and  T\  are  bounded  linear  operators  from  Wl,2(Q)  to  [Wl,2(Q)]'  (compare 
Theorem  1.24.1).  Since  the  trace  y q  is  a  compact  linear  operator  from  Wl,2(Q)  to 
L2(dQ)  (see  Theorem  1.24.1  and  Proposition  1.25.2),  T\  —  To  is  a  compact  linear 
operator  from  Wl  2(Q)  to  [W1,2(£2)]'  (see  Theorem  1.7.4).  The  operator  T\  is  an 
isomorphism  by  Theorem  7.31.3.  So,  To  is  a  Fredholm  operator  with  index  0  by 
Theorem  1.8.3. 

Let  uo  e  Ker  To.  Lemma  7.31.2  gives  that 

0=  {T0u0,u0)  =  J \Vu0\2d'Hm. 
n 

Since  V^o  =  0  and  Q  is  connected,  there  exists  a  constant  c  such  that  uo  =  c  (see 
Lemma  1.20.1). 

Suppose  first  that  Q  is  unbounded  and  m  >  2.  The  zero  is  the  only  constant 
function  in  IT1’2 (£2)  by  Lemma  3.38.11.  Hence,  the  kernel  Ker  To  is  trivial.  Since 
T0  is  a  Fredholm  operator  with  index  0,  7o(W1,2(£2))  =  [Wl,2(Q)]'.  Thus,  To  is  an 
isomorphism  by  Theorem  1.6.3. 

Suppose  now  that  (7.120)  holds.  We  can  choose  \fk  G  such  that  ^ 

converge  to  YlTj=  i  nj^iaij  in  T2( 9£2)  (see  Proposition  1.14.6  and  Lemma  1.16.4). 
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Since 


&ij  dTLm—  1 

9ft  iJ=l  3ft  Uj=l 


p  m 

I  I  njdiaij 


/in 

”=1 

we  can  choose  \j/  e  C^°  (Rm)  such  that 

/m 

^  nfiiaij 
9ft  *V=1 

According  to  Lemma  5.23.8  and  the  fact  that  uq  =  c , 


|2dHm-i  >0, 


dTLm-\  >  0. 


(7.123) 


0  =  (TqUq 


1  m  c  r  m 

,\[/)  —  —  /  ^  ' {djCLjj)cdj \[/  dTLm  —  2  1^  ^  dl~Lm—\. 

ft  'j=l  9ft  iJ=1 


The  relation  (7.123)  forces  that  c  =  0.  Since  To  is  a  Fredholm  operator  with  index 
0  and  trivial  kernel,  7o(tT1,2(£2))  =  [W1,2^)]'.  Thus,  To  is  an  isomorphism  by 
Theorem  1.6.3. 

Let  (7.121)  hold.  Suppose  that  £2  is  bounded  or  m  =  2.  Then  the  constant 
functions  are  from  W1,2^)  by  Lemma  3.38.1 1.  If  u  =  c  and  cp  e  W1,2(£2),  then 


( u . 


c  r  m  c  f  m 

*P)A,h  —  2  /  ^  ^ {djCiij)di(p  dTLm  —  “  I  (p  y  '  /ty(9^y)  dTLm—\  = 

ft  ^'=1  aft  *J=1 


by  Lemma  5.23.8  and  (7.121).  Thus,  w  is  a  solution  of  the  problem  (7.116)  with 
F  =  0  if  and  only  if  w  is  constant. 

Let  now  u  e  W1,2(£2)  be  a  solution  of  the  problem  (7.116).  By  virtue  of 
Lemma  5.23.8  and  (7.121), 


(*U> 


r  i  m 

/A 

ft  y=1 


(djdij)diU  d Tin 


1  f  m 

—  2  /  ^  ^  '  njididij)  dTLm—\  —  0. 

aft  ^'=1 


Since  To  is  a  Fredholm  operator  with  one-dimensional  kernel,  we  deduce  that 
FoOT1’2^))  =X  :={F  e  [Wia(Q)Y\  (F,  1)  =  1}. 

Define 
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Then  T  is  a  bounded  linear  operator  from  W1,2(£2)  to  X  x  Rl  by  Theorem  1.24.1. 
Since  T  is  one-to-one  and  onto,  there  exists  a  constant  C  such  that 

\\u\\ —  C[\\Tou\\[wh2(Q-)y  +  I  /  udHm-i\\. 

dQ 

(see  Theorem  1.6.3).  Let  now  v  G  Wl,2(Q)  be  a  solution  of  the  problem  (7.116). 
Then  there  exists  a  solution  u  G  IT1,2  (£2)  of  the  problem  (7.116)  satisfying  (7.122). 
Since  u  —  v  is  constant,  we  have 

IIV^IIl2(^)  <  \\u\\wl’2(Q)  —  ^11  ^11  [w1-2^)]'- 


7.32  Transmission  Problem  in  D 1,p 


In  this  section,  we  study  the  transmission  problem  for  the  Laplace  equation  in 
D^(£2±).  We  find  a  necessary  and  sufficient  condition  for  the  existence  of  a 
solution  and  discuss  the  uniqueness. 

Let  £2  =  £2+  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary.  (We  do 
not  suppose  that  £2+  is  connected.)  Set  £2_  =  Rm  \  £2+.  Denote  by  n  the  exterior 
unit  normal  of  £2+.  Let  a±,  b±  be  positive  constants,  h  G  L°°(3£2+),  1  <  p  <  oo, 
g  G  Wl~l/p,p(dQ+),  f  e  W~1/p,p(d£2+).  We  say  that  u±  e  Dl,p(Q±)  is  a  weak 
solution  of  the  transmission  problem 

Au±  =  0  in£2±,  (7.124) 


3m_i_  du- 

a+u+—a-U-=g,  b+— - b-— - \- hu+ =  f  on  3£2+  (7.125) 

on  on 


if  u±  G  H(i 2±),  the  condition  a+u+  —  a-U-  =  g  is  fulfilled  in  the  sense  of  traces 
and 


b+  J  Vw+  •  Wcp  dHm  +  b-  J  Wu-  •  Wcp  dl~Lm  +  J  hu+(p  dHm-\  =  (/,  cp) 

n+  a- 


for  all  <p  G  C^°(Rm)  (or  equivalently  for  all  cp  G  Wx,p'  (Rm)  with  p'  =  p/(p  —  1)). 

If  u±  =  a±u ,  b±  =  b±/a± ,  h  =  h/a+,  then  u±  is  a  weak  solution  of  the 
transmission  problem  (7.124),  (7.125)  if  and  only  if  u±  is  a  weak  solution  of  the 
transmission  problem 


A u±  =  0  in  £2±, 


~  du+  ~  3 u- 

b+  — - b-— - b  hu+  —f  on  3£2+. 

on  on 


(7.126) 


u+  —  U-  =  g, 


(7.127) 


594 


7  Solutions  in  Sobolev  and  Besov  Spaces 


Lemma  7.32.1  Let  Q  =  £2+  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary. 
Set  Q-  =  Rm  \  £2+.  Let  1  <  p  <  oo.  If  p  ^  2,  suppose  that  3£2  is  of  class  Cl,a 
with  0  <  a  <  1.  Letb±  be  positive  constants ,  h  e  L°°(3£2+),  g  e  Wl~l/p,p(d£2+), 
f  e  W~lIp-p(dQ+).  Then  Vag  e  Dl’p(tt±), 

[3 TPg/dna]±  =  Hag  e  W~1/p’p( 3£2). 


If 


M±  =  V±  +  T>ng 

then  u±  is  a  weak  solution  of  the  transmission  problem  (7.126),  (7.127)  in  Dip(Q±) 
if  and  only  ifv±  is  a  weak  solution  of  the  transmission  problem 

Av±  =  0  in  Q±,  (7.128) 

~  3r>+  ~  dv- 

v+-V-=0,  b-\-—~—  —  b~— - b  hv-\.  =  F  ond£l  +  .  (7.129) 

on  on 

in  Dl,p(Q±),  where 

F  =  f  +  (b~  —  b+)H°g  -  h(g/2  +  Kng )  e  r'/"( dQ). 

Proof  VQg  e  Dl,p(Q+)  by  Proposition  7.7.2.  Define  g  =  0  on  Rm  \  3£2.  Fix  r  >  0 
such  that  3£2  C  B( 0;  r).  For  co(r)  =  £2-  Pi  B( 0;  r),  we  have  VQg  =  —V^g  e 
Dl,p(co(r ))  by  Proposition  7.7.2.  Since  \WQg(x)\  =  0(|v|_m)  as  \x\  —>  oo,  we 
deduce  that  VQg  e  Dlp(Q-). 

Proposition  7.7.3  gives  that  [3£>ng/3w]+  =  Hng  e  W_1/^(3£2)  and  //^  is  a 
bounded  linear  operator  on  W~  Fp-P(f)Q).  If  g  e  W^CSn),  then  [dV^g/dn]-  = 
Hng  by  Theorem  5.5.2.  Let  now  g  e  W'-'i’’-p(dQ.).  Choose  gk  e  Wl’p(9Q)  such 
that  gk  ->  g  in  Define  g*  =  0  in  5m  \  3S2.  Let  cp  e  Cc°°(5m).  Choose 

r  >  0  such  that  3£2  U  spt  q>  c  5(0;  r).  By  virtue  of  Proposition  7.7.3, 

([3DV3»]-^>=  J  V <p  ■  VV^r) g  dHm  =  j  S7cp  ■  VV^gk  dHm 

co{r)  o)(r ) 

=  lim  [  V<p-VVngkdHm  =  lim  (ffV?)  =  (ff0*,?). 

k^oo  J  oo 

Hence,  [3D^g/3n]_  = 

If  =  v±  +  then  S±  is  a  weak  solution  of  the  transmission  problem 

(7.126),  (7.127)  in  D1,;?(£2±)  if  and  only  if  v±  is  a  weak  solution  of  the  transmission 
problem  (7.128),  (7.129)  in  D^(fi±).  (See  Theorems  5.3.5  and  7.11.2.) 
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Lemma  7.32.2  Let  £2  =  £2+  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary. 
Set  £2_  =  Rm  \  £2+.  Suppose  that  1  <  p  <  oo.  If  p  ^  2,  suppose  moreover  that  9  £2 
is  of  class  Cl,a  with  0  <  a  <  1.  Let  a±,  b±  be  positive  constants,  h  G  L°°(9£2+), 
g  G  Wl~l/p,p(dQ+),  f  e  W~l/p,p  (9£2+),  u±  G  D1,p(£2±)  be  a  weak  solution  of  the 
transmission  problem  (7.124),  (7.125). 

•  If  u-(x)  =  0(1)  as  \x\  ->  oo,  then  u±  is  a  very  weak  LP -solution  of  the 
transmission  problem  (7.124),  (7.125). 

•  Ifm  >  2,  then  there  exists  Uqq  g  Rl  such  that  u-(x)  ->  Uqq  as  \x\  —>  oo. 

•  If  p  <  m/(m  —  1),  then  there  exists  Uqq  g  Rl  such  that  u-(x )  — >  Uqq  and 
|Vw_(x)|  =  0(\x\~m)  as  \x\  oo. 

Proof  Choose  r  >  0  such  that  9  £2  C  5(0;  r).  Denote  co  =  £2_  PI  5(0;  r).  According 
to  Theorem  7.11.2,  we  have  (u+) , (u-)  G  Lp(di 2),  and  there  exist  the 
nontangential  limits  of  u±  at  almost  all  points  of  9  £2.  Moreover,  the  nontangential 
limit  of  u±  is  equal  to  the  trace  of  u±.  If  u-(x)  =  0(1)  as  \x\  ->  oo,  then 
M^~(u-)  e  Lp(di 2).  Proposition  7.19.2  forces  that  u±  is  a  very  weak  //-solution 
of  (7. 124),  (7.125). 

Let  now  m  >  2.  Since  |Vm_|  g  Z/(£2_),  Proposition  2. 17.5  gives  that  there  exists 
Uoq  g  51  such  that  u-(x)  — >  Uqq  as  \x\  oo. 

Let  now  p  <  m/(m  —  1).  We  can  suppose  that  0  $  £2_.  Since  |  Vm_|  g  LP(i 2_), 
Propositions  2.17.5  and  2.17.6  give  that  there  exist  constants  c  and  Uqo  such  that 
for  v  =  u-  —  Uqq  —  chm ,  we  have  v(x)  =  0(\x\l~m)  as  \x\  —>  oo.  According 
to  Proposition  2.12.1,  we  have  |Vu(x)|  =  0(\x\~m)  as  \x\  ->  oo.  Thus,  |Vu|  G 
Lp(i 2_).  Since  there  exists  a  positive  constant  c\  such  that  \  Vhm(x)\  =  c\  \x\{~m,  we 
infer  |V/zm|  ^Z/(£2_).  But  |cVu|  =  |Vw  —  Wv\  G  Z/(£2_).  This  forces  c  =  0. 

Lemma  7.32.3  Let  £2  =  £2  +  c  Rm  be  a  bounded  open  set  with  Lipschitz  boundary. 
Set  £2_  =  Rm  \  £2+.  Suppose  that  1  <  p  <  oo.  Let  b±  be  positive  constants,  h  G 
L°°(9£2+).  Let  ifr  G  W~l^p,p(di 2).  Ifp  <  m/(m  —  1),  suppose  moreover  (i/s,  1)  =  0. 
Then,  v±  =  SQ  i/s  is  a  weak  solution  of  the  transmission  problem  (7.128),  (7.129) 
in  Wl'p(Q±)  C  Dlp(i 2±)  with  F  =  (b+  +  b-)f/  2  -  (b+  -  b-)K'Qf  + 

Proof  Lemma  is  a  consequence  of  Lemma  7.27.1  and  Propositions  7.24.1  and  7.6.2. 

Lemma  7.32.4  Let  £2  =  £2  +  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary. 
Set  £2_  =  Rm  \  £2+.  Suppose  that  1  <  p  <  oo.  If  p  ^  2,  suppose  moreover  that  9  £2 
is  of  class  C1,a  with  0  <  a  <  1.  Let  b±  be  positive  constants,  h  G  L°°(9£2+),  h  >  0. 
Forf  e  W~l'P’P(3Q),  define Pf  =  (/,  l)/H„-i(dQ).  T  =  [{b+  +  b-)/2]I-(b+  - 
b-)K'n  +  hSa,  T  =  T(I  —  P)  +  hP. 

•  T  and  T  are  Fredholm  operators  with  index  0  on 

•  Ifm  >  2,  then  the  operator  T  is  an  isomorphism  on  W~l^p,p{dFl). 

•  If  m  =  2  and  f!lQ  h  dPLm~  \  >  0,  then  the  operator  T  is  an  isomorphism  on 
W~lIP’P(dQ.). 

•  V  f  m  h  dFLm- 1  =  0,  then  the  operator  T  is  an  isomorphism  on  W~i,p'p('()Q)  and 
onX o  =  {/  €  W~xIP'P(dQ.)\  (/,!)  =  0}. 
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Proof  According  to  Lemma  5.21.1,  the  operators  T  and  T  are  Fredholm  with 
index  0  in  fF_1,i?(3£2).  The  operators  T  and  T  are  Fredholm  operators  with  index 
0  in  Lp(d£2)  by  Propositions  5.9.9,  5.11.1,  and  5.2.2  and  Theorem  1.8.3.  By 
the  interpolation,  we  obtain  that  T  and  T  are  Fredholm  operators  with  index  0 
on  W~l/p,p(dQ).  (See  Propositions  1.10.4  and  1.23.12  and  Theorems  1.23.3  and 
1.22.1.) 

If  m  >  2,  then  T  is  an  isomorphism  on  LP(d£t)  by  Propositions  5.12.2  and  5.12.4. 
Lemma  1.8.4  gives  that  T  is  an  isomorphism  on  W~l^p,p(dQ). 

Let  now  m  =  2,  h  dHm-\  >  0.  Then  T  is  an  isomorphism  on  Lp(dQ)  by 
Proposition  5.12.5.  Lemma  1.8.4  forces  that  T  is  an  isomorphism  on  W~^p,p(dQ). 

Let  now  fdQh  dHm-\  =  0.  Proposition  7.22.3  gives  that  T(X0)  C  X0.  If 
m  >  2,  then  T  is  an  isomorphism  on  W~l^p,p(dQ),  and  thus  it  is  an  isomorphism 
on  Xo  by  Lemma  1.8.8.  Let  now  m  =  2.  Lemma  1.8.8  forces  that  T  is  a 
Fredholm  operator  with  index  0  on  Xo.  Since  T  is  an  isomorphism  on  T0  =  {/  e 
Lp{d£l)\  fdQf  dHm-i  =  0}  by  Proposition  5.12.3,  Lemma  1.8.4  gives  that  T  is 
an  isomorphism  on  Xo.  Iff  =  1  on  3£2,  then  Tf  $  Xo  by  Lemma  5.9.6.  Hence, 
KerT  =  {0}  and  T(W~l^p(dQ))  =  W~l/pp(d£l).  So,  T  is  an  isomorphism  on 
by  Theorem  1.6.3. 

Theorem  7.32.5  Let  £2  =  £2+  C  Rm  be  a  bounded  open  set  with  Lipschitz 
boundary,  m  >  2.  Set  =  Rm\  Suppose  that  ml (m  —  1)  <  p  <  oo.  Ifp  ^  2, 
suppose  moreover  that  3  £2  is  of  class  Cl,a  with  0  <  a  <  1.  Let  a±,  b±  be  positive 
constants,  h  e  L°°( 3fi+),  h>0,ge  Wl~l/p'p(dQ+),f  e  tT“1/^(3^+). 

•  If  u±  e  D1,p(£2±)  is  a  weak  solution  of  the  transmission  problem  (7.124), 
(7.125),  then  there  exists  Uqq  e  Rl  such  that  u-(x)  ->  Uoo  as  \x\  oo. 

•  If  Uoq  G  Rl  is  given,  then  there  exists  a  unique  weak  solution  u±  G 

of  the  transmission  problem  (7.124),  (7.125)  with  u-(x)  —>  Uoo  as  \x\  ->  oo. 
Moreover, 


\W+\\ Dl’P(Q+)  +  ^  C\\\g\\wl-l/P’P(dQ ) 

+  11/11  +  l^ool], 

where  a  constant  C  does  not  depend  onf,  g,  and  Uoq. 

•  Ifh  =  0  and  v±  e  Dl,p(Q )  is  a  particular  weak  solution  of  the  transmission 
problem  (7.124),  (7.125),  then  the  general  form  of  a  weak  solution  of  the 
transmission  problem  (7.124),  (7.125)  in  Dl,p(£2±)  is  u±  =  v±  +  c/a±,  where 
c  is  a  constant. 

•  If  p  <  m,  then  there  exists  a  unique  weak  solution  u±  G  Wl,p(£2±)  of  the 
transmission  problem  (7.124),  (7.125).  Moreover, 

IIm+IId1^(^+)  +  II^-IId1^-)  -  C[\\g\\wl-l/P’P(dQ )  +  ll/llw-1/^(a^)]» 

where  a  constant  C  does  not  depend  onf  and  g. 
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Proof  If  u±  G  Dl  p(£2±)  is  a  weak  solution  of  the  transmission  problem  (7.124), 
(7. 125),  then  u±  is  a  very  weak  77-solution  of  the  problem,  and  there  exists  Uqq  g  Rl 
such  that  u-(x )  ->  Uqq  as  \x\  ->  oo.  (See  Lemma  7.32.2.)  If  Uqq  =  0,  g  =  0,/  =  0, 
then  u±  =  0  by  Theorem  5.21.2. 

We  now  show  the  existence  of  a  solution.  Suppose  first  that  a±  =  1,  g  =  0. 
The  operator  T  =  [(Z?+  +  b-)/2]I  —  (Z?+  —  b-)K'Q  +  hSQ  is  an  isomorphism  on 
W~x/p'p(d£i)  by  Lemma  7.32.4.  Define  u±  =  SQT~lf.  Then  u±  G  Dlp(Q±)  is 
a  weak  solution  of  the  transmission  problem  (7.124),  (7.125)  by  Lemma  7.32.3. 
Moreover,  u-(x)  ->  0  as  \x\  —>  oo  by  Proposition  3.1.6.  Let  now  Uoq  g  Rl  be  given. 
We  have  proved  that  there  exists  a  weak  solution  v±  g  D1,p(Q± )  of  the  problem 

Au±  —  0  in  £2±, 
dv+  dv~ 

v+ —  v- =  0,  b+— - £>_  — - 1-  =f  —  Uooh  on  9£2, 

on  on 

v-(x )  — >  0  as  |x|  -»  oo. 

Clearly,  m±  =  u±+Moo  g  Dl,p(Q±)  is  a  weak  solution  of  the  transmission  problem 
(7.124),  (7.125)  such  that  u-(x )  ->  as  \x\  ->  oo. 

Let  now  and  g  be  general.  Reasoning  at  the  beginning  of  this  section  and 
Lemma  7.32.1  give  that  there  exists  a  weak  solution  of  the  transmission  problem 
(7.124),  (7.125)  in  Dl,p(£2±). 

Denote  by  if±,u°°  a  weak  solution  of  the  problem  (7.124),  (7.125)  in  D1/?(£2±) 
such  that  u-(x )  — >  Uoo  as  \x\  ->  oo.  Then  [/,  g,  u0 G]  i->  [if_f,u°° ,  z/7,Mo°  ]  is  a  linear 
mapping  from  x  W1_1^(9^)  x  R1  to  D^(ft+)  x  that  is 

closed  by  Theorem  5.21.2.  Closed-graph  theorem  (Theorem  1.4.15)  gives  that  this 
mapping  is  bounded. 

Let  now  p  <  m.  Let  u±  be  a  weak  solution  of  the  problem  (7.124),  (7.125) 
in  Dlp(Q±)  such  that  u-(x )  0  as  \x\  ->  oo.  Then  u±  G  W1,/?(£2±)  by 

Propositions  3.38.5  and  1.25.2. 

Let  h  =  0  and  v±  G  D1,/;(£2)  be  a  particular  weak  solution  of  the  transmission 
problem  (7.124),  (7.125).  If  c  is  a  constant,  then  u±  =  v±  +  c/a±  is  a  weak 
solution  of  the  transmission  problem  (7.124),  (7.125)  in  Dl  p(Q±),  too.  Let  now 
w±  G  D1,i?(£2±)  be  a  weak  solution  of  the  transmission  problem  (7.124),  (7.125). 
Then  there  exist  constants  wQ c,  u<x>  such  that  w~(x )  — >  Woo,  u-(x)  -»  Uqo  as 
|v|  oo.  Put  c  =  a-iyvoo  —  r>oo)-Then  u±  =  v±  +  c/<z±  is  a  weak  solution 
of  the  transmission  problem  (7.124),  (7.125)  in  Dl  p(Q±)  such  that  u~(x )  —>  Woo  as 
\x\  oo.  Hence,  w±  =  m±. 

Theorem  7.32.6  £2  =  £2  +  C  Rm  be  a  bounded  open  set  with  Lipschitz 

boundary.  Set  £2_  =  Rm  \  £2+.  Let  1  <  p  <  m/ (m  —  1).  If  p  2,  suppose 
that  9  £2  is  of  class  C 1,01  with  0  <  a  <  1.  Let  a±,  b±  be  positive  constants ,  h  =  0, 
g  G  Wl~l/p'p(dQ+),f  G  W~l/p,p(dQ+). 
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•  If  u±  G  Dl,p(£2±)  is  a  weak  solution  of  the  transmission  problem  (7.124), 
(7.125),  then  (/,  1)  =  0,  and  there  exists  Uqq  g  Rl  such  that  u-(x)  -*  Uqq 
as  \x\  oo. 

•  If  (/,  1)  =  0  and  Uoq  g  Rl  is  given,  then  there  exists  a  unique  weak  solution 
u±  G  D1,i?(£2±)  of  the  transmission  problem  (7.124),  (7.125)  with  u-(x)  —>  u0 0 
as  \x\  oo.  Moreover, 

\\u+\\ Dl’P(Q+)  +  \\u-\\d1’P(Q-)  —  C[\\g\\wl-l/P’P(dQ) 

+  11/11  W“VP>P(dto)  +  lMcx>|]> 

where  a  constant  C  does  not  depend  onf,  g,  and  u0 0. 

•  If  v±  G  Dl,p(Q)  is  a  particular  weak  solution  of  the  transmission  problem 
(7.124),  (7.125),  then  the  general  form  of  a  weak  solution  of  the  transmission 
problem  (7.124),  (7.125)  in  D1,/7(£2±)  is  u±  =  v±  +c/a±,  where  c  is  a  constant. 

•  If  (f,  1)  =  0  and p  <  m  (i.e.,  ifp  2),  then  there  exists  a  unique  weak  solution 
u±  g  W1,/7(£2±)  of  the  transmission  problem  (7.124),  (7.125).  Moreover, 

\\u+\\ Dl’P(n+)  +  llw— IId1’^-)  —  ^,[ll^lltv1-1/^(a^)  +  ll/llw^1/^(an)]» 

where  a  constant  C  does  not  depend  onf  and  g. 

Proof  Let  u±  G  be  a  weak  solution  of  the  transmission  problem  (7.124), 

(7.125).  Since  (du±/dn,  1)  =  1  by  Theorem  1 .21  A,  Proposition  7.20.1,  and 
Theorem  7.24.7,  we  infer  that  (/,  1)  =  0.  Lemma  7.32.2  gives  that  u-(x)  ->  Uqq  as 
\x\  —>  oo  for  some  Uqq  g  Rl,  and  u±  is  a  weak  L^-solution  of  the  transmission 
problem  (7.124),  (7.125).  If  Uqq  =  0,  /  =  0,  and  g  =  0,  then  u±  =  0  by 
Theorems  5.21.2  and  5.21.4. 

Let  now/,  g ,  and  Uqq  be  given,  (/,  1)  =  0.  We  show  the  existence  of  a  solution. 
Suppose  first  that  a±  =  1  ,g  =  0.  The  operator  T  =  [(b+-\-b-)/2]I—  (Z?+— b-)K'Q  is 
an  isomorphism  onXo  =  {(p  e  W~l^p,p(d^l)\  (<p,  1)  =  0}  by  Lemma  7.32.4.  Define 
u±  =  SQT~lf  +  Uqq.  Then  u±  G  D1/7(^±)  is  a  weak  solution  of  the  transmission 
problem  (7.124),  (7.125)  by  Lemma  7.32.3.  Moreover,  u-(x)  —>  Uqq  as  \x\  —>  oo 
by  Proposition  3.1.6. 

Let  now  a±  and  g  be  general.  Reasoning  at  the  beginning  of  this  section  and 
Lemma  7.32.1  give  that  there  exists  a  weak  solution  of  the  transmission  problem 
(7.124),  (7.125)  in  Dl,p(Q±). 

Denote  by  a  weak  solution  of  the  problem  (7.124),  (7.125)  in  Dl  p(^±) 

such  that  u-(x )  ->  Uqq  as  \x\  oo.  Then  [/,  g,  Uqq]  [i/_f,Uoo,i/f’Uo°]  is  a  linear 
mapping  from  X0  x  Wl~l^p,p(dQ)  x  Rl  to  Dl  p(Q+)  x  D1/?(^_)  that  is  closed  by 
Theorems  5.21.2  and  5.21 .4.  Closed-graph  theorem  (Theorem  1 .4. 15)  gives  that  this 
mapping  is  bounded. 
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Let  v±  G  Dl,p(Q)  be  a  particular  weak  solution  of  the  transmission  problem 

(7.124),  (7.125).  If  c  is  a  constant,  then  u±  =  v±  +  c/a±  is  a  weak  solution  of  the 
transmission  problem  (7.124),  (7.125)  in  D1,P(Q±),  too.  Let  now  w±  G  Dlp(Q±) 
be  a  weak  solution  of  the  transmission  problem  (7.124),  (7.125).  Then  there  exist 
constants  Wqq,  r>oo  such  that  w-(x)  Woo,  v~(x)  — >  Vqq  as  \x\  — >  oo.  Put  c  = 
a-  (wqo  —  Vqo)  .Then  u±  =  v±  +c/a±  is  a  weak  solution  of  the  transmission  problem 

(7.124),  (7.125)  in  Dl,p(Q±)  such  that  u- (x)  ->  Wqq  as  \x\  oo.  Hence,  w±  =  u±. 

Let  now  p  <  m.  Let  u±  be  a  weak  solution  of  the  problem  (7.124),  (7.125) 
in  Dlp(Q±)  such  that  u-{x)  0  as  \x\  ->  oo.  Then  u±  G  iT1,/?(£2±)  by 

Propositions  3.38.5  and  1.25.2. 

Theorem  7.32.7  Let  £2  =  £2+  C  Rm  be  a  bounded  open  set  with  Lipschitz 
boundary.  Set  £2_  =  Rm  \  £2+.  Let  1  <  p  <  m/ (m  —  1).  Ifp  ^  2,  suppose  that  3£2  is 
of  class  C1,a  with  0  <  a  <  1.  Let  a±,  b±  be  positive  constants,  h  G  L°°(  3£2),  h  >  0, 
jdQh  &Hm-i  >  0,  g  e  Wl~l/p'p(dQ+),  f  G  W^p(3£2+).  the  following 
assertions  hold: 

•  TTzere  exists  a  unique  weak  solution  u±  G  D1,p(£2±)  6>/7/z£  transmission  problem 

(7.124),  (7.125).  Moreover, 

\\u+  llz>1«p(n+)  +  II^-IId1’^-)  <  C’[ll^llw1-1/^(a^)  +  ll/ll w_1/^(a^)]’ 

where  a  constant  C  does  not  depend  onf,  g,  and  Uoq. 

•  Forfe  W-^P'PidQ),  define  Pf  =  {f,  l)/Hw-i(3£2), 

f  =  [(*+  +  b-)/2](I  -P)-  (b+  -  b-)K'n(I  -P)  +  h[SQ(I  -P)+  P]. 

Then  T  is  an  isomorphism  on  W~l^p,p(dQ). 

•  Ifa±  =  l,  then 


u±  =  VQg  +  SQT~lF 


where 


F=f+(b+-  b-)Hng  -  h(gf  2  +  Kag). 

Proof  By  virtue  of  reasoning  at  the  beginning  of  this  section,  we  can  suppose  that 
a±  =  1. 

Let  u±  G  Dl,p(Q± )  be  a  weak  solution  of  the  transmission  problem  (7.124), 
(7.125)  with  g  =  0,/  =  0.  Lemma  7.32.2  gives  that  u±  is  a  weak  //-solution  of  the 
transmission  problem  (7.124),  (7.125).  Theorems  5.21.2,  5.21.3,  and  5.12.7  force 
that  u±  is  an  L2-solution  of  the  transmission  problem  (7.124),  (7.125).  Define  u  = 
u±  on  £2±.  Since  =  u-  on  3 £2,  we  can  define  u  on  3 £2  as  the  nontangential  limit 
of  u±.  According  to  Lemma  7.32.2,  we  have  u-(x )  =  0(1),  \57u-(x)\  =  0(|v|_m) 
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as  \x\  ->  oo.  By  virtue  of  Lemma  5.8.1, 


°=y 

r  9w+  du- 

u\hu  A-  b+  — - b-—- 

L  on  on 

1  dHm-i  = 

j  hu 2  dUm-\ 

da 

+„+/ 

\Vu\2dHm  +  b-  lim  / 

r^oo  J 

u-(nQ 

-  •  Vw_)  dHm-l 

d[B(0’r)nQ-] 

-f 

hu2&1-Lm-i+b+  J  |Vw|2  dl-Lm  +  b-  j 

f  |Vw  2  dHm. 

dQ. 

Q- 

Since  h  >  0,  we  deduce  that  Vu  =  0  on  £2±  and  hu  =  0  on  9£2.  Since  Vu  =  0 
on  Rm  \  dQ,  the  function  u  is  constant  on  each  component  of  Rm  \  dQ.  Since  the 
nontangential  limit  of  u  with  respect  to  £2+  is  equal  to  the  nontangential  limit  of 
u  with  respect  to  Q+,  the  function  u  is  constant  on  Rm.  Since  hu  =  0  on  3  £2  and 
h  ^  0,  we  infer  that  u  =  0. 

Now  we  show  that  T  is  an  isomorphism  on  W~l^p,p(dQ).  Let  now  g  =  0  and  ifr  e 
W~l/p,p(d£2).Thenu±  =  SQ{I—P)^rA-P^  in  Q±  is  a  weak  solution  of  the  problem 

(7.124) ,  (7.125)  in  L>^(£2±)  with  a±  =  1,  g  =  0  if  and  only  if  Tf  =  f.  (See 
Lemma  7.32.3.)  Suppose  that  Tx/r  =  0.  Then  u±  is  a  solution  of  the  problem  (7. 124), 

(7.125)  with /  =  0.  We  have  proved  that  u±  =  0.  According  to  Proposition  7.24.1 
and  Lemma  1 .21  A, 


9w+  du- 
dn  dn 


21  Kq 


(/  -P)1r  + 


2I  +  K* 


( I-P)ir  =  (I-P)ir. 


Hence,  0  =  u±  =  P\/f,  and  i/r  =  (/  —  P)x/r  +  Pxjs  =  0.  The  operator  T  is  Fredholm 
with  index  0  on  W~^p,p(dQ)  by  Lemma  1  A2A.  Therefore,  f{W~l^p,p(d^l))  = 
W~l/p,p(dQ).  So,  T  is  an  isomorphism  by  Theorem  1.6.3. 

Let  now  a±  =  1  and /  and  g  be  given.  Put 

Ff,g  =f+(b+-  b-)Hng  -  h(g/2  +  Kag ) 

Then,  u±  =  Vng  +  SQ  T~ 1  Fj  s  is  a  weak  solution  of  the  transmission  problem 
(7.124),  (7.125)  in  by  Lemma  7.32.1.  The  mapping 

Q  ■  [g,f]  Vag  +  SQf-'Ff,g 

is  a  linear  operator  from  w1_1^-p(9£2)  x  w1_1/^(9S2)  to  D^(f2+)  x  £>^(f2_). 
Since  :  VT1_1^pp(9f2)  — ►  W~x^p,p{d^i)  is  a  bounded  linear  operator  by 
Proposition  7.7.3,  the  mapping  Q  is  closed.  Closed-graph  theorem  (Theorem  1.4.15) 
gives  that  the  mapping  Q  is  bounded. 
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Theorem  7.32.8  Let  £2  =  £2+  C  R2  be  a  bounded  open  set  with  boundary  of  class 
Cl,a  with  0  <  a  <  1.  Let  £2-  =  R2  \  £2.  Let  a±,  b±  be  positive  constants,  h  =  0, 
2<p  <oo.  Let ge  Wl~l/p’p(d£2),f  e 

•  Then  there  exists  a  weak  solution  u±  G  Dl,p(£2)  of  the  transmission  problem 

(7.124),  (7.125).  The  general  form  of  a  weak  solution  of  the  transmission  problem 

(7.124),  (7.125)  in  Dl,p(£2±)  is  u±  +  c/a±,  where  c  is  a  constant. 

•  Let  (/,  1)  =  0.  Ifu±  is  a  weak  solution  in  Dlp(£2)  of  the  transmission  problem 

(7.124),  (7.125),  then 


U±  G  n  Dhq(n±)  (7.130) 

1  <q<P 


and  there  exists  a  constant  u0 0  such  that  u-(x)  ->  Uqq  as  \x\  oo.  On  the  other 
hand,  if  u is  given,  then  there  exists  a  unique  weak  solution  u±  G  Dl  p(£2±)  of 
the  transmission  problem  (7.124),  (7.125)  such  that  u-(x)  ->  Uoq  as  \x\  — >  oo. 
Moreover, 


\\u+\\d1’P(Q+)  +  \\u-\\d1’P(Q-)  <  C 


11*11  Wl~l/P’P(dQ) 


+  \\f\\w~l/P’P(dn)  +  l^oo  I 


where  a  constant  C  does  not  depend  onf,  g,  and  u^. 

Proof  Define  b±  =  b±/a± ,  T  =  [(^+  +  £_)/2]7  —  (^+  —  b-)K'Q.  Then  T  is  an 
isomorphism  on  VP-1//p,i?(3£2)  by  Lemma  7.32.4.  Define 


F=f+(b--b+)Hag. 

u±  =  a±l[Dng  +  SnT~lF], 

Then  u±  is  a  weak  solution  of  the  transmission  problem  (7.124),  (7.125)  in 
D1/7(^2±)  by  Lemmas  7.32.1  and  7.32.3.  If  c  is  a  constant,  then  u±  +  c/a±  is  a 
weak  solution  of  the  transmission  problem  (7.124),  (7.125)  in  Dl,p(£2±),  too. 

Suppose  that  (/,  1)  =  0.  Since  HQg  is  the  normal  derivative  of  VQg  by 
Proposition  7.7.3,  Theorem  7.24.7  forces  {HQg,  1)  =0.  Hence,  (F,  1)  =  0. 
So,  (T~lF,  1)  =  0  by  Lemma  7.32.4.  According  to  Proposition  3.1.6,  one  has 
u-(x)  —>  0,  \Vu-(x)  =  0(|v|-2)|  as  \x\  —>  oo.  This  and  Holder’s  inequality 
(Proposition  1.14.1)  give  that  u±  G  Dl  q(Q±)  for  all  q  G  (1  ,p).  If  u^  g  Rl  is 
given,  then  v±  =  u±  +  uOQa-/a±  is  a  weak  solution  of  the  transmission  problem 

(7.124),  (7.125)  such  that  V-(x )  as  \x\  oo. 

Let  now  v±  be  a  weak  solution  of  the  transmission  problem  (7.124),  (7.125) 
in  D1;?(^±)  with  g  =  0,  /  =  0.  One  has  (9u+/3n,  1)  =  0  by  Theorem  7 .24.7 . 
So,  (dv-/dn,  1)  =  (fe+/fe_)(3u+/an,  1)  =  0.  Fix  z  e  fi  +  .  Since  |Vu_|  G 
there  exist  constants  c\  and  c 2  such  that  for  w(v)  =  v-(x)  —  c\  \n(x— z)  —  C2,  we  have 
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w(x)  =  0(|x|_1)  as  \x\  ->  cx).  (See  Proposition  2.17.6.)  Thus,  |Vw(*)|  =  0( \x\~2) 
as  |*|  — >  cx)  by  Proposition  2.12.1.  This  and  Holder’s  inequality  (Proposition  1.14.1) 
give  that  w  G  Dl  2  {£!-).  Theorem  1 .21 A  yields  ( dw/dn ,  1)  =  0.  So, 

-  ln(’  ~  —  <Mm-i  =  (dv-/dn,  1)  -  (dw/dn,  1}  =  0.  (7.131) 

on 
dQ 

Fix  r  G  (0,  oo)  such  that  3£2  C  B(z;  r).  Then 

/  81n(9~z)  dHm-1  =  /  r_1  dUm-1  =  2jtr  *  °- 

dB(z;r)  dB(z;r ) 

Since 

f  31n(-  —  z)  Ani  _A 
I  d  n  d  i  —  0 

a(^nfi(z;r)) 

by  Corollary  2.2.3,  we  infer  that 

f  3  ln(-  —z)  Ant 
I  ^  dHm- 1  0. 

a^ 

This  and  the  equality  (7.131)  force  that  c\  =  0.  Thus,  v±  G  £>1,2(£2±).  According 
to  Theorem  7.32.6,  there  exists  a  constant  c  such  that  v±  =  c/a±. 

For  /  e  X0  =  {x/r  G  W~l/p,p(dQ);  (if/,  1)  =  0},  denote  by  if±,u°°  a  weak  solution 
of  the  problem  (7.124),  (7.125)  in  Dlp(Q±)  such  that  u-{x )  ->  Uoq  as  |*|  ->  oo. 
Then  [/,  g,  u0 0]  i->  [i/_f,u°°  ,uf_ is  a  linear  mapping  from  X0xWl~l^pp  (9  £2)  xRl 
to  Dl,p(Q+)  x  D1/?(£2_)  that  is  closed  by  Theorem  5.21.4.  Closed-graph  theorem 
(Theorem  1.4.15)  gives  that  this  mapping  is  bounded. 

Theorem  7.32.9  Let  £2  =  £2+  C  R2  be  a  bounded  open  set  with  boundary  of 
class  C1,a  with  0  <  a  <  1.  Let  £2-  =  R2  \i 2.  Let  a±,  b±  be  positive  constants , 
h  g  L°°( 9£2),  h  >  0,  fdQh  dHm-i  >  0  Let  2  <  p  <  oo,  g  e  Wl~l/p’p(d£2), 
fe  W~l/pp(dQ).  Fixze  £2+. 

•  If  u±  G  £>1,p(£2±)  A  (2  weak  solution  of  the  transmission  problem  (7.124), 
(7.125),  then  there  exists  a  constant  c  such  that 

u-(x)  —  c  •  In  |*  —  z\  =  0(1)  as  \x\  ->  oo.  (7.132) 

•  If  c  e  Rl  is  given,  then  there  exists  a  unique  weak  solution  u±  G  Dl,p(i 2)  of  the 
transmission  problem  (7.124),  (7.125)  with  (7.132). 
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Proof  Let  u±  e  Dl,p(Q±)  be  a  weak  solution  of  the  transmission  problem  (7.124), 
(7.125).  According  to  Proposition  2.17.6,  there  exists  a  constant  c  such  that  (7.132) 
holds.  Let  now  c  =  0,  g  =  0,  and/  =  0.  Proposition  2.17.3  gives  that  |  Vm_(jc)|  = 
0( \x\~2)  as  \x\  ->  oo.  This  and  Holder’s  inequality  (Proposition  1.14.1)  give  that 
u±  e  D12(£2±).  Theorem  7.32.7  forces  that  u±  =  0. 

We  now  show  that  there  exists  a  weak  solution  u±  e  Dl,p(Q)  of  the  transmission 
problem  (7.124),  (7.125)  such  that  u-(x )  =  0(1)  as  |jc|  ->  oo.  According  to 
Lemma  7.32.1  and  reasoning  at  the  beginning  of  this  section,  we  can  suppose  that 
a±  =  1  and  g  =  0.  For  cp  e  W~l^p,p(dQ),  define  Pep  =  (ep,  l) /PLm-i(dQ), 

T<p  =  h+  +  h~  (/  -  P)<p  -  (b+  -  b-)K'a(I  -  P)<p  +  h[SQ  (I  -  P)(p  +  Pep]. 

The  operator  T  is  an  isomorphism  in  W~l^p,p(dQ)  by  Lemma  7.32.4.  The  function 


u±  =  SQ(I-  P)T~lf  +  PT~lf 


is  a  weak  solution  of  the  transmission  problem  (7.124),  (7.125)  in  D1,p(£2±)  by 
Lemma  7.32.3.  Moreover,  u-(x )  =  0(1)  as  \x\  oo  by  Proposition  3.1.6. 

Let  now  c  e  Rl  be  given.  Put 


g(x)  =  g(x)  +a-  -  In  \x-z\, 
n(x )  -(x  —  z) 


f(x)  =f(x)  +  b- 


\x-z\ 


We  have  shown  that  there  exists  a  weak  solution  v±  e  Dl  ,p(Q±)  of  the  transmission 
problem 


Av±  =  0 


in  Q±, 
dv- 


a+v+  —  ci-V-  =  g, 


,  dv+ 

b+  dn  b~  dn 


+  hv+  =/  ondQ 


such  that  v-(x )  =  0(1)  as  \x\  oo.  Define  u-(x)  =  u_(x)  +  c  •  ln(x  —  z), 
u+  =  u+.  Clearly,  u±  e  Dl  p(Q±)  is  a  weak  solution  of  the  transmission  problem 
(7.124),  (7.125),  (7.132). 


7.33  Successive  Approximation  for  the  Transmission 
Problem 

Theorem  7.33.1  Let  £2  =  £2+  C  Rm  be  a  bounded  open  set  with  Lipschitz 
boundary,  Q-  =  Rm  \Q.  Let  b+,  b-  be  positive  constants,  g  e  Hl^2(dQ). 
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•  Ifm  >  2,  then  there  exists  a  solution  u±  G  Wl,2(Q±)  of  the  transmission  problem 


du+  9 U- 

A u±  =  0  in  £1±,  u+-u-  =  g,  b+  -  b--^  =  f  on  dQ 


(7.133) 


if  and  only  iff  G  £2  (3^2)  =  H  1//2(3£2).  This  solution  is  unique  and 


u-(x )  — >  0  as  \x\  00. 


(7.134) 


•  If  m  =  2,  then  there  is  a  solution  u±  G  IT1,2(£2±)  of  the  transmission  problem 

(7.133)  if  and  only  iff  G  £2  (9  £2)  =  £  H~l^2(dQ);  {if,!}  =  0}.  Moreover, 

there  exists  a  unique  solution  u±  G  Wl'2(£l±)  of  (7.133),  (7.134). 

•  Letf  G  £2(9^)  and  u±  G  IT1,2(£2±)  be  a  solution  of  the  transmission  problem 

(7.133) ,  (7.134).  Then 


u±  =  VQg  +  SQ<S> 


where 


0  =  [3ii+/3/in]+-[3ii_/9nn]_. 


Denote 


F=f-{b+-b-)HQg 


where  Hng  =  dV^g/drf1.  For  a  fixed  <l>o  £  EiidQ),  define 


=  $*-i  - 


b+  +b- 


®k- 1  + 


b+  +  b- 


F,  keN. 


Then  <$>  in  ^(9^)  (and  therefore  in  H  1/2 (HQ))  and 


\\®-®k\\£  < 


1 

min(Z>+,  b _) 


-\b+-b-nk 

_b+  +b-  _ 


[||^  +  ll®o||d- 


Proof  If  m  =  2,  then  there  exists  a  solution  u±  G  iT1,2(£2±)  of  the  transmission 
problem  (7.133)  if  and  only  iff  e  £2 (9 £2).  Moreover,  there  exists  a  unique  solution 
u±  e  Wh2(Q±)  of  (7.133),  (7.134).  (See  Theorem  7.32.6.) 

Let  m  >  2.  Then  Wh2(Q+)  =  Dl2(Q+),  Wl  2(Q-)  C  D12(Q+)  by  Propo¬ 
sition  1.25.2.  Let  now  u-  e  D1,2(£2_),  A u-  =  0.  Since  |Vm_|  g  L2(£2_),  there 
exists  a  constant  Uoq  such  that  u-(x)  — >  Wqo  as  |jc|  ->  00.  (See  Proposition  2.17.5.) 
According  to  Proposition  3.38.5,  we  have  u-  G  W1  2(£2_)  if  and  only  if  Mqo  =  0. 
According  to  Theorem  7.32.5,  there  exists  a  solution  u±  e  BA,2(£2±)  of  the 
transmission  problem  (7.133)  if  and  only  iff  e  H~l^2(d£l)  and  this  solution  is 
unique. 


7.33  Successive  Approximation  for  the  Transmission  Problem 
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Let /  e  £2(8^)  and  u±  e  W1,2(£2±)  be  a  solution  of  the  transmission  problem 
(7.133),  (7.134).  Then  u±  is  a  very  weak  L2-solution  of  the  transmission  problem 
(7.133),  (7.134)  by  Theorem  7.11.2  and  Proposition  7.19.2.  Corollary  5.6.7  gives 
the  representation  u±  =  VQg  +  5^0.  We  use  this  representation  for  the  calculation 
of  the  normal  derivative  of  u±.  According  to  Lemma  7.32.1  and  Proposition  7.22.5, 

du+  du- 

+  dnQ  3 nQ 

=  (b+  -  b-)Hng  +  b+  Q/  -  K)  <J>  -  b-  X-l  -  K'^j  <J>. 

Denoting 

we  obtain 

m  =  F.  (7.135) 

T  is  a  bounded  linear  operator  on  £2(8^)  by  Proposition  7.22.5.  We  now  show 

||/  -  [2/(b+  +  b-)]T\\e  <  <  1.  (7.136) 

b+  +  b  1 


Denote 


B  =  {cp  e  £2(3£2);  IHI^  <  1}. 

Fix  \/f  e  B.  Using  Theorem  1.9.10,  Lemma  3.40.1,  and  Propositions  3.40.3,  7.22.4, 
7.22.5,  and  1.14.1, 


\\[I  -  [2/(b+  +  b-)]T]i/\\e  =  sup([/  -  [2/{b+  +  b-)]T]f,  <p)£ 

<p£B 

—  sup  [  ■  vsn(p  d nm  -  -  l  ■  WS°<pd%, 

W€ b  \  J  b+  +  b-  J 


2b- 


b++b. 


:/ 


-snV(pdnn 


<  sup 


/ 


£2_|_ 
\b+~b-\ 


ipeB  J  b+  +  b- 

Rm 


VSQ^\-\VSncp\dHn 


\b+-b-\ 


—  slip 

( osb  b+  +  b— 


\\wsQnmR^\\ysQcp\\L2(Rm 


< 


\b+-b-\ 
b+  +  b-  ' 


606 


7  Solutions  in  Sobolev  and  Besov  Spaces 


So,  (7.136)  holds  true.  According  to  (7.135),  we  have 


2  2 


0  =  0- 


F. 


(7.137) 


Define 


Since  HQg  =  [dVQg/dn]+,  Proposition  7.7.3  and  Theorem  7.20.2  give  that  F  e 
£2(d£2).  Thus,  T  is  an  operator  on  £2(9£2).  If  ty,(p  G  £2(9£2),  then  (7.136)  yields 
that 


1  >  q  ■=  >  Hf^)  -  t{f) ||f. 

+  fe- 


Theorem  1.4.18  and  (7.137)  give  that  O  is  a  unique  solution  of  cp  =  f{cp)  in  £2(dQ). 
Moreover,  if  O0  G  £2(dQ)  and  O^  =  f(0^_i)  for  k  e  A,  then 


1  -q 


[||^ll£  +  l|4>olk] 


1  -\b+-b-\X 


[||^ll£  +  l|4>o||d. 


min (b+,b-) 


Remark  that  ||  \\g  and  ||  ||#-i/2(a^)  are  equivalent  norms  on  £2(d£2)  by  Proposi¬ 
tion  7.22.5. 


7.34  Obstacle  Problem 

In  this  section,  we  prove  that  there  exists  a  unique  solution  of  the  obstacle  problem 
in  W1,2(£2),  where  £2  is  a  bounded  domain.  We  show  that  this  solution  is  a 
superharmonic  function.  We  also  discuss  the  relation  between  the  obstacle  problem 
and  the  Dirichlet  problem. 

Let  £2  C  Rm  be  a  bounded  open  set,  g,f  e  W1,2(£2),  g  >/.  Denote 


ICgj-  =  {ve  wl’2(i 2);  v-ge  W1-2^),  v  -f  >  0}. 


We  say  that  u  is  a  solution  of  the  obstacle  problem  if 
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Theorem  7.34.1  Let  £2  C  Rm  be  a  bounded  open  set,  g,f  G  W1,2(£2),  g  >f.  Then 
there  exists  a  unique  solution  u  of  the  obstacle  problem  (7.138). 

Proof  Denote 


a=  inf  || Vu||t2(n). 

v€lCa 

Choose  a  sequence  un  G  JCgf  such  that  \\Vun\\L2^  ->  a  as  n  — >  oo.  We  can  suppose 
that  ||Vnn||L2(n)  <0+1.  Denote  vn  =  un  —  g.  Then  vn  G  W1,2(£2)  and 

l|V«„Hi,(0)  =  ||Vm„|||2(£2)  +  ||V*|&(n)  -2  J  Vun  •  Vgd?fm 

<  (a  +  l)2  +  ||V*|&(0)  +  2(a  +  1)|| Vg||L2(fi) 

by  Holder’s  inequality  (Proposition  1.14.1).  Lemma  1.21.10  gives  that  ||  Vw||L2(^) 

is  an  equivalent  norm  on  W1,2(£2).  Since  vn  is  a  bounded  sequence  in  the  reflexive 
space  Wl,2(Q),  there  exists  v  G  W1,2(£2)  such  that  vn  converges  weakly  to  v  (see 
Theorem  1.5.9).  Since  vn  G  Wl,2(Q),  Proposition  1.5.14  gives  that  v  G  W1,2(£2). 
Put  u  =  g  +  v.  If  <p  G  C™(£2),  (p  >  0,  then 

f  (u  -f)<p  d Um  =  lim  f  (un  -f)cp  dHm  >  0. 

J  n-^oo  J 

£2  O 


Thus,  u  >  /.  Hence,  w  G  ICgxf.  Since  vn  converges  weakly  to  v  in  W1,2(£2), 
Lemma  1.5.8  gives 


l|Vu||L2(n)  <  liminf  ||Vi;n||L2W. 

v  ’  n-^oo  v  ’ 


Since  vn  converges  weakly  to  v  in  W1,2(£2),  we  have 

|  Vm|2  dHm  =  J  |Vg|2  dHm  +  J \Vv\2dHm  +  2j  VvVg  d Hm 

<  /  I  Vg|2  dHm  +  liminf  /  |Vn„|2  d Hm  +  2  lim  f  Vvn  ■  Vg  d Hm 
J  n^oo  J  n^o o  J 

O  O  £2 


O 


Thus,  u  is  a  solution  of  the  obstacle  problem  (7.138). 
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Let  now  u  and  v  be  two  solutions  of  the  obstacle  problem.  Then  there  exists 
t  e  Rl  and  w  G  L2(£2,Rm)  such  that  w  is  orthogonal  to  Vw  in  L2(£2,Rm)  and 
Vu  =  tVu  +  w.  Since 

a2  =  ||V<(n)  =  ||Vw||^(n)  =  t2\\Vu\\2Llm  +  HI  2l2(q)  =  fa2  +  ||w||^(n), 

we  have  \t\  <  1.  Clearly,  (u  +  v)/2  G  JCgy.  So, 

=  7lv"ll«o)  +  jllv»li>m 

L2(Q)  *  * 

If  91  +t 

+  -  /  V  u  •  (tV  U  +  w)  dUm  =  a  — - — . 

This  forces  that  £  =  1 .  Since 

&  =  II vu||L2(j2)  =  IIVwIIl2W  +  IIwIIl2(^)  —  ^  +  IIwIIl2(^)’ 

we  infer  that  w  =  0.  Thus,  Vm  —  V v  =0  and  w  —  i;  is  constant  on  each  component 

° 

of  £2.  Since  u  —  v  G  VP1,2  (£2),  we  deduce  that  u  —  v  =  0. 

Proposition  7.34.2  Let  £2  C  Rm  be  a  bounded  open  set,  g,f  G  VP1,2  (£2),  g  >f.  If 
u  G  VP1,2  (£2)  is  a  solution  of  the  obstacle  problem  (7.138),  then  u  is  superharmonic 
in  £2. 

Proof  Let cp  G  C^(^2),(p  >  0.1f£  >  0,thenw+^  G  JCgy.  Since  || V(w+^)||L2^)  > 
I|Vm||L2(£2),  we  have 


«2< 


V(w  +  v) 


0  <  lim 

40 


l|V(H  +  ^)lll2(a) 

t 


llv«ll^) 


Vu  •  Vcp  dl~im. 


Theorem  3.19.4  gives  that  u  is  superharmonic. 

Proposition  7.34.3  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary, 
g,f  G  Wl,2(£2),  g  >  f,  and  u  G  fP1,2(£2)  be  a  solution  of  the  obstacle  problem 
(7.138).  If  v  G  fP1,2(£2)  is  superharmonic  in  £2,  v  >  /  in  £2,  v  >  g  on  d£2,  then 
v  >  u.  If  g  =f,  then  u  is  the  least  superharmonic  majorant  off. 

Proof  Denote  w  =  min (u,v).  Then  w  G  fP1,2(£2)  by  Theorem  1.21.5.  Clearly, 
w  >  fin  Q.  Since  w  =  g  on  3  £2,  we  have  w— g  G  IT1,2  (£2).  (See  Proposition  1.24.3.) 
Thus,  w  G  ICgf. 

The  function  u  is  superharmonic  by  Proposition  7.34.2.  So,  w  is  superharmonic 
by  Lemma  3.3.3.  Theorem  3.19.4  gives  that 

J  Vw  •  Wcp  d Pim  >  0 

a 
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for  all  <p  G  C^°(^)  with  cp  >  0.  We  have  u  —  w  e  W1,2(£2),  u  —  w  >  0.  According 
to  Lemma  1.25.10,  there  exists  a  sequence  {cpn}  C  W1,2(£2)  such  that  (pn  >  0  and 
(pn  w  —  w  in  W1,2(£2).  Thus, 

/  Vw*  V(m-w)  dHm  =  lim  /  Vw  •  V<^n  dHm  >  0. 

3  n^ooj 

Q  £2 

This  inequality  and  w  G  /Q/  give 

j \Vu\2dUm  =  j \Vw\2dHm+2  J  S7w -V(u-w)  dHm 

Q  Q  Q 

+ 1  \V(u-w)\2dnm>  J \Vu\2dH,n  +  J  |V(m  —  w)\2  dHm- 
£2  £2  £2 

Thus,  V(w  —  w)  =  0.  So ,  u  —  w  is  constant  on  each  component  of  £2  (see 
Lemma  1.20.1).  Since  u  —  we  W1,2(£2),  we  infer  that  u  —  w  =  0.  Hence,  v  >  u. 

Proposition  7.34.4  Let  £2  C  Rm  be  a  bounded  open  set  with  Lipschitz  boundary, 
g,f  e  Wl’2(n),  g  >  f,  and  u  G  Wl2(Q)  be  a  solution  of  the  obstacle  problem 
(7.138).  Iff  is  subharmonic  in  £2,  then  u  is  a  unique  solution  of  the  Dirichlet  problem 
v  G  Wl'2(Q), 


Av  =  0  in  £2,  v=g  on  d£2. 

Proof  According  to  Theorem  7.1.2,  there  exists  a  unique  solution  v  G  W1,2(£2) 
of  the  Dirichlet  problem.  Since  /  is  subharmonic,  Theorem  3.19.4  gives  —A/  < 
0  =  At?  in  £2.  Since  v  =  g  >  /  on  3£2,  Theorem  7.3.2  gives  that  v  >  /  in  £2. 
According  to  Proposition  7.34.3,  we  have  v  >  u.  The  function  u  is  superharmonic 
in  £2  by  Proposition  7.34.2.  Thus,  —  A u  >  0  =  At?  in  £2  by  Theorem  3.19.4.  Since 
v  =  g  <  u  on  3£2,  Theorem  7.3.2  gives  that  u  >  v  in  £2.  Hence,  u  =  v. 

Proposition  7.34.5  Let  £2  C  Rm  be  a  bounded  open  set,  f  G  W1,2(£2),  g  =  f,  and 
u  G  W1,2(£2)  be  a  solution  of  the  obstacle  problem  (7.138).  Iff  is  superharmonic  in 
£2,  then  u  =f. 

Proof  Since/  is  superharmonic,  Theorem  3.19.4  gives  that 

f  v/  •  y<p  dUm>d 

Q 


for  all  <p  G  C^°(£2)  with  cp  >  0.  Since  mg%,  we  have  u—fe  W1,2(£2),  u—f>  0. 
According  to  Lemma  1.25. 10  and  Proposition  1.25.2,  there  exists  a  sequence  {(pn)  C 
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W1,2(£2)  such  that  (pn  >  0  and  cpn  u  —  f  in  W1,2(£2).  Thus, 
[  V/  •  V(w  -/)  dH,„  =  lim  [  V/  •  V^„  d u, 

.  n->-oo  I 


-m 


>  o. 


Since/  e  ZC//,  we  have 


J \Vu\2dnm  =  J  |V/|2  dHm  +  J \V(u-f)\2dUm  +  2  J  S7f-S7(u-f)dHm 


Thus,  V(m  — /)  =  0.  So ,  u  —f  is  constant  on  each  component  of  £2  (see 
Lemma  1.20.1).  Since  u  —f  e  W1,2(£2),  we  infer  that  u  —f  =  0. 


7.35  Dirichlet:  Oblique  Derivative  Problem  in  W1,2 (ft) 

In  this  section,  we  prove  that  there  exists  a  unique  solution  of  the  mixed  Dirichlet- 
oblique  derivative  problem  for  the  Poisson  equation  in  W1,2  (£2)  where  £2  is  a  domain 
with  compact  Lipschitz  boundary.  We  also  show  the  monotony  principle  for  this 
problem. 

Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary.  Let  TR  be  a 
nonempty  closed  subset  of  9 £2  such  that  TD  =  \TR  is  nonempty.  Let  A  =  (a^) 
be  a  matrix  function  of  the  type  mxm.  Let  ay  e  C1  ( Rm )  be  functions  with  compact 
support  such  that  ajt  =  —ay.  Define  the  tangential  vector  function 


r  =  A(x)nQ 


and  put 


0  =  nQ(x )  +  r(x). 


Let  F  e  [Wla(Q)Y,  g  e  Wx'2'2(d£2)  =  Hx/2(d£2).  We  say  that  u  e  WX’2(Q)  is  a 
weak  solution  of  the  mixed  problem 


—  A  u  =  F  in  £2 , 


(7.139) 


(7.140) 


u  =  g  on  TD 


(7.141) 
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if  u  =  g  on  To  in  the  sense  of  traces  and 

(u,  <p)Ath  =  {F,  cp) 
for  all  ip  G  IT1,2(£2)  such  that  <p  =  0  on  Tp.  Here 

m  1 

(u,  cp)A,h  :=  /  {S/cp  •  Wu  +  ^ ^[aijdjipdiU  +  -(dja^ipdiU 

t  ^=l 

~  (fijaif) udfip] }  d d~Lfn  +  j*  (phu  (M~Lm — i. 

If  A  =  0,  we  say  about  a  mixed  Dirichlet- Robin  problem. 

Theorem  7.35.1  Let  Q  C  Rm  be  a  domain  with  compact  Lipschitz  boundary.  Let 
VR  be  a  nonempty  closed  subset  of  d £2  such  that  To  =  dQ  \TR  is  nonempty.  Let 
A  =  (i Ay )  be  a  matrix  function  of  the  type  mxm.  Let  aij  G  Cl  ( Rm )  be  functions  with 
compact  support  such  that  aji  =  —ay.  Define  the  tangential  vector  function  r(x)  = 
A(x)nQ(x)  and  put  @(jt)  =  nQ(x)  +  r(x).  Let  h  G  L°°(9£2),  h  >  0,  F  G  [IT1,2  (£2)]', 
g  G  Hl/2(dQ).  Then,  there  exists  a  unique  weak  solution  u  G  IT1,2  (£2)  of  the  mixed 
Dirichlet- derivative  oblique  problem  (7.139)-(7.141).  Moreover, 

<  C{||  +  11^11^1/2(9^2)} 

with  a  constant  C  that  does  not  depend  on  F  and  g. 

Proof  Define  H  =  h  on  VR,  H  =  1  on  T/).  Then  (  ,  )AfH  is  an  inner  product 
on  IT1,2  (£2),  and  the  corresponding  norm  is  equivalent  to  the  original  norm  (see 
Lemma  7.31.2  and  Corollary  7.21.4). 

Define 


Wh2(Q,  Td)  =  {ue  WU2(Q);yqu  =  0  on  TD}. 


Theorem  1.24.1  gives  that  Wl,2(£2;  TD)  is  a  closed  subspace  of  iT1,2(£2).  If  u,  v  G 
Wl,2(Q;  Td),  then  ( u,v)A ^  =  (u,v)a,h-  Thus,  (  ,  )A,h  is  an  inner  product  on 
Wl,2(Q;  Td ),  and  the  corresponding  norm  is  equivalent  to  the  original  norm.  So,  if 
F  G  [IT1,2  (£2)]'  and  g  =  0,  then  the  Riesz  representation  theorem  (Theorem  1.9.10) 
forces  that  there  exists  a  unique  weak  solution  u  G  W1,2  (£2)  of  the  problem  (7. 139)- 
(7.141),  and 


IMIw1-2^)  —  II  ^1l[ivi.2(£2)]' 


with  a  constant  C\  that  does  not  depend  on  F. 
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Let  now  g  G  Hl/2(d£2)  and  F  G  [W1,2^)]'.  According  to  Theorems  1.24.2  and 
Lemma  1.21.12,  there  exists  G  G  W1,2(Rm)  Wl,2(Q),  such  that  g  is  the  trace  of 

G  and 


l|G||  Wl>2(Q)  -  C2\\g\\H'/2(dQ)’ 

where  C2  does  not  depend  on  g.  Define  F  G  [W1,2(£2)]'  by 

F(<P)  =  ( G,<p)A,h • 

Then 

ll^ll[w1’2(^)]/  —  C3||G||^i,2(n) 

with  C3  independent  on  G  (see  Theorems  1.24.1  and  1.14.3).  We  have  proved  that 
there  exists  a  unique  solution  v  G  W1,2(£2)  of  the  problem 

—Av  =  F  —  F  in  Q , 

j  m 

0  •  Vn  +  -  nj(diaij)v  +  hv  =  F  —  F  on  TR , 


iJ=  1 


u  =  0  on  L 


and 


IMIipi.2(n)  <  Ci||F-F||[^i,2(£2)]/. 

The  function  u  =  G  +  v  is  a  unique  solution  of  the  problem  (7. 139)— (7. 141)  in 
Wu(£2)  and 


-  [C2  +  Ci(l  +  C3C2)]{||  ^1l[iyU(£2)]'  +  II^IIh>/2(3£2)}  • 

Proposition  7.35.2  £2  c  Rm  be  a  domain  with  compact  Lipschitz  boundary  and 

TR  be  a  nonempty  closed  subset  of  To  =  d£2\TR  7^  0.  Let  A  =  (< a y)  beamatrix 
function  of  the  type  mxm.  Let  a y  G  C1  (7?m)  be  functions  with  compact  support  such 
that  aji  =  —aij.  Define  the  tangential  vector  function  r(x)  =  A(x)nQ(x),  and  put 
©(*)  =  nQ(x)  +  r(jc).  Let  A  g  L°°(9£2),  h  >  0,  F  e  [Wl'2(0)Y,  g  e  tf1/2(9£2). 

w  G  W1,2(£2)  a  solution  of  the  mixed  problem  (7.139)-(7.141 ).  IfF  >  0 
and  g  >  0  on  Tp,  then  u  >  0. 

Proof  Define  n  =  —  min(w,0).  Then  u  >  0,  u  G  W1,2(£2),  v  =  0  on  T#,  Wv(x)  = 
—Vu(x)  for  u(x)  <  0,  Vn(x)  =  0  for  u(x)  >  0.  (See  Theorem  1.21.5.)  Since  F  >  0 
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0  <  {F,v)  =  (u,v )A,h  =  (-v,v)A'h  =  -J  \Vv\2  dHm-  J  hv2  dHm-i. 

by  Lemma  7.31.2.  Thus,  Wv  =  0  in  Q.  Since  Q  is  connected,  the  function  v  is 
constant.  Since  v  =  0  on  T#,  we  deduce  that  v  =  0.  Hence,  u  >  0. 

Proposition  7.35.3  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary 
and  Tr  be  a  nonempty  closed  subset  of  dFl,  To  =  3 Fl\TR  0.  Let  A  =  (af) 
be  a  matrix  of  the  type  m  x  m  such  that  aji  =  — a y.  Define  the  tangential  vector 
function  x(x)  =  AnQ(x),  and  put  0(x)  =  nQ(x)  +  r(x).  Let  h  e  L°°(d£2),  h  >  0, 
g  e  W1/2,2  (3£2),  F  e  [fP1,2(^)]/,  u  e  W1,2(£2)  be  a  solution  of  the  mixed  problem 
(7.139)-(7.141).  Let  F  >  0 ,  M  <  g  onTD.  IfM  <  0  orh  =  0  onTR,  then  u>  M.  If 
M  <  g  <  N  on  TD  and  F  =  0,  h  =  0,  then  M  <  u  <  N. 

Proof  Let  F  >  0,  M  <  g  on  Tp.  Define  v  =  u  —  M,  h  =  0  on  Rm  \TR.  Then 

dv 

—Av  =  GinFl,  v  =  g  —  M  >  0  on  TD,  - - \-hv  =  GonTR, 

30 

where  G  =  F  —  MhPLm-\\TR.  If  M  <  0  or  h  =  0  on  TR,  then  G  >  0. 
Proposition  7.35.2  gives  that  v  >  0.  Hence,  u  >  M. 

Let  now  g  <  N  on  TD  and  F  =  0,  h  =  0.  Then  w  =  —u  is  a  solution  of 

3w 

—Aw  =  0  in  PL  vv  =  —g  >  —N  on  Tp,  - —  =  0  on  V R. 

30 

We  have  proved  that  w  >  —N.  Hence,  u  <  N. 

Proposition  7.35.4  Let  FI  C  Rm  be  an  unbounded  domain  with  compact  Lipschitz 
boundary ;  m  >  2,  and  VR  be  a  nonempty  closed  subset  of  dFl,  TD  =  dQ\TR  ^  0. 
Let  A  =  (cLij)  be  a  matrix  of  the  type  mxm  such  that  a^  =  —aij.  Define  the  tangential 
vector  function  r(x)  =  AnQ(x),  and  put  0(v)  =  nQ(x)  +  r(x).  Let  h  =  0,  F  =  0, 
g  e  Wl^2,2{dFl),  u  e  W1,2(£2)  be  a  solution  of  the  mixed  problem  (7.139)-(7.141). 
Then,  u(x)  — >  0  as  \x\  —>oo.If\g\  <  M  on  T^,  then  \u\  <  M. 

Proof  Since  A u  =  0  in  Q  and  3 )u  e  L2(Fl ),  there  exists  a  constant  c  such 
that  u(x)  — >►  c  as  |v|  ->  cx).  (See  Proposition  2.17.5.)  Since  w  G  W1,2(£2), 
Proposition  3.38.5  gives  that  c  =  0. 

Let  now  \g\  <  M  on  TD.  If  M  =  0,  then  u  =  0  by  Theorem  7.35.1.  So,  we  can 
suppose  that  M  >  0.  Fix  r  >  0  such  that  \u(x)\  <  M/2  for  \x\  >  r.  Define  g  =  u  on 
35(0;  r).  Then  u  is  a  solution  of  the  mixed  problem 

3  u 

Au  =  0  in  Flr,  - —  =  0  on  TR,  u  =  g  on  dFlr\TR, 

30 

where  Flr  =  5(0;  r)  PI  FI.  Proposition  7.35.3  gives  that  \u\  <  M  on  Flr.  Therefore, 
\u\  <  M  on  FI. 
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Proposition  7.35.5  Let  £2  C  R2  be  an  unbounded  domain  with  compact  Lipschitz 
boundary  and  Tr  be  a  nonempty  closed  subset  of  d£2,  To  =  d£2  \Tr  0.  Let 
A  =  (< aij )  be  a  matrix  of  the  type  m  x  m  such  that  aji  —  — a y.  Define  the  tangential 
vector  function  r(x)  =  AnQ(x),  and  put  0(x)  =  nn(x)  +  r(x).  Let  h  =  0,  F  =  0, 
g  e  Wlt1,2(d£2),  u  e  W1,2(£2)  be  a  solution  of  the  mixed  problem  (7.139)-(7.141). 
Then  there  exists  a  constant  c  such  that  u(x)  c  as  \x\  oo.  If  g  >  M  on  To,  then 
u  >  M.  If  g  <  N  on  TD,  then  u  <  TV. 

Proof  Fix  z  G  R2  \  £2.  Since  |  Vw|  G  L2(£2),  there  exist  constants  c  and  c  such  that 
for  w(x)  =  u(x)  —  ch2(x  —  z)  —  c,  we  have  w(x)  =  0(\x\~l)  as  \x\  — >  oo.  (See 
Proposition  2.17.6.)  Remark  2.1.3  gives  that  w  G  H(£2) .  Since  w(v)  =  0(|v|-1)  as 
\x\  ->  oo,  Proposition  2.12.1  forces  |Vw(jc)|  =  0( \x\~2)  as  \x\  —>  oo.  So,  |Vw|  G 
L2(ft).  Thus, 


~  I  |  =  |Vc/i2(x  —  z)|  =  |  Vm(x)  -  Vw(x)|  e  L2(^). 

27T\x  —  z\ 

This  forces  that  c  =  0.  Hence,  u(x)  ->  c  as  \x\  ->  oo. 

Let  g  <  TV  on  TD.  Suppose  first  that  c  >  N.  Choose  a  e  ( N,c ).  Define  r>  = 
max(w  —  a,  0).  Then  r>  G  W1,2(£2),  Vv(x)  =  Vu(x)  for  u(x)  >  a ,  Vv(x)  =  0  for 
u(x)  <  a  (see  Theorem  1.21.5).  Since  u  <  a  on  T^,  we  have  v  =  0  on  TD.  Since 
h  =  0,  F  =  0,  we  have  from  the  definition  of  the  problem 

/m  „  m 

[Vm  •  Vu  +  CLijdiudjv]  =  /  [|  Vi; |2  +  ^  atjdivdjv]  dHm. 

q  iJ=l  i  iJ=l 

Since  a^  =  —a^,  we  infer 


0  =  J \Vv\2dHm. 

Q 

Since  Vv  =  0,  the  function  v  is  constant.  Since  v  =  0  on  T^,  we  infer  that  v  =  0. 
But  v(x)  — >  c  —  a  >  0  as  \x\  oo,  what  is  a  contradiction.  Thus,  c  <  TV.  Let 
TV  >  AT.  Since  w(x)  ->  c  as  |v|  ->  oo,  there  exists  r  >  0  such  that  u(x)  <  TV  for 
|jc|  >  r.  Define  g  =  u  on  dB(0;  r).  Then  u  is  a  solution  of  the  problem  A  u  =  0  in 
£2r  =  Q  (1  B( 0;  r),  du/d 0  =  0  on  VR  and  w  =  g  on  3£2r  \  TR.  Since  g  <  TV  on 
3£2r  \Tr,  Proposition  7.35.3  gives  that  u  <  TV  on  Qr.  Hence,  u  <  TV  on  £2.  Since 
TV  >  TV  was  arbitrary,  we  infer  that  u  <  TV. 

Let  g  >  M  on  T#.  Then  A(—u)  =  0  in  £2,  d(—u)/dn  =  0  on  TR  and  —u  =  —g< 
—M  on  TD.  We  have  proved  that  —u  <  — M.  Thus,  u>  M. 

Theorem  7.35.6  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  Lipschitz 
boundary  and  VR  be  a  nonempty  closed  subset  of  d£2,  Tp  =  3  £2  \Tr  0,  m  >  2. 
Let  A  =  (ay)  be  a  matrix  of  the  type  mxm  such  that  aji  =  —a^.  Define  the  tangential 
vector  function  r(x)  =  An^(x),  and  put  0(x)  =  nQ(x)  +  r(x).  Let  h  G  L°°(3£2), 
h  >  0,  g  G  Wly/2’2(3£2),  p  ^  [wl*(n)]'.  Ifu  G  Dl,1(£2),  then  there  exists  a  constant 
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^oo  such  that 


lim 

r—>oo 


$ 


as(0;r) 


u  dPLm- 1 


—  Woo- 


(7.142) 


Let  Woo  be  given.  Then  there  exists  a  unique  solution  u  G  Dl,2(Q)  of  the  mixed 
problem  (7.139)-(7.142).  Moreover, 


\\u\\ d1’2(Q)  —  C 


llgllw1/2-2^)  +  II  ^ll[w1’2(ft)]/  +  lMoo I  , 


(7.143) 


where  C  depends  only  on  Q,  TD,  and  h. 

Proof  Let  w  G  Dl,2(Q).  According  to  Corollary  3.38.4,  there  exists  a  constant  Woo 
and  v  G  IT1,2  (£2)  such  that  u  =  v  +  Woo-  Proposition  3.38.5  gives 


lim 

r— ►  oo 


V  dPLm-i  =  0. 


95(0;r) 


(7.144) 


So,  (7.142)  holds. 

Let  now  Woo  be  given.  Denote  g  =  g  —  Woo,  F  =  F  —  u^hl-Lm-x^ r-  Then 
w  G  Dl,2(Q)  is  a  solution  of  the  problem  (7. 1 39)— (7. 142)  if  w  =  v  +  Woo,  where  v  G 
D12(£2)  is  a  solution  of  the  problem  (7.144),  —Av  =  F|£2  in  £2,  v  =  g  on  TD  and 
dv/dO  +  hv  =  FIT/?  on  TR.  The  function  v  G  D1,2(£2)  satisfies  the  relation  (7.144) 
if  and  only  if  v  G  fi/1,2(£2)  (see  Propositions  3.38.4  and  3.38.5).  Theorem  7.35.1 
gives  that  there  exists  a  unique  solution  v  G  IT1,2  (£2)  of  the  problem.  Moreover, 


\\v\\dW(Q)  -  G 


I wWcdn)  +  \\F\\^m]  , 


where  c\  depends  only  on  £2,  T#,  and  h.  Remember  that 


IMId1’2^) 


where  a;  is  a  bounded  open  subset  of  £2 .  Clearly,  there  exists  a  constant  C  such  that 
(7.143)  holds. 


7.36  Robin-Dirichlet  Problem  in  Ws,p  (ft )  and  Bps  ,q  (ft ) 
for  ft  Bounded 

In  this  section,  we  prove  the  existence  of  a  unique  solution  of  the  Robin-Dirichlet 
mixed  problem  in  WS,P(Q)  and  #^(£2),  where  £2  C  Rm  is  a  bounded  domain.  If  3 £2 
is  Lipschitz,  we  suppose  that  p  =  2,  l  <  q  <  oo  and  1/2  <  s  <  3/2.  If  3 £2  is 
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Ljapunov,  we  suppose  that  1  <  p,  q  <  oo  and  l/p  <  s  <  1  +  l/p.  If  3£2  is  of  class 
C2,  we  look  for  a  solution  in  W2,p(£2)  with  1  <  p  <  o o.  If  ^  is  a  planar  domain 
with  boundary  of  class  Ck+2,  k  e  N,  then  we  study  solutions  in  Wk+2,P(Q). 

Let  £2  C  Rm  be  a  domain  with  compact  Lipschitz  boundary.  Let  T D  and  TR  be 
disjoint  nonempty  closed  subsets  of  3  £2  such  that  3 £2  =  TD  U  TR.  Let  1  <  p,  q  <  oo, 
l/p  <  s  <  oo.  Let  h  G  L°°( 3 £2)  and  F  be  a  distribution  supported  on  £2.  Let 
u  G  DS,P(Q)  or  u  e  Bp,q(Q).  We  say  that  u  is  a  very  weak  solution  of  the  mixed 
problem 


~/5u  =  F\£2  in  ft,  (7.145) 

u  =  g  on  TD,  (7.146) 

3u 

+hu  =  F\TR  on  TR.  (7.147) 

on 


if  u  =  g  on  Td  in  the  sense  of  traces  and 


Whim  + 


7 


3  (p 

u— - 1-  bucp 

on 


WHm-\ 


(F,<P) 


(7.148) 


for  all  (p  G  CfD(Rm)  with  cp  =  0  on  To- 

Proposition  7.36.1  Let  £2  C  Rm  be  an  open  set  with  compact  Lipschitz  boundary. 
Let  Tq  andVR  be  disjoint  nonempty  closed  subsets  of  d£2  such  that  3£2  =  To  U  TR. 
Let  1  <  p  <  oo,  p'  =  p/(p  -If  he  L°°(TR),  g  e  F  e  [Wl'p'(£2)]'. 

If  u  G  D1,p(£2)  is  a  weak  solution  of  the  Dirichlet-Robin  mixed  problem  (7.145), 

(7.146) ,  (7.147),  then  u  is  a  very  weak  solution  of  the  problem  (7.145),  (7.146), 

(7.147) . 

Proof  It  is  a  consequence  of  the  Green  formula  for  Sobolev  spaces  (Proposi¬ 
tion  1.24.4). 

Lemma  7.36.2  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary.  Let  T D 
and  TR  be  disjoint  nonempty  closed  subsets  of  dQ  such  that  3  £2  =  TD  U  TR.  Let 
1  <  p,  q  <  oo,  p'  =  p/(p  -  1),  q'  =  q/ (q  -  1),  l/p  <  s  <  1  +  l/p.  If  p  ±  2, 
suppose  moreover  that  9£2  is  of  class  C1,a  with  0  <  a  <  1.  Let  h  e  L°°(Tr),  u  be 
a  very  weak  solution  of  the  problem  (7.145),  (7.146),  (7.147).  Ifu  e  Bp,q(£2),  then 
g  e  Bps\/p(TD)  and  F  e  \b{_ Ifu  e  then  g  e  WS_1/^(TD)  and 

F  e  [W2~S'P' (£2)]' . 

Proof  If  u  e  Bp,q(Q.),  then  g  €  by  Theorem  1.24.7.  If  u  e  Ws'p(£2),  then 

g  e  Ws~xIP’P(Td)  by  Theorem  1.24.8. 

Choose  (p  e  C/°  (Rm )  such  that  tp  =  1  on  a  neighborhood  of  T#  and  <p  =  0 
on  a  neighborhood  of  Ip.  Denote  u\  =  utp,  u2  =  u(\  —  (p).  If  u  e  B'^HFl )  then 
uuu2  e  Bp'q(Q)  by  Lemma  1.23.9.  If  u  e  WS’P(Q),  then  uuu2  e  Ws^(£2)  by 
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Lemma  1.21.17.  Define  h  =  0  on  TD.  Then  there  exists  a  distribution  /+  supported 
on  T2  such  that  U2  is  a  very  weak  solution  of  the  Robin  problem 

dU2 

-Au2  =  F2\T2  in  £2,  1  +  hu2  =  F2\d£2  on  3£2. 

on 

If  u  e  Bp’q(£2),  then  F2  G  [FP2-s  (^)]r;  if  the  function  u  G  Ws,p(£2),  then  F2  G 
[W2-^ (to)]' .  (See  Proposition  7.24.3.) 

If  u  G  Bp’q(£2),  then  —  Au\  G  Bpsf2(£2)  by  Theorem  7.10.1.  According  to 
Theorem  1.23.1  and  Hahn-Banach’s  theorem  (Theorem  1.5.2),  there  exists  F\  e 
[J¥2-s  (^)]r  such  that  F\  =  —  Au\  in  £2. 

If  u  G  W^(£2),  then  Theorem  7.10.2  gives  that  —  Au\  G  Ws~2,p(£2).  According 
to  Hahn-Banach’s  theorem  (Theorem  1.5.2),  there  exists  F\  g  [W2~s,p  (£2)]'  such 
that  F\  =  —  Au\  in  Q. 

Since  U2  =  0  on  a  neighborhood  of  T#,  U2  is  a  very  weak  solution  of  the  mixed 
problem 


— Au-2  —  F2\£2  in  £2 ,  U2  —  0  on  Tj),  — —  +  hu2  —  F2  |  T r  on  Tr. 

on 

Since  u\  =  0  on  a  neighborhood  of  Tr ,  u\  is  very  weak  solution  of  the  mixed 
problem 


— Ami  =  F\  in  £2 ,  u\  =  g  on  Td, 


du\ 

— - f-  hu\  —  0  on  Tr, 

on 


The  rest  is  a  consequence  of  the  fact  that  F  =  F\  +  F2. 

Lemma  7.36.3  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary.  Let  T d 
and  Tr  be  disjoint  nonempty  closed  subsets  of  d  £2  such  that  3  £2  =  Td  U  r^.  Let 
1  <  p,q  <  00,  1  /p  <  s  <  1  +  1//?.  Ifp  7^  2,  suppose  moreover  that  3£2  is  of 
class  Cl,a  with  0  <  a  <  1.  Let  h  G  L°°(Tr),  h  >  0.  Suppose  that  u  G  Ws,p(£2 ) 
or  u  G  Bp,q(£2)  is  a  very  weak  solution  of  the  problem  (7.145),  (7.146),  (7.147).  If 
g  =  0  and  F  =  0,  then  u  =  0. 

Proof  Since  Au  =  0  in  Q  in  the  sense  of  distributions,  Theorem  2.18.2  gives  that 
u  G  H(Q)  C  C2(Q).  Choose  a  bounded  open  set  Go  with  boundary  of  class  C°° 
such  that  Td  C  Go  and  T^  fl  Go  =  0.  Define  g  =  u  on  Q  Pi  3 Go-  Then  u  is  a 
solution  of  the  Dirichlet  problem  Au  =  0  in  Go  T  Q,  u  =  g  on  3 (Go  H  £2).  Since 
g  G  C2(3(Gd  H  £2)),  Theorems  7.10.1  and  7.10.2  give  that  u  G  Wh2(GD  n  Q). 

Choose  a  bounded  open  set  Gr  with  boundary  of  class  C°°  such  that  TR  C  Gr 
and  TD  PI  Gr  =  0.  Define  h  =  1,/  =  du/dn  +  u  on  £2  PI  8Gr  and  h  =  0  outside 
T*  U  (£2  H  8Gr).  Choose  x/f  G  C^(Gr)  such  that  x/s  =  1  on  a  neighborhood  of  T^. 
Choose  an  open  set  u;  with  boundary  of  class  C°°  such  that  Tr  C  00  and  xjr  =  1  on  a 
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neighborhood  of  co.  Put  £2(R)  =  Q  D  Gr.  If  cp  G  then  Theorem  2.2.1  gives 

J  u(—Acp)  d Um  +  J  U  +  hcpj  dl-Lm-i  =  J  u[-A(fircp)]  d Hm 


Q(R) 


dtt(R) 


Q(R) 


+ 


/ " 


dQ(R) 


3  n 


+  hep  xjf 


dl~Lm-\  + 


J  w{— A[(l  -  V^)^]} 


d  Hn 


Q(R) 


/  U  I  ^  drP^  +  h(p^  ~  d^m_1  =  /  M[-A(Vf</))]  dH, 

-  /  W  +  h(pf  d'Hm-l  +  J 


d"Hm-i  +  J  w{— A[(l  -  VO?]}  dft„ 

£2(R)\a> 


+ 


/  M  {  9[(1  3/^  +  ^(1  ~  dHm~1  =  / 


a(^(/?)\oj) 


9G(/?)\r^ 


So,  w  is  a  very  weak  solution  of  the  Robin  problem  —  Aw  =  0  in  £2(R),  du/dn+hu  = 
F  on  3£2(R),  where  F  =  f'Hm-i\[dQ(R)  \  T^].  Since/  G  L2(dQ(R)  \  Tr ),  we  infer 
that  F  g  [W1,2^^))]'.  (See  Theorems  1.24.1  and  1.14.3.)  Theorem  7.24.6  forces 
that  u  e  tr1,2(£2(R)). 

u  e  Cc°°(ft),  u  e  Wl  2(Q  n  GD),  u  e  Wl  2(Q  n  GR)  force  u  e  TT1’2^).  Clearly, 
there  exists  T  G  [1T1,2(^)]/  such  that  u  is  a  weak  solution  of  the  problem  —  A u  = 
in  £2,  u  =  g  on  TD ,  du/dn  +  hu  =  on  Tr.  Proposition  7.36.1  gives  that 

u  is  a  very  weak  solution  of  this  problem.  Thus,  T  —  F  =  0.  Theorem  7.35.1  gives 
that  u  =  0. 

Theorem  7.36.4  Let  Q  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary.  If 
m  =  2,  suppose  moreover  that  £2  C  B( 0;  1).  Let  TD  and  TR  be  disjoint  nonempty 
closed  subsets  of  dQ  such  that  dQ  =  TD  U  TR.  Let  1  <  p,  q  <  co,  l/p  <  s  < 
1  +  l/p.  If  p  ^  2,  suppose  moreover  that  3  £2  is  of  class  C1,a  with  0  <  a  <  1.  Let 
h  G  L00^),  h  >  0.  Define 


=  j  5°*  on  rD, 

r  |  +  hSaf.  onT„. 

Then 

T  :  -  5"-Vr°)  x 

T  :  Ws~1/p-l’p(dn )  ->  Ws~1/p’p(Td)  x  ir_1/p_1’p(Tff) 


are  isomorphisms. 
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•  If  g  G  Ws~1/p’p(Td)  and  F  G  Ws~l^p~l,p(TR),  then  u  =  SQT~l(g,  F )  is  a  unique 
very  weak  solution  of  the  problem  (7.145),  (7.146),  (7.147)  in  WS,P(Q). 

•  If  g  e  Bp\/p{YD)  and  F  G  then  u  =  SQT~l  ( g ,  F)  is  a  unique  very 

weak  solution  of  the  problem  (7.145),  (7.146),  (7.147)  in  Bp,q(£2). 

Proof  Uniqueness  follows  form  Lemma  7.36.3. 

We  shall  look  for  a  solution  in  the  form  SQ\/f  where  f  G  Bpfl^p_l(dQ)  or 
f  g  Ws~1/p~hp(dQ).  If  f  e  Bpfl/p_x(dQ),  then  SQx/r  e  Bpyq(Q).  If  f  e 
Ws~l/p-l,P(d£2),  then  Snx/r  e  Wsp(£2).  (See  Proposition  7.6.1.)  Propositions  7.6.2 
and  7.24.1  give  that  is  a  very  weak  solution  of  the  problem  (7.145),  (7.146), 
(7.147)  if  and  only  if  Txjr  =  ( g ,  F). 

T  :  eV i(9^)  -  bPs-x,pVd)  ><  Bp;l 
T  :  Ws~xlp~x'p{dQ)  ->  ir_1/p’p(rD)  x  ir-i/p-i,P(rR) 


are  Fredholm  operators  with  index  0  according  to  Proposition  7.22.3,  Theo¬ 
rems  7.6.3,  1.23.1,  1.23.3,  1.8.3  and  1.13.7  and  1.23.14.  Suppose  that  Txj/  =  0. 
Since  Snx/r  is  a  very  weak  solution  of  the  problem  (7.145),  (7.146),  (7.147)  with 
g  =  0,  F  =  0,  we  have  Snx/r  =  0  in  £2.  Proposition  7.6.2  gives  that  Snx/r  =  0  on 
3 £2.  Thus,  x/r  =  0  by  Theorem  7.6.3.  Since  T  is  a  Fredholm  operator  with  index  0 
and  Ker  T  =  {0},  we  infer  that  T  is  onto.  So,  T  is  an  isomorphism  by  Theorem  1.6.3. 

Theorem  7.36.5  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary.  Let 
TD  and  Tr  be  disjoint  nonempty  closed  subsets  ofd£2  such  that  3£2  =  To  U  TR.  Let 
1  <  p,q  <  oo,  I/p  <  s  <  1  +  1  /p,pr  =  p/(p—I),  qf  =  q/ (q—I).  Ifp  2,  suppose 
moreover  that  3  £2  is  of  class  C1,a  with  0  <  a  <  I.  Let  h  G  L°°( TR),  h  >  0. 

•  There  exists  a  very  weak  solution  u  G  Bp,q(Q )  of  the  problem  (7.145),  (7.146), 
(7.147)  if  and  only  if  g  G  Bp,f_Xip{rD),  F  G  [Bp_fs  (£2)]r.  This  solution  is  unique 
and 


IMIb™(S2)  <  C 


\\8\\K-VpVd) 


(7.149) 


where  a  constant  C  depends  only  on  £2,  TD,  T R,  p,  q,  and  s. 

•  There  exists  a  weak  solution  u  G  W1,/?(£2)  of  the  problem  (7.145),  (7.146),  (7.147) 
if  and  only  if  g  G  Wl~l^p,p(TD),  F  G  [Wl,p  (£2)]r.  This  solution  is  unique  and 


IMIw^cn)  —  C  \\g\\wl~l/P’P(rD)  +  II  ^7ll[w1+(^)]/] 


(7.150) 


where  a  constant  C  depends  only  on  £2,  T^,  TR,  and  p. 

Proof  Uniqueness  follows  form  Lemma  7.36.3. 

Without  loss  of  generality,  we  can  suppose  that  £2  C  #(0;  1).  If  there  exists  a  very 
weak  solution  u  G  Bpyq(Q)  (u  G  Ws>p(Q))  of  the  problem  (7.145),  (7.146),  (7.147), 


620 


7  Solutions  in  Sobolev  and  Besov  Spaces 


then  g  e  B™l/p{TD)  (g  e  F  e  (n)]'  (F  e  [W*-2^  (£>)]'), 

respectively.  (See  Lemma  7.36.2) 

Suppose  now  g  e  Bp,ql/p(TD),  F  e  [Bp2^s  (£2)]'  or  g  e  Wl~1/pp(TD),  F  e 

[Wl,p  (£2)]'  be  given.  Since  F  is  a  distribution  with  compact  support,  we  can  define 
v  =  F  *  hm.  Then,  —Av  =  F  in  the  sense  of  distributions  by  Theorem  3.1.5.  If 
F  e  [^'(£2)]',  then  F  e  [Wlp' {Rm)\  =  W~X  p(Rm)  and  v  e  Whp(Q)  and 


IMIw1^)  -  ^i  II  F\\[wl’P'(n)y  (7.151) 

where  C\  depends  only  on  £2  and p  (see  Proposition  3.18.5).  If  F  e  [J¥2-s  (^)]r>  then 
F  e  [Bp^s  (Rm)]'  =  Bp,q2(Rm)  (see  Theorem  1.23.1)  and  v  e  Bp’q(Q)  with 

Ml  ^)<^ll^ll[fi,vw]/  (7-152) 

where  C\  depends  only  on  £2,  p ,  q ,  and  s  (see  Proposition  3.18.5).  Denote  by  Vo 
the  trace  of  v.  If  F  e  [Wl,p'  (£2)]' ,  then  Vo  e  Wl~l^p,p(TD)  by  Theorem  1.24.2;  if 
F  e  [B2^s  (£2)]',  then  vo  e  by  Theorem  1.24.7.  If  F  e  [Wl,p' (£2)]',  then 

there  exists  F  e  [Wl,p  (£2)]'  such  that  v  is  a  weak  solution  of  the  problem 

dv 

—  Av  =  Z^£2  in  £2,  v  =  Vo  on  TD ,  - — b  hv  =  F|T/e  on  TR.  (7.153) 

an 

(It  is  also  a  very  weak  solution  of  the  problem  by  Proposition  7.36.1.)  If  F  e 
[BP-S  (£2)];,  then  there  exists  F  e  [Bp^s  (£2)]'  such  that  v  is  a  very  weak  solution 
of  the  problem  (7.153)  (see  Lemma  7.36.2).  Since  F  =  —Av  =  F  in  £2,  we  deduce 
that  F  —  F  is  supported  on  9£2.  If  F  e  [Wlj/(Q)Y,  then  F  -F  e  by 

Theorems  1.24.2, 1.23.3,  and  1.23.1.  If  F  e  [Bp2*' (ft)]',  then  F-F  e  Bp;q1/p_x(d^2) 
by  Theorems  1.24.7  and  1.23.1.  Let  T  be  the  operator  from  Theorem  7.36.4.  Then 
w  =  SnT~l  (g  —  Vo,  F  —  F)  is  a  very  weak  solution  of  the  problem 

dw 

—Aw  =  (F  —  Z7)^  in  £2,  w  =  g  —  v 0  on  TD,  — - \-  hw  =  (F  —  F)|Tfl  on  TR. 

on 

Ifge  Bp;ql/p(TD),  F  e  [Bp2lq'(Q)]\  then  w  e  fl™(£2).  If  now  g  e  Wl~l^p(TD), 

F  e  [W1,P'(Q)Y,  then  w  e  Wl,p(£2).  (See  Theorem  7.36.4.)  Put  u  =  v  +  w.  Then  u 
is  a  very  weak  solution  of  the  problem  (7.145),  (7.146),  (7.147).  If  g  e  Bp,q^p(TD), 

F  e  [Bp2lq'(Q)Y,  then  u  e  BP*(Q).  The  estimate  (7.149)  follows  from  (7.152), 
Theorems  1.24.7  and  7.36.4,  and  Proposition  7.6.1.  Let  now  g  e  Wl~l^p,p(TD), 
F  e  [W1,P'(Q)Y-  Then  u  e  Wl,p(Q).  Clearly,  there  exists  G  e  [W1,p' (Q)]'  such  that 
u  is  a  weak  solution  of  the  problem 


— Aw  =  G|£2  in  £2 ,  u  =  gonTo, 


+  hu  =  G|T*  on  rR. 
on 
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Proposition  7.36.1  gives  that  u  is  a  very  weak  solution  of  this  problem.  Thus,  F  —  G 
is  supported  on  YD.  Therefore,  u  is  a  weak  solution  of  the  problem  (7.145),  (7.146), 
(7.147).  The  estimate  (7.150)  follows  from  (7.151),  Theorems  1.24.2  and  7.36.4, 
and  Proposition  7.6.1. 

Theorem  7.36.6  Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  C2.  Let 
TD  and  Tr  be  disjoint  nonempty  closed  subsets  of  9£2  such  that  9£2  =  To  U  Tr.  Let 
h  e  e'er*),  h>0,  l  <p  <oo,f  e  LP(Q),  g  e  Wl~1/p’p(rR),  u0  e  W2-'lp-p(TD). 
Then  there  exists  a  unique  solution  u  e  W2’P(Q.)  of  the  mixed  problem 

du 

—  Au=finQ,  u  =  uoonTD,  — — \-hu  =  gonTR.  (7.154) 

on 


Moreover, 


IMIw2^)  <  C(\\f\\v>(Q)  +  \\uo\\W2-i/p,P^  +  HgH^i-v^cr^)) 
where  a  constant  C  does  not  depend  onf,  g,  and  uo. 

Proof  According  to  Theorem  7.36.5,  there  exist  a  unique  solution  u  G  fk1,i?(£2)  of 
the  problem.  Corollary  7.14.5  and  Theorem  7.26.3  give  that  u  G  D2p(Q). 

Since  the  mapping  u  i->  [u,  du/dn  +  hu,  —  Au]  is  a  one-to-one  continuous 
mapping  from  W2,P(Q)  onto  W2~l^p,p(TD)  x  Wl~l^p,p(TR)  x  Lp(fl),  it  is  an 
isomorphism  by  Theorem  1.6.3. 

Theorem  7.36.7  Let  £2  C  R2  be  a  bounded  domain  with  boundary  of  class  Ck+2 
where  k  G  No.  Let  To  and  Tr  be  disjoint  nonempty  closed  subsets  of  9£2  such 
that  9£2  =  TD  U  TR.  Let  h  e  C*+1(IV>,  h  >  0,  1  <  p  <  oo,  /  g  W^(£2), 
g  G  Wk+l~l/p,p (Tr),  uo  G  Wk+2~ltp'p (Yd)-  Then  there  exists  a  unique  solution 
u  G  Wk+2,p(fl)  of  the  mixed  problem  (7.154).  Moreover, 

IMIw*+2^)  —  C(\\f\\wk’P(n)  +  \\uo\\wk+2~l/P’P(rD)  +  \\g\\wk+l-l/P’P(rR)) 
where  a  constant  C  does  not  depend  onf,  g,  and  uq. 

Proof  According  to  Theorem  7.36.6,  there  exists  a  unique  solution  u  G  W2,p(i 2)  of 
the  mixed  problem  (7.154).  Corollary  7.14.5  gives  that  u  G  wf+k,p(f 2  \  YR).  Choose 
a  bounded  domain  co  with  boundary  of  class  C°°  such  that  T^Cw  and  YDY\co  =  0. 
Define  h  =  1,  uo  =  u,  g  =  Vu-rf0  +  u  on  £2  Pi  dco.  Then g  G  Wk+1~x^p,p(d(Q  Deo)), 
uo  G  Wk+2~lj/p,p( d(Q  \  To))  by  Theorem  1.24.6.  Since  u  is  a  solution  of  the  problem 
—Au  =  f  in  £2  PI  &>,  du/dn  +  hu  =  g  on  9(£2  PI  co),  Theorem  7.30.2  yields  that 
u  G  Wk+2'p(i 2  H  co).  Thus,  u  G  Wk+2,p(fl). 

Since  the  mapping  u  i->  [u,  du/dn  +  hu,  —  Au]  is  a  one-to-one  continuous 
mapping  from  Wk+2'p(i 2)  onto  Wk+2~X^P,P(YD)  x  Wk+X~X^P,P{YR)  x  Wk,p(i 2),  it  is 
an  isomorphism  by  Theorem  1.6.3. 
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7.37  The  Mixed  Dirichlet-Robin  Problem  in  D1,p  (S2 ) 
for  Unbounded  Domains 

In  this  section,  we  prove  the  existence  of  a  solution  of  the  Robin-Dirichlet  problem 
in  D1,P(Q)  for  an  unbounded  domain  with  compact  Ljapunov  boundary  and  discuss 
the  uniqueness  of  a  solution. 

Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary  of  class  C1,a 
with  0  <  a  <  1.  Let  TD  and  Tr  be  disjoint  nonempty  closed  subsets  of  3 £2  such 
that  9£2  =  TD  U  Tr.  Let  h  e  L°°( 3£2),  1  <  p  <  oo,  p'  =  p/(p  —  1).  Let  uo  e 
Wl~l/p(d£2),  F  g  [Wl,p'  (£1)]' .  We  say  that  u  G  Dl,p(£l)  is  a  weak  solution  of  the 
mixed  problem 


—  A u  =  Tj£2  in  £2,  u  =  uq  on  TD, 


—  +hu  =  on  TR 
on 


if  u  =  uq  on  TD  in  the  sense  of  traces  and 


(7.155) 


/ 


S7u  •  Vcp  d FLm  + 


d^m-l 


{F,<p)  W(p  G  Whp'(Q),(p  =  OonrD. 


Lemma  7.37.1  Let  Q  C  Rm  be  an  unbounded  domain  with  compact  boundary  of 
class  Cl,a  with  0  <  a  <  1.  Let  TD  and  TR  be  disjoint  nonempty  closed  subsets  of 
3£2  such  that  3£2  =  Tp  U  Tr.  Let  h  G  L°°(3£2),  h  >  0.  If  l  <  p  <  m/(m  —  1) 
and  u  G  Dl  ,p(Q)  is  a  weak  solution  of  the  mixed  problem  (7.155)  with  uo  =  0  and 
F  =  0,  then  u  =  0. 

Proof  We  show  that  u  G  Dl,p  (£2),  where  p r  =  p/(p  —  1).  Fix  r  >  0  such  that 
3£2  C  B( 0;  r).  Define  to  =  ^2  fl  B( 0;  r),  uo  =  u  on  3#(0;  r).  Then  u  is  a  weak 
solution  of  the  mixed  problem 

3  u 

A u  =  0  in  co,  - — b  hu  =  0  on  TR ,  u  =  uo  on  dco  \  FR. 

on 

Thus,  u  G  Wl,p' (co)  by  Theorem  7.36.5.  Since  |Vw|  G  LP(Q),  Proposition  2.17.7 
forces  u  G  D1/;(^2). 

Since  p'  >  m,  we  have  Dl,p  (£2)  =  Wl,p' (£2)  by  Lemma  3.38.11.  Since  u  G 
Wl,p  (£2)  the  definition  of  a  weak  solution  of  the  mixed  problem  gives 

J  Wu  •  Wu  dFLm  +  J  huu  dFLm-i  =  0. 

Q  dQ 


Thus,  Vu  =  0  in  £2.  Therefore,  there  exists  a  constant  c  such  that  u  =  c  in  £2  (see 
Lemma  1.20.1).  Since  u  =  0  on  TD,  we  infer  that  c  =  0. 


7.37  The  Mixed  Dirichlet-Robin  Problem  in  Dl,p(Q)  for  Unbounded  Domains 


623 


Lemma  7.37.2  Let  Q  C  Rm  be  an  unbounded  domain  with  compact  boundary  of 
class  Cl,a  with  0  <  a  <  1.  Let  T d  andT R  be  disjoint  nonempty  closed  subsets  of  3 £2 
such  that  3£2  =  TDUTR.  Let  h  e  L°°(3£2),  h  >  0.  If  l  <  p  <  m  and  u  G  W1,/?(£2)  is 
a  weak  solution  of  the  mixed  problem  (7.155)  with  uo  =  0  and  F  =  0,  then  u  =  0. 

Proof  If  p  <  m/(m—  1),  then  the  proposition  follows  from  Lemma  7.37.1. 

Let  now  m/(m—  1)  <  p  <  m.  Then  m  >  2.  We  show  that  u  G  W1,2(£2).  Fix 
r  >  0  such  that  3£2  C  B( 0;  r).  Define  co  =  £2  PI  B( 0;  r),  u0  =  u  on  3#(0;  r).  Then  u 
is  a  weak  solution  of  the  mixed  problem 

3  u 

A u  =  0  in  go,  - — f  hu  =  0  on  TR,  u  =  uo  on  dco  \  TD. 

on 

Thus,  u  G  Wl,2(co)  by  Theorem  7.36.5.  Since  u  G  Wl,p(£2),  we  have  u  e 
ljnp/im—p) (pm  y  B(0;r))  by  Proposition  3.38.5.  Proposition  2.17.7  gives  that  u  G 
Dl  2(Q).  Since  u  G  Lmp^m~p\Rm  \  B( 0;  r)),  Proposition  3.38.5  forces  u  e  Wh2(Q). 
Since  u  G  W1,2(£2),  the  definition  of  a  weak  solution  of  the  mixed  problem  gives 

J  Vu-Vu  d FLm  +  J  huu  dPLm-i  =  0. 

Q  dQ 

Thus,  Wu  =  0  in  Q.  Therefore,  there  exists  a  constant  c  such  that  u  =  c  in  £2  (see 
Lemma  1.20.1).  Since  u  =  0  on  T#,  we  infer  that  c  =  0. 

Proposition  7.37.3  Let  Q  C  Rm  be  an  unbounded  domain  with  compact  boundary 
of  class  Cl,a  with  0  <  ot  <  1.  Let  To  and  TR  be  disjoint  nonempty  closed  subsets 
of  dQ  such  that  3£2  =  TD  U  TR.  Let  1  <  p  <  oo,  h  G  L°°(3£2),  h  >  0.  For 
f  G  W~l/p’p(dQ)  define 


Pf  = 


(f,  1) 


nm- 1(3£2) 


Hm- 1|3£2, 


Tf  = 


l  [(1/2)/  -  Kq](I  -  P)f  +  h[Sn (/  -  P)f  +  Pf]  on  VR, 
\SQ(I-P)f  +  Pf  on  rD. 


Then  T  :  W  i->  W  l^p,p(TR)  x  W1  1 /P4’ ( To )  «  an  isomorphism.  If  g  e 

W-xlp’p(TR),  uQ  e  w1_1/^(rD)  fftew 


H  =  S°(/  -  «o]  +  PT~X[g,  Mo] 

A  <2  weak  solution  of  the  mixed  problem  for  the  Laplace  equation 

3  u 

Aw  =  0m£2,  u  =  uoonTD ,  - — |- /zw  =  g  T/? 

On 

inDlp(Q). 


(7.156) 


(7.157) 
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Proof  T  is  a  Fredholm  operator  with  index  0  by  Proposition  7.22.3  and  Theo¬ 
rems  7.6.3,  1.23.3,  and  1.8.3.  Let /  E  W~x/p'p(d£2).  Then  u  =  Sn(I  -  P)f  +  Pf  E 
D1,P(Q )  is  a  weak  solution  of  the  mixed  problem  (7.157)  with  [ g ,  uf\  =  Tf.  (See 
Lemma  7.27.1  and  Proposition  7.6.2.)  Let  now  Tf  =  0.  Fix  g  E  (1  ,m/(m  —  1)). 
Then/  E  fF_1/^(9^)  by  Lemma  1.8.4.  Since  u  E  D1^(^2)  is  a  weak  solution  of 
the  mixed  problem  (7. 157)  with  g  =  0  and  uo  =  0,  Lemma  7.37.1  forces  that  u  =  0. 
Thus,  SQ  (7  —  P)f  =  —Pf  is  constant.  So,  SQ  (7  —  P)f  E  D1,i?(£2)  is  a  weak  solution 
of  the  homogeneous  Neumann  problem  Av  =  0  in  Q,  dv/dn  =  0  on  9£2.  Thus, 
[(1/2)7— K^](I—P)f  =  Oby  Lemma  7. 27.1.  So,  ( [I—P)f  =  0  by  Proposition  7.22.3. 
Hence,  —Pf  =  SQ(I—P)f  =  0.  Thus,/  =  (7 — P)f + Pf  =  0.  Since  T  is  a  Fredholm 
operator  with  index  0  on  W~ l^p,p (9£2)  with  trivial  kernel,  it  is  onto.  Theorem  1.6.3 
gives  that  T  is  an  isomorphism. 

Proposition  7.37.4  Let  Q  C  Rm  be  an  unbounded  domain  with  compact  boundary 
of  class  Cl,a  with  0  <  a  <  1  and  m  >  2.  Let  TD  andTR  be  disjoint  nonempty  closed 
subsets  ofd£2  such  that  d£2  =  TD  U  TR.  Let  1  <  p  <  oo,  h  E  L°°(9£2),  h  >  0.  For 
fe  W-Vp>p(dn),  define 


~  (  [(1/2)7  -K'Q]f  +  hSQfonTR, 

1  \  Snf  on  rD. 

Then  T  :  W~l^p,p(dQ)  \->  W~l^p,p(TR)  x  W]~]^P,P(TD)  is  an  isomorphism.  If  p  > 
m/(m  —  1),  g  E  W~]/p,p(rR),  and  uo  E  Wl~x^p,p(TD),  then  u  =  S^T~l[g,  uq\  e 
1T1,P(^)  is  a  weak  solution  of  the  mixed  problem  for  the  Laplace  equation  (7.157). 

Proof  T  is  a  Fredholm  operator  with  index  0  by  Proposition  7.37.3  and  Theo¬ 
rem  1.8.3.  If/  E  W-V^idO)  and  p  >  m/(m  -  1),  then  u  =  SQf  E  Wl,p(Q)  C 
D1,P(Q)  is  a  weak  solution  of  the  mixed  problem  (7.157)  with  [g,  uo]  =  Tf.  (See 
Lemma  7.27.1  and  Propositions  7.6.2  and  7.6.4.)  Let  now  Tf  =  0,/  E  W~l^p,p(dQ) 
and  m/(m  —  1)  <  p  <  m.  Since  u  E  Wl,p(Q)  is  a  weak  solution  of  the  mixed 
problem  (7.157)  with  g  =  0  and  uo  =  0,  Lemma  7.37.2  forces  that  u  =  0.  By  virtue 
of  Proposition  7.6.2  and  Theorem  7.6.3,  we  obtain  that/  =  0.  If  1  <  p  <  oo  is 
arbitrary,  then  Ker  T  is  trivial  by  Lemma  1.8.4.  Since  T  is  a  Fredholm  operator  with 
index  0  on  W~l^p,p(dQ)  with  trivial  kernel,  it  is  onto.  Theorem  1.6.3  gives  that  T  is 
an  isomorphism. 

Theorem  7.37.5  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary  of 
class  Cl,a  with  0  <  a  <  1.  Let  Tp  and  TR  be  disjoint  nonempty  closed  subsets  of 
d£2  such  that  d£2  =  TDUTR.  Let  1  <  p  <  oo,  p'  =  p/(p  —  1),  h  E  L°°(9£2),  h  >  0, 
u0  E  Wl~1/p’p(dQ),  F  E  [Whp' (£2)]'. 

•  If  p  <  m/  (m  —  \),  then  there  exists  a  unique  weak  solution  u  E  Dl,p(£2)  of  the 
mixed  problem  for  the  Poisson  equation  (7.155). 

•  Ifp  >  m/(m  —  1),  then  there  exists  a  weak  solution  u  E  Wl,p(Q)  C  Dl,p(Q)  of 
the  mixed  problem  for  the  Poisson  equation  (7.155).  If  moreover  p  <  m  then  this 
solution  is  unique. 
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•  If  p  >  m/(m  —  1)  and  F  =  0  and  uo  =  0,  then  the  set  of  all  weak  solutions 
u  G  Dlp(Q)  of  the  mixed  problem  for  the  Poisson  equation  (7.155)  is  a  one¬ 
dimensional  space. 

Proof  Suppose  first  that  F  is  supported  on  dQ.  By  virtue  of  Theorem  1.24.2,  we 
deduce  that  F  e  p'  (dQ)]'  =  W~l^pp  (9 £2).  If  T  and  P  are  the  operators 

from  Proposition  7.37.3,  then 

T  :  W~x,p’p{dSi)  -*  W~x/p’p( Tr)  x  Wx~x/p’p(Td ) 

is  an  isomorphism.  If  m  >  2  and  T  is  the  operator  from  Proposition  131  A,  then 

T  :  W~llp’p(dQ.)  ->  W~l/P’P(TR )  x  W]-'/p'”(rD) 

is  an  isomorphism.  The  function  v  =  Sn  (I—P)T~X  [ F,  uq\  +PT~X[ F,  uq\  €  DLp(£2) 
is  a  weak  solution  of  the  mixed  problem  (7. 155).  If  p  <  m/(m—l ),  then  this  solution 
is  unique  by  Lemma  7.37.1.  If  p  >  m,  then  v  G  P71,/;(£2)  by  Proposition  3.38.4.  If 
m/(m  —  1)  <  p  <  m,  then  m  >  2,  and  v  =  SQT~l[F,uo]  G  Wlp(Q)  is  a  weak 
solution  of  (7.155)  by  Proposition  7.37.4. 

Let  now  F  =  0,  uo  =  0,  p  >  m/ (m  —  1)  and  m  =  2.  Fix  z  e  R2  \  Denote 
p(x)  =  In  \x  —  z\  in  p(x)  =  In  \x  —  z\  on  dQ,  O  =  dp/dn  +  hp  on  dQ.  Then 
p  e  Dlp(£2)  is  a  weak  solution  of  the  mixed  problem 

dp 

Ap  =  0  in  Q ,  p  =  p  on  TD,  - — |-  hp  =  O  on  TR. 

on 

But  ^  =  SQ  (l—P)T~l  [O,  p]  -\-PT~l  [<b,  p\  is  another  weak  solution  of  this  problem. 
According  to  Proposition  3.1.6,  we  have  T'( v )  =  0(1)  as  \x\  — >  oo.  Since  p(x) 
oo  as  \x\  ->  oo,  we  infer  that  x/s  =  p  —  4*  e  D1,;?(^)  is  a  nontrivial  weak  solution  of 
the  mixed  problem  (7.155).  Let  now  u  e  Dlp(Q)  be  a  weak  solution  of  the  mixed 
problem  (7.155).  According  to  Proposition  2.17.6,  there  exists  a  constant  c  such 
that  u(x)  —  cln\x  —  z\  =  0(1)  as  \x\  — >  oo.  So,  u(x)  —  c\/f(x)  =  0(1)  as  \x\  ->  oo. 
Proposition  2.17.3  gives  that  \V[u(x)  —  cif/(x)]\  =  0(|v|-2)  as  \x\  ->  oo.  Since 
p  >  2,  we  deduce  that  u  —  cxf  e  D1,2(£2).  Lemma  7.37.1  gives  that  u  —  ci/r  =0. 

Let  now  F  =  0,  uo  =  0,  p  >  m/ (m  ~  1 )  and  m  >  2.  The  function  cp  =  l  e 
Dlp(Q)  is  a  weak  solution  of  the  mixed  problem 

dcp 

A<^  =  0in£2,  (p  =  lonTD ,  — — b  hp  =  h  on  TR. 

on 

But  the  function  cp  =  SQT~l[h,  1]  e  Dlp(Q)  is  a  weak  solution  of  this  problem, 
too.  Since  (p(x)  — >  0  as  |jc|  — >  oo  by  Proposition  3.1.6,  the  function  4*  =  cp  — 
cp  G  Dlp(Q)  is  a  nontrivial  weak  solution  of  (7.155).  Let  now  u  G  D1,p(£2)  be 
a  weak  solution  of  the  mixed  problem  (7.155).  According  to  Proposition  2.17.5, 
there  exists  a  constant  c  such  that  u(x)  —  c  =  0(|v|2-m)  as  \x\  ->  oo.  So,  u(x)  — 
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=  0(\x\2~m)  as  \x\  ->  cx).  Proposition  2.12.1  gives  that  \  W[u(x)  —  c^(x)]|  = 
0(\x\l~m)  as  \x\  oo.  So,  there  exists  q  e  (1  ,  m)  such  that  u  —  ctp  e  Dl,q(Q). 
Since  u(x)  —  c^(x)  0  as  \x\  cx),  u  —  e  Wl,q(f2)  by  Lemma  3.38.11  and 

Proposition  3.38.5.  Hence,  u  —  c\jr  =  0  by  Lemma  7.37.2. 

Let  now  F  be  general.  According  to  Theorem  7.13.3,  there  exists  w  e  Dl,p(Q) 
such  that  —Aw  =  F  in  Q.  If  p  >  m/(m  —  1),  we  can  suppose  that  w  e  Wl,p(Q). 
According  to  Theorem  1.24.2,  the  trace  w  e  Wl~l^p,p(dQ).  Define  g  by 

(g,  <p)  =  (F,  <p)  -  J  Vw  •  Wcp  d Um  -  J  hwcp  dHm-\- 

n  do, 

Theorem  1.24.2  forces  that  g  e  [Wl,p'  (Q)]'.  If  (p  e  then  (g,q>)  =  0  by 

Theorem  3.19.3.  So,  g  is  supported  on  3£2.  We  have  shown  that  there  exists  a  weak 
solution  v  e  Dlp(Q)  of  the  problem 


Ar>  =  0in£2,  v  =  uo  —  w  on  TD,  - — \-hv=gonTR. 

on 

If  p  >  m/(m—  1),  then  we  can  suppose  that  v  e  Wl,p(Q).  Clearly,  u  =  w  +  v  is  a 
solution  of  the  original  problem  (7.155). 


7.38  The  Mixed  Dirichlet-Robin  Problem  in  D 2  ,p  (ft ) 
on  Exterior  Domains 


Let  Q  C  Rm  be  an  unbounded  domain  with  compact  boundary  of  class  C2 .  Let  TD 
and  TR  be  disjoint  nonempty  closed  subsets  of  3 £2  such  that  3  £2  =  TD  U  TR.  Let 
h  e  Cl(dQ),f  e  LP(Q),  g  e  w1_1^(3ft),  u0  e  W2~l^p( 3ft),  1  <  p  <  oo.  We 
say  that  u  e  D2,p(£2)  is  a  strong  solution  of  the  mixed  problem 

3  u 

—  Au=finQ,  u  =  uoonTD ,  - — \-hu  =  gonTR  (7.158) 

on 

if  —A u  =  f  in  Q  in  the  sense  of  distributions  and  the  boundary  conditions  are 
fulfilled  in  the  sense  of  traces. 

Theorem  7.38.1  Let  £2  C  Rm  be  an  unbounded  domain  with  compact  boundary  of 
class  C 2 .  Let  Td  and  TR  be  disjoint  nonempty  closed  subsets  of  3  £2  such  that  3  £2  = 
rDur*.  Leth  e  C\ 3ft),  h>0,fe  LP(Q),  g  e  Wl~l/pp( 3ft),  u0  e  W2~x/p'p(dQ), 
1  <  p  <  cx).  Then  there  exists  a  strong  solutions  u  e  D2,p(£2)  of  the  mixed  problem 
(7.158).  Iff  =  0,  g  =  0,  and  uo  =  0,  then  the  space  of  all  solutions  u  e  D2,P(Q)  of 
the  mixed  problem  (7.158)  has  dimension  m  +  1. 


7.38  The  Mixed  Dirichlet-Robin  Problem  in  D2,P(Q)  on  Exterior  Domains 


627 


Proof  Suppose  first  that /  =  0.  According  to  Theorem  7.37.5,  there  exists  a  weak 
solution  u  G  Dli?(£2)  of  the  problem  (7.158).  Fix  r  >  0  such  that  3£2  C  B( 0;  r). 
Then  u  e  D2,p(Rm  \  by  Proposition  2.17.7.  Define  uo  =  u  on  3#(0;r), 

co  =  Q  n  5(0;  r).  Then  u  is  a  weak  solution  of  the  mixed  problem 

3 u 

Au  =  0inoo,  u  =  uo  on  dco  \  FR,  - — b  hu  =  g  on  TR. 

on 

Since  g  G  Wl~l^p,p(TR)  and  uo  G  W2~l^p,p(doo),  we  infer  that  u  G  D2p(co)  is  a 
strong  solution  of  the  problem  by  Theorems  7.36.6  and  7.36.5.  So,  u  G  D2p(Q). 

Let  now  /  =  0,  g  =  0,  and  uo  =  0.  For  j  G  {1, . . .  ,  m},  define  r y(jc)  =  X/. 
Then,  r7-  G  D2^(£2)  \  £>^(£2).  Fix  z  G  \  Q  and  define  rm+1(jt)  =  hm(x  -  z). 
Define  gj  =  dtj/dn  +  hxj  on  TR.  We  have  proved  that  there  exists  a  strong  solution 
f  G  D2  p(Q)  fl  Dl  p(Q)  of  the  problem 

dx(x) 

Ax  =  0  in  £2 ,  r  =  Xj  on  TD,  — - b  h(x)x(x)  =  gj  on  TR. 

on 

Define  Vj  =  Xj—Xj  for  j  e  {1 , . . . ,  m}.  Then  Vj  G  D2p  (Q)\Dl’p  (^2)  is  a  solution  of  the 
problem  (7.158).  If p<  m/(m  —  1),  then  um+i  =  rm+i  —  fm+i  g  D2,p(Q)  \Dl,p(Q) 
is  a  solution  of  the  problem  (7.158).  If  p  >  m/(m—  1),  then  there  exists  a  nontrivial 
solution  vm+\  G  Dlp(£2)  of  the  problem  (7.158).  (See  Theorem  7.37.5.)  We  have 
proved  that  t>m+i  G  D2,P(Q).  Since  V\, ,  vm+\  are  linearly  independent,  the  space 
of  all  solutions  u  G  D2,P(Q)  of  the  mixed  problem  (7.158)  has  dimension  at  least 
m  +  1. 

Let  now  /  =  0,  g  =  0,  wo  =  0,  and  u  G  D2,P(Q)  be  a  solution  of  the  mixed 
problem  (7.158).  According  to  Proposition  2. 17.5,  there  exist  constants  c\ , . . . ,  cm+i 

such  that  v(x)  :=  u(x)  —  c\X\  — - cmvm  —  cm+\hm(x  —  z)  =  0(\x\l~m)  as  \x\  — > 

oo.  Since  |Vu(jc)|  =  0(|v|_m)  as  |v|  oo  by  Proposition  2.12.1,  we  infer  that 

v  G  Dl,p(Q).  This  forces  w  :=  u  —  c\V\ - \vm+\  ^  D1,i?(^2).  Remember 

that  w  is  a  solution  of  (7.158).  If  p  <  m/(m—  1),  then  w  =  0  by  Theorem  7.37.5.  If 
p  >  m/(m—  1),  then  w  is  a  multiple  of  um+i  by  Theorem  7.37.5.  Since  w  is  a  linear 
combination  of  ui, . . . ,  vm+\,  we  deduce  that  the  space  of  all  solutions  u  G  D2,P(Q) 
of  the  mixed  problem  (7.158)  has  dimension  m  +  1. 

Let  now /  be  arbitrary.  Define/  =  0  on  Rm  \Q.  According  to  Proposition  7.4.2, 
there  exists  v  G  D2,p(Rm )  such  that  —Av  =  f  in  Rm.  Define  g  =  g  —  dv/dn  — 
hv,  uo  :=  uo  —  v  on  3£2.  Then  u0  e  W2~l^p,p(dQ),  g  e  Wl~l^p,p(dQ)  by 
Theorem  1.24.5.  We  have  proved  that  there  exists  a  strong  solution  w  G  D2,p(^2) 
of  the  mixed  problem 


—Aw  =  0  in  £2 . 


w  =  uo  on  f /). 


3  w 
dn 


+  hw  =  g  on  VR. 


Clearly,  u  =  v  +  w  G  D2  p(Q)  is  a  strong  solution  of  the  problem  (7.158). 
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7.39  The  Mixed  Dirichlet-Robin  Problem  in  Dk+1  *  (ft ) 
on  Exterior  Planar  Domains 


Theorem  7.39.1  Let  £2  C  R2  be  an  unbounded  domain  with  compact  boundary 
of  class  Ck+2,  where  k  G  No.  Let  Tp  and  Tr  be  disjoint  nonempty  closed  subsets 
of  8Q  such  that  8Q  =  TD  U  TR.  Let  h  e  Ck+X(d£2),  h  >  0,  f  e  Dkp(£2), 
g  e  Wk+x~xtp,p  (d£2),  uo  G  Wk+2~xtp,p  (d£2),  1  <  p  <  oo.  Then,  there  exists  a 
strong  solution  u  G  Dk+2,p(£2)  of  the  mixed  problem  (7.158).  Iff  =  0,  g  =  0,  and 
uo  =  0,  then  the  space  of  all  solutions  u  e  Dk~x~2,p(Q)  of  the  mixed  problem  (7.158) 
has  dimension  equal  to  dim [H(Rm)  PI  Pk+i(Rm)],  where  H(Rm)  is  the  space  of  all 
harmonic  function  in  Rm  and  Pk+\(Rm)  is  the  space  of  all  polynomials  of  degree  at 
most  k  +  1. 

Proof  For  k  =  0,  see  Theorem  7.38.1.  So,  we  can  suppose  that  k  g  N. 

Suppose  first  that/  =  0.  According  to  Theorem  7.38.1,  there  exists  a  solution 
u  e  D2,p(£2)  of  the  problem  (7.158).  Fix  r  >  0  such  that  3£2  C  5(0;  r).  Then 
u  e  Dk+2,p(Rm  \  B( 0;  r))  by  Proposition  2.17.7.  Define  uo  =  u  on  35(0;  r),  co  = 
£2  PI  5(0;  r).  Then  u  is  a  solution  of  the  mixed  problem 

3  u 

Au  =  0  in  co,  u  =  uo  on  dco  \Tr,  - — \-hu  =  gonTR. 

on 

Since  g  e  Wk+X~X^PP(TR)  and  u0  e  Wk+2~x^p(d(o),  we  infer  that  u  e  Dk+1'p(co) 
by  Theorem  7.36.7.  So,  u  e  Dk+2’P(Q). 

Let  now  /  =  0,  uo  =  0,  and  g  =  0.  Let  u  e  Dk+2’p(£2)  be  a  solution  of  the 
problem  (7.158).  Proposition  7.9.2  gives 

u  =  VQu  +  SQ(du/dn )  +  5, 

where  5  e  5^+i(^m).  Denote  X  =  {Q  e  Pk+\(Rm)\ 2(0)  =  0,  VQ(0)  =  0}. 
There  exist  Q\  e  P\(Rm)  and  Q2  G  X  such  that  P  =  Q\  +  Q2.  Put  v  =  VQu  + 
SQ(du/ 3 n)  +  Q\.  Since  u,  v  e  H(£2),  we  infer  that  Q2  =  u  —  v  G  H(£2).  Moreover, 
v  =  u  —  Q2  G  Dk+2,P(Q)  is  a  solution  of  the  problem 

Av  =  0  in  £2,  v  =  —Q2  on  TD,  dv/dn  +  hv  =  —dQ2/dn  —  hQ2  on  TR. 

Let  now  Q2  G  X  PI  H(Q)  be  given.  According  to  Theorem  7.38.1,  there  exists  a 
solution  v  e  D2  p(Q)  of  this  problem.  We  have  proved  that  v  G  Dk+2'p(£2).  So, 
u  =  n  +  g2  €  Dk+1'p(£2)  is  a  solution  of  the  problem  A  u  =  0  in  Q,  u  =  0  on  3  £2.  By 
virtue  of  Theorem  7.38.1,  we  deduce  that  the  space  of  all  solutions  u  G  Dk+2’P(Q) 
of  the  mixed  problem  (7.158)  has  dimension  equal  to  m  +  1  +  dim(X  P  H(Q))  = 
dim  (Pk+l(Rm)nH(Q)). 

Let  now /  be  arbitrary.  According  to  Theorem  7.15.3,  there  exists  v  G  Dk+2'p (£2) 
such  that  —  Av  =  f  in  Q.  Define  g  =  g  —  dv/dn  —  hv,  uq  :=  uo  —  v  on  3£2.  Then 
uo  G  Wk+2~x/p,p(dQ),  g  e  Wk+x~x/p,p(d£2)  by  Theorem  1.24.5.  We  have  proved 
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that  there  exists  a  strong  solution  w  e  Dk+2,P(Q)  of  the  mixed  problem 

3w 

— Aw  =  0  in  £2 ,  w  =  uq  on  To,  — - \- hw  =  g  on  Tr. 

on 


Clearly,  u  =  v  +  w  e  Dk+2,P(Q)  is  a  strong  solution  of  the  problem  (7.158). 


7.40  The  Mixed  Transmission  Problem 

In  this  section,  we  study  the  mixed  transmission  problem  in  W1,2(£2±).  We  find  a 
necessary  and  sufficient  condition  for  the  existence  of  a  solution  and  discuss  the 
uniqueness. 

Theorem  7.40.1  Let  G  C  Rm  be  a  domain  with  nonempty  compact  Lipschitz 
boundary.  Let  Tr  C  dG  be  closed.  Denote  To  =  3 G\Tr.  Let  £2+  be  a  bounded 
open  set  with  Lipschitz  boundary  such  that  £2+  C  G.  Denote  £2_  =  G\i 2+.  Let 
b+,  b-  be  positive  constants.  Let  h  e  L°°(Tr),  h+,h-  e  L°°(3£2+),  h,h+,h-  >  0. 
Suppose  that 


/ 


1  dTLm- 1  +  j  h  dTLm—\  +  j 

Tr  dn+ 


(h+ 


+  h~)  dTLm—  i 


>  0. 


Denote  by  n  the  unit  exterior  normal  with  respect  to  £2_.  Let  uo  e  Hl^2(dG), 
f  e  H~l/2(dG),  uc  e  //1/2(3^2+),  fc  e  77_1/2(3£2+)  be  given.  Then  the  mixed 
transmission  problem 


A  u±  —  0  ini 2±, 


u-  =  uq  on  Td, 


3  u~ 
3  n 


+  hu-  =  f  on  Tr  , 


3 u~  du+ 

u-  —  u+=uc,  b-— - b+  — - b  h+u+ -\~  h-U- =  fc  onoQ  + 

on  on 

has  a  unique  solution  u±  e  W1 ,2(£2±). 

Proof  Define  b  =  b+  on  £2+,  b  =  b-  on  £2_,  h  =  1  on  TD  and 


(u 


,v)  =  f< 


/ 


bS/u  •  Vn  dTLm  +  /  b-huv  dTLm-i  +  /  (h+  +  h~)uv  d Ti 


/ 


(7.159) 

(7.160) 

(7.161) 


m—  1  • 


G  dG  8Q  + 

Then  (  ,  )  is  a  scalar  product  on  Wl,2(G ),  and  the  corresponding  norm  is  equivalent 
to  the  original  norm  (compare  Corollary  7.21.4). 


630 


7  Solutions  in  Sobolev  and  Besov  Spaces 


Let /  e  H~l/2(dG),fc  e  H~l/2(dQ+),  u0  =  0uc  =  0.  Define 


X={ue  Wh2(G);  u  =  0  on  rD}. 


According  to  Riesz  representation  theorem  (Theorem  1.9.10),  there  exists  a  unique 
u  e  X  such  that 


(u,  v )  =  (b-f,  v)  +  ( fc ,  v)  Vv  e  X. 

Put  u±  =  u  in  Q±.  Then  u±  G  Wl,2(£2±)  is  a  solution  of  the  mixed  problem 
(7.159),  (7.160),  (7.161). 

Suppose  u0  e  H^2(dG),f  e  uc  e  Hx'2(dQ+)Jc  g  H~^2(dQ+). 

According  to  Theorem  7.1.2,  there  exists  V-  e  W1,2(£2_)  such  that 

Av-  =  0  in  v-  =  w0  on  TD,  V-  =  uc  on  3£2  +  . 

Put  u+  =  0.  Define/  =  f  —  dv-/dn  —  hv-  on  3 G,fc  =  fc  —  b-dv-/dn  —  h-V- 
on  3£2  +  .  Then /  G  H~l^2(dG),fc  G  H~l^2( 3£2+).  We  have  proved  that  there  exist 
w±  G  Wu(£2±)  such  that 


A w±  =  0  in  £2±, 
3  w- 


w~ 


0  on  rD, 


3  n 


hw- 


'-  f  on  TR 


w_ 


3 w-  3 w+ 

w-\-  =  0,  /?_  — - - h  /z+w+  +  /z_w_  =  /c  on3£2+. 


3/2 


dn 


Clearly,  u±  =  v±  +  w±  G  W1,2(£2±)  is  a  solution  of  the  mixed  problem  (7.159), 
(7.160),  (7.161). 

Let  now  uq  =  0,  uc  =  0,/  =  0 ,/c  =  0,  and  m±  g  W1,2(£2±)  be  a  solution  of  the 
mixed  problem  (7.159),  (7.160),  (7.161).  Define  u  =  u±  on  Q±.  Then  u  G  W1,2(£2) 
by  Theorem  1.21.1  and  Lemma  1.21.12.  So,  u  G  X  and  ( u ,  v)  =  0  for  all  v  G  X.  We 
have  proved  that  u  =  0. 

Theorem  7.40.2  Let  G  C  Rm  be  a  domain  with  nonempty  compact  Lipschitz 
boundary.  Suppose  that  £2  is  bounded  or  m  =  2.  Let  £2+  be  a  bounded  open  set 
with  Lipschitz  boundary  such  that  £2+  C  G.  Denote  £2-  =  G  \  £2+.  Denote  by 
n  the  unit  exterior  normal  with  respect  to  £2-.  Let  b+,  b-  be  positive  constants.  If 
f  G  77_ly/2(3G),  uc  G  //ly/2(3£2+),  fc  G  7/_ly/2(3£2+),  then  there  exists  a  solution 
u±  G  Wl’2(Q±)  of  the  mixed  transmission  problem 


in£2±,  — —  =  fondG , 

dn 

(7.162) 

du-  du+ 

— - b+——=fc  ondi 2  + 

on  on 

(7.163) 
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if  and  only  if 


{fc,  l)+b-(f,  1)  =  0.  (7.164) 

If  v±  G  W1,2(£2±)  is  a  particular  solution  of  the  problem  (7.162),  (7.163),  then 
general  form  of  a  solution  is  u±  =  v±  +  c,  where  c  is  a  constant. 

Proof  H±  :=  H(Q±)  Pi  Wl,2(Q±)  is  a  closed  subspace  of  Wl,2(Q±)  by  Proposi¬ 
tion  2.11.4.  Define 


Th[u+ ,  U-] 


3  u- 

— - b  hu,  U- 

on 


u+,b-- 


3  u- 
3  n 


Then  T\  is  a  one-to-one  bounded  linear  operator  from  H+  x  H-  onto  H~l^2(dG)  x 
//1/2(3^+)  x  //_1/2(3^+)  by  Theorem  7.40.1.  Theorem  1.6.3  yields  that  T\  is 
an  isomorphism.  Since  T\  —  To  is  a  compact  operator  by  Theorem  1.24.1,  To  is  a 
Fredholm  operator  with  index  0. 

Define  cp±  =  1.  Then  cp±  G  W1,2(£2±)  by  Proposition  3.38.4.  Clearly 
7o[<^+,  (p~\  =  0.  Let  now  7o[w+,  u-\  =  0.  Define  u  =  u±onQ±.  Then  u  G  Wl,2(G) 
by  Theorems  1.21.1  and  1.24.2.  Since 

0  =  Jb-u^+  J  u  =  J  b-\Wu\2  +  J  b+\Wu\2, 

3  G  3  £2+  £2—  £2_|_ 


we  infer  that  Xu  =  0  in  G.  According  to  Lemma  1.20.1,  there  exists  a  constant  c 
such  that  u±  =  c. 

Denote  by  X  the  set  of  all  [/,  uc,fc\  G  H~l^2(dG)  x  Hl/2(d£2+)  x  //-1/2( 3£2+) 
satisfying  (7.164).  Let  now  u±  G  W1,2  (£2±)  be  a  solution  of  (7.162),  (7.163).  Define 
(p  =  1.  Then  <p  G  Wl,2(G)  by  Proposition  3.38.4.  Thus, 

(fc,<p)  +  b-{f,(p)  =  J  b-Wu~  •  Xcp  dHm  +  J  b+Xu+-Xcp  &TLm  =  0. 


Thus,  7o(//+  x  H- )  C  X.  We  have  proved  that  dimKerTo  =  1.  Since  T0  is  a 
Fredholm  operator  with  index  0,  the  codimension  of  To(H+  x  H- )  is  equal  to  1. 
Thus,  T0(H+  x  H-)  =  X. 

Theorem  7.40.3  Let  G  C  Rm  be  an  unbounded  domain  with  nonempty  compact 
Lipschitz  boundary,  m  >  2.  Let  £2+  be  a  bounded  open  set  with  Lipschitz  boundary 
such  that  £2+  C  G.  Denote  =  G\£2+.  Denote  by  n  the  unit  exterior  normal  with 

respect  to  £2-.  Letb+,  b-  be  positive  constants.  Iff  G  H~l^2(dG),  uc  G  Hl/2(dQ+), 
andfc  G  H~l/2(dQ+),  then  there  exists  a  unique  solution  u±  G  Wl,2(Q±)  of  the 
mixed  transmission  problem  (7.162),  (7.163).  Moreover, 


||«±||^l,2(n±)  <  C[\\f\\H-'/i{dG)  +  Wfc\\H~l/2(dQ+)  +  llwc||^l/2(a^+)] 


where  C  does  not  depend  onf,  fc,  and  uc. 
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Proof  H±  :=  T/(£2±)  Pi  W1,2(£2±)  is  a  closed  subspace  of  W1,2(£2±)  by  Proposi¬ 
tion  2.11.4.  Define 


Th[u+,  u-] 


3 u~  3 u~ 

— - 1-  hu,  u-  —  u+,b-— — 

on  on 


Then  T\  is  a  one-to-one  bounded  linear  operator  from  77+  x  TT_  onto  H~l^2(dG)  x 
/71/2( 3£2+)  x  /7_1/2( 3£2+)  by  Theorem  7.40.1.  Theorem  1.6.3  yields  that  T\  is 
an  isomorphism.  Since  T\  —  To  is  a  compact  operator  by  Theorem  1.24.1,  To  is  a 
Fredholm  operator  with  index  0. 

Let  Tq[u+,u-\  =  0.  Define  u  =  u±  on  Q±.  Then  u  G  Wl2(G)  by 
Theorems  1.21.1  and  1.24.2.  Since 

o  =  J  b-u^+  J  =  J  b-\Vu\2  +  J  b+\Wu\2, 

dG  dQ+  Q-  ^  + 


we  infer  that  Vu  =  0  in  G.  So  u  is  constant  by  Lemma  1.20.1.  Proposition  3.38.5 
gives  that  u  =  0.  Since  To  is  a  Fredholm  operator  with  index  0  and  trivial  kernel,  it 
is  onto.  Theorem  1.6.3  gives  that  Tq  is  an  isomorphism. 


7.41  The  Dirichlet  Eigenvalue  Problem 

In  this  section,  we  study  the  Dirichlet  eigenvalue  problem  for  a  bounded  domain.  We 

show  that  eigenvalues  form  a  sequence  of  positive  numbers  converging  to  infinity 

° 

and  the  set  of  corresponding  eigenfunctions  is  an  orthogonal  basis  in  W1,2(£2)  and  in 
L2(fl).  We  also  study  how  the  regularity  of  3  £2  forces  smoothness  of  eigenfunctions. 

Definition  7.41.1  Let  Q  C  Rm  be  a  bounded  open  set,  m  >  2.  A  complex  number 
A  is  an  eigenvalue  of  the  Dirichlet  problem  for  the  Laplace  equation  in  Q  if  there  is 
a  nontrivial  solution  u  e  Wl  ,2(Q,  C )  of  the  problem 

—  Au  =  Xu  in  £2,  u  —  0  on  3£2.  (7.165) 

A  solution  u  is  a  corresponding  eigenfunction. 

Lemma  7.41.2  Let  Q  C  Rm  be  a  bounded  open  set,  m  >  2.  Let  X  be  an 
eigenvalue  of  the  Dirichlet  problem  for  the  Laplace  equation  in  W1,2(£2)  and  u  be 
a  corresponding  eigenfunction.  Then  u  e  C°°(£2)  and  u  =  X G^u  where  Gq  is  the 
Green  function  of  £2 . 

Proof  Since  Nu  =  (—A  fu  for  each  j  e  N ,  Proposition  3.18.2  and  Theorem  1.21.13 
give  that  u  G  C°°(£2).  Choose  a  sequence  of  bounded  open  sets  Qk  with  boundary 
of  class  C°°  such  that  Qk  C  £2&+i,  U£2 k  =  £2.  According  to  Corollary  3.9.6  and 
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Proposition  3.9.8,  there  exist  the  Green  function  Gq  of  Q  and  Green  functions  Gk 
of  Qk-  According  to  Theorem  6.4.2,  there  exists  a  unique  classical  solution  of  the 
Dirichlet  problem 

—  A Uk  =  Xu  in  Qk,  Uk  =  0  on  dQk-  (7.166) 

We  have  Uk  £  C1,0(Qk)  by  Theorem  6.11.3.  Hence,  Uk  is  a  solution  of  (7.166)  in 
W1,2(£2k)-  Extend  Uk  by  0  on  £2  \  £2^.  Then  Uk  u  in  W1,2(£2)  by  Theorem  7.2.1. 

Uk  =  XGkU  by  Proposition  6.13.1.  Proposition  3.9.5  gives  0  <  Gk  <  Gq. 
According  to  Propositions  3.9.14  and  3.9.15,  there  exists  a  constant  c  such  that 
G^(x,y)  <  hm(x  —  y)  +  c.  Since  u  £  C°°(£2)  PI  L2(Q),  we  infer  that  G\u\  <  oo 
in  £2.  Since  Gk  t  Gq  by  Theorem  3.9.13,  Lebesgue  lemma  (Lemma  1.13.2)  forces 
GkU  ->  Gqu.  Since  XGkU  =  Uk  —>  u  in  W1,2(£2),  we  deduce  that  u  =  XGqu. 

Lemma  7.41.3  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2.  Let  X  be  an  eigenvalue 
of  the  Dirichlet  eigenvalue  problem  (7.165)  with  an  eigenfunction  u.  Then  X  >  0 
and 


4  |Vm|2  d 

In  l“l2 


Proof  According  to  the  definition, 

J  Vw  •  Vu  d Tim  =  X  J  uv  dHm 

for  all  v  e  W1,2(^).  For  v  =  u,  we  obtain  the  equality  (7.167).  Since  ||  Vu||L2(fi)  is 
an  equivalent  norm  on  W1,2(2,  C)  (see  Lemma  1.21.10),  we  get  X  >  0. 

Theorem  7.41.4  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2.  Then  there  exist 
a  sequence  of  eigenvalues  {Ay}  of  the  Dirichlet  eigenvalue  problem  (7.165)  and  a 
sequence  of  corresponding  eigenfunctions  Uj  such  that  0  <  Ay  <  A_y+i,  A j  oo  as 
j  —>  oo,  {uj}  is  a  complete  orthonormal  sequence  inL2(Q).  Moreover,  {uj/  ->JXj  +  1} 

is  a  complete  orthonormal  sequence  in  W1,2(£2).  Fix  an  eigenvalue  X.  Then  the 
space  V(X)  =  {u  £  W1,2(^);  —  A u  =  Xu}  has  a  finite  dimension  k( A).  Moreover, 
there  is  l  £  N  such  that  X j  =  X  if  and  only  if  l  <  j  <  l  +  k( A)  —  1  and  {up  l  <j  < 
l  +  k( A)  —  1}  is  a  basis  ofV( A). 

Proof  For  each /  £  L2(£2),  there  is  a  unique  Uf  £  W1,2(^)  such  that 
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(see  Theorem  7.1.2).  Define  Lf  :=  Uf.  Then  L  is  a  bounded  linear  operator  from 
L2(Q)  to  fP1,2(£2)  (see  Theorem  7.1.2).  Since  the  injection  of  fP1,2(£2)  to  L2(Q)  is 
compact  by  Lemma  1.21.7,  the  operator  L  is  a  compact  linear  operator  on  L2(Q) 
(see  Theorem  1.7.4).  If  u  =  Lf  and  v  =  Lg ,  then 


J f(Lg )  c YHm  =  Jvu-Vv  d Hm  =  I  ( Lf)g 


d  n„. 


So,  the  operator  L  is  self-adjoint.  According  to  Corollary  1.9.19,  there  exists  a 
complete  orthonormal  sequence  of  eigenfunctions  Uj  in  L2(Q)  with  eigenvalues  Vj 
such  that  |  Vj |  |  0  as  j  ->  oo,  {iy}  are  all  eigenvalues  of  L  and  {uj\  Vj  =  v k}  is  a 
basis  of  Ker(L  —  v^7).  Clearly  Vj  ^  0.  Put  Xj  =  1/  iy.  Then,  Xj  is  an  eigenvalue  of 
the  Dirichlet  problem  (7. 165)  and  Uj  is  a  corresponding  eigenfunction.  According  to 
Lemma  7.41.3,  each  eigenvalue  Xj  is  positive  and  thus  Xj  \  oo. 

If  v  e  W1’2(^),then 


/ 


Vuj  •  Vu  dHn 


+ 


/ 


ujv  dHn 


(Xj  +  1) 


/ 


UjV  d Hn 


Thus,  {m// yAj  +  1}  is  an  orthonormal  sequence  in  IT1,2 (£2).  Moreover,  the 
orthogonal  complement  of  {uj}  in  IT1,2  (£2)  is  trivial.  Corollary  1.9.7  gives  that 
{ujl  yJXj  +  1}  is  a  complete  sequence  in  Wl ,2  (£2). 

Theorem  7.41.5  Let  £2  C  Rm  be  a  bounded  open  set ,  m  >  2.  Put 


Xi(Q) 


inf  /a|V»l2d?C 

v  e  W*’2(£2)  L\v 

U  /  0 


(7.168) 


TTze/i  Ai(£2)  A  the  smallest  eigenvalue  of  the  Dirichlet  eigenvalue  problem  (7.165). 
If  v  e  !T1,2(£2)  is  nontrivial  and  X\(Q)  =  II  then  v  is  an 

eigenfunction  corresponding  to  X\ (£2). 

Proof  Choose  a  sequence  Vk  G  fk1,2(£2)  such  that 

Put  wk  =  Vk/\\vk\\ L2(n).  Then  \\wk\\L2(n)  =  1  and  || Vw*|||2(£2)  Ai(f2).  Since  wk  is 

a  bounded  sequence  in  VK1,2(£2),  there  is  a  subsequence  uk  of  wk  and  u  e  1  -2 (£T2 ) 

° 

such  that  Uk  converges  weakly  to  u  in  fk1,2(£2)  (see  Theorem  1.5.10).  Since  the 
injection  of  W1,2 (£2)  into  L2(Q)  is  compact  (see  Lemma  1.21.7),  Proposition  1.7.8 
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gives  that  Uk  — ►  u  in  L2(Q).  Therefore,  ||m||L2(^)  =  1.  Since  ||Vu||L2(n)  is  an 
equivalent  norm  on  Wl,2(Q)  (see  Lemma  1.21.10)  and  Uk  converges  weakly  to  u 
in  W1,2(£2),  Lemma  1.5.8  gives  that  ||Vw||22^  <  liminf  || Vm^||22^  =  Ai(£2). 
Since  ||w||L2(^)  =  1,  we  have 


In  I  Vw|2  dHm 

fa  M2 


<  Ai(£2)  = 


,nf 

V  e  W'1-2(£2)  /q  \v\2$Hm 
v  7^  0 


Fix  v  e  W12(£2).  Put  V(t)  =  ||  V(w  +  tv)  || 2Li(p^/ 1|  (m  +  tv)  || 22(^.  Then  its  derivative 
is  equal  to 

V\t)  =  || (m  +  tv)\\~2\n)  II (m  +  fu)|&(Q)  f  (2Vm  •  Vu  +  2f|Vu|2)  d nm 

— 1| V(m  +  rv)||22(fi)  J (2uv  +  2t\v\2)  d Um  . 
a 

Since  V(t)  attains  its  minimum  in  t  =  0,  we  have 

0  =  V'(0)  =  /  2Vu  •  VvdTLm  —  Ai(£2)  J  2uvdHm. 


So,  Ai(^)  is  an  eigenvalue  of  the  Dirichlet  problem  for  the  Laplace  equation  in 
Q,  and  u  is  a  corresponding  eigenfunction.  Lemma  7.41.3  gives  that  k\(Q)  is  the 
smallest  eigenvalue  of  the  Dirichlet  eigenvalue  problem  (7.165). 

Theorem  7.41.6  Let  £2  C  Rm  be  a  bounded  domain,  m  >  2,  Ai(£2)  be  the 
smallest  eigenvalue  of  the  Dirichlet  eigenvalue  problem,  and  u  be  a  corresponding 
eigenfunction.  Then,  u  does  not  change  sign  in  Q.  If  K  is  a  compact  subset  ofQ, 
then  inf{\u(x)\;x  e  K}  >  0.  If  v  is  another  eigenfunction  corresponding  to  Ai(£2), 
then  there  is  a  real  constant  c  such  that  v  =  cu. 

Proof  According  to  Lemma  7.41.3, 

*i(«)  =  HVH&(n)/|Ml22(n)  (7-169) 

for  w  =  u.  Since  |V|w||  =  |Vw|  by  Theorem  1.21.5,  the  relation  (7.169)  holds  true 
also  for  w  =  \u\.  Since  \u\  e  D1,2(Q)  (see  Lemma  1.25.10),  \u\  is  an  eigenfunction 
corresponding  to  Ai(£2)  by  Theorem  7.41.5.  Since  u  is  nontrivial,  or  u~  is 
nontrivial.  Without  loss  of  generality,  we  can  assume  that  is  nontrivial.  Since 
u  and  \u\  are  eigenfunctions  corresponding  to  X\(Q),  u+  =  (u  +  |m|)/2  is  an 
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eigenfunction  corresponding  to  Ai(£2),  too.  Since  Ai(£2)  >  0  by  Lemma  7.41.3, 
we  have  for  <p  g  C^°(£2),  cp  >  0 

J  Vt/+  •  Wcp  dFLm  =  J  Ai (Q)u+(p  dPLm  >  0. 

So,  is  a  superharmonic  function  by  Theorem  3.19.4.  If  K  is  a  compact  subset 
of  Q,  then  there  exists  xo  e  K  such  that  u+(x )  >  u+(x o)  for  each  x  in  K  (see 
Lemma  3.2.2).  If  u+(x o)  =  0,  then  u+  =  0  (see  Proposition  3.3.5),  what  is  a 
contradiction.  Since  u+  >  0  in  Q,  we  obtain  u  =  u+ . 

Let  now  v  be  another  eigenfunction  corresponding  to  X\(Q).  For  a  fixed  x  e  Q, 
put  c  =  v(x)/u(x).  Since  u  and  v  are  eigenfunctions  corresponding  to  X\(Q),  the 
function  v  —  cu  is  an  eigenfunction  corresponding  to  X\(Q)  or  v  —  cu  =  0.  Since 
u(x)  —  cu(x )  =  0,  the  function  u  —  cw  is  not  an  eigenfunction  corresponding  to 
X\(Q).  Thus,  v  =  cu. 

Theorem  7.41.7  Let  £2  C  Rm  be  a  bounded  domain,  m  >  2.  Let  {A;}  be  the 
sequence  of  all  eigenvalues  of  the  Dirichlet  problem  for  the  Laplace  equation  in 
Q,  and  A  e  C. 

•  If  X  eC  \  {Ay},  then  there  exists  a  unique  solution  u  G  W'1,2(^)  of  the  Dirichlet 
problem 


Au -\- Xu  =  f  in£2,  u  =  g  on  dQ  (7.170) 

for  all  f  G  D~l,2(Q)f  g  G  W1,2(Q).  Moreover, 


llMllw'1»2(n)  —  t 


W1*2^) 


+  II/IId-1-2^)] 


where  C  depends  only  on  £2  and  A. 

•  Let  A  be  an  eigenvalue  of  the  Dirichlet  problem  for  the  Laplace  equation  in  £2, 
f  G  D~l  2(Q),  g  G  W1,2(£2).  Then  there  exists  a  solution  u  G  1T1,2(£2)  of  the 
Dirichlet  problem  (7.170)  if  and  only  if 


Vg  •  Vw  d TLm  —  A 


/ 


gw  d Tlm  =  0 


(7.171) 


for  all  eigenfunctions  w  corresponding  to  A. 

Proof  Put  v  =  u  —  g.  Then  u  is  a  solution  of  the  problem  (7.170)  if  and  only  if 
v  G  D1,2(£2),  Av  +  Xv  =  F  =  f  —  Ag  —  A g. 

o 

A  is  an  isomorphism  from  D 1,2  (£2)  onto  D-1,2(£2)  by  Theorems  7.1.2  and  3.19.3. 
Since  the  injection  of  the  D1,2(£2)  into  L2(£2)  is  compact  by  Lemma  1.21.7,  and 

L2(Q)  is  continuously  imbedded  into  D~1,2(Q)  by  Holder’s  inequality  (Proposi- 

° 

tion  1.14.1),  we  infer  that  the  identity  is  a  compact  operator  from  Dl,2(Q)  to 
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£>_1’2(£2)  (see  Theorem  1.7.4).  Therefore,  A  +  XI  is  a  Fredholm  operator  with 
index  0  (see  Theorem  1.8.3).  If  X  is  not  an  eigenvalue,  then  A  +  XI  is  injective 
and  therefore  surjective.  Theorem  1.6.3  gives  that  A  +  XI  is  an  isomorphism  from 
bX  2(Sl)  onto  Zru(£2). 

Let  now  X  be  an  eigenvalue.  If  (p,\//  g  L>1,2(£2),  then 


((A  +  XI)<p,  f)=\  \  V cp  •  S/f  +  Xcpx/f]  d Hm 


by  Theorem  3.19.3.  So,  the  adjoint  operator  of  the  operator  A  +  XI  is  the  same 
operator  A  +  XI.  Proposition  1.5.13  gives  that  F  =  f  —  Ag  —  Xg  is  in  the  range 
of  A  +  XI  if  and  only  if  (F,  w)  =  0  for  all  w  G  Ker(A  +  XI).  But  Ker(A  +  XI) 
is  the  space  of  all  eigenfunctions  corresponding  to  X.  If  w  is  an  eigenfunction,  then 
w  G  Dl’2(Q)  and 


(F,  w)  =  (/,  w)  +  /  Vg-  Vw  dH, 


by  Theorem  3.19.3. 

Corollary  7.41.8  Let  £2  C  Rm  be  a  bounded  domain,  m  >  2.  Let  {XfJ  e  N}  be  the 
sequence  of  all  eigenvalues  of  the  Dirichlet  problem  for  the  Laplace  equation  in  £2. 
Denote  V(T)  =  {u  e  Wl2(Q,C);-Au  e  L2(Q,C)},  Tu  =  -Auforu  e  V(T). 
Then  T  is  a  closed  linear  operator  in  L2(£2,  C)  defined  on  the  dense  subset  V(T) 
and  its  spectrum  <j(T)  =  {Xpj  G  N}. 

Proof  Since  Cc°°(^ ,  C)  C  V(T)  C  L2(Q,C),  Proposition  1.14.7  gives  that  V(T)  is 
a  dense  subset  of  L2(Q ,  C). 

Let  A  G  C  \  {X pj  G  N}.  Then  -A  -XI  :  Wl2(Q,C)  ->  D~l2(Q,C)  is 
an  isomorphism  by  Theorem  7.41.7.  Since  L2(Q,C)  is  continuously  imbedded 
into  D~l,2(Q,C)  by  Holder’s  inequality  (Proposition  1.14.1)  and  Wl,2(Q,C)  is 
continuously  imbedded  into  L2(Q,  C),  we  infer  that  (T  —  Xl)~l  is  a  continuous 
linear  operator  on  L2(Q ,  C).  Thus,  T  —  XI  and  T  are  closed  operators  and  X  ^  g{T). 

If  X j  is  an  eigenvalue  and  u  is  a  corresponding  eigenfunction,  then  m  /  0  and 
Tu  —  Xju  =  0.  Thus,  Xj  G  g(T). 

Proposition  7.41.9  Let  £2  C  Rm  be  a  bounded  regular  domain  (e.g.,  a  domain  with 
Lipschitz  boundary),  X  G  C.  Then,  u  is  an  eigenfunction  of  the  Dirichlet  problem  for 
the  Poisson  equation  corresponding  to  the  eigenvalue  X  in  IT1,2  (£2)  if  and  only  if  u 
is  an  eigenfunction  of  the  Dirichlet  problem  for  the  Poisson  equation  corresponding 
to  the  eigenvalue  X  in  C°(£2). 

Proof  Let  u  G  Wl,2(£2)  be  a  solution  of  (7.165).  Lemma  7.41.2  gives  that 
u  G  C°°(£2)  and  u  =  XGqu ,  where  Gq  is  the  Green  function  of  £2.  So,  u  is 
an  eigenfunction  of  the  Green  potential.  So,  u  G  C0,0(£2)  by  Theorem  3.20.1. 
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Theorem  4.6.3  gives  that  u  G  C°(£2).  Thus,  u  is  an  eigenfunction  of  the  Dirichlet 
problem  for  the  Poisson  equation  corresponding  to  the  eigenvalue  A  in  C°(£2). 

According  to  Theorem  7.41.4,  there  exists  a  sequence  of  eigenfunctions  uj  from 
W1’2  (£2)  that  is  a  complete  orthonormal  sequence  in  L2(Q).  Moreover,  an  eigen¬ 
function  u  corresponding  to  A  is  a  linear  combination  of  a  finite  set  uj  corresponding 
to  A.  The  same  is  true  for  eigenfunctions  from  C°(£2).  (See  Theorem  6.22.3.)  Since 
each  eigenfunction  in  IT1,2 (£2)  is  an  eigenfunction  in  C°(£2),  we  deduce  that  u  is 
an  eigenfunction  of  the  Dirichlet  problem  for  the  Poisson  equation  corresponding 
to  the  eigenvalue  A  in  Wl,2(Q)  if  and  only  if  u  is  an  eigenfunction  of  the  Dirichlet 
problem  for  the  Poisson  equation  corresponding  to  the  eigenvalue  A  in  C°(£2) 

Corollary  7.41.10  Let  £2  C  Rm  be  a  bounded  domain  with  boundary  of  class  C1,01 
with  0  <  a  <  1.  If  u  is  an  eigenfunction  of  the  Dirichlet  problem  for  the  Poisson 
equation  in  W1,2(£2),  then  u  G  Cl,x (£2)  for  all  A  G  (0,0?). 

Proof  u  is  an  eigenfunction  of  the  Dirichlet  problem  for  the  Poisson  equation  in 
C°(£2)  by  Proposition  7.41.9.  Theorem  6.22.3  gives  u  G  C1,A(£2)  for  all  A  G  (0,  a). 

Proposition  7.41.11  Let  Q  C  Rm  be  a  bounded  domain  with  boundary  of  class 
Ck+2  with  k  G  N0.  Ifu  is  an  eigenfunction  of  the  Dirichlet  problem  for  the  Poisson 
equation  in  Wl,2(Q),  then 


u  e  P)  Ck+'-x(Q)  n  P)  Wk+1’P{Q.). 


0<A<1 


\<p<oo 


Proof  Suppose  first  that  k  =  0.  Corollary  7.41.10  gives  u  G  C1,A(£2)  for  all  A  G 
(0, 1).  Fix  1  <  p  <  oo.  Since  u  G  1T1,2(^)  is  a  solution  of  (7.165),  Theorems  7.14.3 
and  7.1.2  give  that  u  e  W2,p(fl). 

Let  now  k  G  N  and  the  proposition  hold  true  for  k  —  1.  Fix  1  <  p  <  oo.  Since 
u  G  W*+1’^(ft)  is  a  solution  of  (7. 165),  Theorem  7. 143  gives  u  G  Wk+2'p<Sl).  Since 
p  was  arbitrary,  Theorem  1.21.13  forces  u  G  Ck+l,x(Q)  for  each  A  G  (0, 1). 


7.42  Neumann  Eigenvalue  Problem  in  W1,2(ft) 

In  this  section,  we  study  the  Neumann  eigenvalue  problem  in  fV1,2(£2)  for  a 
bounded  domain  with  Lipschitz  boundary.  We  show  that  eigenvalues  form  a 
sequence  of  nonnegative  numbers  converging  to  infinity  and  the  set  of  corresponding 
eigenfunctions  is  an  orthogonal  basis  in  Wl,2(Q)  and  in  L2(Q). 

Definition  7.42.1  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2.  We  say  that  A  G  C 
is  an  eigenvalue  of  the  Neumann  problem  for  the  Laplace  equation  in  Wl,2(Q ,  C)  if 
there  exists  a  nontrivial  u  G  W12(^ ,  C)  such  that 


wv  g  wl2(n,c), 
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i.e.,  u  is  a  solution  of  the  problem 


— Azz  =  Az/in£2,  —  =  0  on  9  £2 . 

on 

The  function  u  is  called  an  eigenfunction  corresponding  to  A. 

Lemma  7.42.2  Let  £2  C  Rm  be  a  bounded  open  set,  m  >  2.  Let  X  be  an  eigenvalue 
of  the  Neumann  eigenvalue  problem  for  the  Laplace  equation  with  an  eigenfunction 
u.  Then  X  >  0  and 


X  = 


fa  |Vm|2  d Um 
fa  \u\ 2  d^m 


If  pi  is  an  another  eigenvalue  with  an  eigenfunction  w,  then 


J  uw  dTLm  =  J  Vzz  •  Vw  &TLm  =  0. 
£2  £2 

Proof  According  to  the  definition, 

J  V  u  •  V  i>  dHm  =  A  J 


Vzz  •  Vr>  dPLm  =  X  J  uv  dTLn 
£2  £2 


for  all  v  e  IT1,2 (£2).  For  v  =  u,  we  obtain  the  equality  (7.172).  Since 

/x  J  uw  dTLm  =  J  V  zz  •  V  w  dTLm  =  A  J  uw  dTLm 
£2  £2  £2 


(7.172) 


(7.173) 


we  obtain  the  equalities  (7.173). 

Theorem  7.42.3  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary, 
m  >  2.  TTzezz  ^/zere  exist  a  sequence  of  eigenvalues  {X  f  of  the  Neumann  eigenvalue 
problem  in  Wl,2(f2 ,  C )  =  W1,2(f2 ,  C)  azzd  a  sequence  of  corresponding  eigenfunc¬ 
tions  uj  such  that  0  <  A j  <  Ay+i,  Ay  — >  oo  as  j  oo,  z/y  A  a  complete  orthonormal 
sequence  in  L2(Q).  Moreover,  Uj/  sJXj  +  1  A  <2  complete  orthonormal  sequence  in 
IT1,2  (£2).  Fzx  aft  eigenvalue  A.  TTz^zz  £/z£  space  V(A)  =  {0}  U  {2/  <222  eigenfunction 
corresponding  to  A}  has  a  finite  dimension  k(X).  Moreover,  there  is  l  e  N  such  that 
X j  =  X  if  and  only  if  l  <  j  <  /  +  &(A)  —  1  and  {up  l  <  j  <  /  +  A(A)  —  1}  A  <2  Zzaszs 
ofV{X).  We  have  X\  =  0  <  A 2,  azzzi  221  A  constant. 

Proof  Every  eigenvalue  is  nonnegative  by  Lemma  7.42.2.  Clearly,  u\  =  1/Hm(£2) 
is  an  eigenfunction  corresponding  to  0.  If  u  is  an  eigenfunction  corresponding  to 
X\  =  0,  then  Vzz  =  0  by  Lemma  7.42.2  and  thus  u  is  constant. 
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Define  the  operator  T  from  Wl,2(Q ,  C)  to  [Wl,2(Q ,  C)]'  by 
(7k,  v)  =  Vu-Vv  dHm. 


Q 


Then  T  is  a  bounded  linear  operator.  Clearly,  ( Tu,v )  =  (w,  Tv).  In  particular,  if 
Tu,Tv  G  L2(£2),  then 


Denote  by  f  the  restriction  of  T  onto  Wq,2(£2)  :=  {u  G  fP1,2(£2);  f  u  dHm  =  0}. 
Then  T  is  an  isomorphism  W<J,2(£2)  onto  {/  G  [IT1,2  (£2)]';  (/,  1)  =  0}.  (See  Theo¬ 
rem  7. 20. 2.)  Denote  by  S  the  restriction  of  T~l  ontoL^^)  :=  {/  G  L2(£2);  (/,  1)  = 
1}.  Since  L2(£l)  ^  [W1,2^)]'  by  Holder’s  inequality  (Proposition  1.14.1)  and 
W1,2  (£2)  is  compactly  imbedded  into  L2(£2)  (see  Lemma  1.21.8),  the  operator  S  is  a 
compact  linear  operator  on  Lq(£2)  (see  Theorem  1.7.4).  Moreover, 


J fSg  dH,„  =  J (TSf)Sg  dH,„  =  J ( Sf)(TSg )  d Hm  =  J (. Sf)g  d Hm 


and  the  operator  S  is  self-adjoint  on  Lq(£2).  According  to  Corollary  1.9.19,  there 
exists  a  complete  orthonormal  sequence  of  eigenfunctions  W2,  «3,  •  •  •  of  S'  in  Lq(£2) 
and  a  sequence  of  corresponding  eigenvalues  /x7-  such  that  \fij\  l  0  as  j  oo,  {fij} 
is  the  set  of  all  eigenvalues  of  S  and  {uf,  fik  =  /x,-}  is  a  basis  of  Ker(S  —  /x^/).  Since 
5  is  one-to-one,  we  have  /xy-  ^  0  for  all  j  >  2.  If  A  G  7?  \  {0},  then  A  is  an  eigenvalue 
of  T  with  an  eigenfunction  u  if  and  only  if  /x  =  1  /  A  is  an  eigenvalue  of  S  with  an 
eigenfunction  u.  Put  Ay  =  1  /  / jlj  for  j  >  2.  If  A  ^  0  is  an  eigenvalue  of  the  Neumann 
problem  with  an  eigenfunction  u ,  then  w  G  Lq(£2)  by  Lemma  7.42.2.  Thus,  {Ay} 
is  a  sequence  of  all  eigenvalues  of  T  with  eigenfunctions  Uj.  Moreover,  {uj)  is  a 
complete  orthonormal  sequence  in  L2(Q)  and  0  =  Ai<A2<...Ay<  A;-+i  ->  oo. 


If  v  G  W1,2(Q),  then 


Thus,  {uj/  y/Xj  +  1 }  is  an  orthonormal  sequence  in  fP1,2(£2).  Moreover,  the 
orthogonal  complement  of  {uj)  in  VP1,2  (£2)  is  trivial.  Corollary  1.9.7  gives  that 
{uj!  y/Xj  +  1}  is  complete  sequence  in  W1,2  (£2). 
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Theorem  7.42.4  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary, 
m  >  2. 

•  If  X  e  C  is  not  an  eigenvalue  of  the  Neumann  problem  for  the  Laplace  equation 
in  Wl,2(Q,  C),  then  for  each  F  G  [Wl,2(£2,  C)]',  there  exists  a  unique  solution 
u  G  Wl2(fl ,  C)  of  Neumann  the  problem 

J [Vm  •  Vv  -  Xuv]  dUm  =  {F,  v)  Vv  e  Wl’2(£l,C).  (7.174) 

ft 

Moreover,  there  exists  a  constant  C  depending  only  on  £2  and  X  such  that 

IMIw1’2^)  —  c’ll  ^ll[wi-2(^)]/- 

•  Let  X  be  an  eigenvalue  of  the  Neumann  problem  for  the  Laplace  equation  in 

W1,2(£2,  C),  F  g  [fL1,2(£2,  C)]'.  Then  there  exists  a  solution  u  G  C )  of 

the  Neumann  problem  (7.174)  if  and  only  if  (F,v)  =  0  for  each  eigenfunction  v 
corresponding  to  X. 

Proof  Define  the  bounded  linear  operator  T 

( Tu ,  v)  =  J  Nu  •  Vi?  d FLm. 

ft 

from  Wl,2(Q,  C)  to  [W1,2(£2,  C)]r.  Theorem  7.21.2  gives  that  T  +  I  is  an  isomor¬ 
phism.  The  identity  operator  is  a  compact  operator  from  W1,2(£2)  =  fE1,2(£2)  to 
L2(fl)  (see  Lemma  1.21.8).  Since  the  identity  operator  is  a  bounded  linear  operator 
from  L2(Q)  to  [1L1,2(^)]/  by  the  Holder  inequality  (Proposition  1.14.1),  we  infer 
that  the  identity  operator  is  a  compact  linear  operator  from  1L1,2(£2)  to  [iL1,2(^2)]/ 
(see  Theorem  1.7.4).  Hence,  T  —  XI  is  a  Fredholm  operator  from  TL1,2(£2)  to 
[1L1,2(^)]/  with  index  0  by  Theorem  1.8.3.  If  X  is  not  an  eigenvalue,  then  the  kernel 
of  T  —  XI  is  trivial.  Since  the  index  of  T  —  XI  is  0,  the  operator  T  —  XI  is  onto. 
Theorem  1.6.3  gives  that  T  —  XI  is  continuously  invertible. 

Let  now  X  be  an  eigenvalue.  Since  X  >  0  by  Lemma  7.42.2,  we  can  restrict 
ourselves  onto  the  space  of  real  functions  IF1,2  (£2).  Since  ((T  —  Xl)u,  v)  =  (u,(T  — 
XI) v),  the  adjoint  operator  of  T  —  XI  is  the  operator  T  —  XL  Proposition  1.5.13  gives 
that  the  Neumann  problem  (7.174)  is  solvable  if  and  only  if  (F,  v)  =  0  for  each 
eigenfunction  v  corresponding  to  X. 

Corollary  7.42.5  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary, 
m  >  2.  Let  {A fj  G  N}  be  the  sequence  of  all  eigenvalues  of  the  Neumann  problem 
for  the  Laplace  equation  in  IF1,2  (£2).  Define  the  bounded  linear  operator  T  from 
Wl  2(Q ,  C)  to  [Wl’2(t 2 ,  OY  by 
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Denote  V(T)  =  {u  E  Wl’2(Q,C);Tu  e  L2(Q,C)},  i.e.,  V{T)  =  {u  e 
,  C);  Au  e  L2(Q,C),du/dn  =  0},  and  Tu  =  Tu  for  u  e  V(T),  i.e., 
Tu  =  —Au.  Then,  T  is  a  closed  linear  operator  in  L2(£2,  C )  defined  on  the  dense 
subset  V(T)  and  its  spectrum  <j(T)  =  {A f,j  e  N}. 

Proof  Since  C^°(£2 ,  C )  C  V(T)  C  L2(£2 ,  C),  Proposition  1.14.7  gives  that  V(f)  is 
a  dense  subset  of  L2(£2 ,  C ). 

Let  X  e  C  \  {A yj  e  N}.  Then  T  —  XI  is  an  isomorphism  from  fP1,2(£2,  C) 
onto  [fP1,2(£2,  C)]'  by  Theorem  7.42.4.  Since  L2(fil,  C )  is  continuously  imbedded 
into  [Wl,2(Q,  C)]'  by  Holder’s  inequality  (Proposition  1.14.1)  and  Wl  2(Q,C)  is 
continuously  imbedded  into  L2(fil,  C),  we  infer  that  ( T  —  A/)-1  is  a  continuous 
linear  operator  on  L2(Q ,  C).  Thus,  T  —  XI  and  T  are  closed  operators  and  A  $  <j(T). 

If  A j  is  an  eigenvalue  and  u  is  a  corresponding  eigenfunction,  then  m  /  0  and 
Tu  —  Xju  =  0.  Thus,  Xj  e  cr(T). 


7.43  The  Robin  Eigenvalue  Problem 


Suppose  that  Q  C  Rm  is  a  bounded  domain  with  Lipschitz  boundary.  In  this  section, 
we  study  the  Robin  eigenvalue  problem  for  the  Poisson  equation 

du 

—  A  u=f  in  £2,  - — b  bu  =  g  on  3£2,  (7.175) 

on 

with  b  e  L°°(9£2),  b  >  0, 


[  b  dHm-i  >  0. 


(7.176) 


We  say  that  A  e  C  is  an  eigenvalue  of  the  Robin  problem  (7.175)  in 
Wl'2(fil ,  C)  =  Wl,1(£2 ,  C)  if  there  exists  a  nontrivial  u  e  Wl,2(Q ,  C)  such  that 


/ 


Vu-Vv  dTLn 


-  J  buv  TLm- 1  =  A  J  i 


uvdUm  WveWh2(Q,C),  (7.177) 


1. e.,  u  is  a  solution  of  the  Robin  problem 

du 

—  Au  =  Xu  in  £2,  - — \- bu  =  0  on  3£2.  (7.178) 

on 

This  u  is  called  an  eigenfunction  corresponding  to  A. 

Theorem  7.43.1  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary,  m  > 

2,  b  e  L°°(i 2),  b  >  0  and  (7.176)  hold.  Then,  there  exist  a  sequence  of  eigenvalues 
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{A j}  of  the  Robin  eigenvalue  problem  in  Wl,2(Q ,  C)  =  Wl,2(Q ,  C )  and  a  sequence 
of  corresponding  eigenfunctions  Uj  £  Wl,2(Q)  such  that  0  <  A 7-  <  Ay+i,  A j  — >  oo 
as  j  — >  oo,  w7  A  a  complete  orthonormal  sequence  in  Denote  on  Wl,2(Q ,  C ) 

the  inner  product 


(m,  v)  =  J 


Va  •  Vi;  dPLm 


7 


dHm-i 


where  v  is  the  complex  conjugate  of  v.  Then  \\u\\  =  yj ( u ,  a)  zs  aa  equivalent 
norm  on  Wl,2(Q ,  C ).  77z£  sequence  {uj/  y/~kj}  is  a  complete  orthonormal  system  in 
Wl,2(fl ,  C)  and  in  W1,2  (£2)  equipped  with  the  inner  product  (  ,  ).  Fix  an  eigenvalue 
A.  Then  the  space  V(A)  =  {0}  U  {u  an  eigenfunction  corresponding  to  A}  has  a 
finite  dimension  k( A).  Moreover,  there  is  l  £  N  such  that  A j  =  A  if  and  only  if 
/<_/'</  +  &(A)  —  1  and  {zz7;  /  <  j  <  /  +  A(A)  —  1}  zs  a  ^a.s’/.s’  ofV(X). 

Proof  Proposition  1.21.9  gives  that  ||  ||  is  an  equivalent  norm  on  W1,2(Q ,  C).  If  A  is 
an  eigenvalue  and  u  is  a  corresponding  eigenfunction,  then  we  get  from  (7.177)  for 
v  =  u  that  A  =  ||n||2/||n||22(^  >  0. 

Define  the  operator  T  from  W1,2^)  to  [W1,2(^)]/: 

(Tu,  v)  =  J  Vn  •  Vv  d FLm  +  J  buv  dPLm-\. 


Then  T  is  an  isomorphism  by  Theorem  7.21.3.  Clearly,  (Tu,v)  =  ( u,Tv ).  In 
particular,  if  Tu,Tv  £  L2(£2),  then 


J  uTv  d FLm 

a 


J  uTv  dFLm. 

Q 


Denote  by  S  the  restriction  of  T~l  onto  L2(Q).  Since  L2(£2)  is  continuously 
imbedded  into  [fP1,2(^)]/  by  Holder’s  inequality  (Proposition  1.14.1)  and  VP1,2  (£2) 
is  compactly  imbedded  into  L2(Q)  (see  Lemma  1.21.8),  the  operator  S  is  a  compact 
linear  operator  on  L2(fil)  (see  Theorem  1.7.4).  Moreover, 


I  fSg  c mm  =  J  ( TSf)Sg  c mm  =  J  (Sf)(Tsg)  d  nm 

Q  Q  Q 


j  ( Sf)g 


dU 


m 


and  the  operator  S  is  self-adjoint  on  L2(Q).  According  to  Corollary  1.9.19,  there 
exist  a  complete  orthonormal  sequence  {uj}  of  eigenfunctions  of  S  and  a  sequence 
of  corresponding  eigenfunctions  fij  such  that  |/x7j  >  |/x7+i  |  ->  0,  {/x7}  is  the  set  of 
all  eigenfunctions  and  {up  pij  =  /x^}  is  a  basis  of  Ker(S  —  /x^7).  Since  S  is  one-to- 
one,  we  have  /x7  ^  0  for  all  j.  If  A  £  R  \  {0},  then  A  is  an  eigenvalue  of  T  with  an 
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eigenfunction  u  if  and  only  if  /x  =  1  / X  is  an  eigenvalue  of  S  with  an  eigenfunction 
u.  Now  we  put  Xj  =  1/  fij. 

Ifve  Wla(Q),  then 


Thus,  {ujl  -yJYj}  is  an  orthonormal  sequence  in  IT1’2  (£2).  Moreover,  the  orthogonal 
complement  of  {uj}  in  Wl,2(Q)  is  trivial.  Corollary  1.9.7  gives  that  {uj/  y/Xj}  is 
complete  sequence  in  Wl,2(Q). 

Theorem  7.43.2  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary,  m  > 
2,  b  G  L°°  (Q),  b  >  0  and  (7.176)  hold. 

•  If  X  G  C  is  not  an  eigenvalue  of  the  Robin  problem  for  the  Laplace  equation 
(7.178)  in  Wl,2(£2 ,  C),  then  for  each  F  e  [Wl,2(Q ,  C)]',  there  exists  a  unique 
solution  u  e  Wl  ,2(Q ,  C)  of  the  Robin  problem 


(7.179) 


for  all  v  e  IT1,2  (£2,  C).  Moreover,  there  exists  a  constant  C  depending  only  on 
Q,  b,  and  X  such  that 


IMIwuw  -  £||  ^11  [w1’2^)]'- 


•  Let  X  be  an  eigenvalue  of  the  Robin  problem  for  the  Laplace  equation  (7.178) 
in  Wl,2(f2,  C),  F  e  [1T1,2(£2,  C)]'.  Then  there  exists  a  solution  u  e  W1,2(£2,  C ) 
of  the  Robin  problem  (7.179)  if  and  only  if  {F,v)  =  0  for  each  eigenfunction  v 
corresponding  to  X. 

Proof  Define  the  operator  T  from  W1’2 (£2)  to  [W1,2(^)]/: 


Then  T  is  an  isomorphism  by  Theorem  7.21.3.  The  identity  operator  is  a  compact 
operator  from  W1,2(£2)  =  1T1,2(£2)  to  L2(£2)  (see  Lemma  1.21.8).  Since  the  identity 


operator  is  a  bounded  linear  operator  from  L2(£l)  to  [1T1,2(^)]/  by  the  Holder 


inequality  (Proposition  1.14.1),  we  infer  that  the  identity  operator  is  a  compact 
linear  operator  from  IT1,2 (£2)  to  [IT1,2 (£2)]'  (see  Theorem  1.7.4).  Hence,  T  —  XI 
is  a  Fredholm  operator  from  Wl,2(Q)  to  [1T1,2(^)]/  with  index  0  by  Theorem  1.8.3. 
If  X  is  not  an  eigenvalue,  then  the  kernel  of  T— XI  is  trivial.  Since  the  index  of  T—XI 
is  0,  the  operator  T  —  XI  is  onto.  Theorem  1 .6.3  gives  that  T  —  XI  is  an  isomorphism. 
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Let  now  X  be  an  eigenvalue.  Since  X  >  0  by  Theorem  7.43.1,  we  can  restrict 
ourselves  onto  the  space  of  real  functions  IT1,2  (£2).  Since  ((T  —  Xl)u,  v)  =  (u,(T  — 
XI) v),  the  adjoint  operator  of  T  —  XI  is  the  operator  T  —  XL  Proposition  1.5.13 
gives  that  the  Robin  problem  (7.178)  is  solvable  if  and  only  if  (F,v)  =  0  for  all 
v  e  Ker(T  —  XI)  =  {0}  U  {v  eigenfunction  corresponding  to  A}. 

Corollary  7.43.3  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary, 
m  >  2,  b  e  L°°(Q),  b  >  0  and  (7.176)  hold.  Let  {XyJ  e  N}  be  the  sequence  of 
all  eigenvalues  of  the  Robin  problem  for  the  Laplace  equation  (7.178)  in  W'1,2(£2). 
Define  the  bounded  linear  operator  T  from  Wl,2(Q ,  C)  to  [IT1,2 (£2 ,  C)]' 


Denote  V(T)  =  {u  G  Wl2(Q,C);Tu  e  L2(Q,C)},  i.e.,  V(T)  =  {u  e 
Wl2(Q,C);  A u  e  L2(Q,C),  du/dn  +  bu  =  0  on  dQ},  and  Tu  =  Tufor  u  e  V(T), 
i.e.,  Tu  =  —A  u.  Then  T  is  a  closed  linear  operator  in  L2(Q ,  C)  defined  on  the  dense 
subset  V(T)  and  its  spectrum  (j(T)  =  {X pj  e  N}. 

Proof  Since  C^°(£2 ,  C)  C  V(T)  C  L2(^ ,  C),  Proposition  1.14.7  gives  that  V(T)  is 
a  dense  subset  of  L2(Q ,  C). 

Let  X  e  C  \  {Xpj  e  N}.  Then  T  —  XI  is  an  isomorphism  from  VP1,2  (£2,  C) 
onto  [Wl,2(Q,  C)]'  by  Theorem  7.43.2.  Since  L2(Q,  C)  is  continuously  imbedded 
into  [Wl,2(Q,C)]'  by  Holder’s  inequality  (Proposition  1.14.1)  and  Wl2(Q,C)  is 
continuously  imbedded  into  L2(Q ,  C),  we  infer  that  ( T—Xl)~l  is  a  continuous  linear 
operator  on  L2(Q ,  C).  Thus,  T  —  XI  and  T  are  a  closed  operator  and  X  $  a  (T). 

If  Xj  is  an  eigenvalue  and  u  is  a  corresponding  eigenfunction,  then  u  ^  0  and 
Tu  -  Xju  =  0.  Thus,  Xj  e  o(T). 

Proposition  7.43.4  Let  £2  C  Rm  be  a  bounded  domain  with  Lipschitz  boundary, 
m  >2,  b  e  L°°( 3 £2),  b  >  0,  X  e  Rl.  Letu  e  VP1,2  (£2)  be  a  solution  of  (7.178).  Then, 
u  e  WS,2(Q)  for  all  s  e  (1,3/2).  If  dQ  is  of  class  Cl,a  with  0  <  a  <  1,  p  e  (0,Qf), 
and  b  e  C0,P(dQ),  then  u  e  Cl,P(£2).  If  dQ  is  of  class  C 2  and  b  e  Cl(dQ),  then 
u  e  W2,P(Q)  for  every  p  e  (l,oo).  If  Q  c  R2  has  boundary  of  class  Ck+2  with 
k  e  No  and  b  e  Ck+x(dQ),  then  u  e  Wk+2,p (Q)  for  every  p  G  (1,  oo). 

Proof  If  v  e  fP1,2(^),  —  Av  =  Xu  in  Q,  dv/dn  +  bv  =  0  on  3£2,  then  u  —  v  is 
constant  by  Theorems  7.20.2  and  7.21.3.  If  1  <  s  <  3/2,  then  u  e  1T^2(^)  by 
Theorems  7.24.5  and  7.24.7. 

Let  3^2  be  of  class  Cl,a  with  0  <  a  <  1.  Then  u  e  Wl,p(Q)  for  all  p  E  (1,  cx>)  by 
Theorems  7.24.5  and  7.24.7.  If  f  e  (0,a),  then  u  e  C0,P(Q)  by  Theorem  1.21.13. 
If  moreover  b  e  C0,P(dQ),  then  u  e  Cl,P(Q)  by  Theorems  6.10.8  and  6.10.10. 

If  3£2  is  of  class  C 2  and  b  e  Cl(dQ),  then  u  e  W2,P(Q)  for  every  p  E  (1,  cx>)  by 
Theorem  7.26.3. 

Suppose  that  Q  C  R2  has  boundary  of  class  Ck+2  with  k  e  No  and  b  e  Ck+x(dQ). 
Fix  p  e  (1 ,  oo).  If  u  G  W^(ft),  then  u  e  Wk+2'P(Q)  by  Theorems  7.30.1  and 
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7.30.2.  We  have  proved  that  u  G  W2,P(Q).  So,  the  induction  argument  gives  that 
u  e  Wk+2-p(Sl). 


7.44  The  Mixed  Eigenvalue  Problem 

In  this  section,  we  study  the  mixed  eigenvalue  problem  in  W 12  (12 )  for  a  bounded 
domain  with  Lipschitz  boundary.  We  show  that  eigenvalues  form  a  sequence  of 
positive  numbers  converging  to  infinity  and  the  set  of  corresponding  eigenfunctions 
is  an  orthogonal  basis  in  L2(Q). 

In  this  section,  we  suppose  that  Q  C  Rm  is  a  bounded  domain  with  Lipschitz 
boundary  and  TR  is  a  nonempty  closed  subset  of  dQ,  TD  =  dQ  \TR  0,  b  G 
L°°( 9£2),  b  >  0.  If  X  G  C,  u  G  Wl,2(Q,  C )  is  a  nontrivial  solution  of  the  mixed 
problem 


—  A  u  =  Xu 

in  £2 , 

(7.180) 

u  =  0 

on  rD, 

(7.181) 

3  u 

—  +  bu  =  0 
on 

on  rR, 

(7.182) 

then  X  is  called  an  eigenvalue  of  the  mixed  problem  (7.180),  (7.181),  (7.182),  and  u 
is  a  corresponding  eigenfunction. 

Theorem  7.44.1  There  exist  a  sequence  of  eigenvalues  {Xj}  of  the  mixed  problem 
(7.180),  (7.181),  (7.182)  in  Wl,2(Q ,  C)  and  a  sequence  of  corresponding  eigenfunc¬ 
tions  Uj  G  W1,2(£2)  such  that  0  <  Xj  <  A/+i,  Xj  ->  oo  as  j  — >  oo,  uj  is  a  complete 
orthonormal  sequence  in  L2(^).  Denote  on  Wl'2($l ,  C)  the  inner  product 

(, u ,  u)  =  J  [Vm  •  VL  +  wU]  dHm  +  J  buv  dTLm-\ 

Q  Tr 


where  v  is  the  complex  conjugate  ofv.  Then  \\u\\  =  yj ( u ,  u)  is  an  equivalent  norm 
on  Wl,2(Q,  C).  The  sequence  {uj/  y/Xj  +  1}  is  a  complete  orthonormal  system  in 
V  =  {v  G  W1,2(£2);  v  =  0  on  To}  equipped  with  the  inner  product  (  ,  ).  Fix  an 
eigenvalue  X.  Then  the  space  E(X)  =  {0}  U  {u  an  eigenfunction  corresponding  to 
X}  has  a  finite  dimension  k(X).  Moreover,  there  is  l  e  N  such  that  Xj  =  X  if  and  only 
ifl<  j  <  /  +  k(X)  —  1  and  {uj\  /<_/</  +  k(X)  —  1 }  is  a  basis  ofE(X). 

Proof  If  X  is  an  eigenvalue  and  u  is  a  corresponding  eigenfunction,  then  we  get  from 
the  definition  that 
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Thus,  A  >  0.  If  A  =  0,  then  Wu  =  0  and  u  is  constant.  Since  u  =  0  on  TD,  we  infer 
that  u  =  0,  what  is  a  contradiction. 

Define  the  operator  T  from  V  to  V'  by 


{Til,  v)  =  J 


Vu  •  Vu  d FLm  +  /  buv  dFLm~ 


/■ 


Then  T  is  a  bounded  linear  operator.  If  u  G  KerT,  then  w  is  a  solution  of  (7.180), 
(7.181),  (7.182)  with  A  =  0.  We  have  proved  that  u  =  0.  Every  F  G  V'  can  be 
extended  as  an  element  of  [W1,2(^)]/  with  the  same  norm  (see  Theorem  1.5.2). 
Theorem  7.35.1  gives  that  T  is  an  isomorphism.  Clearly,  (Tu,v)  =  ( u,Tv ).  In 
particular,  if  Tu,Tv  G  L2(£2),  then 

J  uTv  d FLm  =  J  uTv  d Hm. 
h  q 


Denote  by  S  the  restriction  of  T~l  onto  L2(Q).  Since  L2(Q)  is  continuously 
imbedded  into  V'  by  Holder’s  inequality  (Proposition  1.14.1)  and  V  is  compactly 
imbedded  into  L2(Q)  (see  Lemma  1.21.8),  the  operator  S  is  a  compact  linear 
operator  on  L2(Q)  (see  Theorem  1.7.4).  Moreover, 


J  fSg  d Hm  =  J  ( TSfiSg  d Hm 

Q  Q 


j  ( sf)(Tsg )  d  nm 


f(sf)g 

Q 


d  Um 


and  the  operator  S  is  self-adjoint  on  L2(Q).  According  to  Corollary  1.9.19,  there 
exist  a  complete  orthonormal  sequence  {uj}  of  eigenfunctions  of  S  and  a  sequence 
of  corresponding  eigenfunctions  /z7  such  that  |/x7j  >  |/x7+i  |  ->  0,  {/x7}  is  the  set  of 
all  eigenfunctions  and  {uj\  jij  =  /x^}  is  a  basis  of  Ker(S  —  /x^7).  Since  S  is  one-to- 
one,  we  have  /x7  ^  0  for  all  j.  If  A  g  /?  \  {0},  then  A  is  an  eigenvalue  of  T  with  an 
eigenfunction  u  if  and  only  if  /x  =  1 /A  is  an  eigenvalue  of  S'  with  an  eigenfunction 
u.  Now,  we  put  Xj  =  1/ /x7. 

If  u  G  V,  then 


(uj,  v)  —  (Xj  +  1)  /  UjV  dFLm. 
n 

Thus,  {m7/  yXy  +  1}  is  an  orthonormal  sequence  in  V.  Moreover,  the  orthogonal 
complement  of  {uj}  in  V  is  trivial.  Corollary  1.9.7  gives  that  {uj/  ->JXj  +  1}  is  a 
complete  sequence  in  V. 
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Theorem  7.44.2  Denote  V  =  {u  e  Wl,2(Q,C);v  =  0  on  TD}.  Let  uo  G 
Wll(Q,  C),  F  e  [W1-2^,  C)Y,  A  eC.  Define  G  e  [W12(£2,  C)]'  by 


(G,v) 


[Vmo  •  Vv  —  Xuov]  d Flm 


Q 


J  bu0V  dUm-l. 

Tr 


•  If  X  is  not  an  eigenvalue  of  the  mixed  problem  (7.180),  (7.181),  (7.182)  in 
Wl,2(Q ,  C),  then  there  exists  a  unique  solution  u  G  Wl,2(Q,C)  of  the  mixed 
problem  for  the  Poisson  equation 


u  —  uq  e  V, 


J  [Wu  •  Vv  —  Xuv]  d 7-Lm  +  J  buv  dHm-\  =  (F,v),  v  e  V. 


(7.183) 


(7.184) 


Tr 


Moreover,  there  exists  a  constant  C  depending  only  on  £2,  b,  and  X  such  that 

Mwum  —  c  {II^oIItv1’2^)  +  ||  ^11  [tv1’2^)]'}  • 

•  If  X  is  an  eigenvalue  of  the  mixed  problem  (7.180),  (7.181),  (7.182)  in 
Wl,2(£2,  C),  then  there  exists  a  solution  u  G  Wl,2(£2,  C )  of  the  mixed  problem 
for  the  Poisson  equation  (7.183),  (7.184)  if  and  only  if  {G,v)  =  0  for  each 
eigenfunction  v  corresponding  to  X. 

Proof  If  u  =  uo  +  w,  then  u  is  a  solution  of  the  problem  (7. 183),  (7. 184)  if  and  only 
if  w  G  V  and 

J  [Vw  •  Vv  —  Xwv]  dHm  +  J  bwv  dHm- \  =  (G,  v),  v  e  V. 
n  i * 


So,  we  can  suppose  that  uo  =  0. 
Define  the  operator  T  from  V  to  V': 


(: Tu ,  v)  =  J 


Vu-Vv  dl~Lm  +  /  buv  dpim- 


/■ 


r R 


Then  T  is  an  isomorphism  by  Theorem  7.35.1.  The  identity  operator  is  a  compact 
operator  from  V  to  L2(Q)  (see  Lemma  1.21.8).  Since  the  identity  operator  is 
a  bounded  linear  operator  from  L2(Q)  to  V'  by  the  Holder  inequality  (Proposi¬ 
tion  1.14.1),  we  infer  that  the  identity  operator  is  a  compact  linear  operator  from 
V  to  V’  (see  Theorem  1.7.4).  Hence,  T  —  XI  is  a  Fredholm  operator  from  V  to  V' 
with  index  0  by  Theorem  1.8.3.  If  A  is  not  an  eigenvalue,  then  the  kernel  of  T  —  XI 
is  trivial.  Since  the  index  of  T  —  XI  is  0,  the  operator  T  —  XI  is  onto.  Theorem  1.6.3 
gives  that  T  —  XI  is  an  isomorphism. 


7.45  Relations  Between  Eigenvalues 
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Let  now  A  be  an  eigenvalue.  Since  X  >  0  by  Theorem  7.44.1,  we  can  restrict 
ourselves  onto  the  space  of  real  functions  from  V.  Since  ((T  —  Xl)u,  v)  =  (u,(T  — 
XI) v) ,  the  adjoint  operator  of  T  —  XI  is  the  operator  T  —  XL  Proposition  1.5.13  gives 
that  the  mixed  problem  (7.183),  (7.184)  is  solvable  if  and  only  if  (G,  v)  =  0  for  all 
v  e  Ker(T  —  XI)  =  {0}  U  {v  eigenfunction  corresponding  to  A}. 

Corollary  7.44.3  Denote  V  =  {u  e  Wl,2(Q ,  C);  v  =  0  on  T#}.  Let  {XyJ  e  N} 
be  the  sequence  of  all  eigenvalues  of  the  mixed  problem  (7.180),  (7.181),  (7.182)  in 
W1,2(£2).  Define  the  bounded  linear  operator  T  from  V  to  V' 


Denote  V(T)  =  {u  e  V;Tu  e  L2(Q,C)},  i.e.,  V(T)  =  {u  e  Wl2(Q,C);  A u  e 
L2(£2 ,  C),  u  =  0  on  TD ,  3 u/ dn  +  bu  =  0  on  T^},  and  Tu  =  Tufor  u  e  V(T),  i.e., 
Tu  =  —A u.  Then,  T  is  a  closed  linear  operator  in  L2(Q,  C)  defined  on  the  dense 
subset  V(T),  and  its  spectrum  is  cr(T)  =  {X yj  e  N}. 

Proof  Since  C^(^ ,  C)  C  V(T)  Cf2(^,C),  Proposition  1.14.7  gives  that  V(T)  is 
a  dense  subset  of  L2(Q ,  C). 

Let  X  e  C  \  {Xj’J  e  N}.  Then  T  —  XI  is  an  isomorphism  from  V  onto  V' 
by  Theorems  1.6.3  and  7.44.2.  Since  L2(Q,  C)  is  continuously  imbedded  into  V' 
by  Holder’s  inequality  (Proposition  1.14.1)  and  V  is  continuously  imbedded  into 
L2(Q,  C),  we  infer  that  (T  —  Xl)~l  is  a  continuous  linear  operator  on  L2(Q,  C). 
Thus,  T  —  XI  and  T  are  a  closed  operator  and  X  cr(T). 

If  X j  is  an  eigenvalue  and  u  is  a  corresponding  eigenfunction,  then  m  /  0  and 
Tu  —  Xju  =  0.  Thus,  X j  e  cr(f). 


7.45  Relations  Between  Eigenvalues 

In  this  section,  we  compare  the  eigenvalues  corresponding  to  the  Dirichlet  problem 
and  the  eigenvalues  corresponding  to  the  Robin  problem.  We  compare  also  the 
Dirichlet  eigenvalues  corresponding  to  different  domains. 

Proposition  7.45.1  Let  £2  C  Rm  be  a  bounded  domain.  Denote 


(u,v)  =  /  uv  &Hm,  [u,v]o=  /  Vu-Vv&TLm. 


•  Let  u?  be  a  complete  orthogonal  system  of  eigenfunction  corresponding  to  the 
Dirichlet  problem  and  Af*  <  X^  <  . . .  be  the  corresponding  eigenvalues.  Denote 
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by  Nk  the  system  of  k- dimensional  subspaces  ofWl,2(Q).  Then 

,£)  .  [u,u]  0 

Xf  =  mm  sup  - - -. 

YeNkuCY\{ o}  0,w) 

Let  £2  have  Lipschitz  boundary,  c  G  L°°(3£2),  c  >  0.  Denote 


I,  v]c  =  /  V m  *  V d%m  ~ I-  CUV  dd~Ljfi — 1  • 


a  complete  orthogonal  system  of  eigenfunction  corresponding  to  the 
Robin  problem  —  A  u  =  Xu  in  £2,  3  u/dn  +  cu  =  0  on  3£2.  Let  X^,c  <  X*fc  <  ... 
be  the  corresponding  eigenvalues.  Denote  by  M \  the  system  of  k-dimensional 
subspaces  of  W1, 2  (£2).  Then 


X 


R,c 

k 


min 

YeMk 


[u,  u]c 


sup  7 - r 

ueY\{ 0}  \uiu) 


Proof  For  the  Dirichlet  problem,  denoted  =  W1,2(£2),  X j  =  X P,  Uj  —  u ?,  [ u ,  v]  = 
[u,  u]o,  and  L ,k  =  Nk-  For  the  Robin  problem,  denote  X  =  Wl,2(i 2),  Xj  =  Xj,c, 
Uj  =  uj,c,  [u,v]  =  [u,v\c,  and  L k  =  Mk.  We  can  suppose  that  ( uj ,  uj)  =  1  and 
(uj,  uj)  =  0,  [uj,  uk\  =  0  forj  ^  k  (see  Theorems  7.41.4,  7.42.3,  and  7.43.1). 
Suppose  first  that  Y  is  the  space  spanned  by  u\, . . . ,  uk.  If 

k 

u  =  J2  aJuJ 

7=1 


then 


[u,u]  =  E«;2K^7']  =  ^«;2A/(  »/■»/) 
(m,  u)  J2  aj(uj > «/ )  E  af  (uj  >  My) 

If  w  =  uk,  then 

[«>«]  _  Afrfa,  Mfc)  _ 

(w,  w) 


[w,  w] 


sup  7 - 7 

mG7\{0} 


=  A*. 


Thus, 
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Let  now  Y  be  another  space  from  Z^.  Then  there  exists  u  e  Lk  such  that  ( u ,  Uj )  = 
0  fory  =  1, . . . ,  k  —  1.  According  to  Theorems  7.41.4,  7.42.3,  and  7.43.1, 

oo 

u  =  £>«,• 

7=1 


with  otj  =  0  for  j  <  k.  Thus, 

[u,u]  =  T,aj[uj’uj\  =  E  O',2 ;y( »/•»/)  >  A 
(«.«)  T,aj(uj>uj) 

Theorem  7.45.2  Lef  £2  C  a  bounded  domain  with  Lipschitz  boundary.  Let 

C\ ,  C2  e  L°°(£2),  0  <  ci  <  C2.  Denote  by  Af*  <  A^  <  . . .  /7ze  eigenvalues  of  the 
Dirichlet  problem  and  by  Xf ,c  <  X^,c  <  ...  the  eigenvalues  of  the  Robin  problem 
—A u  =  Xu,  du/dn  +  cu  =  0.  TTien,  A^,Cl  <  A^,C2  <  A?. 

Proof  According  to  Proposition  7.45.1, 


A^,C1  =  min  sup 


<  mm  sup 


YeM^ueY\{ 0}  (u’u)  YeMkueY\{ 0} 

[m,  ^]c2 
^Mey\{0}  ( u>u ) 


Af ,C2  =  min  sup  L7’  "Jt'2  <  min  sup  — - - 

.A  (m,  m) 


(w,  u) 

[u,  u]C2 

YeNk  U<EY\{ 0} 


[u,  u] o 

=  min  sup  - - - 

YeNkueY\{ 0}  («,«) 


=  Af. 


Theorem  7.45.3  Lef  C  ^2  C  Rm  be  bounded  domains.  Denote  X\  (Qf)  < 
A  2  (Qf)  <  . . .  eigenvalues  of  the  Dirichlet  problem  —  A  u  =  Xu  in  Qj,  u  =  0  on 

dQj.  Then  Xkiflf)  5 

0 

Proof  Denote  by  M \  the  system  of  ^-dimensional  subspaces  of  fL1,2(£2i)  and  by  Nk 
the  system  of  ^-dimensional  subspaces  of  W1,2 (^2)-  Let  Y  e  M^.  For  u  e  Y,  define 
u  =  u  in  and  u  =  0  elsewhere.  Then  u  e  Wl,2(Q2)-  Clearly,  Y  =  {u;  u  e  Y)  e 
Nk.  By  virtue  of  Proposition  7.45.1, 


YeMk  u£Y\{ 0} 


> 


min  sup  ——-3 -  =  A*(£22)- 

YeN*uer\{ 0}  ll«ll^(n2) 
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